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Abstract We present a methodology that allows condition-
ing the spatial distribution of geological and petrophysi-
cal properties of reservoir model realizations on available
production data. The approach is fully consistent with
modern concepts depicting natural reservoirs as compos-
ite media where the distribution of both lithological units
(or facies) and associated attributes are modeled as stochas-
tic processes of space. We represent the uncertain spatial
distribution of the facies through a Markov mesh (MM)
model, which allows describing complex and detailed facies
geometries in a rigorous Bayesian framework. The lat-
ter is then embedded within a history matching workflow
based on an iterative form of the ensemble Kalman filter
(EnKF). We test the proposed methodology by way of a
synthetic study characterized by the presence of two dis-
tinct facies. We analyze the accuracy and computational
efficiency of our algorithm and its ability with respect to
the standard EnKF to properly estimate model parameters
and assess future reservoir production. We show the fea-
sibility of integrating MM in a data assimilation scheme.
Our methodology is conducive to a set of updated model
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realizations characterized by a realistic spatial distribution
of facies and their log permeabilities. Model realizations
updated through our proposed algorithm correctly capture
the production dynamics.
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1 Introduction

Conditioning the spatial distribution of petrophysical prop-
erties of hydrocarbon reservoirs on field-scale production
data is key step to (a) reducing the uncertainty associ-
ated with the assessment of the future performance of
the reservoir and (b) developing effective strategies for
enhanced hydrocarbon recovery. Increasing attention has
been devoted to the development of ensemble data assimila-
tion techniques due to their ability for real-time assimilation
of field measurements. These are then employed to condi-
tion the generation of a collection of up-to-date reservoir
model realizations that can be readily employed for produc-
tion forecasting and decision making. In this sense, such
techniques are typically based on a Monte Carlo scheme,
where a finite number (usually referred to as an ensem-
ble) of equally likely realizations is employed to quantify
the uncertainty associated with the spatial distribution of
model parameters and state variables in the target system.
Among the available data assimilation methods, the ensem-
ble Kalman filter (EnKF) [6, 12] has been shown to consti-
tute an effective tool to characterize the spatial distribution
of porosity and permeability of hydrocarbon reservoirs at a
generally affordable computational cost (see [1] for a recent
review). It is well known that EnKF is optimal when the
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unknown model parameters and state variables form a mul-
tivariate Gaussian random field. However, most reservoir
analyses require to explicitly take into account the complex
internal architecture of the medium. The latter is composed
by multiple lithological units (i.e., facies), which can be
considered as distinctive and nonoverlapping regions of the
host rock system with given characteristics such as porosity,
permeability, and mineral composition. A common proce-
dure to distinguish between diverse facies in a reservoir
model relies on the use of indicator functions, which by their
nature cannot be represented by Gaussian distributions.

Several techniques are nowadays available to generate
multiple random realizations of facies spatial fields con-
ditional on prior information on the internal geological
architecture of the target reservoir. These include object-
based (e.g., [8, 10, 25]) and process-based methods (e.g.,
[5, 14]), multiple-point geostatistics (MPS) techniques (e.g.,
[3, 32, 35]), and Markov mesh (MM) models (e.g., [7, 21,
31]). The use of EnKF to condition on production data the
spatial distribution of facies in complex reservoirs is often
fraught with difficulties [1, 27] and typically leads to a set
of updated realizations that (a) are not consistent with avail-
able elements of prior knowledge about the internal system
architecture and (b) do not provide a reliable basis for a
proper prediction of future reservoir production and for an
accurate uncertainty assessment.

Various approaches have been proposed to tackle this
challenge. A common way of dealing with the problem
relies on the application of a suitable transformation to
the facies indicator functions and describes these in terms
of normally distributed random fields. Integration of these
techniques within the EnKF framework generally implies
that (a) the EnKF model has to be formulated to update the
transformed Gaussian variable and (b) the updated facies
spatial fields are calculated through back/transformation to
the original discrete space. Suitable transformation tech-
niques coupled with EnKF for assimilating dynamic and
hard data through a reservoir history matching procedure
include, e.g., the truncated pluri-Gaussian method [22]
employed by [4, 23, 24, 30], or the level set method which
has been combined with EnKF by [26] under the assump-
tion that the velocity governing the evolution of the level
set function is a Gaussian random field. The discrete cosine
transform (DCT) was also introduced in this context by
[16]. These authors used EnKF to update the coefficients
of the cosine basis functions which was employed to rep-
resent the spatial distribution of state variables and model
parameters. [15] coupled EnKF with the uniform score
transform and with the inverse standard Gaussian transform
to (a) update a collection of random realizations gener-
ated from a uniform distribution and (b) use these as input
for the generation based on multipoint methods of a set of
updated facies fields.

A different strategy relies on a two-step approach accord-
ing to which EnKF is first employed to update a continuous
spatial field of target quantities, which is then followed by
a post-processing step through which the updated variables
are projected onto their original space composed by dis-
crete geological units. This technique was first proposed
by [28], who employed a Markov chain model to describe
the uncertain spatial arrangement of facies within a one-
dimensional domain and based the post-processing step on
the Viterbi algorithm [34]. This technique was modified by
[36] to extend its range of applicability to two-dimensional
domains.

As an alternative to this technique, one can employ an
approach structured on the following three steps: (a) aver-
aging the permeability realizations over all members of
the ensemble, (b) directly updating the resulting averaged
field through EnKF without applying any transformation
scheme, and (c) drawing a new set of updated facies real-
izations which are driven through the updated averaged
field obtained at step (b). This procedure allows some-
how conditioning the updated facies realizations on the
updated averaged maps as well as on production data. In
the context of reservoir history matching, this methodology
was pioneered by [17]. These authors employed the EnKF
scheme to update the sample average of the log permeability
field and converted the latter into a facies probability map
through a linear mapping function. The information associ-
ated with this updated probability map was then combined
with the snesim algorithm [32] through the τ -model [18] to
generate the updated collection of facies realizations.

Here, we present a new data assimilation algorithm that
is conducive to conditioning on a set of measured produc-
tion data the spatial distribution of facies and associated
petrophysical properties of a collection of hydrocarbon
reservoirs. The method we propose falls in the last cate-
gory of approaches reviewed above. Unlike [17], here we
employ a MM model to describe the spatial distribution
of lithofacies within the domain of interest. This model is
a subclass of Markov random fields that are defined on a
regular path which scans all elements of the grid discretiz-
ing the domain of interest. Although the concept is not
new (see, e.g., [2]), the use of a MM model for geological
facies modeling has been introduced only in recent years
[21, 31]. Interesting features of MM models as opposed to
other algorithmically guided approaches are their consistent
theoretical basis as well as the flexibility of honoring com-
plex features. A detailed comparison between the MM and
snesim approaches has been presented by [21, 31]. These
authors have demonstrated that the MM approach compares
favorably against the snesim approach in terms of quality
of the generated facies fields and computational efficiency.
TheMM approach is intrinsically not suitable for generating
realizations which are conditional on hard or dynamic data.
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To the best of our knowledge, [19] present the only study
on this aspect. In their work, MM is coupled with an indica-
tor kriging approach to generate a collection of facies field
realizations conditioned on a set of observed facies data.
The development of a data assimilation algorithm capable
of conditioning a MM model on a set of dynamic data is
currently an open challenge.

The key element of novelty of our work consists on
embedding the concept of MM models into an EnKF-
based Monte Carlo history matching procedure. We test
the proposed methodology by way of a synthetic reser-
voir model representing a complex geological system. We
analyze the accuracy and computational efficiency of our
algorithm and demonstrate its benefit with respect to the
standard EnKF in predicting the forecast production. The
work is organized as follows. Section 2 outlines the prob-
abilistic model employed to describe the uncertain spatial
distribution of the geological facies and of the associ-
ated petrophysical properties (i.e., the log permeabilities)
within the domain of interest. Section 3 illustrates the pro-
posed data assimilation scheme. Section 4 summarizes the
results of the synthetic test case. Section 5 presents our
conclusions.

2 Markov mesh model

The (randomly heterogeneous) spatial distribution of the
geological facies in the system is handled by means of
a Markov mesh (MM) model coupled with a multi-grid
approach. The latter is adopted because of its ability to accu-
rately delineate detailed facies geometries and complex spa-
tial patterns distributed across multiple scales in a rigorous
probabilistic framework. The formulation of our MMmodel
is grounded on the concepts illustrated by [21, 31], to which
we refer for the theoretical foundations of the approach. In
this section, we illustrate the details concerning our imple-
mentation and the key theoretical aspects underpinning the
way the MM model is embedded within a history matching
workflow.

We define a unilateral path scanning all elements Ne of
the grid onto which the model of the reservoir is discretized.
A label i ∈ {1, . . . , Ne} is assigned to each grid cell during
this scanning step. The conditional probability, π

(
si

∣∣sj<i

)
,

of observing a facies value, si , over a generic element i

of the grid depends on the facies values associated with
elements having index j < i, sj<i [31], i.e.,

π
(
si

∣∣sj<i

) = π
(
si

∣∣s�i

) =

K∏
kf =1

exp
{
s
kf

i z+
i θkf

l(i)

}

K∑
kf =1

exp
{
z+
i θkf

l(i)

} (1)

Here, s
kf

i is the indicator variable of facies kf over ele-

ment i (i.e., s
kf

i = 1 if si = kf and 0 otherwise); K is
the total number of facies in the target system; �i is a sub-
set of the domain cells formed by cells with i < j ; and
the vector s�i

contains the facies identifiers associated with
the elements of �i . The superscript “+” in Eq. 1 stands for
transpose; zi is a column vector ofNP +1 coefficients which
depend on the facies distribution over �i , where NP + 1 is
the number of parameters of the MM model. We define the
elements of vector zi following [31] and set each of the first
NP coefficients to 0 or 1 depending on whether a prede-
fined pattern of facies is reproduced over �i or not, while
the last entry of zi is always equal to unity. This formulation
allows generating unconditional realizations of the random
facies field by following the defined sequential path and
by extracting a facies value at each grid element accord-
ing to the conditional probabilities evaluated through (1). In
our implementation, the MM model is then coupled with a
multi-grid approach [21] according to which the domain is
partitioned into L disjoint sets. The latter are conveniently
defined in such a way that the grid elements belonging
to each set allow detecting the features of the facies field
associated with a given scale of interest. With this imple-
mentation, the geological patterns are initially reproduced at
a coarse scale and are subsequently transferred to increas-

ingly refined grids. Quantities θkf

l(i) in Eq. 1 are vectors of
unknown parameters that are defined for each facies value,
kf = 1, . . . , K , and for each scale, l (i) = 1, . . . , L, l (i)

being a function that allows identifying the scale which the
element with label i belongs to. The values of these param-
eters play a critical role within the MM model and have
a direct influence on the probability of occurrence of any
possible spatial pattern associated with the random facies
field. We follow [31] and take advantage of the observa-
tion that the conditional probability of detecting a facies
field, s, given the parameter vectors is expressed as the
product of conditional probabilities evaluated at all grid
elements, i.e.,

π
(
s
∣∣∣θ11, · · · , θK

L

)
=

Ne∏
i=1

π
(
si

∣∣s�i

)
(2)

We then estimate the parameters of the MMmodel via max-
imum likelihood by means of a suitable training image.
The latter should contain all relevant features one desires to
preserve in the collection of realizations. Issues associated
with the selection of training images as well as the influ-
ence of these on the final model result are widely discussed
in the literature (e.g., [21]). Figure 1 provides a graphi-
cal depiction of the implemented scanning path and grid
refinement and a snapshot of a simulation at the time ele-
ment i is visited during the progression of the generation
algorithm.
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Fig. 1 Three snapshots of a
multi-grid simulation obtained
by freezing the algorithm while
the element, i (highlighted in
black), of the first three grid
levels (i.e., l = 1, 2, 3) is visited.
Arrows in subplot a indicate the
implemented scanning path.
Colored cells are identified by
index j < i and have already
been visited by the simulation
path. White cells are identified
by index j > i. The red, green,
and blue elements in subplots a,
c, and e belong respectively to
the coarse, intermediate, and
fine disjoint sets into which the
domain is partitioned. The
colored blocks lying within the
black squares reside in the
conditional neighborhood (�i)

of element i. The orange and
grey cells in subplots b, d, and f
indicate the diverse facies values
assigned to each grid element
during the simulation

The adoption of aMMmodel allows obtaining an explicit
parameterization of the conditional probability expressed in
Eq. 1. This is a key feature that will enable us to update
the spatial distribution of the facies within each realiza-
tion of the ensemble by conditioning the parameters of
MM on available production data, as described in details in
Section 3 (step 2).

Values of log permeabilities within each facies are
described by a multi-Gaussian distribution with a given
mean and spatial covariance function. Cross correlations
between log permeabilities of different facies are assumed
to be negligible.

3 Methodology

In this section, we describe our new data assimilation
scheme for conditioning on available production data a
collection of reservoirs characterized by random spatial
distributions of geological facies and associated log perme-
abilities. For simplicity, we limit the illustration to the case
where only two fluid phases (oil and water) are displaced
in the host porous domain. The methodology can readily

be extended to systems characterized by the simultaneous
occurrence of three (or more) flowing fluid phases.

We consider the model vector

ψ =

⎡
⎢⎢⎣
Y
p
Swat

w

⎤
⎥⎥⎦ (3)

Here Y, p, and Swat are vectors containing static (e.g.,
log permeability, Y) and dynamic (e.g., pressure, p, and
water saturation, Swat ) variables at Ne numerical block
centers, and the entries of vector w are Nw values of pro-
duction data (e.g., fluid flow rates or bottom hole pressure
values at well locations). Vector ψ is therefore of size
Nψ = 3Ne + Nw. We subdivide the time domain into a
series of intervals delimited by the times at which measure-
ments become available and focus on a generic time interval(
Tk−1 Tk

]
.

We introduce the vector ψu,Tk−1 , where the superscript
indicates that ψ is considered at time Tk−1 and is con-
ditioned on measurements available up to time Tk−1.
The adoption of a Monte Carlo framework enables one
to approximate the probability density function (pdf) of
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ψu,Tk−1 by means of a collection of NMC equally likely
model realizations of the system, defined as

ψu,Tk−1
j =

⎡
⎢⎢⎣
Y
p
Swat

w

⎤
⎥⎥⎦

u,Tk−1

j

j = 1, . . . , NMC (4)

The corresponding forward vectors at time Tk are calcu-
lated as

ψf,Tk

j = �
(

ψu,Tk−1
j

)
j = 1, . . . , NMC (5)

thus enabling characterization of the pdf of ψf,Tk (i.e., here
the superscript indicates that ψ is considered at time Tk

and is conditioned on measurements available up to time
Tk−1). The (generally nonlinear) operator � in Eq. 5 rep-
resents a multiphase flow model the solution of which is
performed within time interval

(
Tk−1 Tk

]
by setting the log

permeability field to Yu,Tk−1
j

(
i.e.,Yf,Tk

j = Yu,Tk−1
j

)
and

considering as initial conditions the pressure and water satu-
rations equal to pu,Tk−1

j and Su,Tk−1
wat,j , respectively. Boundary

conditions for the flow simulation are here assumed to be
deterministically known. We also note that terms included
in vector wu,Tk−1

j have no effect on the flow simulation.

We introduce the collection of vectors

sf,Tk

j j = 1, ..., NMC (6)

containing the facies identifiers at the Ne grid elements
within the j -th realization at time Tk conditioned on mea-
surements available up to time Tk−1, and the vectors

vf,Tk

j =
⎡
⎢⎣
s1
...

sK

⎤
⎥⎦

f,Tk

j

j = 1, . . . , NMC (7)

Here, each vector s
kf ,f,Tk

j of size Ne contains the indica-
tor variables associated with facies kf = 1, ..., K within the
j -th realization of the Monte Carlo collection.

The objective of the data assimilation algorithm is to cal-
culate the updated vectors at time Tk , i.e., ψu,Tk

j and su,Tk

j ,
conditioned on measured values of production data at time
Tk , i.e., wTk . Measurement errors can be considered upon
randomly perturbing values of wTk and collecting them in
vector dTk according to

dTk = wTk + εTk (8)

εTk being a zero-mean Gaussian random vector with known
covariance matrix �

Tk
εε . To simplify the notation, in the

following we will consider �
Tk
εε as a time-invariant quantity

and will drop the superscript Tk .
The data assimilation scheme is developed through a

four-step algorithm described in details in the following.

,

,

k

k

f T

f T
j

wat

j

Y
p

ψ
S
w

0

0

T

T
j

wat

j

Y
p

ψ
S
w

0

0

1
T

T
j K

j

s

v
s
w

Tk=T0

, ku T
js

Step 1

1', ku T
jY
', 1ku T

jp
', 1

,
ku T

wat jS

Updated 
facies fields

Auxiliary forward
fields

',

',

k

k

f T

f T
j

wat

j

Y
p

ψ
S
w

Flow simulator

Input:

-Y fields:

- initial conditions:
', 1 ', 1

,,u T u T
j wat jp S

Step 3

0T
jY

0Ts
0T
jp

0

,

T
wat jS

Geostatistical

tools

Equilibrium

conditions

Flow simulator

Input:

-Y fields:

- initial conditions:

0T
jY

0 0

,,
T T
j wat jp S

k = k +1

,
1

,

k

k

f T

f T
j K

j

s

v
s
w

, ku Ts

Updated mean 
facies field

Step 2

1', ku T
jY

Updated 
log-permeability, pressure

and saturation fields

,

,

k

k

u T

u T
j

wat

j

Y
p

ψ
S
w

Flow simulator

Input:

-Y fields:

- initial conditions:
, ,

,,k ku T u T
j wat jp S

, ku T
jY

k = k +1

Step 4

Fig. 2 Flow chart describing the proposed data assimilation algorithm
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Fig. 3 Log permeability distribution (Yref ) and well locations in the
reference model. Injectors and producers are indicated as Ii and Pi

(i = 1, 2, 3), respectively

Step 1: Updating the facies probability map
We start by considering the sample average of vf,Tk

j

defined in (7)

vf,Tk = 1

NMC

NMC∑
j=1

vf,Tk

j (9)

Instead of updating each individual member of the collec-
tion, vf,Tk

j , as in the standard EnKF context, we evaluate

the updated vector vu,Tk through the following averaged
equation

vu,Tk = vf,Tk + �̂
f,Tk

vw

(
�̂

f,Tk

ww + �̂εε

)−1 (
d

Tk − wf,Tk

)
(10)

Here, �̂
f,Tk

vw is the sample cross-covariance matrix

between vectors vf,Tk

j and wf,Tk

j ; �̂
f,Tk

ww is the sample

covariance matrix of vectors wf,Tk

j , while d
Tk and �̂

Tk

εε
respectively are the sample mean and covariance matrix
of the collection of randomized measurements dTk

j =
dTk + εTk

j . Note that the choice of updating the sample
averages does not imply any assumption in addition to
those associated with the update of individual replicates.

Step 2: Drawing a collection of updated facies field real-
izations
A new collection of facies realizations(
su,Tk

j , j = 1, ..., NMC
)

is generated via a Markov

mesh (MM) model. This is accomplished by assuming
that (a) the formulation of the MMmodel (i.e., number of
parameters and size of the conditional neighborhood �)

and (b) the functional form of the relationship express-
ing the conditional probability of observing a facies
value over a grid element, i, given facies values over
the conditional neighborhood, s�i

, coincide with those
employed in an unconditional generation setting. The
only components of the MM model updated in this step
are then the values of the parameters contained in vectors

θkf

l(i), kf = 1, ..., K; l(i) = 1, ..., L. After conditioning
on the dynamic data, MM will be no longer stationary
in space. For this reason, we let the updated values of
MM parameters to vary with the element index, i. This is
achieved by visiting each element of the grid according
to the sequential path defined for the MM model. A
new facies identifier is assigned to element i visited by
the algorithm in each updated grid j of the collection(
s
u,Tk

i,j

)
according to the conditional probability

π
(
s
u,Tk

i,j

∣∣∣su,Tk

�i ,j

)
=

K∏
kf =1

exp
{
s
kf ,u,Tk

i,j z+
i,j

(
θkf

l(i) + λ
kf

i

)}

K∑
kf =1

exp
{
z+
i,j

(
θkf

l(i) + λ
kf

i

)}

j = 1, ...., NMC (11)

Relying on Eq. 11 ensures that the mean facies distri-
bution

(
vu,Tk

)
obtained at step 1 is honored. The values

of the unknown vectors λ
kf

i in Eq. 11 are tuned to satisfy

1

NMC

NMC∑
j=1

s
kf ,u,Tk

i,j = s̄
kf ,u,Tk

i kf = 1, ..., NMC (12)

The term appearing on the right hand side of Eq. 12
is an element of the vector updated through (10). One
can note that Eq. 11 reduces to Eq. 1 when all com-

ponents of λ
kf

i vanish. In practice, Eqs. 11–12 are used
to update the probability of the MM, π

(
si

∣∣s�i

)
, which

is not conditioned on the production data, to the prob-

ability π
(
s
u,Tk

i

∣∣∣su,Tk

�i

)
, conditioned on the information

provided by the measurements available up to time Tk .

In our implementation, we consider all elements of λ
kf

i

Table 1 Parameters adopted for the generation of the reference log permeability field

Mean* Sill Nugget Range along x1 (m) Range along x2 (m)

Facies 1 7.1 0.10 0.0 500.0 250.0

Facies 2 4.6 0.10 0.0 100.0 100.0

*Permeability values are expressed in millidarcy
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equal to zero with the exception of its last entry. The lat-

ter is set to the unknown scalar λ
kf

i , which depends on the
lithofacies type. This strategy ensures that the conditional

probability (11) be a monotonic function of λ
kf

i . The esti-

mation of λ
kf

i can then be readily accomplished through
a bisection algorithm. Our numerical results show that
this simple strategy yields results of remarkable qual-

ity, in the sense that the updated spatial distribution of
facies maintains spatial correlations which are quantita-
tively similar to those observed before the assimilation of
production data. Functional forms of λ

kf

i with increased
complexity and different algorithms for its estimation can
be accommodated in the procedure.

Step 3: Ensuring consistency between the updated facies
fields and the underlying petrophysical properties

Fig. 4 Estimates of mean log
permeability at initial time and
at six selected assimilation steps
obtained through Facies-EnKF
and standard EnKF
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We recall that up to this point, we have evaluated
the vectors su,Tk

j and j = 1, ..., NMC, which are the
realizations of the facies fields conditioned on the mea-
surements available up to time Tk . Before updating
the vectors of model realizations, ψf,Tk

j , we solve the

flow problem within the time interval
(
Tk−1 Tk

]
upon

replacing the model parameters and the system states

updated at time Tk−1

(
i.e.,Yu,Tk−1

j , pu,Tk−1
j , and Su,Tk−1

wat,j

)

through the corresponding auxiliary fields(
Yu′,Tk−1

j , pu′,Tk−1
j , and Su′,Tk−1

wat,j

)
to ensure consistency

with the underlying facies fields updated through steps
1–2. We do so by expressing the auxiliary log permeabil-

ity and pressure/saturation fields, i.e., Yu′,Tk−1
j , pu′,Tk−1

j ,

and Su′,Tk−1
wat,j , as a linear transformation of Yu,Tk−1

j ,

pu,Tk−1
j , and Su,Tk−1

wat,j , thus preserving the ensemble
statistics (mean and covariance) of the latter.

Fig. 5 Estimation variance of
log permeability at initial time
and at six selected assimilation
steps obtained through
Facies-EnKF and standard EnKF
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Each auxiliary updated realization is then used as input
vector in the flow simulator (5) to obtain the auxiliary

forward vectors at time Tk , ψf ′,Tk

j . These will be further
conditioned on the measurements available at time Tk

during step 4. In practice, one can note that the additional
flow simulation performed at step 3 allows alleviating
the appearance of unphysical updates in the model state
vectors.

Step 4: Updating the petrophysical properties
We propose to evaluate the updated state vectors ψu,T

j

at time Tk through

ψu,Tk

j = ψf ′,Tk

j + �̂
f ′,Tk

ψw,j

(
�̂

f ′,Tk

ww + �̂εε

)−1 (
dTk

j − wf ′,Tk

j

)

j = 1, . . . , NMC (13)

Here, �̂
f ′,Tk

ψw,j is the sample cross-covariance matrix

between vectors ψf ′,Tk

j and wf ′,Tk

j . In contrast with
the standard EnKF scheme, where the sample cross-
covariance between the production datum n and the

model variable m associated with a given block m∗
in the reservoir is evaluated on the basis of all the
ensemble members, we compute it by considering only
the members of the collection where the same facies
value of the element m∗ considered in the target model
realization, j , occurs. This strategy is adopted because
the scatter plots between petrophysical parameters (or
system state variables) and production data of a reser-
voir model characterized by distinct (and randomly dis-
tributed) facies are typically arranged in clusters, each
associated with a particular facies identifier.

Figure 2 provides a graphical depiction of the data assim-
ilation algorithm described through steps 1–4.

4 Synthetic example

Here, we explore the applicability and accuracy of the
data assimilation scheme described in Section 3 by way of
a synthetic example. We consider a flow domain of size

Fig. 6 Five selected realizations
of the log permeability field
generated before starting data
assimilation and updated after
the latest assimilation step with
Facies-EnKF and standard EnKF
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Fig. 7 Time dependence of the distances between multiple-point
histograms (MPH) of each facies realization updated through Facies-
EnKF and MPH of the training image (solid grey curves) evaluated
in terms of the Jensen-Shannon divergence. The corresponding mean
(solid black line) and 10th and 90th percentile (dashed black line) are
also depicted

4800 m × 3200 m × 5 m along directions x1, x2, and x3 (x3
being vertical direction), respectively. The domain is dis-
cretized into grid cells of uniform size of 50 m × 50 m × 5 m
(i.e., 96 × 64 × 1 blocks, yielding Ne = 6144). The ref-
erence model of the reservoir is formed by two facies (i.e.,
K = 2) whose spatial distribution is obtained by the MM
model with characteristic parameters estimated from a train-

ing image characterized by the presence of meandering
channels. Our implementation of the multi-grid MM model
is based on a sequential path which starts from the left bot-
tom corner of the grid and proceeds along a sequence of
diagonal directions to scan the entire domain. We employ
four grid levels and an isotropic refinement scheme similar
to the one depicted in Fig. 1. We adopt a squared conditional
neighborhood, �, of size equal to 21 for the coarsest grid
level; the size of � then decreases to 7, 7, and 5 with
increasing order of grid level refinement. The computational
time required for the estimation of the MM parameters is
approximately 13 min on a 2.80-GHz Intel i7-860 processor.
Simulation of a single unconditional facies field requires
about 4 s.

The domain is then populated with the correspond-
ing petrophysical properties (i.e., the log permeability),
yielding the reference field depicted in Fig. 3. Log
permeabilities are generated at element centers using a
sequential Gaussian simulator, with exponential covari-
ance function and statistical parameters listed in Table 1.
The porosity field is assumed to be a deterministic con-
stant equal to 0.2, yielding a global pore volume of
15.36 × 106 m3.

We simulate transient flow for a time period of 1200 days
driven by six wells operating in the domain of interest.
Three wells (P1, P2, and P3) are producers and work at a

Fig. 8 Temporal dynamics of
estimated production values at
wells I2 and P2 and FOPT
values for the collection of
models updated through
Facies-EnKF and standard
EnKF (solid grey line) during
TS1. Corresponding mean (solid
black line) and 10th and 90th
percentile (dashed black line)
are also depicted. Red curves
correspond to the reference
model solution. Vertical dashed
lines separate the assimilation
period from the forecast period
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fixed bottom hole pressure (BHP) equal to 30 bar. The three
wells I1, I2, and I3 inject water at constant rates of 30, 230,
and 30 m3 day−1, respectively. As shown in Fig. 3, only
wells I2 and P2 lie in the region of the domain character-
ized by the highest permeability path. A uniform initial oil
saturation of 0.8 is imposed on the system. The initial pres-
sure is set to a uniform value of 100 bar while all external
domain boundaries are impervious. We sample the reference
production curves at 20 observation times, each separated
by a fixed lag of 60 days (i.e., Tk =60, 120,. . . 1200 days),

and perturb these by white Gaussian noises having stan-
dard deviations σε = 5 m3 day−1 and 5 bar for flow rates
and pressures, respectively, reflecting measurement errors.
In this setting, �

Tk
εε is a time-independent diagonal matrix

with diagonal elements all equal to σ 2
ε .

We generate the initial collection of model realizations
by assuming a perfect knowledge of the statistical models
describing the spatial distribution of the geological and of
the petrophysical properties within the domain of inter-
est. This allows testing the robustness and accuracy of the

Fig. 9 Histograms of estimated
production values at wells I2
and P2 and FOPT values at time
3600 days for TS1. Vertical red
lines indicate corresponding
reference values
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proposed algorithm without introducing additional sources
of uncertainty in our analysis. We generate a collection of
500 (i.e., NMC = 500) spatial fields of facies through
the MM model by using the same parameters employed for
the construction of the reference field. Then, each facies
realization is populated by log permeability values evaluated
by a sequential Gaussian simulator and adopting the same
variogram functions and parameters used for the generation
of the reference field.

We analyze the performance and accuracy of the pro-
posed inversion algorithm (denoted in the following as
Facies-EnKF) and compare it against the results obtained
through the standard EnKF (e.g., [6, 12]. The latter allows
updating the model state vectors defined in Eq. 4 at each
assimilation step Tk through

ψu,Tk

j = ψf,Tk

j + �̂
f,Tk

ψw

(
�̂

f,Tk

ww + �̂
Tk

εε

)−1 (
dTk

j − wf,Tk

j

)
j = 1, ..., NMC (14)

where �̂
f,Tk

ψw is the sample cross-covariance matrix between

vectors ψf,Tk

j and wf,Tk

j , while �̂
f,Tk

ww is the sample covari-

ance matrix of wf,Tk

j .
We start the assimilation with the same collection of

model realizations for Facies-EnKF and its standard appli-
cation counterpart. For the latter, we also investigate the
benefits of localizing the cross-covariance matrix through
the Gaspari-Cohn tapering function [13] to dampen the
update of the system variables that are located too far from
the observation points. In our tests, we did not observe any
significant improvement in the quality of the calibration and
in the prediction ability of the model realizations updated
through the use of a covariance localization technique (not
shown). For this reason, we focus in the following only on
the results obtained without application of any localization
techniques.
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Fig. 10 Spatial location of wells I4 and P4 employed in TS2 and
the mean log permeability distribution estimated through Facies-EnKF
after the latest assimilation step

Figures 4 and 5 respectively show the spatial distribution
of mean and variance of the initial and updated log per-
meability fields at six selected assimilation steps computed
using Facies-EnKF and standard EnKF. During the earliest
assimilation steps, the estimated mean fields obtained with
the two approaches are similar and suggest the possibility
that high-permeability inclusions associated with meander-
ing channels occurs both within the upper and the lower
parts of the domain. Assimilation of additional data in
the model is conducive to estimates of log permeability
obtained with Facies-EnKF that evolve toward a spatial
pattern which is similar to that of the reference field and
enables one to properly identify the location of the channel-
ized region associated with the highest permeability values.
It can be noted that the sampled bottom hole pressure curves
of injectors I1 and I3 play a key role for an appropriate
facies identification because these two wells inject water
at the same flow rate but are associated with slightly dif-
ferent bottom hole pressure values. We can then deduce
that I1 is characterized by lower injectivity and should be
located farther from the high permeable channel. The esti-
mated variance field obtained through Facies-EnKF after
the latest assimilation step suggests that the calibrated val-
ues of Y are characterized by highest uncertainty within
regions located in the proximity of the internal bound-
ary demarcating the two geological facies. These results
are not mirrored by the fields calibrated through standard
EnKF. In these fields, the regions associated with the high-
est estimated permeabilities correspond only in part to the
high permeable pattern displayed in the reference field.
Figure 4 shows that the standard EnKF algorithm identi-
fies correctly the presence of high/low permeable regions
around each well but is not able to capture the global inter-
nal architecture of the system. From a general standpoint,
this result is consistent with the observation that EnKF per-
forms optimally only in multi-Gaussian fields. Therefore,
our observations also contribute to highlight the known lim-
itations of standard EnKF in applications involving the need
to consider explicitly the occurrence of diverse geological
facies. Taking this aspect into account corresponds to con-
ceptualizing the system as a composite medium (e.g., [29,
37] and references therein) where the reservoir is modeled
as a doubly stochastic process, i.e., randomness is associated
with spatial distribution of facies as well as attributes within
each facies.

Figure 6 depicts five selected realizations of log per-
meability generated prior to data assimilation and updated
after the latest assimilation step using the two analyzed
methodologies. These results evidence that the realizations
calibrated through standard EnKF do not preserve the cor-
rect geological architecture, as opposed to fields estimated
through our proposed method, which is consistent with the
composite nature of the domain. Visual inspection of Fig. 6
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suggests that the fields updated through Facies-EnKF tend
to display a degree of spatial variability of log permeabili-
ties which is similar to the one characterizing the reference
model.

We quantify these observed behaviors through the con-
cept of multiple-point histogram (MPH) [9]. We perform
this analysis by choosing a template of size 4 × 4 grid
elements and by considering all possible facies config-
urations that can occur within this template. An index

is assigned to each facies configuration, and MPH asso-
ciated with a given facies field is built by calculating
the frequencies with which each configuration is repro-
duced in the considered field. We follow [33] and use the
Jensen-Shannon divergence [11] to calculate the distance,
d

Tk

JS,j , between the MPH of each updated facies realiza-

tion, MPH
Tk

j , and MPH of the training image, MPHT I .

Figure 7 depicts the time dependence of d
Tk

JS,j evaluated for
all facies realizations updated through Facies-EnKF. These

Fig. 11 Temporal dynamics of
estimated production values at
wells I2, I4, P2, and P4 for the
collection of models updated
employing Facies-EnKF and
standard EnKF (solid grey line)
during TS2. Corresponding
mean (solid black line) and 10th
and 90th percentile (dashed
black line) are also depicted.
Red curves correspond to the
reference model solution.
Vertical dashed lines separate
the assimilation period from the
forecast period
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results provide quantitative confirmation that each updated
facies realization is associated with a spatial arrangement
of facies consistent with the key pattern characterizing the
training image.

We analyze the ability of the updated model realizations
to predict production dynamics during a forecast window of
2400 days after the latest assimilation time. This analysis
is performed by rerunning the flow simulation for all cali-
brated log permeability fields from the initial time T0 = 0
and for a total simulation period of 3600 days. We explore
two distinct scenarios differing from each other in the flow
configuration imposed during the target additional time win-
dow. In our first test scenario, denoted as TS1, the same flow
setting considered during the assimilation period is pro-
jected onto the future scenario evaluation. A second study
(denoted as TS2) is performed by considering the presence
of two additional wells (i.e., a producer and an injector) that
become operative after T20 = 1200 days.

Figure 8 depicts the collection of curves obtained for
TS1 through Facies-EnKF and EnKF and describing bot-
tom hole pressure dynamics (WBHP) at injector I2, the

production rates of oil (WOPR) and water (WWPR) at P2,
and the field oil production (FOPT). Predicted and refer-
ence bottom hole pressures at wells I1 and I3 and oil flow
rates at wells P1 and P3 display trends that are qualitatively
similar to those related to wells I2 and P2, respectively,
and are not shown. Figure 8 shows that the predicted pres-
sure curves and oil/water production rates obtained from
the two sets of calibrated fields are in good agreement with
the corresponding reference production curves (which have
been obtained upon relying on the true, reference reservoir
model). The model realizations calibrated through standard
EnKF provide a remarkably high-quality prediction despite
the observation that the corresponding log permeability dis-
tributions do not honor the correct geology architecture
of the reference reservoir (see Figs. 4–6). We also note
that oil and water flow rates at well P2 predicted through
Facies-EnKF are characterized by an overall uncertainty
which is smaller than that associated with the correspond-
ing estimates based on standard EnKF. It is striking that
realizations updated through Facies-EnKF can provide a
notably accurate prediction (with a relative small prediction

Fig. 12 Histograms of
estimated production values at
wells I4 and P4 at time
3600 days for TS2. Vertical red
lines indicate corresponding
reference values
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Fig. 13 Time dependence of FOPT for the collection of models
updated through Facies-EnKF and standard EnKF (solid grey line) dur-
ing TS2. Corresponding mean (solid black line) and 10th and 90th

percentile (dashed black line) are also depicted. Red curves corre-
spond to the reference model solution. Vertical dashed lines separate
the assimilation period from the forecast period

error) of the water breakthrough at well P2, even as the first
water breakthrough time at this well in the reference model
occurs after the assimilation period, approximately at time
T ∗ = 2400 days.

Figure 9 compares Facies-EnKF and standard EnKF-
based sample histograms of the predicted bottom hole pres-
sures at well I2, WOPR and WWPR at well P2, as well as
FOPT at the final simulation time (i.e., 3600 days). While
both data assimilation approaches yield a relatively good
agreement between the estimated curves and the reference
pressure and production history (see Fig. 8), predictions
obtained through standard EnKF are characterized by the
largest uncertainty, as can be seen from the degree of
spreading of the histograms.

In TS2, we explore the scenario associated with the pres-
ence of two additional wells (i.e., injector I4 and producer
P4) starting their operation after time T20 = 1200 days.
The locations of these new wells are depicted in Fig. 10
and are selected upon relying on the information provided
by the mean log permeability field updated through Facies-
EnKF, which displays in these positions a large probability
of occurrence of the high-permeability facies. Wells I4

and P4 are set to function at a fixed water flow rate of
450 m3 s−1 and at a constant bottom hole pressure of 30 bar,
respectively.

Figures 11 and 12 depict the production curves at wells
I2, I4, P2, and P4 predicted through the model realiza-
tions updated with the two assimilation approaches. These
figures evidence the improved prediction ability of the col-
lection of reservoirs updated through Facies-EnKF with
respect to the one calibrated via standard EnKF. All pro-
duction curves estimated through Facies-EnKF provide a
remarkably improved agreement with the reference produc-
tion values and are characterized by a significantly smaller
degree of uncertainty than those obtained through standard
EnKF. The increased prediction ability of the model real-
izations updated through Facies-EnKF leads to a markedly
precise estimation of the total oil production curve, FOPT,
as shown in Figs. 13 and 14.

We conclude our analysis by comparing the computa-
tional costs of the two approaches. A single assimilation
step on a 2.80-GHz Intel i7-860 processor requires 3400
and 8500 s, respectively, for standard EnKF and Facies-
EnKF. Our proposed algorithm requires more CPU time

Fig. 14 Histograms of FOPT
values predicted at time
3600 days for TS2. Vertical red
lines indicate corresponding
reference values
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than does standard EnKF because (a) the flow simulations
are iterated and must be performed twice within each updat-
ing step and (b) the facies fields must be regenerated at
each assimilation time. However, one can note that the
increase of CPU time is not dramatic and the use of Facies-
EnKF is fully justified by the consistency of the approach
with the composite nature of the domain which leads to
a significantly improved prediction ability of the updated
model realizations.

5 Conclusions

We present and discuss a novel data assimilation algo-
rithm conducive to conditioning the spatial distribution of
the geological and petrophysical properties of a collection
of reservoir model realizations characterized by a complex
geological architecture on available production data col-
lected in the field. The approach is fully consistent with
modern interpretive concepts depicting a porous forma-
tion as a composite medium where the distribution of both
geomaterials/facies and associated attributes is modeled as
stochastic processes of space.

The proposed algorithm relies on a Markov mesh (MM)
model to describe the uncertain spatial distribution of the
facies in the domain of interest. We integrate the MMwithin
a data assimilation scheme based on the ensemble Kalman
filter (EnKF) approach. The methodology is analyzed and
tested against standard EnKF by means of a synthetic study
where the reference model of the reservoir is character-
ized by the presence of two distinct facies representing a
complex meandering high-permeability channel embedded
in a lower permeability background matrix. We show that
our scheme allows obtaining a set of conditional realiza-
tions for which the spatial distribution of facies and log
permeabilities is consistent with prior information on the
internal architecture of the target system. We investigate
the ability of the model realizations calibrated through the
analyzed approaches to correctly predict future behavior of
the reference reservoir model. This analysis is performed
by considering two plausible scenarios, according to which
diverse flow configurations are imposed after the assimila-
tion period. The results suggest that the model realizations
calibrated by means of the standard EnKF provide accept-
able estimates of the system future performances only when
the flow configuration acting during the assimilation and
forecast is identical. Otherwise, a very poor quality pre-
diction is obtained. Model realizations updated through our
Facies-EnKF provide a remarkably accurate prediction of
future reservoir production dynamics for all analyzed sce-
narios. These estimations are characterized by a smaller
degree of uncertainty when compared to those obtained
through the standard EnKF. From an operational standpoint,

the use of Facies-EnKF, even in the presence of a modest
increase of CPU time when compared to standard EnKF,
is fully justified by the consistency of the approach with
the composite nature of the domain which leads to a sig-
nificantly improved prediction ability of the updated model
realizations.

A critical issue of the synthetic study analyzed here is
related to the assumption that the statistical models describ-
ing the spatial distribution of the geological and petro-
physical properties are known without uncertainty. Prior
knowledge about the geological architecture of a reservoir
could be represented by multiple and equally plausible con-
ceptual scenarios. One way to rigorously address this issue
would be to employ a multi-model approach of the kind
proposed by, e.g., [20], with which our data assimilation
methodology is fully compatible. A complete and rigor-
ous integration of a multi-model approach within our data
assimilation framework could be part of a further study. Fur-
ther developments of our work include also the characteri-
zation of reservoir models characterized by the occurrence
of multiple geological units.
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