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CARLO D. PAGANIt, DARIO PIEROTTI}, ANGELA PISTOIAS, AND GIUSI VAIRAS

Abstract. We consider the problem of finding pairs (A, u), with A > 0 and u a harmonic
function in a three-dimensional torus-like domain D, satisfying the nonlinear boundary condition
Opu = A sinhu on 9D. This type of boundary condition arises in corrosion modeling (Butler—Volmer
condition). We prove the existence of solutions which concentrate along some geodesics of the
boundary 0D as the parameter A goes to zero.
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1. Statement of the problem and main results. In mathematical modeling
of electrochemical corrosion a suitably defined galvanic potential satisfies an elliptic
equation (namely, the Laplace or Poisson equation in the simplest cases) in a given
domain D, whose boundary is partly electrochemically active and partly inert. In
the inactive boundary region, the current density flow is of course zero, but in the
active part it is modeled (by interpolating experimental data) by a difference of two
exponentials according to the so-called Butler—Volmer formula (see [12] for a detailed
discussion of the model). Then the resulting mathematical problem consists of solv-
ing an elliptic equation complemented with a boundary condition of Neumann type,
namely

(1.1) Onu(y) = A ply) [eo‘u(y) - e*(lf")”(y)}, y € dD.

Here n is the outward unit normal to 9D, u is the surface potential, o € (0,1) is
a constant depending on the constituents of the electrochemical system, u(y) is a
nonnegative bounded function which distinguishes between the active and the inert
boundary regions (typically u(y) is the characteristic function of some subset of D),
and A is a positive parameter.

Due to the exponential growth of the nonlinear boundary term, this problem has
been studied (usually for Laplace or Poisson equations) in two dimensions; see [12],
(6], [7], [8]-

In the physically relevant three-dimensional case, little is known about existence
and properties of solutions (see [9], [10]).

A case which presents some interest for applications (such as, for instance, cor-
rosion of sections of pipelines, rings, and bolts) arises when the body D is a three-
dimensional annular shaped domain, namely it can be represented in the form

(1.2) D= {(yl,yg,yg) € R?" (\/y%—l—y%,yg) € Q}
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and © is a smooth bounded domain in R? such that
(13) QC {($1,$2)€R2|$1 >0}.
Clearly, the domain D is G-invariant for the action of the group G given by

9(y1,y2,y3) = (9(y1,92), ¥3),

where g € O(2) (the group of linear isometries of R?).
The chosen geometry aims at modelizing the corrosion of torus-like bodies. Then,
we consider the boundary value problem

» Au=0 inD,
(1.4) Opu = A sinhu on 9D.

Note that we have chosen in (1.1) o = 1/2, u = 1, and we wrote u instead of u/2
for the harmonic potential (existence results for the problem with o # 1/2 and p not
identically equal to 1 are discussed in [7]).

In such a situation it is natural to look for solutions which are G-invariant; i.e.,
they are azially symmetric functions of the form

(1.5) w(y1, y2,y3) = u(w1, T2),

where 21 = (y? + y2)Y/? and x5 = y3.

Now an easy computation shows that (1.4) is equivalent to the following problem
for w:

(1.6) {div(mVu) =0 in €,

Oyu = X sinhu  on 0S.
Thus, we are led to study the more general anisotropic two-dimensional problem

Agu=0 1in ),
(1.7) .
Oyu = A sinhu on 00

with a € L*°(Q) such that
(1.8) 0<ap<alry,z2) <a; < oo a.e. in

A is a positive parameter, and A,u is defined as
1

(1.9) Bau= s

div(a(z)Vu) = Au+ Vloga(z) - Vu
for every u € H(Q).

We remark that problem (1.6) corresponds to choosing a(x1,x2) = 7.

The main goal of the present paper is to extend to the anisotropic problem (1.7)
the principal results obtained for ¢ = 1 concerning both existence of multiple solutions
and the limiting behavior of the solutions for A — 0.

In what follows we first (section 2) prove existence of global multiple solutions
of problem (1.7) and, as a consequence, of problem (1.4). This is done by a mild
modification of the variational approach used in [8]. We prove the following result.

THEOREM 1.1. Let Q C R? be a Lipschitz domain and let a € L>(2) such
that (1.8) is satisfied. Then for every A > 0 there exist infinitely many solutions (in
HY(Q)) of problem (1.7).
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Then, a simple corollary states the existence of solutions of problem (1.4).

COROLLARY 1.2. For every A > 0 there are infinitely many azxially symmetric
solutions to problem (1.4).

Moreover, in subsection 2.3 a first approach to the description of the behavior of
the solutions for A — 07 is considered. For a = 1 this study was done in [6]; there the
authors prove, for a bounded C?® domain Q C R2?, that all solutions have energies
that are of order log(1/A); the limit of the boundary flux along subsequences is a sum
of Dirac masses located at a finite set of points, potentially accompanied by a regular
part of definite sign. These results are a generalization of those obtained in [2] by
studying the behavior of explicit solutions of the problem in the unit disk. We show
that the same kinds of results hold for the anisotropic case, and we sketch the main
arguments of the proofs.

In [5], considering again the case a = 1, the authors prove that in any smooth
domain 2 there are at least two distinct families of solutions which exhibit exactly
the qualitative behavior of the explicit solutions found in [2], namely with limiting
boundary flux given by an array of Dirac masses with weight 27 and alternate signs.
We will show in section 3, that, for the anisotropic problem (1.7), the situation is
substantially the same as depicted in [5]. In that case the arguments used to extend
the results of [5] to the anisotropic case are in some part different from those given
in [5].

In order to state our result let x = (x1,22) € Q, y = (y1,y2) € 0L, and let
Go(z,y) be the Green’s function for the Neumann problem

_(Aa)mGa(xa y) =0 in Q,
G, 2
(1.10) o0, 216y () fag @) a(y) on 012,
Ga(z,y) =0,
o0

and define H,(z,y) as the regular part of G,(z,y), namely

1

1.11 H,(z,y) = Gu(x,y) — log ———.
(1.11) (x,y) (x,y) P

We say that ¢ € 92 is a C'l-stable critical point of a|pq if Vaga(¢) = 0 and the
local Brouwer degree deg (Vaqa, B(E, p) N 92Q,0) is well defined (for p small enough)
and it is not zero. It is easy to see that any strict local minimum point or strict local
maximum point or nondegenerate critical point of a|sq is a Cl-stable critical point.

Now, the main result is the following theorem.

THEOREM 1.3. Let Q C R? be a C'-domain and a € C1(Q). Let &,& € 00
be two different Ct-stable critical points of a|pq. Then there is Ao > 0 such that, for
0 < A < A, there is a sign-changing solution uy of the problem (1.7) of the form

212
§2 + o)

2
|z — (&1 + Apavr)[?

where v1 and vy denote the unit outer normals to 0 at the points & and &a, Tespec-
tively, and the parameters py and ps are explicitly given by

(1.12) ux(x) = log — log T E +0(1),

1
[ = EeHa(fhél)*Ga(él,fz)’ L2

_ leHu(€27§2)7Ga(€2)£1).
2
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In particular, the solution uy concentrates positively and negatively at the points &
and &2, respectively, as \ goes to zero.

According to the previous discussion, the corresponding result for problem (1.4)
reads as follows.

COROLLARY 1.4. Let Q C R? be a C'-domain and a € C*(Q). Let &1,& € 00
be two different C*-stable critical points of a(x) = x1 restricted on OQ. Then there
exists Ao > 0 such that for any X € (0, \g), problem (1.4) has a sign-changing axially
symmetric solution uy which concentrates positively and negatively along two geodesics
of the boundary OD which are the G-orbits of &1 and &2, respectively, as \ goes to zero.

The proof of Theorem 1.3 relies on a very well-known finite dimensional procedure,
and it is carried out in section 3. We shall omit many details of this proof because they
can be found up to minor modifications in [5], where problem (1.7) has been studied
with a(xz) = 1. We only compute what cannot be deduced from known results.

We point out that in our case the anisotropic term a plays an essential role in the
construction of our solutions. Indeed the location of the concentration points of the
solutions is completely determined by the critical points of a itself. That is why we
need to carry out a careful analysis of the regular part of the Green’s function defined
in (1.11) associated with a linear anisotropic operator depending on a (see Lemmas
3.1 and 3.2).

Our result suggests that it should be possible to find solutions which concentrate
along two geodesics of the boundary of a more general torus-like three-dimensional
domain which is not necessarily axially symmetric.

2. Existence and multiplicity of solutions. The content of this section al-
most repeats the arguments developed in [8]: recall that we have chosen the weight
function p(z) appearing in (1.1) identically 1, and that we deal with the operator A,
instead of the Laplacian; therefore, many statements are simple rephrasings of the
corresponding statements given in [8] and are not given here in full detail. Let us first
recall that the approach to the nonlinear problem relies on the solution of a related
linear Steklov eigenvalue problem on the boundary. We summarize here (without
proofs) the crucial results about this problem.

Let © ¢ RY be a bounded Lipschitz domain and consider the following linear
Steklov eigenvalue problem in H!(€):

2.1) { div(a(z)Vu) =0 in €,
Oyu = Au on 9.

It is easily seen that for A > 0 the solutions to (2.1) belong to the subspace H! C
HY(Q) defined as follows:

(2.2) H;z{ueﬂl(m, /mau:o}.

It can be shown (by a classical reductio ad absurdum argument; see, e.g., [7]) that
in H; the Dirichlet norm [, [Vu/? is equivalent to the H' norm and that (2.1) is
equivalent to the following variational problem.

Find u € H!, u # 0, such that

(2.3) /aVuV@:)\/ aup
Q I9)
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holds for every ¢ € H'. Furthermore, the expression

(2.4) ||u||Z:/Qa|Vu|2+ (/89au)2

defines an equivalent norm in H'(2). We will consider the scalar product in H'(Q)
associated to this equivalent norm; by a slight adaptation of the proof in [7, Theorem
2.1], we have the following proposition.

PROPOSITION 2.1. Problem (2.3) has infinitely many eigenvalues

0<A <A <-ev

each of finite multiplicity and such that |\,| — +o00. The eigenvalue \g = 0 corre-
sponds to the constant solutions of the homogeneous Neumann problem. Moreover,
we can take all the eigenfunctions v,, n > 0, orthogonal and normalized with re-
spect to the scalar product associated to the equivalent norm (2.4), and the following
decomposition holds:

(2.5) H'=H} 2V,

where the subspace V, is spanned by the eigenfunctions v, (note that V,, contains the
subspace of the constant functions).

Remark 2.2. Global regularity of the eigenfunctions depends on the weight a(x)
and on the regularity of the boundary 0€2. It can be shown that on a Lipschitz domain
Q) the eigenfunctions are bounded and continuous on Q (see [8], [9], and references
therein).

2.1. Main estimates. Let us consider now the nonlinear problem (1.7); we
define the even functional

(2.6) Ey(u) = %/QMVU'Q_)\/@QG(COS}IU_U’

where u € H(£2). Note that

2
(2.7) coshu — 1= % +u*h(u),
where, for every ¢ > 1,

h: HY(Q) — LY(09)

is bounded (see [6, Lemma 2.1]).
Define further

(2.8) Sp={uc H": |ull. = R},

where || || is the equivalent norm defined in (2.4). Then, we have the following lemma.
LEMMA 2.3. For every A > 0, there exist R > 0 and a closed subspace VT C
HY(Q) with codimV* < oo such that

E)\(u) >co>0

for everyu € SRNVT.
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Proof. By (2.7) we have

1
(2.9) Ey(u) > —/ a|Vul? — i/ auQ—)\/ alu|*h(u),
2 Ja 2 Joo o9

and for every ¢ > 1, p = q/(q¢ — 1), the integral in the last term can be bounded as
follows:

1/p
210) | [ alul®hiw)| < lalliomliatln ([ 1) < Cluli=c

Let us now consider the quadratic part of the functional. Since the sequence of positive
eigenvalues \,, of the linear problem is unbounded, there exist nonnegative integers
k, r, such that

(2.11) A <A< Aggr-
Then, we set
(2.12) V* = Hg @ span, ., {vn}.

For every u € Sp N VT we get

1 A 1 A 1 A
2.13) = aWﬂ——/aﬁ>—o— )/avM:—O— )m.
(2:13) 2 /Q Vel 2 Joq — 2 Metr ) Ja Vel 2 Notr

Then, the result follows by taking R small enough. d
We are now going to construct closed, finite dimensional subspaces, V'~ C H*(£)
such that
e dim V~ > codim VT,
o Fy(u) < oo < 00 for every ue V.
To this aim, let v,,, 1 < i <[, be any finite sequence of | eigenfunctions, with
I > codim V7, corresponding to the eigenvalues

(2.14) Mg S Apy <o <Ay,
Let us define
(2.15) V™ =span;<;<; {vn, }-

The next lemma provides the key estimates at infinity on the functional (2.6).

LEMMA 2.4. Let V= be defined by (2.15). Then, for every A > 0 we have
Ey(u) < 0 for any uw € V'~ with large enough norm. As a consequence, there exists
Coo < 00 Such that

E)\(U)SCOO VUGV_

Proof. We first assume A,,, > 0. For notational simplicity, from now on we set
=i, Ap; =N >0 (1 <4 <1). Thus, we can write any u € V'~ in the form

l
u = E tﬂ]i.
i=1

Un,

1
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Recalling Remark 2.2, u is a bounded continuous function on {2, so that sinhwu €
H(Q) and by Proposition 2.1 the variational equation

(2.16) / aVv; Vsinhu = )\j/ avj sinhu
Q a0

holds for every j, 1 < j <. Multiplying by ¢; and summing up from j = 1 to [, we
find

1
(2.17) /a|Vu|2 cosh(u) = Z/\jtj/ avj sinhu.
Q = a0

On the finite dimensional space V'~ the functional (2.6) takes the form

l
tit;
Ex(u) = f(ty,...,t) = Z TJ/QCLVUZ"V’UJ'—)\ aﬂa(coshu—l)

ij=1

!
(2.18) :%;t?—)\/ﬁﬂa(coshu—l),

where we used orthogonality and normalization of v; with respect to the inner product
defined by the equivalent norm (2.4). Then, we have

l l l
(Z )\jtjatj> f(tl, . ,tl) = Z )\jti — )\Z )\jtj / a vy sinh u
j=1 J=1 J=1 o0

1
(2.19) <N Zt? — /\/ a|Vu|? coshu = / a|Vul|? {)\l —A coshu}.
= Q Q

Now, it can be proved (see [7, Lemma 3.5]) that the last term is strictly negative for
llulla = \/t7 + - -7 large enough. But the first term is the derivative of the function
f along the curves

th = 1M, ..t = e, seR

(orthogonal to the hypersurfaces A\it3 + --- + /\ltl2 = constant); hence, for large
V4 + -+ t7, the function f is strictly decreasing along these curves.

We conclude that f(u) < 0 for v € V~ with ||ul|, large enough; since f is
continuous and V'~ has finite dimension, we have

sup f(u) = ¢ < 00.
ueV -

We are left to show that we may allow A\, =0 in (2.14). This can be proved by the
same arguments as in the proof of Lemma 3.5 of [8]. O

2.2. Proof of Theorem 1.1. To prove existence and even multiplicity of solu-
tions to problem (1.7) for every A > 0, we will apply the symmetric mountain pass
lemma (see [11, Theorem 6.3]); thus, we need to show that the functional (2.6) sat-
isfies the Palais—Smale condition; to this aim the following estimate plays a key role:

(2.20) 4(coshu — 1) < usinhu + u?.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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PROPOSITION 2.5. Let z,, € HY(Q) be a sequence such that Ex(z,) — ¢ and
E\(zm) — 0 in HY(Q)'. Then, the sequence z,, is bounded and the functional (2.6)
satisfies the Palais—Smale condition.

Proof. Assume by contradiction (considering a subsequence if necessary) that
llzmlla — +oo, and define t,, = ||2m|la; Um = t,,} 2m. Substituting in the condition
EX (zm)u = o(1)[[ulla, we get

(2.21) /QaVumVu — /\/69 a Smh(fimum)u =o(1)||ulla/tm-

Since u,, is bounded in H'(f2), there is a subsequence (still denoted by wu,,) such that
um converges weakly in H'(Q2) and u,,|on converges strongly in L?(99); it can be
proved (see [7, Proposition 4.2]) that u,,|gq — 0 a.e.

By choosing u = u,, in (2.21) we get

(2.22) 0|V — A [ o SmhEmtm) .
Q a0 t

m

On the other hand, from E\(z,,) — ¢ we also get

cosh(tmum,) — 1
t

1
(2.23) 5 / a|lVun> =X [ a =0(1/t%).
Q o0

By comparison of (2.22) and (2.23) and by taking (2.20) into account we find

sh timUm) — 1 sinh m Um,
0:/\/ a[2605( 2u) ~ sinh(tmum)
o0 tzs, tm
sh(t, ) — 1
%—FA au?, +o(1/tm).
o9 tm o9

um} +o(1/tm)
< _92)

By recalling that wu,, — 0 in L?(99) we finally get

cosh(tmun,) — 1
q 2>\bmGm) T 2

2.24 0< =2\
(2.24) N o0 t2,

+o(1).
By the above relation and again by (2.23) we conclude

/ a |Vum|2 -0
Q

so that ||um|le — 0, thus contradicting ||, ||s = 1. Then, the norm sequence ||z q
is bounded and the same holds for ||z,,||. We can write

Zm = Cm + Zm,

where c,,, is a bounded sequence and Z,, is bounded in H}(Q) (see definition (2.2)).
Now, the linear map L : H}(Q) — HY(Q)

L(u)goz/QaVquo

is boundedly invertible (by the Lax-Milgram theorem) while the operator

T(u)p = /89 a sinh up
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maps bounded sets in H*(£2) to relatively compact sets in H(Q)’ (the result follows
by an obvious extension of the arguments in [6, Lemmas 2.1 and 2.2]). By standard
results [11, Proposition 2.2], it follows that Z,, is relatively compact in H}(£2); then,
by the above decomposition, the same holds for z,, in H'(Q). O

Proof of Theorem 1.1. By Lemmas 2.3 and 2.4, for any positive integer m there
exist two closed subspaces V', V= of HY(Q) with dimV~— codimV* = m, and
positive constants R, ¢p, ¢ (the last one depending on m) such that

(a) Ex(u)>co YueVT, |ul.=R; (b) Ex(u) <coo YueV™.

Then, by Theorem 2.4 of [1], the functional E possesses at least m distinct pairs

of critical points, corresponding to critical levels ¢k (\), k= 1,2,...,m, given by
2.25 A) = inf sup F
(2.25) k() Anf sup A (),

where ¥, is the set of closed, symmetric sets A € H'(Q) such that v*(A) > k and
~* is the pseudoindex related to the Krasnoselski genus v and to the subset Sp NV
(see [1, Definition 2.8]).

Moreover,

co<cr << <oy S Coo

Since this conclusion holds for arbitrary m, we get infinitely many critical points;
hence, problem (1.7) has infinitely many solutions in H!(Q). By standard regularity
results [3], if  is smooth and a € C*°(9)), we have u € C*°(Q).

Remark 2.6. In the degenerate case ¢y = -+ = Cpyr = ¢ (with & > 1 and
k47 < m) it was shown in [1] that v(K.) > r+ 1 > 2, where K. is the set of critical
points at level ¢; since a finite set (not containing the origin) has genus 1, it follows
that E has infinitely many critical points at level c.

Remark 2.7. The results of existence and multiplicity obtained in [6] correspond
to the case a = 1 of Theorem 1.1 above.

From the discussion given in the introduction, the existence of solutions of problem
(1.4) stated in Corollary 1.2 easily follows.

2.3. Estimates and limits for the variational solutions. As discussed in
the introduction, we now prove lower and upper bounds for the variational solutions
obtained in the previous subsection; more precisely, we show that a branch of solutions
corresponding to any of the critical levels ¢x(A) blows up in energy (as well as in
the Dirichlet seminorm) at the rate log(1/\) for A — 0T, while the corresponding
normal currents stay bounded in L'(9Q). In what follows, we shall assume that € is
bounded and of class C>%, which implies that we are dealing with classical solutions
(C>=(Q)NCH(Q)).

We first establish the lower bounds; by observing that a solution u to (1.7) satisfies

0:/ a&,u:/\/ a sinhu
le) le)

we may write u = u’ + s, s € R, where u° solves the problem

(2.26)

A’ =0 inQ,
O,u’ = X sinh(u® 4+ 5) on 9Q

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.
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and

/ au’ =0, / a sinh(u’ 4 5) = 0.
o9 o9

By elementary calculations, the second identity yields

uO

Joqae™
Joo aet’

Now, following [6] and by recalling the bound (1.8), one first proves the inequality

(2.27) s =s(u’) = = log

[s(u)] < C1+ Co| Va2

(with positive constants C7, Cy depending only on Q and a) and subsequently the
following lower estimates for the solutions to (1.7):

(2.28) Fa(u) > Alog (%) ~ B, |Vul> Alog (%) _B

where FE) is the energy functional defined in (2.6) and the positive constants A, B
are independent of A and w.

By considering the variational solutions given by Theorem 1.1, we now provide
upper estimates of the critical values ci(A\) (2.25). We first remark that any finite
dimensional subspace V with dimV > codimV™* (VT being the subspace defined
in (2.12)) satisfies V € Xy for & < dimV — codimV ™ (this is related to the so-
called intersection lemma; see [11, Lemma 6.4] and the proof of Theorem 2.4 of
[1]). Moreover, since for A\ — 07 we can take V* = H!, which is the subspace of
codimension 1 defined in (2.2), we may assume dimV =k + 1.

Now, let us choose k41 distinct points on the boundary 92 and, for e > 0, define

V. =span{—log(e* + |z — 0;]?), j=1,2,....k+1}.

By the estimates of Lemmas 3.4 and 3.5 in [6] (with obvious modifications due to the
expression (2.6) of Ey) one finds, for A sufficiently small and by taking e of order A,

1
umezchA(u) < Cilog (X)
for some constant C, depending only on k, a, and €. Since by the previous remark
we have V. € ¥, the bound

(2.29) e(\) < C, log (%)
follows.
Finally, the estimate (2.29) together with an elementary lemma in integration
theory (Lemma 3.6 of [6]) yield the above-mentioned bound on the normal current.
PROPOSITION 2.8. Let A > 0 be small enough so that (2.29) holds. For k > 1,
let ux be the variational solutions obtained in Theorem 1.1 with Ex(uy) = cx(A).
Then, there exists a constant D, depending only on k, a, and ) such that

(2.30) / ‘8”“‘ - )\/ | sinh(u )| < D..
oo | Ov a0
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The proof follows by a trivial modification of the proof of Corollary 3.7 in [6].

By exploiting the previous estimates it is possible to describe the behavior of a
sequence of solutions uy, = ug,,, where £k > 1 is fixed and A,, — 0. The results,
which will be stated below, can be proved by an adaptation of the arguments of section
4 of [6]; the only nontrivial change is the use of a representation formula for a classical
solution w of the Neumann problem

0
(2.31) Agw=0 inQ  Z2=Ff ondQ, / aw=0
al/ o0
(where f is such that |, 90 @ f = 0), which extends the usual layer potential represen-
tation for harmonic functions. We prove here this formula.
LEMMA 2.9. Let w be the solution to (2.31). Then

1
2.32 = ———
(23 W) = g
where G, is the Green’s function defined in (1.10).1
Proof. We first remark that, by the boundary condition in (1.10) and by the
normalization condition for w in (2.31) above, the following holds:

/ a(0) Ca(0,y) f(0) do
o0

/ a(o)w(o) 0,Gy(o,y) do = 2ma(y)w(y).
o0

Then, we can compute

/ a(0) Gqa(0,y) f(o)do = / a(o) Ga(o,y) dyw(o) do
o) o0
_ / a(0) w(0) By Galo,y) do + 2maly)w(y)
o)

= /Q div [Ga(aj, y) a(z)Vew(x) —w(x) a(z)V, Gz, y)] dx + 2ma(y)w(y)

S~

[Ga(x, y) div(a(z)V,w(z)) — w(z) div(a(z)V,Ga(z, y))} dz + 2ma(y)w(y)

= 2ma(y) w(y).

Hence, formula (2.32) follows. O
As discussed above, one can now reproduce all the estimates proved in [6] (in
particular, those in Lemma 4.2 of [6]), which leads to the following result.
PROPOSITION 2.10. Let uy, € HY(Q), A\, — 0T, be a sequence of solutions to
(1.7) given by Theorem 1.1. Then, there exists a subsequence, also denoted by uy,,,
a regular finite measure m on 0, and a finite set of points {x(?) N, coQ, N >1,
such that

/\n| sinh(uAn)| —m

on O in the sense of measures and the points x), i =1,..., N, are exactly the points
at which m has point masses. The same points also represent the blow up points for
the sequence

0 1
Uy, = Ux, — auy,
faga o0

1By an abuse of notation we write here a(c) (and similarly G4 (0, y), etc.) instead of a(:c){aﬂ.
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in the sense that
{aNN | = {zeQ : Jz, =, 2, €Q, with [u} (2,)] = oo}

3. Blowing up solutions. We now show that there are solutions to problem
(1.7) which concentrate at isolated critical points & and &2, say, of a constrained on
09 as A — 0. By the previous discussion, this corresponds to building up solutions to
problem (1.4) that concentrate positively and negatively along two geodesics of the
boundary of D which are nothing but the G-orbits of £; and &2, respectively.

This section is organized as follows. In subsection 3.1, we write an approximate
solution for problem (1.7). In subsection 3.2 we study an associated linear problem,
and in subsection 3.3 we reduce our nonlinear problem to a finite dimensional one. In
subsection 3.4 we study the reduced problem and we prove Theorem 1.3.

3.1. The approximate solution. To define an approximate solution for the
problem (1.7), a key ingredient is given by the solutions of the following problem:

Av =0 in R?%,

1
oy @ =e” on OR?
v +
where R? denotes the upper half plane {(z1,z2) : 22 > 0} and v is the unit exterior
normal to 8Ri.

The solutions of (3.1) are given by

2p
(21 —t)2 4 (w2 + p)?’

wy (1, x2) = log
where ¢t € R and p > 0 are parameters.

Let us provide an approximation for the solution of our problem. Let

2144
|z = & = A >

u)(z) = log

i j=12 @689, i > 0.

In order to satisfy the equation A,u = 0, we need an additional term H JA defined as
follows: let H3(z) be the unique solution of

A A .
—AaHj =Vloga- Vu; in Q,

OH?} ou}
J :_ﬁ+)\e“?—,\ ! / ae's  on o9,
ov v Joa @ Joo

dea: = —/ u?‘d:c.
o0 o0

Now we set
Ux(2) = [u3(2) + Hi'(2)] = [u3(x) + H (2)]
and look for a solution of (1.7) in the form

ux(x) = Ux(z) + @x(2).
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The lower-order term @, will satisfy some suitable orthogonality conditions (see
(3.12)).

Let Go(x,y) be defined as in (1.10), and let H, (z,y) be the regular part of G, (z, y)
defined as in (1.11). In the following we will write simply G(z,y) instead of G1(z,y)
and H(z,y) instead of Hi(z,y).

It is immediate to see that H,(x,y) solves the following problem:

T—y )
(Aa)zHa(xvy) =2V 1Oga' |£C — y|2 in Q,

0H, 27 2(x —y) - v(x)

R (z,y) = —ma(y) + o=y on 0.

The function H j‘ can be estimated in terms of H,(z,y). Indeed, the following
result holds.
LEMMA 3.1. For any a € (0,1),

H}z) = Ha(x,&5) —log 2p; + O(A%)

uniformly in Q.
Proof. The boundary condition satisfied by H ;‘ is

H A
0 z Z—%—l—)\e"?— A / aets

v ov Joq @ Joo
1—v(&) - v(x) (x = &) -v(x) A WA
= 2\ 2 - .
P (N | ER S T 3 | ggaégw

As A — 0 we get

\ 244 a(§ + Awsy)
/\/ ae“?:)\/ a(z J :2/ S T ARGT)
o o0 "G NG 2 Jones Ty (0]

1 1

tee g 1
:2a(§j)</oo mdt_0</)\1ujlmdt>>
= a(&;) (277 +0 (arctan()\uj)_l — g)) +O(Any)

= 2ma(&;) + O(arctan(A;)) + O(Ap; )
= 2ma(§;) + O(Awy).

Let us consider the difference

250 (x) = H)M@) — Ho(z, &) + log 2u;.

Hence z) solves the following problem:

—Aa2§j = —AaH;\ + AaHa(xafj)a

3z§j B 0H JA 0H,

Ov Ov ov '’
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namely

—Aa2§\] = Vloga(aj)v log m — log ﬁ s

Bzf\j
ov

=0 (An;) -

As in Lemma 3.1 of [4], it follows that for any p > 1,

gc/\%.

Lr(0%Q)

3z§j
ov

Moreover, again as in Lemma 3.1 of [4], we get

p

log _r log L
|z =& = M v(&)P 1o (o)

[z — &7
:/ _|_/ =11 + Is.
By (€5)NQ O\ By, (§5)

Now
1 p
|| < CN? (log X) ,

while for p € (1,2)

|Io] < CNP.
In conclusion, for any p € (1,2)
log — log L <cA
|z — &7 2 =& = Mv ()P I oy —

By LP-theory,

5zgj . 1
5;\ + HAaZi] ||LP(Q) < CA»

”ZinWl‘*'st(Q) <C H
Lr(0%Q)

for any 0 < s < %. By Morrey’s embedding we obtain
& 1
123" vy < eA?

for any 0 <y < 1 + %. This proves the result with o = %. 0

Moreover, the function H,(z,y) can be expanded in terms of H(z,y). The fol-
lowing expansion is proved in Lemma 2.1 of [13].

LEMMA 3.2. Let Hyy(z) = Hy(z,y) for any y € Q. Theny — Hqy is a

continuous map from Q into C%7(Q) for any v € (0,1). It follows that

Hy(w,y) = H(z,y) + Vloga(y) - V(|z — y[*log |z — y|) + H(z,y),
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where y — H(-,y) is a continuous map from Q into C1V(Q) for all v € (0,1). Fur-
thermore, the function (x,y) — H(x,y) € CY(Q x Q); in particular, v — H,(x,x) €
CL(Q).

We consider now the following change of variables:

Q

Then u is a solution to problem (1.7) if and only if v solves the problem

Aa)\’U:O in Q)\,

(3.2)
9 = 2\?sinh v on 02y,
ov

where ay(y) := a(A\y). In the expanded domain Qy, Ux(z) becomes

2
. 2u
Vi) =S (1) |log——9 —— _2log A\+H}\y)| ,
() =>_(-1) & — i)

Jj=1

=u3 (\y)
where &} = A71¢; and vi = v(E}). Therefore,

(3.3) v(y) = V(y) + é(y), y € Qy,

will be a solution of (3.2) provided ¢ solves

Aak(b:() in Q)\,

% - Wo=R+N(p)  ondQy,
where we set
(3.4) W(y) := 2X* cosh V (y),
(3.5) R(y) := — ‘2—‘: —2\?sinh V| (y),
and
(3.6) N(¢) = 2)\* [sinh(V + ¢) —sinh V — (cosh V)¢] .

First, we prove that V is a good approximation for a solution to (3.2), provided
the parameters p; and po are suitably choosen.
LEMMA 3.3. Assume

(3.7)  log2u = He(&1,&1) — Ga(&1,&2)  and  log2pue = Ha(&2,&2) — Galé2,&1).
Then, for any « € (0,1), there exists a positive constant C' independent of \ such
that, for any y € Qx,

2

1
3.8 Ry <A ———  Vyeq,,
(338) RWISNY g
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and
(3.9)

2
|2(1+9A<y)), with [0x(y)] < CX* + CA> |y — &)

j=1

ZIy 5’

Proof. By Lemma 3.1 we deduce that if [y — £}| < %,

2#2 .
A A ._
H200) = (108 g 2oy + HIO))  (etting = =y~ €)

= (Ho(Az +&1,&1) — log2pu1)

1
log 2po + 1 + Ho(A\z + &, —log2 + O\
(og fro o8 Az + (&1 — &2) — Auav(§5)]? (e 81,60) —log M) %)
= Hq(&1,61) —log2p1 — Ga(&1,&2) +O(NY) + O(A[z])

=0 because of (3.7)

=O0(\") + O\l — &)

and, in a similar way,

2p0
H3 (A —<1o +HA/\):O)\O‘+O>\ —&)).
Therefore, the proof follows exactly as in Lemma 3 of [5]. a

3.2. A linear problem. The key ingredient in this section is the linearization
of problem (3.1) around the solution wy,,, namely the problem

Adp =0 in R%,
(3.10) % _ 2 6 ondR2.
v a4 p? +

In [5] it has been proved that the following result holds.
LEMMA 3.4. Any bounded solution of (3.10) is a linear combination of the func-
tions

T2+ [
zoz)=1—-20—————
ole) Mo (@t )

and

Ty

=2
Zl(af) LC%—I—(LCQ-F/J,)Q

Now, let us assume that the points &1, € 00 are uniformly separated, namely
|€1 — &2| > d for some d > 0 which does not depend on A\. We have to redefine zy and
z1 in a neighborhood of & and & in a suitable way. So, let F; : B,(§;) — No be a
diffeomorphism, where p > 0 is fixed and Ny is an open neighborhood of 0 € R? such
that

F;(2N B,(&5)) = R3 N Ny, F; (002N B,(&;)) = 0RZ N Ny

and such that F; preserves area.
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For y € Q\ N B, x(§;) we define

1 . .
Ff(y)ZXFj(/\Z/) and  Zi;(y) = z;(F)(y), j=12 i=0,1,

where z;; denotes the function z; with parameter u;, namely

z0; =1—2pu T2t z15 = —2 1
0j =L —24lj 5V 3> 1j = "4 537 7. 1 2
’ Yot (w2 + ) T el (e )

Let ¥ : R — R be a nonnegative smooth function with x(r) = 1 for r < Ry, and let
X(r)=0forr > Ro+1,0<yx <1 (with Ry a large positive constant). Then, we set

XiW) =x(Fw), =12, and  x(¥) :=x1(y) + x2(y)-
We will assume that A is small enough to satisfy
IF@) > Ro+1 Yy eQnoBy(&).

Hence, the products x;Z1; can be defined in the whole domain €25 by continuation
by zero in Qx\B,/x(£;). Moreover, by the definition of Zg; we may also assume that,
for fixed 0 < b < 1 and suitably chosen 4,

Zoj(y) > 1= Vy e Q\n0Bs)(E)).
We now define

min(1 — A*, Zo;(y)) if [y — & < %,
(3.11) Z(y) =
1— AP if ly—&| >4 forj=1,2.

We want to solve the following linear problem: given f € L>®(y) and h €
L>(0Qy), find ¢ € L=°(Q2y) and ¢; € R, j =0,1,2, such that

A b= f in Qy,

o 2
(3.12) 3_f_w¢:h+zchjZIj+Con on Oy,
. <

/ axZ¢ =0 and ax;jZi;0 =0 forj=1,2.
Q,\ Q)\

It is necessary to introduce some L*°-weighted norms: if h € L°°(0,) and
f e L>®(Qy), let

|h(y)| |f(y)]
I —— — and fllee = s = e
YyEIQ Ej:1(1 + |y — fJD SN Zj:l(]' +y — fJD

where o > 0 is a fixed and small number.

The following result holds.

PROPOSITION 3.5. For any d > 0, there exist \g > 0 and C' > 0 such that for
any A € (0, ), for any &,& € IQ with |& — &| > d, for any h € L (00Q)), and
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f € L>®(Qy) there is a unique solution ¢ € L>(2y) and co, c1,c2 € R to the problem
(3.12).
Moreover,

1
19l () < Clog + (Il + [Ifllss)  and  max{leof, [erl, [e2]} < C(IA]l + [ fllex) -

Proof. We argue as in the proof of Propositions 1 and 2 of [5]. We only point out
Va(Ay)
a(Ay)

Moreover, the proof exploits a potential theory argument where Green’s function for
the Laplacian is replaced by Green’s function GG, whose regular part is studied in
Lemma 3.2. g

A, d(y) = Ad(y) + A

oY), yEQA

3.3. The nonlinear problem with constraints. In order to solve our problem
we need to split the error term ¢ in (3.3) as ¢(y) = 7Z(y) + ¢1(y), where the function
Z is defined in (3.11), 7 = 7(A) is a small parameter, and ¢, satisfies the orthogonal
conditions

/ axZ¢1 =0 and / axjZijo1 =0 forj=1,2.
Q)\ Q)\

Therefore, the function v in (3.3) reads as
u(y) =Viy) + d1ly), where Vi(y) =V(y) +72(y),  y €D
Moreover, v is a solution for (3.2) if and only if ¢; solves

_AaAQSl =TV1oga)\~VZ in Q)\,

% ~Wigr =Ri +Ni(¢1)  on dQy,
where (see also (3.4), (3.5), and (3.6))
(3.13) Wi(y) == 2% cosh Vi(y),
(3.14) Ri(y) :== — % —2\?sinh Vi | (y),
and
(3.15) Ni(¢1) = 202 [sinh(V4 + ¢1) — sinh V4 — cosh(V;)¢].

It is important to point out that, since Z(y) = O(1) on all Q,, it follows that Vi (y) =
V(y) + O(|7]) for any y € Q..

Let us consider first the following auxiliary problem: find ¢1 € L*>°(Q2)) and
c; €R, j=0,1,2, such that

—Ay 01 =7Vlogay-VZ in Q,

0
(3.16) % —Wi¢r = Ri + Ni(¢1) + coxZ + cix1Z11 + cax2Z12 on 00y,

/ ax;Z1j¢1de=0j7=1,2, / axZ¢ydr =0,
Qx Qx
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where Wi, R1, and N are defined in (3.13), (3.14), and (3.15), respectively.

LEMMA 3.6. Let a € (0,1), d > 0, and 7 = O(N°) with B > 4. Then there
are Ao > 0 and C > 0 such that for any A € (0,9) and for any &,& € O with
|61 — &| > d, problem (3.16) has a unique solution ¢1 € L(Qy) and co,c1,c2 € R
such that

[1][ Lo (02y) < CA%.
Furthermore, the function (T,&;,&5) — (7, &1, €5) € L>(Qy) is C' and
[De; ey P1llLe(n) < CAY and  ||Dr¢1lLee(ay) < CN' for some By < B.

Proof. We argue as in the proof of Lemma 8 of [5]. The only difference is due to
the presence of the right-hand side (RHS) f = 7Vlogay - VZ in (3.16).
Indeed, first, we point out that

Wi(y) = W(y) + 222 sinh(V)7Z + 72A2 cosh(V + 72) Z2,
=7B

where W is defined in (3.4) and |7| < |7|. It is easy to check that | B|. < C. Then
we write the problem (3.16) in terms of the operator A that associates to any ¢; €
L>(€,) the unique solution given by Proposition 3.5 with h = 7B¢1 + Ry + N1 (é1)
and f =7Vlogay - VZ. In terms of A, the problem (3.16) is equivalent to the fixed
point problem ¢; = A(¢1). Therefore, we are going to prove that A is a contraction
mapping of the set

C={p€C() : (9= <A}

From Proposition 3.5 we get

[A(G1) [ e (@y) < Cllog Al | 7]l Bénlls + IN1(d1) [« + 1Rl +I[].f [l

=D

Arguing as in [5] we get that
[Dlls < C (A" + XFAHF 4 )2)
for some a € (0,1) and ¢ > 0 small so that a—o > « (o is the number in the definition

of || - [l || - ||+« and S is such that 7 = O(A?)). On the other hand, it is easy to check
that

2
fW) =0 |VZ(y)l) =0 [ ATy (L+ ]y — &)~ | forany y € Qy,

j=1
and so

£l = O(rA*=7) = O(NF279).
Then the proof follows exactly as in Lemma 8 of [5]. O

Next, we have to choose the parameter 7 so that the nonlinear problem (3.16)
has a solution with ¢y = 0. This is the result of the next lemma, whose proof can be
carried out exactly as the proof of Lemma 9 in [5].

LEMMA 3.7. Let d > 0. For any o € (0,1), there exist Ao > 0 and C > 0 such
that for X € (0, o), and any &1,& € O with |& — &| > d, there exists a unique T
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with |7| < CA*~Y2 (b is given in (3.11)), such that problem (3.16) admits a unique
solution ¢1 € L*°(2)), co = 0, and c¢1,co € R. Moreover,

(3.17) @]l oo (2) < CA*
and the function (£;,&5) — ¢1(&],€%) is C* and
(3.18) 1Deeq. ey @1l o= (an) < CA%.

3.4. The reduced problem and proof of Theorem 1.3. For any (£1,&2) €
0 x 09 with & # &, we define ¢(&1,&2) and ¢;(&1,&2) for j = 1,2 to be the unique
solution to (3.16) with ¢y = 0 satisfying (3.17) and (3.18). In this section we shall
find the points & and &3 on the boundary 9f2 such that ¢; = ¢o = 0. That choice will
provide a solution to our problem.

LEMMA 3.8. Let a € (3,3) and b € (2(1 — ), 1) (b is given in (3.11)). It holds
true that

ci =T\ [— QGléi)ana(&) +o(1)|, i=1,2,

uniformly with respect to (&1,&2) € O x 0N with & # &s.

Proof. We multiply the first line of (3.16) by axx;Z1;, j = 1,2, and we integrate
in y. We take into account that V3 = V + 77 and 7 is chosen so that ¢y = 0 (see
Lemma 3.7). Therefore, we get

/ T(VaxVZ)x;Z1jdy = —/ arxBa, (XjZ1;) ¢rdy
Q)\ Q)\

+ / arxd18, (x;21;) dy — / axs Z1,00 b1y
8Qk aﬂk

and so

(3.19) ZCZ/ a(Ny)xiX;Z1iZ1,dy
i=1 29

Io

. / ax0a, (x;Z17) drdy - / T (VarVZ) y; Zidy
Qx Qx

+/ axe10, (x;Z15) dy —/ axx;jZij Wig1 + Ri +Ni(¢1)) dy
69)\ 89/\

. / ax8a, (x;217) drdy — / T (VarVZ) x; Z1dy
Q)\ Q)\

11 12

+/ axé1 [0, (X Z15) — Wi (X;Z15)| dy
IO\

I3
oV 07
+/ l:— — )2 smh(V)} CL)\ijljdy—FT/ (— — WZ) a)\ijljdy
8Q>\ alj 8Q>\ al/

14 I5
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_ax2 / axx; Zu; [sinh(V +72) — sinh(V) — 7 cosh(V) 2] dy
O

Is

- Ni(é1)arx;Z1jdy .
[SI9N

I7
Now let us estimate each integral I; of (3.19). It is immediate to check that
2 e e
Io=—a(&) +o(l)ifi=j and Io=0ifi# .

3

Indeed if 7 = j,

g ey [ 48 _ 2ma(&)
/ama()\y)XZXthledy a(&)/R(%_’_Mi dzy + o(1) " +o(1).

We remark that

We have
a)\Aa/\ (ijlj) = AXj . le + 2VXJ‘VZ1]‘ + XjAle + Va,\ijle + ija,\Vle

A2 A A2 A
- _~ AZy ).
O<1+r>+0(1+r2)+XJ 1J+O(1+T>+O(1+r2)

However,

AyZyj = Apz1 + ONz||[V221|) + O(N|Vz1]),
and hence

2
szy-0(1) ro ().

Hence

L] < OMéll=(0,) < OATF = o(ATF75).

Moreover,

T3] < ‘/ ax¢10, (Xj)ledy‘ +
an

/ awﬁlxj (8VZ1J' - lelj) dy
EISN
IR 1
< CM|91llz=(0y) log 3 + CA%[[¢1][ L= () log 1
1 1
<C (/\1+°‘ log + + A log X) = oAt %),

because Vy; = O(\) and (see also (3.39) in [5])

A&
(0, Z1; —W©Zy;) =0 | ——0nr
XJ( 15 1 1]) <1+|y_€;|>

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 10/04/16 to 131.175.161.12. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1106 C. PAGANI, D. PIEROTTI, A. PISTOIA, AND G. VAIRA

and since b > 2(1 — «).
By (3.8) we get that

R = (25 () — 2’ (Ay))e T Pus)=He&:6) 1 O(A%),

and hence by making the change of variable =z = Fj)‘(y) and by observing that
(Fj’\)’l(x) =z + & + O(\z|) we get

>

i 1
Iy = 2uj/ 2 (M + &)a(da + &) TON g
-5 a3+
;
X j 2012 1
—ou; | 0,25 e+ € )a(ha + &) TON P
I . 2 Az + &a(Ax + & e e
1
—Qﬂa)\/ O, a(§; —|—/\a:—|—0(,\2|3;|)) (/\a:+€j)e>\r+0()\2\z\2) _ _
5 L7 +/1*j
§ fj 2 >\$+O(>\2‘z‘2) 1
=245\ 0, 23 (& + Az + O(N|z]))a(Ax + &j)e s
L7 +/1*j

> >Ib

20,12 1
—2;%/ (&5 4+ A+ O\ |z)))a(Ae + €)D,, e TORN 1] )x2 —
1T

>Ib

and so

1] < A log 5 = o(AT e H),
As in the estimates proved on p. 211 of [5], we get that

Xi (002 = WZ) = (25! () — 25 (Ag) Jelle D) =He (6560 4 O(2),
and so, by making computations as before we get that
15| < C’)\Ho‘Tlog% = oA\t 3),
Moreover, since by the mean value theorem
;A2 [sinh(V + 72) — sinh(V) — 7 cosh(V) Z] = x;7° sinh(V + 72) 22,

by making again the same computations as before we also have

|Ig| < CAr? 1og§ = o(AITe3),
Finally, we have

1] < 19l m o og 5 < CN log .
Therefore, it remains to estimate the leading term I of the RHS of (3.19). We

observe that in the function Z is constant except in the regions |y — §;| < uj/\’b/ 2,
j = 1,2. For the sake of simplicity, we can also assume that the boundary of 2 in
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a neighborhood of the point {; can be described as a graph of a smooth function ¢;
defined in a neighborhood of 0 such that ¢;(0) = ¢’ (0) = 0 so that

Fj(s1,82) = (s1,82 = @j(s1)) and  Fj (i, t2) = (1,2 + ;(t)) -

Let us remember that Fj’\ (y) = w; then
b= [ 7 (Va)VZ0) x,0) 21, ()
A

=7 [ Vaw)V (20; (F}®))) X (|F})]) 215 (F () dy

Qx
- / Oax
a, | 91 | Or1 Oyr Oxy O
<X (|F7W)]) 215 (E}(y)) dy

=y {‘% () [‘9— (Frw) — 29 (7)) so;uyl)] +%(Ay>%(@(y>)}

aZOJ 8(F])\)1 + 820] 8(F])\)2

aa)\ laZOJ 8(FJ)\)1 5203 8(F])\)2
— +
82/2

0xry 0y Oxy  Oyo

B—yl 0y O dys O
<X (|F})]) 215 (F7(y)) dy
(we set FM(y) =, ie., y = 200

—aa BZO' 820‘
! /B(Om)m}@gr {33/1( w1, Ay + (A1) [3:{:1 (x) —8332 (z) ng( 1)

XX (|2]) 215 () d

0 0z0; -
A / {—“(Axl,m + mm»%m} x X (|2]) 21 (2) do
B(0,p)NR2 T2

Yo
a2 9203 ()21
=TA <3y1 (0) w2 Oy (#)215 (z) d + 0(1)>

_ da P CCR ) z+o0
- <8y1 ) /Ri < YT+ (o +uj)2)3> " (1)>
=TA(=7Vaqa(;) +o(1)) .

We point out that this is the lower order term of the RHS of (3.19), because its rate
is of order A'*~/2 hecause of the choice of 7.

The claim follows collecting all of the previous estimates. d

Finally, we conclude with the proof of Theorem 1.3.

Proof (Theorem 1.3 completed). Let & and & be two different C'-stable critical
points of a restricted on 9f2, namely the local Brouwer degree

deg (Vaqa, B(&,p) NN, 0)£A0 fori=1,2
provided p is small enough. Then by the product property we deduce
deg ((Vaaa, Vaqa) , (B(1, p) x B(&2,p)) N (92 x 09),0) # 0,

which implies together with Lemma 3.8 that if A is small enough, there exists (&7, &3
which approaches (£1,&2) as A goes to zero such that ¢; = ¢o = 0. Therefore, vy (y) =
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V(y) + ¢(y), y € Qy, turns out to be a solution to the problem (3.2). It is clear that
the scaled function uy(z) = vx(z/N), x € Q, is the solution to problem (1.7), which
satisfies (1.12) and concentrates at the points £ and & as A goes to zero. a

(1]

2]

[4]

[5]

[11]
[12]
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