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Abstr act

Purpose — This paper presents a method for the toleranalysis of mechanical assemblies that is suitable t
nonlinear problems where explicit functional eqoasi are difficult or even impossible to write dov8uch
cases are usually modelled by linearised tolerahedns, whose coefficients (or sensitivities) aatculated
from assembly data.

Design/methodology/appr oach — The method is based on the free-body diagranfercé analysis, which are
shown to be related to the sensitivities of lingedifunctional equations. Such an analogy allo@stmversion
of a tolerance chain into a corresponding statblem, which can be solved by common algebraicaplycal
procedures.

Findings — The static analogy leads to a correct treatménblerance chains, as the analysis of several
examples has confirmed by comparison to alternatiethods.

Research limitations/implications — Currently, the method has only been tested @adiwmensional chains of
linear dimensions for assemblies with nonredunBar@matic constraints among parts.

Practical implications — The proposed method lends itself to ready agijidic by using simple operations with
minimal software assistance. This could make it glementary to current methods for calculating garitsés,
which are mathematically complex and require sa@wmplementation for deployment in industrial piee.
Originality/value — Analogy with force analysis, which has not bpeeviously highlighted in the literature, is
a potentially interesting concept that could beeeded to a wider range of tolerancing problems.
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1 Introduction

Tolerance analysis is an important task in the giesif mechanical assemblies and has received
considerable attention in the literature (Skeeal., 2005; Shatet al., 2007; Polini, 2009). Tolerance
analysis generally consists of studying one or ntoferance chains, each of which associates a
functional requirement on the assembly with a detolerances specified on individual parts; the
mathematical model of a tolerance chain helps teaflesituations where manufacturing errors
allowed by part tolerances are likely to violate tfequired assembly tolerance. From this basic
objective, however, the problem has been defindi@rdntly according to the needs of specific

applications. Differences can involve propertiepafts and assemblies (the geometry of the features



and relations), types of tolerance specificatiodsnénsional or geometric) and assumptions on
tolerance stackup (worst-case or statistical). Apm@sequence, several methods have been proposed
for solving tolerance analysis problems under d#fié sets of assumptions.

At the lowest level of complexity, the analysis ludes only tolerances on part dimensions without
considering deviations in geometric characteristiisthe expense of losing consistency with the
principles of GD&T (Geometric Dimensioning and Tr@ecing), tolerance chains are easier to model
with explicit functional equations. One-dimensionalerance chains, which apply to most cases
encountered in design practice, involve linearti@eships among dimensions and requirements and
are easily solved by well-known charting procedyfescher, 2004). For two- or three-dimensional
problems, however, tolerance chains are often neati and functional equations cannot be written
explicitly for assemblies of moderate complexity. these cases, a common approach consists of
linearising the functional equations and calculatine sensitivities (i.e., derivatives of requirerse
with respect to dimensions) through algorithms Hdase geometric reasoning, which include the
vector loop method (Chastal., 1994; Chaset al., 1997; Gact al., 1998) and methods based on
small displacement torsors (Bour@etl., 1995; Bourdet and Ballot, 1995; Ballot and Bourd€97;
Legoff et al., 1999). As it is impractical for a designer tofpem the required calculations by hand,
analytical procedures for evaluating sensitiviaes usually implemented using software tools, which
automate the calculations through direct CAD iraéign or from interactively built abstract
geometric models (Prisco and Giorleo, 2002; Shea32Chiesi and Governi, 2003).

When the analysis includes geometric tolerancesabiove approach must be adapted to the diversity
of the geometric characteristics of interest fochamical assemblies. For a subset of tolerancestype
defined in the GD&T standards, such an extensideasible for charting procedures and procedural
linearisation methods, as proven in several pafiéhase et al., 1994; Giordano and Duret, 1993;
Teissandiert al., 1999). Further approaches have been proposea é@mprehensive treatment of
geometric deviations, including the transform chaiethod (Mantripragada and Whitney, 1998;
Mantripragada and Whitney, 1999), the Jacobiarmstorsethod (Desrochers and Riviére, 1997;
Desrocherset al., 2003), the method based on the representatiorelmafdTechnologically and
Topologically Related Surfaces (TTRS; Salomenal., 1996), the method of virtual joints (Lafond
and Laperriere, 1999), the variational method (@wptd Turner, 1993; Sodhi and Turner, 1994) and
the T-maps model (Sheet al., 2005; Shahet al., 2007). Relying upon software tools is again
necessary and results in even more difficultiestee to availability and learning.

This work aims to discover shortcuts to solving lm@ar tolerance chains using simple calculations
with minimal software assistance, which would bmightforward for most mechanical designers.
The attempt may be beneficial for two-dimensiomdé¢rance chains, which often cannot be solved
through charting or explicit functional equatiofifie results presented in the paper show that such
shortcuts exist due to a property of sensitivitrest allows their calculation by a procedure simita

graphical force analysis.



The attempt to find analogies with other mechangcallysis problems is not new. In previous work
from the team that developed the vector loop mefthtub, 1995; Faerber, 1999), an analogy with
kinematic analysis was shown to allow the calcatabf sensitivities from the relative velocities of
the links in a mechanism. Although these studigsstigate a more specific and complex variation of
the tolerance analysis problem (sensitivities ane tdependent due to the degrees of freedom of the
mechanism), they also aim to exploit known graghéecal numerical procedures as an alternative to
computer-aided tolerancing tools.

As will be discussed below, the proposed approachanly be applied in special cases involving
three basic assumptions: a) dimensional toleratjdsear dimensions and functional requirements,
and c) no kinematic redundancy in assembly relatidhis paper will describe the analysis procedure
and demonstrate its validity on several exampleshtiw that such limitations may be acceptable for

practical applications.

2 Assumptions and definitions

A two-dimensional tolerance chain is defined oraasembly whose properties can be described to be
in anx-y plane for the purpose of analysis. This situatioours in many cases where a representative
section of the assembly drawing carries all theesgary information concerning the shape and
dimensions of the parts as well as the contactioek between the parts. Although there are few
limits to the diversity of the geometric configuoais of an assembly, a basic restriction will be
assumed for the functional dimensions and functioequirements: they will only be expressed as
linear distances; the angular dimensions are erdud@he need to satisfy such a condition could
require a preliminary revision of the part drawintgs replace angular dimensions with linear
dimensions at selected points (e.g., the extrenm@gof a straight line edge); a similar point-ldise
simplification could also be made for the functibmaquirements defined by angular assembly
dimensions. Additionally, contact relations will besumed to be of any possible type that can occur
among common planar primitives (mainly straighelsegments and arcs of circles) including their
tangency and intersection points.

A tolerance chain is a representation of how atfanal requiremenk depends on a known set of
functional dimensionsl (i = 1, ... n). Due to manufacturing errors in parts, each dsienhas a

deviation from its nominal value:

Ad =d, —-d (i=1...n)

As a consequence, a deviation will occur on thetional requirement:
Ax=x-X

In the general case defined by the above assumsp@ésaluating\x is difficult because the functional

equation



x=f(d,,...d,)

is nonlinear and possibly unknown. However, theagign can be linearised by a first-order Taylor

approximation because the deviations on the dimassre small compared to the nominal values:

Linearisation is feasible if one can evaluate #asgivities ofx with respect to the dimensiods

_ 0x] (i

s ), =1...n)

In a tolerance analysis problem, the sensitiviiiksw for the evaluation of the resulting tolerarice
on the requirement from the tolerandesssigned to the dimensions. Depending on thecgtjans,
this evaluation is often performed using either warst-case (linear) or statistical (root-sum-squar
RSS) stackup:

linear: T =Zn:|sﬁ|'l'i
i=1

RSS: T= |3 T2

The problem investigated in this paper is how thesgivities can be evaluated without explicit
knowledge of the functional equation, using onlgs@ning on the geometric information that can be

extracted from a planar geometric description efahsembly.

3 Proposed procedure

A clue to the evaluation of the sensitivities cansought from well-known properties of equilibrium
conditions on rigid bodies. Figure 1 shows a plamady whose degrees of freedom are constrained
by three frictionless point contacts with adjackotlies. Under an external foréeapplied to the
boundary of the body, the three constraints reéitt thve forces=;, F,, andFs. Due to the assumption

of a rigid body and thus neglecting any force-iretlicleformations, the small displacemetsd,,

and & of the contact points along the directions of téa&ction forces cause a displaceméuf the
point of force application, which is assumed tgbsitive if it is opposite t&. In accordance with the
principle of virtual work for rigid bodies (e.g.,jmioshenko and Young, 1983), the total work of the
four forces equals zero because the body doeshaoige its potential or kinetic energy, yielding the

following relationship among the four displacements



Therefore, displacements along directions of camsis contribute to a displacement along the
direction of an external force in proportion to tberresponding reaction forces. This suggests a
possible analogy with tolerance analysis. If thepliicementsd are now considered to be
manufacturing errors along the directions assagiatgh the functional dimensions of a part, the
resulting displacement can be viewed as the stackup of these errors gheenontact relations with
other parts. The sensitivities diwith respect to thé) can thus be evaluated as the reaction forces of
adjacent parts under a unit external force appglethe part at the same point and along the same
direction as that defined for the error. If theediions associated with the contact points are not
parallel to the functional dimensions, one car stippose that the sensitivities can be evaluated a
components of the reaction forces along the dvastof the dimensions.

Considering all the parts of an assembly, the gyapan of small displacements through the contact

points can be viewed in analogy to the transmisgbrreaction forces among parts in static

equilibrium. The sensitivities of an error with pest to all functional dimensions defined for the
assembly can thus be evaluated by analysing théibemgum conditions on free-body diagrams
created for individual parts. Each functional regment will be generally associated with two unit
external forces with the same line of action andogjte orientations, which are acting at reference
points on the two parts that are directly involsethe requirement.

The above considerations lead to the following pdoce for the evaluation of sensitivities in a

linearised two-dimensional tolerance chain, asimedl in Figure 2 (for the sake of simplicity, aviai

one-dimensional case is used):

a) The requirement to be analysed is defined as arlimémension along a certain direction,
measured between reference points of two diffguarts (end parts).

b) Two opposite unit forces are applied to the endspat the same points and along the same
direction of the requirement. Each force is oridntensistently with the corresponding arrow of
the dimension that represents the requirement enafsembly drawing, although a different
convention would have no influence on the subseqeedoulations.

c) The equilibrium conditions under the imposed forees analysed by constructing free-body
diagrams for all parts of the assembly. Each drmagrecludes the lines of action of the reaction
forces associated with the contact relations, wilaitdh assumed to be frictionless and bilateral
(i.e., with no loss of contact allowed between gart

d) Once reaction forces are evaluated for each ey, dre decomposed along the directions of the
functional dimensions. This operation yields thassttvities of the requirement with respect to

the same dimensions. The sign of each sensitivépedds on the orientations of the



corresponding force components, which act alonduhetional dimensions as axial loads act on
one-dimensional structural members (positive tenaiod negative compression).
The procedure is likely to sound familiar to meabahdesigners, who are accustomed to using free-
body diagrams in the force analysis of planar $tmes and mechanisms. If the parts are
underconstrained or exactly constrained, the reacforces are easily calculated by writing
translational and rotational equilibrium equatidimsmost cases, however, the free-body diagrams can
be analysed by the graphical decomposition of &rpessibly with the aid of a 2D drafting tool so
that the force intensities could be queried witktdyeprecision. This task is relatively simple even
when the assembly is too complicated for an ar@ltalculation of the sensitivities. The limitatio
of nonredundant contact relations is common ta@érance analysis methods that hold the rigid-

body assumption and do not account for part compéa

4 Validation

A few conceptual examples are given below to demnatesthe proposed procedure and to verify its

correctness through comparison with alternativehous.

4.1 A basic example with explicit functional equation

Figure 3a illustrates a simple two-dimensionalredhee chain, which has already been used as a test
case in several papers on tolerance analysis (Marand Polini, 2009; Marziale and Polini, 2010).
Two circular parts are in contact with each othadt eest against the edges of a rectangular box. The
requirement of interest is the distanceetween the upper circle and the top edge of éb&ngle.

The selected dimensions are the radiandr, of circles (the more appropriate choice of diamsete
will be discussed later) and the lengthandb of the rectangle edges.

As shown in Figure 3b, the procedure begins by grgwn assembly diagram where two opposite
unit forcesF act on the end parts related to requiremxenhe dimension line ok on the assembly
drawing dictates the points, lines of action andraations of the two forces. The free-body diagram
are then drawn for all parts to analyse their dguim conditions. As usual in force analysis, the
inspection of all diagrams in proper order yields teaction forces acting among the parts. Although
such an operation is likely to be performed graglhidn most cases, this assembly is simple enough
for an analytical calculation of the force magneéadas a function ofr (an angle depending on the
dimension values).

The final task of the procedure consists of decaimgpthe forces acting on individual parts along th
directions of the functional dimensions, which, paeviously mentioned, is performed in the same
way as tensile and compressive internal forceseasduated from free-body diagrams on beams,
trusses and frames. Specifically, the rectangwardan be regarded as a frame that is subjecuto fo

equilibrating forces. Any of the two vertical membeavith lengthh is pulled with a tensile force equal



to F; according to the static analogy, such an intefoade corresponds to the sensitivity of the
functional requirements with respect to dimengion

o _

=F=1
oh

Similarly, any of the two horizontal members wigngithb bears a tensile force equal kdana,

which allows calculation of the sensitivity »ivith respect td:

X _ Ftana = b-(r,+1,)
db J2b(r, +1,)-b?

The circular part with radius, is subject to three radial, inward-directed fordégach of the forces
were equilibrated by a reaction at the centre efdincle, a compression of equal value would act
along its direction; according to the static angjoguch an internal force should correspond to the
sensitivity ofx with respect to the radius on that direction. Ameahsionr; is defined for all three

directions, the sum of the three compressive foyeeds the sensitivity of with respect to:

%z—F—Ftana— F =-1 b

or, cosy J2blr, +1,) - b?

The forces acting on the circular part with radigare equivalent to those of the previous part ifbo

intensity and direction. The sensitivityofvith respect te, is thus equal to that calculated above:

OX _ OX _ b
Al AR
arz arl \/Zb(l’l + I’Z) -b?

As a proof of correctness, the same values forsthesitivities are found by differentiation of the

explicit functional equation, which is easily weitt for such a simple assembly:

x=h=(r,+r,)—/20(r, +1,) - b?

4.2 A more complex example with graphical verification

The tolerance chain depicted in Figure 4a is simitathe previous example, but slightly more
complicated, to the extent that an explicit functib equation would be much harder to write.
Requiremenk is related to dimensiorts b, ry, ry, r3, andr,, whose nominal values are indicated on
the assembly drawing. Again, unit fordésare applied to the end parts to define an assefobdg
diagram (not shown). As shown on the free-bodyrdiaxg in Figure 4b, the equilibrium conditions of
the five parts (four circles and a rectangle) ar&ysed graphically with the help of drafting saite
to obtain a precise decomposition of forces. Tipisration yields the reaction forc€s, F,, ... Fs,
which, as before, are then projected along thectimes of the functional dimensions. The following

values for the sensitivities are found:



[ax/on] [ F 1 [ 100 ]
0x/ab F, 075
S:anlz -F-FR-F,|_|-286
ox/or,| |-F,-F,-F | |-063
oxjor,| |-F,-F,-F,| |-253
|ox/or, | |-F,-F-F| |-254]

Lacking a functional equation, the correctness ekéhresults is verified by graphical construction
with the precision allowed by the drafting tool.eTassembly is redrawn with some deviations with
respect to the nominal values, as shown in Figaretius yielding the following deviation on the

requirement:
Ax=x-X=628- 688=-060
Such a value is in good accordance with the deviatsulting from the calculated sensitivities:

[-01]
02
B ok A
Ax=s" 1] =-062
-01
01

01

A couple remarks on the calculation of the reacfanges can be added with reference to Figure 5a,
which shows the free-body diagram for one of thespim the above example. As detailed in Figure
5b, the drafting tool (DraftSigfitin this case) allows the force polygon for theataposition of the
external force= along the directions associated to constraintedl2ato be drawn interactively; after
the graphical construction has been completed,mbasuring capability of the tool provides the
length of each vector and thus, in an appropriedtes the intensity of each reaction force. Aslin a
force analysis problems, the graphical constructionld be replaced by an analytical method based
on the direct solution of the equilibrium equatioAsmethod derived from screw theory (Hunt, 1978)
associates each constraint with a unit vegi@long the inward-directed normal to the surfacthat
point of contact. In a planar case, the locatiod iarensity of each unit vector is described bjiree-

element vector (wrench) of the type
Wi = [in Vyi m ]T

wherev,; andvy; are the components wfalong the coordinate axgsindy, andm is the moment of;

about the origin of the coordinate frame. If themghes are joined in a matrix
w =[]

the equilibrium condition can be written as



WIf =-w

E

wherewg is the wrench associated with the external fdfcend the elements of vectbrare the

unknown intensities of the reaction forces. Ind¢kample (Figure 5c), the above equation becomes

1 -sin3334° £ 0
0 co0s3334° EEI;} =—|-F
0 0 2 0

and yields the solution already founé; & 0.658,F, = 1.197). The fact that screw theory has been
widely used for the kinematic analysis of mechasigmg., Ohwoworiole and Roth, 1981) suggests
that the proposed approach is somehow relatedistirex methods for tolerance analysis, most of

which exploit the mathematical formulations derivemm that context.

4.3 An example with a known solution

For a comparison with the full-featured approachegolerance analysis, Figure 6a shows the
‘geometric block’ already used in the literatureaasillustrative example for the vector loop method
(Chaseet al., 1994). Three parts with different shapes (a ejrel rectangle and a piecewise linear
profile made by horizontal and vertical segmentsjehsome clearly defined contact relations at their
tangency or intersection points. The vertical disex between the centre of the circle and the lowest
horizontal line segment is the functional requiratmef interest, which is related to the functional
dimensions, b, ¢, d, e andf, whose nominal values are indicated beside thenasdy drawing.

As shown in Figure 6b, the requirement correspdads upward unit force acting at the centre of
the circle and to its downward equilibrating foraeting on the lowest horizontal line. As in the
previous case, the free-body diagrams of the tpaaés are graphically inspected to evaluate the
reaction forces;, F,, F3 and F,. These are eventually decomposed along the directof the

functional dimensions, thus yielding the followinglues for the sensitivities:

[ox/0a] [F,+F,] [ 131
dx/ab F, 104
axjoc| | F,, |_| 026
axjod | | F,, | | 074
ax/oe| | -F, | |-007
Lox/of | | -F, | |-027)

Considering the precision of graphical construdjahese results are in good accordance with those

reported in (Chaset al., 1994), where the same sensitivities are calatilayethe vector loop method:



[ox/da] [ 1.3098 |
ox/ob | | 1.0367
ax/ac 0.2581
ox/ad 0.7419
ox/de| |-0.0705

| ox/of | | -0.2731]

5 Applications

As stated before, the use of a static analogydi@rdnce analysis is subject to several limitatiahs
the current state of development. Variables inr&mlee chains are restricted to linear dimensions,
whose directions suggest the correct calculationthef sensitivities as tensile/compressive forces.
Deviations on angular dimensions and geometric asftaristics are less easily related to contact
forces and are thus excluded from the analysis.ré@wstraining of parts is also excluded, thus
reducing tolerance analysis to a purely geometpuoatblem.

Although the obvious need for completeness and Gange to modern GD&T standards would
require extension to remove such limitations, isugpposed that the procedure can find successful
applications in mechanical design. Such a beliestnle verified by proving that certain realistic
configurations of assemblies can actually be tceatehin the application scope of the procedure.
Further examples are given below to demonstraseetifiort.

In the design of planar linkages, overconstrainsgisually avoided and part connections (hinges,
sliders, etc.) are easily related to reaction ®r@eng the given directions. These conditions s&Eem
match the assumptions of the procedure, as carebmrstrated for a typical tolerance analysis
problem, the evaluation of clearances in hingedt$oiFigure 7a shows two links connected to a pin,
with a clearance fit between hole diameteisandD, and pin diameted. As clearly shown in Figure
7b, the maximum relative displacement of hole @mnis related to the part dimensions by the

following equation:

X:&—d +&

2 2

This equation is consistent with the calculatiorsenhsitivities through the free-body diagrams Far t
three parts (Figure 7c). Opposite unit forEescting along the direction afinduce reactions of equal
intensities at contact points, which yield the dallng requirement sensitivities with respect to the

three dimensions:
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Figure 8 illustrates the analysis of a planar lg&a®f realistic complexity. Here, the vertical diste

x from the top platform to the bottom frame is to dmntrolled with respect to eighteen functional
dimensions selected on seven parts (platform,actiator and four pins). Once opposite unit forces
F are suitably defined on end parts, free-body diagr are created and inspected to find the reaction
forcesF; andF,. These are then projected along the directiorfsimtional dimensions to find the
internal forces, which provide the values of seéviiits shown in Table 1. For different
configurations of the linkage as a function of attu length, new free-body diagrams can be readily
created to calculate the effects on the sensesuiti

Although they do not include any geometric tolemticat might be specified on parts, the above
results are sufficient for an RSS stackup analgéi® given set of tolerances on the functional
dimensions. The procedure provides an easy waydtae the contributions of different types of
dimensions (lengths of links, positions of jointlsicknesses, pin and hole diameters) to the overall

variation of the functional requirement.

6 Conclusions

The use of computer-aided tools based on threerdiimeal CAD modelling is increasingly
recognised as essential for tolerance analysis @amplex assemblies. Graphical calculation
procedures such as the one proposed in this warkbeainteresting alternatives in response to the
needs of engineering contexts with little softwau@port. They could also be helpful when software
tools are in use, but the result of a numericaug&tion must be quickly verified or there is no ém
for building the required geometric models.

Apart from this practical value, the proposed mdthlines not imply the proposal of a novel
theoretical concept for tolerance analysis. Theperites of error buildup that are exploited by the
static analogy are likely to correspond to the reathtical properties of existing methods and may
thus be hidden in currently available softwaregool

Even without a rigorous proof, the analogy betwdieearised tolerance chains and free-body
diagrams of force analysis has been demonstrated twrrect on conceptual and application cases at
various difficulty levels. The procedure derivedrr the analogy appears to be very easy to apply and
learn because it is close to other analysis taskehich mechanical designers are routinely involved
Although there are certain problems to be solvegeometric reasoning, the procedure could also be

integrated into software tools for the static asslyof mechanisms and structures, thus allowing for
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the treatment of three-dimensional tolerance chantsich would be difficult to tackle by purely
graphical means.

In its current state, the procedure is no more thajuick and dirty solution to a limited class of
tolerance chains. The practical application of ghacedure in any form is obviously conditioned to
the release of the assumptions made in this wqpkciBcally, possible analogies will have to be
investigated for angular dimensions and geometraracteristics, which may be assigned tolerances
according to the GD&T approach; additional analsgreéght be recognised in other types of entities
that are usually considered in statics, such agieoand rotation. Conversely, it will be interegtto
understand how the concepts deriving from thecstadf deformable bodies could be applied to the

analysis of tolerances on overconstrained assesnblie
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Figures

Figure 1 Static analogy of the stackup ol diiensional enors
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Figure 2 Outling of the tolerance analy sis procedure
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Figure 3 Example for comparison to explicit equation
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Figure 5 Graplhical and analytical calculations of reaction forces
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Figure 6 Exanple for comparison to existing method
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Figure 7 Application of the procedure to hinged mechanisms
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Tables

Tab. 1 Evaluation of sensitivities for the planar linkageample

Sensitivities Expression Value
S, &, S14 F 1
S F/2 0.5
S F/I2+F,/2 0.687
S F, cor 0.816
S6, So; S10 Fi/2 0.462
Sy F; sina 0.434
S5 F cosB 0.766
S11 Fi 0.924
Si2 - F, coyy -0.347
Si3 Fi/2+F,/2 0.649
Sis -F -1
Si6: Sis -k -0.924
S17 -F; -0.374
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