DISCRETE AND CONTINUOUS d0i:10.3934 /dcds.2015.35.xx

DYNAMICAL SYSTEMS

Volume 35, Number 12, December 2015 pp. X—XX

ON THE ASYMPTOTIC BEHAVIOUR OF SOLUTIONS TO THE

FRACTIONAL POROUS MEDIUM EQUATION
WITH VARIABLE DENSITY

GABRIELE GRILLO AND MATTEO MURATORI

Dipartimento di Matematica
Politecnico di Milano
Piazza Leonardo da Vinci 32, 20133 Milano, Italy

FAaB1O PUNZO

Dipartimento di Matematica “F. Enriques”
Universita di Milano
via Cesare Saldini 50, 20133 Milano, Italy

ABSTRACT. We are concerned with the long time behaviour of solutions to
the fractional porous medium equation with a variable spatial density. We
prove that if the density decays slowly at infinity, then the solution approaches
the Barenblatt-type solution of a proper singular fractional problem. If, on
the contrary, the density decays rapidly at infinity, we show that the minimal
solution multiplied by a suitable power of the time variable converges to the
minimal solution of a certain fractional sublinear elliptic equation.

CONTENTS

1. Introduction

2. Preliminary results

2.1.  Rapidly decaying densities

2.2.  Slowly decaying densities

3. Main results: Large time behaviour of solutions

3.1. Rapidly decaying densities

3.2. Slowly decaying densities

4. A fractional sublinear elliptic equation

4.1. Existence

4.2.  Uniqueness

5. Asymptotic behaviour for rapidly decaying densities: Proofs

6. Asymptotic behaviour for slowly decaying densities: Proofs

Appendix A. Well posedness of the parabolic problem for rapidly decaying
densities

Acknowledgments

REFERENCES

© © 33NN

10
11
13
17
18
22

27
34
34

2010 Mathematics Subject Classification. Primary: 35B40, 35K55; Secondary: 35C06, 35K65.
Key words and phrases. Porous medium equation, fractional Laplacian, nonlinear diffusion

equations, asymptotics of solutions, Barenblatt solution, separable variable solutions.


http://dx.doi.org/10.3934/dcds.2015.35.xx

2 GABRIELE GRILLO, MATTEO MURATORI, FABIO PUNZO

1. Introduction. We investigate the asymptotic behaviour, as ¢ — oo, of nonneg-
ative solutions to the following parabolic nonlinear, degenerate, nonlocal weighted
problem:

(1)

u = ug on R? x {0},

where the initial datum wg is nonnegative and belongs to

2@ = {u fuliy = [ ool )i < oo

and the weight p is assumed to be positive, locally essentially bounded away from
zero (namely p~1 € L (R9)) and to satisfy suitable decay conditions at infinity,
which we shall specify later.

As for the parameters involved, we shall assume throughout the paper that m > 1
and d > 2s. Moreover, for all s € (0, 1), the symbol (—A)*® denotes the fractional

Laplacian operator, that is

(—A)(¢)(x) = pv. Cy, /d |x_y|d+25 dy Ve € RY, Vo € CX(RY), (2)

Cy,s being a suitable positive constant depending only on s and d. For less regular
functions, the fractional Laplacian is meant in the usual distributional sense.

For weights p(x) that decay slowly as |z| — oo, we shall also be able to consider
the more general problem

{p(l‘)ut (=A™ =0 inR<x (0,00),

{p(x)ut +(=APw™) =0 in R x (0,00),

3
Pl = u on RY x {0}, ®)
where p is a positive finite measure. More precisely, here we shall assume that p
complies with the following assumptions:

clzg] < p(z) < Clz|™7 ae.in By and clz|7? < p(x) < Clz|™7 a.e. in Bf

for some v € [0,2s), 70 € [0,7] and 0 < ¢ < C' (Bg denotes the ball of radius R
centered at = 0, while Bf denotes its complement). Note that in this case p(z)
is allowed to have a singularity at x = 0.

The local version of problem (1), that is

p(x)uy — A(u™) =0 in R? x (0,00), )
u=ug on R? x {0},

has been largely studied in the literature (see e.g. [28, 18, 19, 26, 39, 31, 21, 22]).
In particular, for d > 3, it is shown that (4) admits a unique very Weak solutlon
if p(x) decays slowly as |x| — oo, while nonuniqueness prevails when p(x) decays
fast enough as |x| — oco. In the latter case, uniqueness can be restored by imposing
extra conditions at infinity on the solutions. Also note that, independently of the
behaviour of p(x) as |x| — oo, existence and uniqueness of the so-called weak
energy solutions (namely solutions belonging to suitable functional spaces) hold
true (see [21]). Furthermore, the long time behaviour of solutions to problem (4)
has been addressed in [38, 37] and [27]. To be specific, in [37] it is proved that if
lluoll1,, = M >0, p> 0 and p(z) ~ ||~ as |z| = oo, for some 7 € [0,2), then the
solution u to problem (4) satisfies
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and
Jim 1 u(t) — uis (1), = 0.
Here, uj, is the self-similar Barenblatt solution of mass fRd uyp = M, that is
wy(z,t) =t~ F (¢ "|z|) V(x,t) € R x (0, 00),
with
F(§) =(C— keI VE=0
for suitable positive constants C' and k depending on M, m, d, v. Moreover,

1
dm—-1)+2—-my’

a=([d-v)k, kK=

We stress that u},; solves the singular problem

|z| " Yuy — A(u™) =0 in R% x (0,00),
||~ Yu = M6 on R? x {0},
where M = ||lugl|1,, and § is the Dirac delta centred at = 0.
Note that, for p = 1 the same asymptotic results were shown in [20] and in [40].
On the contrary, in [27] it is proved that if p > 0 and p(x) ~ ||~ as |z| — oo,
for some v > 2, then the minimal solution to problem (4), which is unique in the
class of solutions fulfilling

Rdl_l/é)BR /Otum(x,T)deS—)O as R — oo
for all £ > 0, satisfies
tﬁu(:mt) — (m— 1)7ﬁW$(;v) ast — oo, uniformly w.r.t. z € R?.
Here W is the unique (minimal) positive solution to the sublinear elliptic equation
—AW = pW% in RY,

and it is such that
lim W(z)=0.

|| — o0
Problem (1) with p = 1, nonnegative initial data ug in L'(R?) and s € (0,1),
namely

(5)

ug + (=AY (u™) =0 in R x (0,00),
U = ug on R? x {0},

has been addressed in the breakthrough papers [13, 14] for m > 0. In particular,
existence, uniqueness and qualitative properties of solutions are studied. Moreover,
in [7] sharp quantitative a priori estimates for solutions are proved. The asymptotic
behaviour has recently been investigated in [41]. More precisely, it is first shown
that, for any M > 0, there exists a unique solution u}, to the singular problem

ug + (—A)*(u™) =0 in R? x (0,00),
u=MS§ on R? x {0}.
Furthermore, such w3}, has the following self-similar form:

wy(x,t) =t f(t7"|z]) V(z,t) € R? x (0,00),
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where
B d B 1
YT dm-1)+2s" " dm—1)+2s
and the profile f : [0,00) — (0,00) is a bounded, Holder continuous decreasing
function, with f(r) — 0 as r — oo. In view of such properties, u}, is still called
a Barenblatt-type solution. Then it is proved that the solution u to problem (5)
satisfies

tliglo [|u(t) — uM(t)H1 =0
and
lim ¢ ||u(t) — uj ()], =0.

t—o0
Existence and uniqueness of nonnegative bounded solutions to problem (1) for
nonnegative initial data ug € L;(Rd) N L= (R%) and strictly positive weights have
been investigated in [32, 33]. More precisely, it is proved that if v € (0,2s) and
there exists Cy > 0 such that if

p(x) > Colz|™ a.e. in By,

then problem (1) admits a unique bounded solution. Furthermore, when v € (2s, 00)
and there exists Cy > 0 such that

p(x) < Colz|™ ae. in By, (6)

we have existence of solutions satisfying a proper decaying condition at infinity. In
the present paper we shall prove uniqueness within a certain class of solutions under
the weaker requirement that (6) holds true with d > 4s and v € (2s,d—2s]N(4s, 00)
(see Theorem 2.3). Actually, for generic positive densities p € L3 (R?) such that
p~1 € L2 (RY), namely without assuming further conditions on p(z) as |z| — oo,
one can also prove existence and uniqueness of weak energy solutions in the same
spirit as [21] (see Proposition 1). The point is that the uniqueness results of Theorem
2.3 hold for a more general notion of solution, and we shall use them as such.

The main goal of this paper is to study the large time behaviour of solutions to
problem (1). To this end, similarly to the results recalled above in the local case,

we shall distinguish two situations:

i) p(z) = 0 slowly as |x| — oo, in the sense that for a suitable v € (0,2s) there
holds

lim p(z)]z]” = ceo > 0; (7)
|z] =00
ii) p(z) — 0 rapidly as |x| — oo, in the sense that for a suitable v € (2s,00) (6)
holds true.

In case i) we shall describe the asymptotic behaviour of solutions to problem (3),
namely with initial data which can be positive finite measures. Such asymptotics
is obtained in terms of a Barenblatt-type solution to a proper nonlocal singular
problem, that is the unique solution u}F to

{cmumt +(=AP@W™) =0 inR% x (0,00), -

CoolT| YU = Mo on R? x {0},
where M > 0 is the (fixed) mass and ¢ is as in (7). Existence and uniqueness

of solutions to (8) actually follow from the results established in [23] for the more
general problem (3). In particular, they are ensured provided v € [0,2s)N[0, d—2s].
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Coming back to the asymptotics of the solutions to the evolution equations con-
sidered, we shall show that

tlgglo llu(t) — uly (t)Hl,\xI*” = tlggo g [tu(t "z, t) — uiy (z,1)] x| 7de =0, (9)

where
1

dim—1)+2s —my’
In order to prove (9), we partially follow the general strategy used in the literature
to prove similar convergence results (see e.g. [20, 40, 42, 39, 4, 41]). However, here
several technical difficulties arise, due to the simultaneous presence of the weight
p(x) and of the nonlocal operator (—A)*. To overcome them, we adapt to the
present situation some ideas used in [23] to prove existence. The point is that a
different argument in the final convergence step has to be used. Indeed, in particular
in [39] and [41], convergence is proved in L™ by exploiting regularity results for
solutions and for the Barenblatt profile, ensured by [15] and [1], respectively. Since
such regularity results by now are not available in our case, we cannot use the same
techniques.

In case ii), the long time behaviour of the minimal solution to problem (1) is
deeply linked with the minimal solution w to the following nonlocal sublinear elliptic
equation:

a=(d—-—7y)k, k=

(=A)*w=pw* inRY, (10)
where o = 1/m € (0,1). Note that the local case s = 1 has been thoroughly studied
(see e.g. [9, 36] and references therein). For general s € (0,1) it has been addressed
in [34], following the same line of arguments of [9]. However, in [34] it is supposed
that (6) holds true for v > d (with d > 4s) and p > 0 (with p # 0). Furthermore,
energy solutions have been dealt with. In the present work, existence of nontrivial
very weak solutions is established whenever (6) holds for v > 2s (with d > 2s). In
doing this, a central role will be played by the solution to the linear equation

(-A)*V =p inRZ,

We shall also establish uniqueness of very weak solutions to equation (10), satisfying
suitable extra conditions at infinity, assuming that d > 4s and that (6) holds for
v > 4s.

As for asymptotics, we shall prove that

lim tmTu(z,t) = (m— 1) " Twn (z),

t—o0
where w is the minimal positive (very weak) solution to (10) with oo = 1/m and w is
the minimal solution to (1). Note that a similar result in bounded domains, when
p =1, has recently been shown in [5] (see Remark 3).

Let us mention that by our methods we cannot address the critical case in which
p(z) behaves like |z|=2%. In fact, in such case, we are not able either to construct
the asymptotic profile as in (i) or the minimal solution to the sublinear elliptic
equation as in (i7). Observe that for s = 1 the long time behaviour of solutions has
been investigated in [24] for m = 1, and in [29, 25] for m > 1. For 0 < s < 1 and
v = 2s, the asymptotic behaviour of solutions is then an interesting open problem.

Organization of the paper. In Section 2 we give the definitions of solution to
problems (1) and (3); moreover, preliminary results concerning the well posedness
of the problems are stated. As for long time behaviour of solutions, our results both
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for fast decaying densities (Theorem 3.1) and for slowly decaying densities (Theorem
3.2) are stated in Section 3. In Section 4 we consider the sublinear elliptic equation
(10), and we show some new existence and uniqueness results for the corresponding
solutions in Theorems 4.4 and 4.5, which have also an independent interest. We
take advantage of such results in Section 5 in order to prove Theorem 3.1. Finally,
in Section 6 we prove Theorem 3.2.

In Appendix A the well posedness of problem (1) for rapidly decaying densities
is proved: here we improve in various directions previous results in [32].

2. Preliminary results. We start this section by providing a suitable definition
of weak solution to problem (1), which will be primarily interesting for the case
of rapidly decaying densities. We shall always assume p € Lf’OOC(Rd) and p~! €

L (R%). Hereafter, by the symbol H*(R%) we shall denote the completion of

loc

C>(R%) w.r.t. the norm
[¢l- = [(=2)2 ()], Vo e CZ®Y).
Definition 2.1. A nonnegative function u is a weak solution to problem (1) corre-
sponding to the nonnegative initial datum ug € L;(}Rd) if:
e u € C([0,00); LL(RY)) N L®(R? x (7, 00)) for all 7 > 0;
o u™ € L2 ((0,00); H*(RY));

loc

e for any ¢ € C°(R? x (0,00)) there holds
o
/ / u(z, t)pe(x, t) p(z)dzdt
0o Jre

[ [ A -a) (o)) dade = 05
0o Jre

o limyou(t) = ug in L}(RY).

A classical notion in the literature is the following (see e.g. [14, Section 8.1]).

Definition 2.2. Let u be a weak solution to problem (1) (according to Definition
2.1). We say that u is a strong solution if, in addition, u, € L°°((r, 00); L}(R%)) for
every 7 > 0.

Existence and uniqueness of weak solutions to problem (1), by means of standard
techniques (see e.g. [13, 14, 21, 32]), are discussed in Appendix A. The first result
we provide reads as follows (for a sketch of proof see again Appendix A — Parts I
and II).

Proposition 1. Let p € L2 (R?) be positive and such that p~' € L (RY). Then
there exists a unique weak solution u to problem (1), in the sense of Definition 2.1,

which is also a strong solution in the sense of Definition 2.2.

Let us introduce the Riesz kernel of the s-Laplacian:

ks,d
L(z) = == vz e R\ {0}, (12)

where k, 4 is a suitable positive constant that depends only on s and d. Recall that
for a sufficiently regular function f there holds

(A (Ls * f) = f,

namely the convolution against I, represents the operator (—A)~*.
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2.1. Rapidly decaying densities. Given a weak solution u to (1) and any fixed
to > 0, let us set

t
Ulto; z,t) :/ u™(x, 7)dr Y(x,t) € R? x (tg,00) .
to

When p(z) is a density that decays sufficiently fast as |x| — oo, we shall often
need to deal with solutions to (1) which are meant in a more general sense with
respect to the one of Definition 2.1, namely what we call local strong solutions. The
corresponding definition is technical, and we leave it to Appendix A (see Definition
A.2 below). The result we present here concerns existence and uniqueness of local
strong solutions.

Theorem 2.3. Let p € L®(R?) be positive and such that p~* € LS (RY). Let
ug € L (RY) be nonnegative. Assume in addition that p(x) < Co|z|™" a.e. in Bf
for some v > 2s and Cy > 0. Then the weak solution to problem (1) provided by
Proposition 1 is the minimal solution in the class of local strong solutions (according

to Definition A.2 below) and satisfies
Ul(to;x,t) =0 as |z|] - o0 (13)
for any fixed tg > 0 and for all t > tg. More precisely, there holds
Ulto;x,t) < C (I % p)(x)  for a.e. (z,t) € RY x (tg,00) (14)

for some C > 0, whence (13) follows by Lemma 4.6 below. Furthermore:

(i) under the more restrictive assumption that d > 4s and v € (2s,d—2s]N(4s, o),
the solution is unique in the class of local strong solutions satisfying

U™ € Liyy g)-ar2e (R X (to, T)) VT > to > 0;

(ii) if ug is also bounded, then u € L= (R x (0,00)) and all the above results hold
true with tog = 0 as well.

For the proof of Theorem 2.3, we refer the reader to Appendix A — Part III.

Remark 1. Note that, as concerns uniqueness, for d > 6s the assumptions on -~y
amount to v > 2s.

2.2. Slowly decaying densities. In this subsection we deal with weights p(x)
which decay slowly as |x| — oo. More precisely, we shall assume that the following
hypotheses are satisfied:

cle]7° < p(z) < Cle|™™ ae. in By and clz|7” < p(x) < Clz|”” ae. in Bf
(15)
for some «y € [0,2s), v € [0,7] and 0 < ¢ < C. Note that p(z) might possibly be
unbounded as x — 0.

Below we recall the definition of weak solution to the more general problem (3)
given in [23, Definition 3.1]. Before doing it, following the same notation as in [30],
we need to introduce some notions of convergence in measure spaces. Let M (R?)
be the cone of positive, finite measures on R%. A sequence {j,} C M(R?) is said
to converge to u € M(R?) in o(M(R?), Cy(R?)) if

fim [ o) dun, = /R o) dp Vo e CyRY),

n—oo Rd
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where Cp(R?) is the space of continuous, bounded functions in R¢. Analogous
definitions hold for o(M(R?), C.(R%)) and o(M(R?), Cy(R?)), where Co(R?) is the
closure of C.(R?) w.r.t. the L>°(R?) norm.

Definition 2.4. By a weak solution to problem (3), corresponding to the initial
datum p € M(R?), we mean a nonnegative function u such that:

u € L>((0,00); L} (RY)) N L™ (R? x (1,00)) V7 >0, (16)

u™ e L2 .((0,00); H*(RY)), (17)

loc

/ooo/ﬂw u(w, t)pi(w,t) pla)dadt

[ ] ea

for all p € C°(R? x (0,00)) and
lim pu(t) = in o(M(R), Ch(RY)).
—

(18)

Wl

(w™)(x,t) (=A)% (¢)(x,t) dzdt = 0

It is plain that, when pu = pug € L'(R?), a solution to (1) with respect to
Definition 2.1 is also a solution to (3) with respect to Definition 2.4. However,
Definition 2.4 permits to handle more general initial data (positive, finite measures).
In particular, we cannot ask u € C([0,00); L},(R?)). Nevertheless, thanks to the
fundamental Theorem 2.5 which we state below, when p = pug € L*(R?) such two
solutions do coincide (provided the parameters 7, s and d meet the corresponding
assumptions).

We recall now some well posedness results proved in [23]. In fact, thanks to
the theory developed therein, we can guarantee existence and uniqueness of weak
solutions to (3) (according to Definition 2.4). Besides, Proposition 4.1 of [23] ensures
that

/R ula, ) playdr = p(RY) V>0, (19)

namely there is conservation of mass. This is actually a sole consequence of Defi-
nition 2.4 and the hypothesis v € [0, 2s).
The next result is a crucial one but its proof follows along known lines.

Theorem 2.5. Let d > 2s. Assume that p satisfies (15) for some v € [0,2s) N
[0,d — 2s] and vy € [0,7]. Then there exists a weak solution u to problem (3), in
the sense of Definition 2./, which satisfies the smoothing estimate

[u(®)llo < Kt *u®? VE>0, (20)

where K is a suitable positive constant depending only on m, v, s, d, C' and
d—vy 25 — v

. B= : 21

(m—-—1(d—7v)+2s—7 p (m—-—1(d—7v)+2s—7 (21)

In particular, u(t) € LL(R*)NL>®(R?) for allt > 0. Moreover, u satisfies the energy
estimates

o =

[ [ e @of a2 [ wmiiem) pe
ty Rd m Rd (22)
1

- m—+1
g [ ) plo)ia
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and

ta
/ / |2 (z, t)|? p(z)dadt < C' (23)
t1 Rd
for all to > t1 > 0, where z = ™ and C' is a positive constant that depends
only on m, t1, ty and on [p, u™ T (x,t1/2) p(x)dz. Furthermore, such solution is
unique.

Remark 2. (i) The smoothing effect (20) can be proved as in [23, Proposition
4.6]. In fact, such proof only relies on the validity of the fractional Sobolev
inequality

lolly 4=, < CHI(=A)* (W), Yve H'RY),
which, thanks to the assumptions on p, is a trivial consequence of
[olpams < O [(AY @), Vo e B (RY. (24)

For the validity of (24), we refer the reader to [23, Lemma 4.5] and references
quoted.

(ii) Thanks to the results of [23, Section 3.1] (which in turn go back to [14, Section
8.1]), or to the discussion in Appendix A — Part I (which applies to slowly
decaying densities as well), we have that the solutions provided by Theorem
2.5 are also strong. In particular, they belong to C((0, 00); L}(R%)).

(iii) For d > 4s the assumptions of Theorem 2.5 on 7 amount to v € [0, 2s).

3. Main results: Large time behaviour of solutions. In this section we state
our main results for the asymptotics (as t — 00) of the solutions to problems (1)
and (3) provided by Proposition 1 and Theorem 2.5, respectively.

3.1. Rapidly decaying densities. As concerns solutions to (1) when p(z) is a
density that decays sufficiently fast as |x| — oo, we have the following result.

Theorem 3.1. Let p € C{ (R?) for some o € (0,1), with p > 0. Let ug € L}(RY)
be nonnegative. Assume in addition that p(x) < Colz|™7 in BS for some v > 2s
and Co > 0. Let u be the (minimal) weak solution to problem (1) provided by
Proposition 1 and w be the very weak solution to the sublinear elliptic equation
(10), with a = 1/m, provided by Theorem 4.4 below (which is also minimal in the
class of solutions specified by the corresponding statement). Then,

Hm t7 T u(z,t) = (m— 1) 71w (z) (25)

t—o0

monotonically and in LY. (RY) for all p € [1,00).

loc
Remark 3. Note that, if we introduce the relative error |u/U — 1|, where
Uz, t) = (m—1) 7Tt miw (z)
(we shall prove below that w is strictly positive), then Theorem 3.1 implies that
u(z,t)
U(x,t)

at least locally. When p = 1 and the problem is posed in a bounded domain, in [5]
the authors investigate the rate of convergence, uniformly in space, of such relative
erTor.

-1 —=0 ast— o0,
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Remark 4. Under the same assumptions as in Theorem 3.1, with in addition d > 4s
and y > 4s, thanks to the uniqueness results of Theorem 2.3 and Theorem 4.4, we
can read the above asymptotic result as follows: any nontrivial local strong solution
u to (1) satisfying u™ € L%le‘),dws (R4 x (tg,T)) for all T >t > 0 converges, in
the sense of (25), to the unique nontrivial local weak and very weak solution w to

(10) (with a = 1/m) satisfying w € L, |, -a+z: (R9).

3.2. Slowly decaying densities. In the analysis of the long time behaviour of
solutions to (3) when p(z) is density that decays slowly as |z| — 0o, a major role is
played by the solution to the same problem in the particular case p(x) = coolz|™?
and p = M, for given positive constants co, and M (namely, the solution to (8)).
From now on we shall denote such solution as u}y .

Let us define the positive parameters a and k as follows:

1
(m—1)(d—7)+2s—v"
Notice that « is the same parameter appearing in (21). It is immediate to check
that, for any given A > 0, the function

ui}f)\(a t) = Auiy (A z, At)

a=(d—-7y)k, kK= (26)

is still a solution to problem (8). Hence, as a consequence of the uniqueness result
contained in Theorem 2.5, uy, and u}y must necessarily coincide, that is

uSy (z,t) = AuSe (\*z, M) YV, A >0, for ae. z € RY. (27)

As already mentioned, the special solution u5y, thanks to the self-similarity identity
(27) it satisfies, will be crucial in the study of the asymptotic behaviour of any
solution to (3) (provided p complies with (28) as well). This is thoroughly analysed
in Section 6.

Our main result concerning the asymptotics of solutions to (3) is the following.

Theorem 3.2. Let d > 2s. Assume that p satisfies (15) for some v € [0,2s) N
[0,d — 2s] and vy € [0,7], with in addition

lim p(z)|z]” =cxo > 0. (28)
Let u be the unique weak solution to problem (3), in the sense of Definition 2.4,

provided by Theorem 2.5 and corresponding to u € M(R?) as initial datum, with
w(RY) = M > 0. Then,

Jim [u(t) — w5 (B)], - =0 (29)
or equivalently
lim [tYu(t"z,t) — uiy (z,1)]|z|""dz =0, (30)

t—o00 R4

where uly is the Barenblatt solution defined as the unique solution to problem (8),
and the parameters «, K are as in (26).

Notice once again that the range of vy for which the above theorem holds true
simplifies to [0,2s) when d > 4s, which is, to some extent, the maximal one for
which one can expect a similar result.

Theorem 3.1 will be proved in Section 5, while Theorem 3.2 will be proved in
Section 6.
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4. A fractional sublinear elliptic equation. Prior to analysing the asymptotic
behaviour of solutions to (1) when p(z) is a density that decays fast as |z| — oo
(discussed in Section 5), we need to study the sublinear elliptic equation (10), which
naturally arises from such asymptotic analysis.

Let us recall that if ¢ is a smooth and compactly supported function defined in
R¢, we can consider its s-harmonic extension E(y) to the upper half-space R‘ﬁl =
{(z,y) : * € R y > 0}, namely the unique smooth and bounded solution to the
problem

{div (y'"*VE(p)) =0 in R,

E(p) =¢ on 8Rf‘1 =R4 x {y =0}.
It has been proved (see e.g. [11, 14, 10]) that
125 9E(9)
_ 1-2s — (—_A)S d
e Jim ' S ) = (-A) (2)(x) Vo € R,
where ps = % It is therefore convenient to define the operators

L, =div (y'"*V),
9 19, O

= — 1 87 .
Oy?s Hs Lo Y Oy

We also denote by X* the completion of C’SO(RiH U aRi’Ll) w.r.t. the norm

1
2

[¢]|xs = (us /Rw yt o w(x,y)|2dxdy> Vi € C(RTT UORYT).
+

Furthermore, by the symbol X! , we shall mean the space of all functions v such
that v € X for any ¢ € ORI UIRE™).

It is possible to prove that there exists a well defined notion of trace on 8Ri+1
for every function in X*® (see e.g. [14, Section 3.2], [8, Section 2] or [10, Section
3.1]). Moreover, for every v € H*(R?) there exists a unique extension E(v) € X*
such that

E(v)(z,0) = v(z) for a.e. z € R?

and
e [, 0 V), Vi) g) dady = | (A 0)(0) (~8)*()(a. 0)do
+
for any ¢ € C°(RY™ UIREM).
Having at our disposal the above tools, we can provide suitable weak formulations
of problem (10) which deal with the harmonic extension. In fact, at a formal level,

looking for a solution w to (10) is the same as looking for a pair of functions (w,w)
solving the problem

Lo =0 in RATT
d+1
w on ORY™, (31)

_ d+1
=pw®* on IR,

with 0 < o < 1.
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Definition 4.1. A local weak solution to problem (31) is a bounded nonnegative
function w such that, for some nonnegative w € X _ N LS (R‘frl U aRiﬂ) (what

loc loc
we call a local extension for w), there holds | pa+1 = w and
+

[ ot @ e 0 @ = [ 00,90 ) dsdy
Rd

REF
oo (md d
for any v € ORI U OREH).

Definition 4.2. A bounded, nonnegative function w is a very weak solution to
problem (10) if it satisfies

/ w* (@)p(x) pla)de = / w(@)(~A)*(9)(z) da
Rd

Rd
for any ¢ € C°(RY).

Definition 4.3. A nonnegative function w € H* (R9) is a weak solution to problem
(10) if it satisfies

/ w* (@) (e, 0) ple)dz = / (—A)E (w) () (— A)F (1) (2, 0) e
#e & (32)

=[is / y' > (VE(w), Vi) (2, y) dzdy
Ré+

for any ¢ € C°(RET UOREH).

Note that a bounded weak solution is a solution to (10) in the sense of both
Definition 4.1 and Definition 4.2.

What follows in this section aims at studying existence and uniqueness of solu-
tions to (31) (and (10)), according to Definition 4.1 (and 4.2, 4.3). Our results are
the following.

Theorem 4.4 (existence). Let a € (0,1). Let p € CZ(R?) (for some o € (0,1)) be
strictly positive and such that p(z) < Colz|™" in BS for some v > 2s and Cy > 0.
Then there exists a local weak solution w to problem (31), which is minimal in
the class of nonidentically zero local weak solutions (according to Definition 4.1).
Moreover, w is a very weak solution to (10) (in the sense of Definition 4.2) and

satisfies the estimate
w(z) < C(lhs x p)(z) Yz eR? (33)

for some C > 0.
Finally, if v complies with the more restrictive condition
d—2s

then w is also a weak solution to (10) (according to Definition /.3).

Theorem 4.5 (uniqueness). Let d > 4s and o € (0,1). Let p € CZ (R?) (for some
o € (0,1)) be strictly positive and such that p(x) < Colz|™"7 in BS for some v > 4s
and Co > 0. Let w be the minimal solution to problem (31) provided by Theorem
4.4. Let w be any other local weak solution to problem (31) (according to Definition
4.1), which is also a very weak solution to problem (10) (according to Definition

4.2) and such that w 20 and w € L%Hlm‘),dﬂs (RY). Then w = w.
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The next lemma, which provides us with elementary estimates from above for
the Riesz potential of p, is key to our analysis. We skip the proof since it is just a
matter of routine computations which exploit decay and integrability properties of
I>s and p.

Lemma 4.6. Let d > 2s and p > 0 be a measurable function. Assume in addition
that p(x) < C(1+|z|)~7 for some vy > 2s and C > 0. Then, Izs*p is a nonnegative
continuous function and there exists a constant K > 0 such that

(Ios ¥ p)(x) < K (14 |z))™" Vo e R?,
where:
(a) ify<d, k=v—2s;

(b) ify=d, k=d—2s—c¢ foralle >0 (with K = K(¢));
(c) ify>d, k=d—2s.

In view of Theorem 4.4 and Lemma 4.6, it is apparent that under the assumptions
of Theorem 4.5 the minimal solution w does belong to L%1+|m|)fd+23 (Rd).

4.1. Existence. Here we shall prove all the properties of w claimed in Theorem
4.4, except the fact that w is a very weak solution to problem (10) in the sense of
Definition 4.2 for all v > 2s. This will be in fact a consequence of the asymptotic
analysis of Section 5.

Let us start off with some preliminaries. We consider first the following problem:
find (wg,wg) such that

Lgog =0 in Qp,

II)RZO on ER,

’LT}R:U)R on FR, (35)
OWR

B =pwg onlpg,
where Qp = {(z,y) € RT ¢ |(z,9)] < R}, g = 0Qr N {y > 0} and Ty =
00r N {y = 0}. We denote by X§(Qr) the completion of C°(Qr UTR) w.r.t. the
norm

2

H¢Wm«my=(ﬂié y*ﬂsvw@am2dwm) Vi € O (QR UT).
R

Definition 4.7. A weak solution to problem (35) is a pair of nonnegative functions
(wg,WR) such that:

o w% S Ll(BR), WR € XS(QR),

[ ] UN)R|FR = WR;
o for any ¢ € C°(Qr UT'R) there holds

[ wi@) o0 pe)ds =y [ (G, Vo)) dedy. (36)
Br Qr

The next existence result concerning problem (35) can be proved by standard
variational methods (see e.g. [8]).

Proposition 2. Let a € (0,1). Let p € L (R?) be positive and such that p~* €

loc
L2 (RY). Then there exists a non-identically zero weak solution (wg,Wg) to problem

(35), in the sense of Definition 4.7.
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The following regularity and comparison results for problem (35) will be crucial
in the proof of Theorem 4.4 (specially as for minimality).

Proposition 3. Let a € (0,1). Let p € L (RY) be nonnegative and such that
p~ e L (RY).

loc

(i) Take a subsolution (wg)7 ﬁ)g)) and a supersolution (wg)7 ﬁ)g)) to problem (35)
)

(in a weak sense, in agreement with Definition 4.7). Assume that ﬁ)g), ﬁ)g

0 a.e. in Qpr, wg) >0 a.e. in Bpg, wg) >0 a.e. in Br and d)g)k;R < “75%2)|ER
a.e. in Xr. Then u?g;{l) < wg) a.e. in Qr and wg) < wg) a.e. in Bg.
(ii) Suppose in addition that p € CZ_(RY) for some o € (0,1). Let (wg,Wg)
be a weak solution to problem (35), in the sense of Definition 4.7, such that
wgr € L®(Bg) and wr € L*(QR). Then (in particular) wg € C(Q,) for all

0 <r < R and either (wg,wr) = (0,0) or wg >0 in Br and Wr > 0 in Qg.

Proof. Statement (i) follows by performing minor modifications to the proof of [8,
Lemma 5.3]. Actually the strategy of proof goes back to the pioneering paper [9]:
let us mention that the strict positivity of the supersolution and the fact that the
nonlinearity is sublinear are essential. Statement (ii) is due to the regularity results
in [10]. In fact, since (wg,wg) is bounded and p(x) and f(w) := w® are Holder

functions, Lemma 4.5 of [10] ensures that wr and 25’2}3 are also Holder continuous

in Q, for all 0 < r < R. Corollary 4.12 of [10] then entails the assertion (the same
argument works upon replacing d(z)u(z) there with —p(z)u®(z)). O

We are now in position to prove Theorem 4.4 as concerns the existence of a
minimal local weak solution to (31). The fact that such solution is also a very weak
solution to (10) (according to Definition 4.2) will be deduced in the end of the proof
of Theorem 3.1 in Section 5.

Proof of Theorem 4.4 (first part). For any R > 0, by Proposition 2 we know that
there exists a nontrivial solution (wg,wg) to problem (35). Let now (x g, Xr) be
the unique regular solution to the problem

Lixr =0 inCpg,

Xr=0 on 0CrN{y > 0},

Xr=Xr onlg,

g;(i =p onlpg,
where Cp = Bgr x {y > 0}. By standard results (see e.g. [12]), we have:
)NCR(I.vy) = GR((x,y),Z) p(Z)dZ V(1'7y) GCRv (37)
Br

where Gr((z,v),2) (let (z,y) € Cg and z € Bg) is the Green function, namely the
solution of

LSGR(',Z) =0 in CR,

Gr(-,2)=0 on OCr N{y > 0},

OGR(-, 2z

aRy(zs) = (Sz on FR s
for each z € Bg. It is well known that the Green functions are positive and ordered
w.r.t. R, that is, if Ry < Ry then

0< GR1 < GR2 in éRl . (38)
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Furthermore, they are all bounded from above by the Green function G, for the
half-space:

Gr((2.9),2) < G4((2.),2) V(x,y) €Cr, V2 € Bp, YR>0,  (39)
where .
G ((a:,y),z) - > “os
" (& = 2), y)|*—2
(for the same constant ks 4 appearing in (12)). The function G4 solves
LsGy(,2)=0 in R

5G+(~,Z)
Toyz 5. on ORLM,

for each z € RY (see again [12] and also [16]). ;From (12), (37) and (39) it clearly
follows that, for any R > 0 and any (z,y) € Cg,

V(z,y) e R, Vz e R?

tn@) < [ Gilley).) pl:
/ G (2,0),2) p(2)d: (10)

= (B2 ) (@)

< 2o ol =

(for the last inequality, see Lemma 4.6). Now note that, for any test function ¢ as
in Definition 4.7, we have:

" / Y172 (Vi V) (2, ) dedy = g, / Y (ViR Vi) (2, y) dady
Qr Cr (41)
= [ %(@,0) pla)da.

Br

If we choose any C > 5&, then the function (Cxr,CXg) is a supersolution to
problem (35). In fact, thanks to (40) and (41), in this case there holds

i /QR y' "2 (V(Cxr). V¥) (z,y) dwdy:/ Cip(,0) p(x)da

Br
> / [Cxr(@)]” ¥(z,0) p(x)da
Br

for all nonnegative 1 as above. Hence, thanks to (37) and (38), we are in position

to apply the comparison principle provided by Proposition 3-(i) with the choices
2) ~(2)

(wg),w%)) (wg,Wr) and (wR 0" ) = (Cxr,CXr), to get:

wr < Cxr ae. in Qg, (42)
and

wr < Cxgr a.e. in Bg. (43)

In particular, by (40), (42) and (43) we deduce that wr € L*°(Bpg) and wr €
L>(Qg). We can now exploit Proposition 3-(ii) and infer that

wr >0 in Qg (44)

and
wr >0 in Bg. (45)



16 GABRIELE GRILLO, MATTEO MURATORI, FABIO PUNZO

Let 0 < Ry < Ry. The strict positivity, for all R > 0, of (wg,wWr) given by
(44) and (45) allows us to apply again Proposition 3-(i), this time with the choices
(wi) @) = (wry, 0r,) and (wi?, @) = (wr,, @r,), to gt

"I)Rl Sng in Qg, WR, < WR, in Bg VRy > R; >0. (46)
We need to pass to the limit on (wg,wg) as R — co. Given any fived n € C2°(REU

aRiH), for every R > 0 large enough we can pick (after approximation) ¢ = wgrn?
as a test function in Definition 4.7. So, it is easily seen that

s 1o ~ 2
usjg y' 7 |Vag(z, y)|” n* dedy
R

<2 [lwgl|®H! / 72 (2, 0) p(z)dz + 4 g T2 / y2* [Vip(a, )| dady

Br QR

(47)

(From (40), (42), (43) and (47) we deduce that, for any Qg € ]Ri“ U 6Ri+1, there
holds

/ Y [ Vig (e, ) dady < K (48)
Qo

for a suitable positive constant K independent of R > 0. By collecting (40), (42),

(43) and (46), we infer that there exist the following (nontrivial) pointwise limits:
lim wgr =€ LRI, lim wg =w € L®(RY). (49)
R—o0 R—o0

Due to (48), by standard compactness arguments we can pass to the limit in the

weak formulation (36) and infer that w is a local weak solution to (31) in the sense

of Definition 4.1 (with local extension w).

Now we have to prove minimality. Hereafter, we shall denote by w the solution
constructed above and by w any other nonidendically zero local weak solution to
(31) (according to Definition 4.1). In particular, for R large enough (w|p,, w|a,)
is a nontrivial solution to problem (35), in the sense of Definition 4.7, except that
W|qy, is not necessarily zero on X (that is, @ has finite energy in Qg but does
not belong to X§(Qr)). However, the regularity results of [10] hold regardless of
boundary conditions on X.g: namely, Proposition 3-(ii) is applicable in this case as
well, ensuring that w > 0 in Bg. Because (wg, W) is also a weak solution to (35)
and, trivially, Wr|s, < W|s, on Xg, thanks to Proposition 3-(i) (with the choices

(wh) @%)) = (wr, dr) and (W, D)) = (w|p,. la,)) we deduce

wr < w|p, in Bg,

whence w < w in I' by letting R — 00, so that w is indeed minimal. The bound
(33) is then just a consequence of (40), (43) and (49).

JFrom the above method of proof one can check that, under the more restrictive
condition (34), then w is also a weak solution to (10) in the sense of Definition 4.3.
In fact, thanks to Lemma 4.6, the inequalities (40), (43) and condition (34) ensure
that {|w%™ 1 ,} is uniformly bounded with respect to R. As a consequence, it is
easy to verify that estimate (48) holds with Qy = Ri“ (up to setting wr = 0 in
Q%). By passing to the limit as R — oo, this implies that @ € X°, w € HS(]Rd),
w = E(w) and w satisfies (32).

As already remarked, the fact that w is a very weak solution to (10) in the sense
of Definition 4.2 for all v > 2s will be deduced at the end of the asymptotic analysis
of Section 5 (see the proof of Theorem 3.1). O
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4.2. Uniqueness. In this section we prove our uniqueness result, stated in Theo-
rem 4.5, for solutions to (10). The strategy of proof strongly relies on the uniqueness
result provided by Theorem 2.3 for solutions to (1).

Proof of Theorem 4.5. Set m = 1/a and

— 1

Cpp = (m — 1) 71

For any k € N let ¢, € C*(R%) be such that (, = 1 in By, ¢ = 0 in BS, and
0 < ¢ < 1in RY Take R > 2k and denote as (vgy,Ugk) the unique strong
solution to the following evolution problem (see Appendix A — Part II):

LS(@;gk)zo in Qg x (0,00),

’LN)RJﬁ:O on ZRX(0,00),

OV 1) OVR k (50)
3y =p—p, o0 I'r x (0,00),

vpk = Cp Gewm on B x {t = 0}.

Let (wg,wg) be defined as in the proof of Theorem 4.4. Since by hypothesis w €
L>(R?), thanks to (45) we can select a suitable 7 > 0 so that

1
wp
Rj—l > w

m—1

R

3|

in Bp. (51)

We have:

1
_ Chif.,  Culif,, -
R+1 meR+1
UR: 1 < 1 :UOR
(t+7—R)m71 tm—1

Set Up(-,t) = Ug(-,0,t) and Uyg(-,t) = Uor(-,0,t), for each ¢ > 0. By definition
of (Ugr,Ug) and recalling (51), we get that (Ug, Ug) is a strong supersolution to
(50). Hence, by the comparison principle stated in Proposition 6 below and (52),
we deduce:

in Qr x (0,00). (52)

UR,k < Ugr <Uyr a.e.in Br x (0,00) . (53)

In addition to the above bounds we also have that, for any ko > k1 and R > 2k,
there holds

1

Crwm .
VR S UR Gy < —=m%"  _ Y ae.in Bpg x (0,00). (54)

1
(t+1)mT

Such inequalities follow by noticing that (V XN/) is a strong supersolution to (50)
for all R > 0 and k € N, while (vg,,Vrk,) IS a strong supersolution to (50) for
k = k1. One then applies again Proposition 6.

Since for each k € N we have Cp,Cpwm € L (RY) N L>(R?), by standard argu-
ments (e.g. similar to the ones exploited in the proof of [32, Theorem 3.1], see also
Appendix A — Part II) one sees that there exists the limit

Vooy = lim vpyp a.e. in RY
’ R—o0 ’
and it is a solution of the problem

P (Voo k)t + (=A)* (v ;) =0 in R? x (0, 00),
Voo = Crm Cow on R? x {0},
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both in the sense of Definition 2.1 and in the sense of Definition A.4 below. More-
over, as a consequence of (54), such limit satisfies the bounds

Voo,ky < Voo ky <V ace. in RY x (0, 00) (55)
for all ko > k1. Thanks to (55) we get the existence of the pointwise limit
Voo = kli_)m Voo <V ae. in R? x (0,00); (56)

by passing to the limit in the very weak formulation solved by v 1 for all k € N, we
infer that v, is a very weak solution, in the sense of Definition A.4, to the problem

{p(voo)t +(=AP@W™) =0 inRex (0,00), 57

1

Voo = Cppwm on R? x {0}.

Now notice that V is also a very weak solution to (57). Because, by hypothesis,

w E L%H‘zl),ﬁ(Rd), clearly V™ € L(11+|z|)*/3 (R x (0,T)). Hence, thanks to (56), we
deduce that also v belongs to L%H‘Il),ﬁ (R? % (0,T)). We are therefore in position

to apply Theorem 2.3 (after Remark 6) and obtain
Voo =V ace. in RY x (0,00).

Passing to the limit in (53) (first as R — oo, then as k — oo) and using (49), we
infer that

C ™
Voo < mllu a.e. in R? x (0,00),
tm—1
Hence,
1 1
wm t+1)m-T
PVl (59)
wm tm—1

and by letting t — oo in (58) we deduce

Since w is nontrivial and w is minimal, it follows that w = w. O

5. Asymptotic behaviour for rapidly decaying densities: Proofs. Before
proving Theorem 3.1, we need the following intermediate result, which gives a crucial
bound from above for the solution to problem (1) provided by Theorem 2.3.

Lemma 5.1. Under the same assumptions and with the same notations as in The-
orem 3.1, there holds
u(x,t) < (m— 1)_ﬁ t_ﬁw%(x) for a.e. (z,t) € RY x (0,00). (59)

We point out that an analogous result was proved in [6] in bounded domains for
p = 1. Such result has then been applied in the study of the asymptotic behaviour
of solutions in [5].

Proof. Suppose at first that ug € L})(Rd)ﬂLoo(]Rd). Let Cp,, (wg,wg) and (Ug, 173)
(for a suitable 7 > 0 to be chosen later) be defined as in the proofs of Theorems 4.4
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and 4.5. For any R > 0, let (ug,@r) be the unique strong solution to the following
evolution problem (see Appendix A — Part II):

Ly(af)=0 in Qp x (0,00),

ur =0 ODZRX(0,00),
ouy  dug (60)
Dy =p—p, on T'r x (0,00),
UR = Ug on Bg x {t =0}.

By standard arguments (see again the proof of [32, Theorem 3.1] and Appendix A
— Part II), we have that

lim ugp =u a.e. in R? x (0, 00)
R—o
gl (61)
B}im af =u™ =E@Wm) ae. in R++ x (0,00),
—00
where u is the solution to (1) provided by Proposition 1. Note that, thanks to (45),
for any R > 0 there holds
minwgr4+1 > 0. (62)
Br
Hence, in view of (62) and recalling that we assumed ug € L}(R?) N L (R?), we
can pick 7g > 0 so that

Crwp
B > 4y ace. in Bg. (63)
m—1

R

Due to (63), (Ug, Ugr) is a strong supersolution to problem (60). Therefore, by
comparison principles (see Proposition 6 below),
ur <Ur a.e. in Br x (0,00). (64)

1
Because trivially Ug < Cont™ 7 Tw A1, from (64) we deduce the fundamental esti-

mate §
ur < Cpt” " Twg,,  ae. in Br x (0,00). (65)
By letting R — oo in (65) and recalling (49) and (61), we finally get (59).
Consider now general data ug € L;(Rd). In this case, we have that
w= lim u, a.e. inR?x (0,00),
n—oo
where for every n € N we denote as u,, the solution to problem (1) corresponding
to the initial datum wuo, € L}(R?) N L>(R%), and the sequence {ug,} is such that
0 < ugn < up in R? for all n € N and ugp, — ug in LL(R?) as n — oo (see [32,
Section 6.2] and Appendix A — Parts I, IT ). In view of the first part of the proof,
we know that for every n € N there holds
Up < Copt "7 Twm  ace. in R x (0,00) . (66)
The assertion then follows by passing to the limit as n — oo in (66). O
Remark 5. As a consequence of the method of proof of Lemma 5.1 we also get the
validity of the estimate
E(u™) <Cmt =T ae in R x (0,00), (67)

where E(u™) is the extension of 4™ (see the beginning of Section 4) and @ is the
local extension of w, in agreement with Definition 4.1, provided along the first
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part of the proof of Theorem 4.4. In fact it is enough to notice that, by standard
comparison principles for sub- and supersolutions to the problem Ls; = 0 in Qpg,
from (65) it follows that

R < CmtTm TRy ae. in Qg x (0,00), (68)
whence (67) upon letting R — oo in (68).
Proof of Theorem 3.1 and end of proof of Theorem 4./J. Let us denote as v(zx, 7) the
following rescaling of u(z,t):

1

u(z,t) = e PTo(x,7), t=¢", B= (69)

m—1"

It is immediate to check that v is a (weak, and in particular very weak) solution to
the equation

pur = —(=A) (™) + Bpv in R? x (0,00),

in the sense that

_/OOO /Rdv(x,T)gof(x,T) p(x)dxd7+/ooo /Rd o™ (2, 7) (= A)* (0) (2, 7) dadr

=0 /OOO /Rd v(z, T)p(z, 7) p(z)dadr + /]Rd u(z, )p(z,0) p(x)dx

(70)
for all ¢ € C2°(R? x [0,00)). Moreover, E(v™) € L% ((0,00); X*) and
/ / v(z, 7)Yr (2,0,7) p(z)dzdr
R4
1-2s .
us/o /RdHy (VE@™), V) (z,y,7) dedydr (71)

:5/: /Rdv(x,r)w(x,o,r) p(z)dwdr

for all T > 0 and ¢ € C2((RT UORE™) x (0,T)). Thanks to Lemma 5.1, we
have:

v(z, ) < me%(x) < Cp ||w||§o for a.e. (z,7) € R x (0,00) ; (72)
furthermore, recalling Remark 5
E(™)(z,y,7) < Cmib(z,y) < C i)l for ae. (z,y,7) € R x (0,00). (73)
Now let us show that
v(x, ) > v(x,7) forae zeR?
E(w")(x,y,72) > E@")(x,y,71) fora.e. (z,y) € Riﬂ (74)

for all 75 > 71 > 0. To this purpose, first of all note that, similarly to [42, p. 182]
(see also the original reference [2]), one can prove the fundamental Bénilan-Crandall
inequality

pu
(m—1)t

which, recalling (69), implies that
v, >0 ae in R? x (0,00). (75)

puL > — a.e. in R? x (0, 00)
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Thanks to (75) we obtain the first inequality in (74), and therefore also the second
one because the extension operator is order preserving. Hence, by (72), (73) and
(74) we infer that there exist finite the limits

h(z) = lim v(z,7;) for a.e. z € RY
k—o0

. gl (76)

H(z,y) = lim E(v™)(z,y,7) fora.e. (z,y) € RJf ,

k—o0

where {7} is any time sequence tending to infinity. Moreover, since uy # 0, (74)
implies that h #Z 0 and H # 0, while (72) and (73) ensure that h € L (R?) and
H e L=REM).
Let us set

g=Cymh™, §=CymH. (77)
First we want to prove that g (with the corresponding local extension §) is a solution
to problem (31) (for & = 1/m) in the sense of Definition 4.1. To this end, for any
fixed 0 <71 <1 and 0 < e < (19 —71)/2, let {(7) be a smooth approximation of
the function x|, -,j(7) such that

0<C(r)<1 Vr>0, ((r)=0 Vrdg[n,mn], (()=1 VY7€[mn+te,m—¢.
Furthermore, we can and shall assume that
C(r) = 0(r—71) — (1 — )

as ¢ — 0. Consider now a cut-off function 7 as in the first part of the proof of
Theorem 4.4 and plug in the weak formulation (71) the test function 1) = (n?E(v™).
Upon letting € — 0, we get:

1

m—+1 2
g [ ) w0) pla)da

+Ms/ /]Rd+1 y1—28 <VE(vm),v[n2 E('Um)]>($,y77') dxdydr
T1 +

= ; m+1 2

T m+1 /Rdv (z,m1)n"(2,0) p(z)dx

T2 m—41 2
+5/T1 /Rdv (z,7)n"(x,0) p(z)dadr .

Thanks to (72) and (73), by setting 7 = 7, 72 = 7 + 1 and proceeding as in the
proof of (48), we obtain the estimate

Tr+1
/ / y' 72 | VE(v™)(x, y,T)|2 dzdydr < C’ (78)
Tk Qo
for any Qy & Ri“ U@Rfl and a suitable constant C’ > 0 independent of k.

Take any function ¢ € C° (Rf‘l U 8Ri+1). By plugging in (71) the test function
UV(x,y,7) = ¢(x,y)C(7) and letting ¢ — 0, we infer that

/Rd [v(z, 7 + 1) — v(z, )] ¢(x,0) p(z)da
T +1
o / /Rdﬂ y' 2 (VE@W™)(2,y,7), Vé(a,y)) dedydr (79)

=p /T:Hl /Rd v(z, 7)p(x,0) p(z)dadr .
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We point out that, still as a consequence of the time monotonicity ensured by (74),
in addition to (76) we also have

h(z) = klim v(z, 7, + ) for ae. (z,\) € R? x (0,1),
— 00
h(z) = kli_)n;o v(z, 7, +1) for ae. z R, (80)
H(z,y) = kli—>12<; E(v™)(z,y, 7 + A)  for ae. ((z,y),\) € R x (0,1).

Gathering (72), (73), (76), (78) and (80), we can pass to the limit safely in (79) to
find that h and H satisfy

o [ 0 H V) @) dady = 6 [ h@)o(e,0) plo)da,
R R4

with H(z,0) = h™(x). That is, the function g (with g as a local extension) defined
in (77) is a local weak solution to (31) (for & = 1/m) in the sense of Definition 4.1.
Furthermore, g is also a very weak solution to (10) in the sense of Definition 4.2. In
order to prove the latter assertion, we can proceed as above: for any ¢ € C°(R%)
plug in the weak formulation (70) the test function ¢(z,7) = ((7)¢(x) and let
e — 0 to get

[ o6+ ) = oo m)Jota) pla)da

Tr+1
:/ /Rd [0 (2, 7)(=A)°(¢)(z) + Bv(z, T)p(x)p(x)] dedT .
Passing to the limit as kK — oo and using (72), (76), (80), we end up with

0= - /R JEETERR / o (2)0(0) pla)da -

Rd
and the estimate
g(z) <w(zx) for ae xR, (82)
Since g is a non-identically zero local weak solution to (31), the minimality of w and
(82) necessarily imply that ¢ = w. In particular, thanks to (81), we can conclude
the proof of Theorem 4.4 by inferring that the minimal solution provided by it is
also a very weak solution to (10) (for a = 1/m) in the sense of Definition 4.2.
Finally, the convergence of {v(7;)} to Cpw®/™ in LT (R9) for p € [1,00) is just
a consequence of (72) and (76). The above arguments being independent of the
particular sequence {7}, the proof is complete. O

6. Asymptotic behaviour for slowly decaying densities: Proofs. In order
to prove Theorem 3.2, we first need some preliminary results.

Lemma 6.1. Let d > 2s and assume that p satisfies (15) for some v > 0 and
Yo € [0,2s). Let UY be the Riesz potential of v € Ly,(R%) N L>(RY), that is

U, = Ins * (pv) .
Then U belongs to C(R%) N LP(R?) for all p satisfying

e
P d—2s "

Proof. We refer the reader to [23, Lemma 4.8]. O
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Let u be a weak solution to problem (3), according to Definition 2.1. For any
A >0, set
up(xz,t) = Xu(N\z, At)  VY(z,t) € RY x (0,00), (83)
where «, k are defined in (26). Notice that (83) is the same scaling under which
uyy is invariant (see Section 3.2).

Proposition 4. Let the assumptions of Theorem 3.2 hold true, with in addition
ug € L;(}Rd) N L®(R%). Then, for any sequence A, — oo, {uy, } converges to usy
almost everywhere in R? x (0,00) along subsequences.

Proof. For notational simplicity, and with no loss of generality, we shall put ¢, = 1.
Here we shall not give a fully detailed proof, since the procedure follows closely the
one performed in the proof of [23, Theorem 3.2]. To begin with, note that uy solves
the problem

{p)\ up + (=A)* () =0 in R? x (0,00), (84)
Uy = Uy on R? x {0},
where
poa(z) = XNp(N°z),  uor(z) = \ug(\"z) Vo e R?.
It is easily seen that (recall the conservation of mass (19))
[ux(®lly p, = lluoxlly ,, =M VEA>0. (85)

Claim 1. There exists a subsequence {uy, } C {ux,} that converges pointwise
a.e. in R? x (0,00) to some function u, which satisfies (16), (17) and (18) with
pla) = ||~

First of all observe that, in view of (15),

ﬁgpm o ML (86)
Combining the smoothing effect (20) with (85), we obtain:

ur()]loo < Kt~*MP VYt X >0, (87)
where K > 0 is a constant depending only on m, -, d, s and C. In particular,

/R , uy (1) pa(z)de < K™ MP™ L v A > 0. (88)
By (22) and (88), we infer that
2 . 1
/ / )i () (z, 1) dxdt+m7+1/w Wz, t) pa(2)de
t—amMBmH
m+1

for all A > 0 and all £ > ¢; > 0. On the other hand, thanks to (23),

123
/ / |(z)\)t(x,t)|2 p)\(:L‘)d:L‘dt < C’ Vio >t >0, VA>0, (89)
R4

where z) := uE\mH)/g and C’ is another positive constant depending on m, v, d, s,
t1, ta, K, M but independent of A. In view of (85)—(89), by standard compactness
arguments (see the proof of Theorem 2.5) the sequence {u,, } admits a subsequence
{uy,,} converging a.e. in R? x (0,00) to some function u that complies with (16)

m
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and (17). Moreover, recalling the assumptions on p, we have that (86) holds true
and
lim py(z) = |z|™7 for a.e. z € R, (90)
A—00
We are therefore allowed to pass to the limit in the weak formulation solved by wuy,,

to find that u also satisfies (18), and Claim 1 is proved. In order to deal with the
initial trace of w, it is convenient to introduce the Riesz potential Uy of pyuy, that

is Ux(z,t) := [Tas * paux(t)](x).
Claim 2. For any A > 0, the function Uy satisfies

ta
/ Ux(z,t2)d(z) da — / Ux(z,t1)p(x) dax = —/ (/ u'(x,t) dt) o(x)dx
Rd Rd Re \Jt,
(91)
for allty > t; > 0 and ¢ € D(R?).

In order to prove (91) rigorously, one proceeds exactly as in the proof of [23,
Theorem 3.2]. Note however that, formally, (—A)*(Ux)(t) = paua(t), so that (91),
still at a formal level, just follows by applying the operator (—A)~* to both sides
of the differential equation in (84).

Claim 3. For any A > 0, let Uyy := Ias * prugr. Then,

/ Un (2, £2) () d — / Unn ()6(x) dz

ta
< ’|p;1¢’|ooKm—l M1+ﬁ(m—1)/0 t—a(m—l)dt

for all ty > 0 and ¢ € D(RY).

The validity of (92) is just a consequence of (85), (87), (91) and of the definition
of weak solution.

Claim 4. The potential U of |x|~Vu, that is U(xz,t) := [Las*| | Yu(-,t)](x), satisfies

/]Rd U(z,ta)p(zr) dx — MIys(z)d(z)dz

Rd

(93)

ta

<e L+ el KA [ ety
0

for a.e. to >0 and ¢ € D(R?).
Our goal is to let A — oo in (92). In the r.h.s. we just exploit (86). Thanks to
Claim 1, (85), (86), (87) and (90) we infer that
lim_py,, ux, () = |2 7u(t) in o(M(R?), Co(RY))

for a.e. t > 0. This is enough in order to pass to the limit in the first integral in the
Lh.s. of (92). The same holds true for the second integral, provided we can prove
that {paugx} tends to M6 e.g. in o(M(R?), Cy(R?)) as A — oo. This is indeed the
case: in fact, |[pauoxr|l1 = M and for any ¢ € C.(RY) one has

lim / o(w)oa(a)uor (x) do

A—00

A—00

= lim \*T"7 d¢(m)p()\“x)uo()\“x) dz
R

m (y/ A" )uo(y) p(y)dy = M¢(0) .

=1l
A—oo Jrd
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Claim 5. There holds
lim ] ~Tu(t) = M4 in o(M(R?), Cy(RY)) . (94)
—

t

Passing to the limit in (85) as A = A,;, = 00 we get
Nzl Yu(@)]ls < M for ae. t>0. (95)

Estimate (95) implies, in particular, that |z|~Yu(t) converges, up to subsequences,
to some positive finite Radon measure v in o(M(R?), C.(R%)) as t — 0. In view of
(93) we know that U(t) converges to M Irs = IrsxM§ e.g. in L (RY) as t — 0, which
entails v = M0 (see the end of proof of Theorem 2.5). We have therefore proved (94)
at least in o(M(R9), C.(R%)). In order to recover convergence in o (M (R?), C,(R?)),
it suffices to show that

li TTu(t)]L = M;
tim [ 2|~ "u(t)]}y = M
but this is a consequence of (95) and weak* lower semi-continuity.

(From Claims 1 and 5 we conclude that u solves (8) in the sense of Definition

2.4, and therefore coincides with uy; in view of the uniqueness result in Theorem
2.5. O

We are now in position to prove Theorem 3.2.

Proof of Theorem 3.2. With no loss of generality we can and shall assume that
up € L}(R?) N L>(R?) (recall the smoothing effect (20)).

Take any sequence A\, — oo. Our first aim is to prove that, along any of the
subsequences {\,,} C {\,} given by Proposition 4, there holds

lim lu,, (z,t) — uiF (z,t)| |z "de =0 VR >0, Vt>0. (96)

Thanks to the smoothing estimates (20), (87) and to the fact that for almost every
t > 0 we know that {uy,, (t)} converges pointwise almost everywhere to u{y (t), by
dominated convergence

lim lux,, (z,t) —ufy (z,t)| de =0 VR >0, forae. t>0. (97)

m—r o0 BR

Moreover, estimate (119) for uy reads (see Appendix A)
2
||(u>\)t(t)”1,p)\ S mM for a.e. t > 0. (98)

Gathering (98) and (86), we can assert that for every R, 7 > 0 there exists a positive
constant C(R,7) (independent of \) such that

(), )l 1 g,y < C(R,7) forae t>r. (99)

Of course (99) also holds for uy. It is now possible to infer that (97) actually holds
for every t > 0:

lim luy,, (z,8) — uSy (z,1) dz =0 YR>0, Vt>0. (100)
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In fact, for any given tg, e > 0, there exists ¢ > tq such that (97) holds and [t—tg| < e.
Exploiting (99), we get:

[ s, ) = s (o t0)| do
Br

<[l (ato) s, (2 0)] do
Br

(101)
+/ fur,, (2, £) — w5 (2, 8)] de +/ Sy () — uSy (2, o) |
Br Br
<2C(R, to)e—i-/ lux,, (z,t) — uiy (z,t)| da.
Br
Letting m — oo in (101) yields
limsup/ lun,, (z,t0) — uly (x,t0)] dz < 2C(R, to)e. (102)
m—oo JBg

Letting now € — 0 in (102) shows that (97) holds for ¢t = ty as well. The validity
of (96) is then just a consequence of (100), the local integrability of ||~ and the
uniform bound over ||uy,, (t) — u37 ()|l ensured by the smoothing estimates (20)
and (87).

The consequence of Proposition 4 and what we proved above is that any sequence
An — 00 satisfies (96) along subsequences. We can thus infer that

lim lux(z,t) —uiF (x,t)]|z|7"de=0 VR >0, Vt>0. (103)
A—00 Br

Upon fixing ¢t = 1, relabelling A as ¢ and recalling the definition of uy, note that
(103) reads

lim [t*u(t"x, t) — uiy (z,1)||z]77dze =0 VR >0.
R

t—o0 B

Performing the change of variable y = ¢z and using the fact that a + k(v —d) =0,
we obtain:

. _ 4=, Coo (4—K -
i B luly,t) —t~*ugy (" y,1)| |yl 77 dy
' (104)
T . Coo —y —
= lim - lu(y, t) — Sy (v, 1)| |y| 7 dy =0

for all R > 0, where we used (27) with A =¢~1.

(From now on we shall denote as e any function of the spatial variable (possibly
constant) which is independent of ¢ and vanishes uniformly as R — co. Going back
to the original variable = t~"y we find that

/ S (y, 1) |y dy :/ W (2, 1) o] e —ep VR>0.  (105)
B B¢,

Rex i
Hence, the conservation of mass for ujy, (104) and (105) imply that
lim u(y,t) |y ™" dy = Mc! —er YR >0. (106)

t—o00 Brir

Next we show that
lim u(y,t) |y~ dy = Mcl. (107)

t—o00 Rd
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To this end first notice that, thanks to (15) and (28), there holds

o Py e
|y| Coo + gR(y) Yy R»
whence
—y _ — p(y)
uly, ) [yl dy = [ w(y, )y dy+ | u(y,t) ————=dy. (108)
R4 Br B Coo +ER(Y)

Thanks to (108) and the conservation of mass (19) for u, we get:

‘/ u(y,t) ly| " dy — / (yyt)pc(i)dy‘

</BR u(y,t) [yl dy (109)

‘/ u(y,t) |yl dy — Mc | =

+/BR u(y,t) pc(y) dy + HER|T£RIIOO) /EU(y,t) p(y)dy.

00 Coo (coo -

Letting ¢ — oo in (109), using the smoothing effect (20) (as a decay estimate) and
the fact that both p(y) and |y|~7 are locally integrable, we obtain:

M lerllo

lim sup / u(y,t) |y~ dy — Mc | < 110
meup | [, w0 Ol dy ey R R
By letting R — oo in (110) we get (107). Now notice that
[ tutat) = i 0l ol
Rd
< / fu(y, ) — uS (3 )] [y~ dy (111)
Brer
o[ o ar [ el
B}:%t" BCRt»c
Moreover, (106) and (107) imply that
lim u(y,t) [yl dy =er. (112)

t—o0
RtH

Collecting (104), (105), (111) and (112) we finally get

timsup [ July,t) S (6] o7 dy < 22,
t—o00 Rd

whence (29) follows by letting R — oo. The validity of (30) is just a consequence

of (29) and the change of variable y = t"z (one exploits again the scaling property

(27) of ufy). O

Appendix A. Well posedness of the parabolic problem for rapidly decay-
ing densities. Throughout this section, we shall use of the same notations as in
Section 4.

Part L. If p € L (R?) is positive and such that p=! € L (RY), ug is nonnegative

and such that ug € L;(Rd) N L>®(R%), then we can argue as in the proof of [14,
Theorem 7.3 (first construction)] in order to get the existence of a weak solution
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to problem (1), in the sense of Definition 2.1, which is bounded in the whole of
R? x (0,00). Furthermore, the following Lfl) comparison principle holds true:

/ s (2, £) — ua(z, )], plx)dz < / fuon — ozl p(x)dz VE>0,  (113)
R4 R4

where u; and uy are the solutions to problem (1), constructed as above, corre-
sponding to the initial data ug; € L},(Rd) N L= (R?) and ugy € L;(Rd) N L= (RY),
respectively.

As for uniqueness, a quite standard result for (suitable) weak solutions to problem
(1) is the following.

Proposition 5. Let p € LS (RY) be positive and such that p~! € LS (RY). Let u

loc loc
and v be two nonnegative weak solutions to (1), corresponding to the same nonneg-

ative ug € L) (R?), in the sense that:
u,v € LR x (0,00)), (114)

", o™ e Lfoc([O,oo);Hs(Rd)) (115)
and

u(z, t)pi(x, t) p(z)dzdt

—A)F (™) (2, 6)(~A) () (a, 1) dadt

_|_
3
%\%\%\

v(z, t)pi(z, t) p(x)dedt (116)

holds true for any ¢ € C°(R% x [0,00)). Then, u = v a.e. in R% x (0, 00).

Proof. In view of the hypotheses on u and v, using a standard approximation ar-
gument one can show that the so-called Oleinik’s test function

T
o(z,t) :/t [u™(z,7) —v™(x,7)] dT in R x (0,T], ¢=0 inR%e (T,00),

is in fact an admissible test function in the weak formulations (116) (for each T' > 0).
The conclusion then follows by arguing exactly as in [14, Theorem 6.1] (see also the
subsequent remark). O

Let us discuss some further properties of the solutions we constructed, which
can be proved by means of standard tools. To begin with note that, by proceeding
exactly as in [42, Lemma 8.5, one can show that pu;(t) is a Radon measure on R?
satisfying the inequality

2
||put(t)||M(Rd) S m ||U0||17p for a.e. t > 0, (117)

where here, as opposed to Subsection 2.2, with a slight abuse of notation we indicate
by M(R?) the Banach space of Radon measures on R? endowed with the usual norm
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of the total variation. Letting z = u™ and following [14, Lemma 8.1] we also get
the validity of the estimate

ta
/ / |ze(,t)|? p(z)dadt < C' iy >t; >0 (118)
tl ]Rd

for some positive constant C’ depending on m, t1, t2 and on the initial datum. In
view of (118) and the general result provided by [3, Theorem 1.1] one infers that
ur € L, ((0,00); L, (R?)). Moreover, the inequality

2
lue @], <

oDt [uoll,, forae.t>0 (119)
holds true as a direct consequence of (117). In particular, our solution w is also a
strong solution to problem (1) in the sense of Definition 2.2. The fact that solutions
are strong permits to assert that they also solve the differential equation in (1), for
a.e. t > 0, in the L! sense. This allows to get the following energy estimate (for the
details, see e.g. [23, Sections 4.1 and 4.2]):

/ [ ey @of dnes s [ a0 pes
R m Rd (120)

T m+1
for all to > t; > 0. Furthermore, by suitably exploiting the celebrated Stroock-
Varopoulos inequality (see [14, Proposition 8.5] or [23, Section 4.2]), one can show
that for any p € [1, 00] the LL norm of u(t) does not increase in time.

Now suppose that, in addition to the above hypotheses, p € L>(R%). Thanks to
the latter assumption, from the classical fractional Sobolev embedding (we refer the
reader e.g. to the survey paper [17] and references quoted therein) one immediately
deduces the validity of the following weighted, fractional Sobolev inequality:

loll 24, < Cs (- Vo € HO(RY), (121)

1 / W™ (2, 1) pla)d,
Rd

2 ”)Hz

where Cs = Cs(||pllo, 5, d) is a suitable positive constant. By interpolation it
is straightforward to check that, as a consequence of (121), also the weighted,
fractional Nash—Gagliardo—Nirenberg inequality

Ivll,, < Can ||(-4) ||2“ ]z Yo € LE(R) N H*(RY) (122)
holds true for any ¢ > 0, p > 1 and
2d(a+1)

T dttd-2s
where Can = GGN(HpHOO,a,p,s,d) is another suitable positive constant. Taking

advantage of (122), by means of the same techniques as in [14, Section 8.2] or [23,
proof of Proposition 4.6], one can prove the smoothing estimate

[u()] < Kt uoll?, ¥t>0, ¥p>1, (123)
where J 5
_ _ 2spoy
apid(m—l)—l—Qsp’ & d

and K = K(]|p|loosm,s,d) > 0.
Still under the additional assumption p € L (R9), it is possible to construct
solutions to (1) corresponding to any nonnegative data ug € L;(Rd). One proceeds
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picking a sequence of nonnegative data ug, € Lj(R?) N L (R?) such that ug, — ug
in L})(Rd) and pass to the limit in (11) as » — oo by exploiting (113), (120) and
(123) for p = 1 (see also [32, Theorem 6.5 and Remark 6.11]). Such solutions are
still strong because the Lz comparison principle (113) is preserved (which is in fact
one of the main tools to prove that solutions are strong — see again [14, Section 8.1]
and references quoted).

We have therefore proved the existence result contained in Proposition 1. As
concerns uniqueness, one can reason as follows. Proposition 5, in particular, ensures
that if ug € L, (RY) N L>°(R%) then the solution to (1) that we constructed above is
unique in the class of weak solutions satisfying (114), (115) and (116). Moreover, any
weak solution u(x,t) to (1), in the sense of Definition 2.1, is such that u(x,t+¢) is a
weak solution to (1), corresponding to the initial datum ug(z,¢) € L}, (RYNL>(RY),
satisfying (114), (115) and (116), for any € > 0. Thanks to these properties, one
can then proceed exactly as in the proof of [32, Theorem 6.7].

Part II. We describe here another method for constructing weak solutions to prob-
lem (1). Take again nonnegative initial data ug € L}(R%) N L>(R?) and consider
the following problem (see also the discussion at the beginning of Section 4):

L (@) =0 in Qp x (0,00),

ip =0 on Xi x (0,00),

iR = uR on I'g x (0,00), (124)
Dy =p—p OB I'r x (0,00),

UR = U on Br x {t =0}.

Definition A.1. A weak solution to problem (124) is a pair of nonnegative func-
tions (ug,@g) such that:
e up € C([0,00); L,(Bgr)) N L=(Bg x (7,00)) for all 7 > 0;
Q}Tlr%l € leoc((()? OO); XS(QR))a
UR\FRx(o o0) = UR;
for any ¢ € C°( QR UTR) x (0,00)) there holds

Br
s/ / yl 25<C(71mR)3 ;¢>($7y,t) dxdydt = O’
0 Qr

° limt_)o UR(t) = uO|BR in L;(BR)

Weak sub- and supersolutions to (124) are meant in agreement with Definition
A1, In addition, we say that (ug,@g) is a strong solution if, for every 7 > 0,
(ur)e € L>((1,00); L,(Bg)). By means of the same arguments used in the proof
of [14, Theorem 6.2], it is direct to deduce the next comparison principle.

Proposition 6. Let p € LS (R?) be positive and such that p~' € L (RY). Let
(ug)7 ug)) and (ug%)7 (2)) be a strong subsolution and a strong supersolution, respec-
tively, to problem (124). Suppose that upi) < u%) on Br x {t =0} and ug < ugz)
on Yg X (0,00). Then ug) < ug) in Br x (0,00) and ﬂg) < ﬂg) in Qp x (0,00).

Making use of quite standard tools (see e.g. [14, 32]), one can prove that for any
R >0 and ug € L})(Rd) N L (RY) there exists a unique strong solution (ug, i)
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to problem (124) (in the sense of Definition A.1). Moreover, the limit function
u = limp_, o ur (note that the family {ur} is monotone in R thanks to Proposition
6) is nonnegative, bounded in R? x (0, c0) and such that (114), (115) and (116) hold
true. Hence, in view of Proposition 5, such a u necessarily coincides with the solution
constructed in Part I: this in particular ensures that u € C([0,00), L}(R%)). Again,
for general data ug € L) (R), we can select a sequence {uo,} C Lj(R%) N L (R%)
such that 0 < ug, < ug and ug, — ug in L) (R?) and pass to the limit in (11) as
n — oo to get a solution to (1) in the sense of Definition 2.1 (which still coincides
with the one obtained in Part I).

Finally, we should note that in [14] and [32] the approximate problems are a
little different from (124) (namely, cylinders in the upper plane are used instead of
half-balls). However, this change does not affect the construction of the solution w.
Indeed, the present idea of using problem (124) is taken from [13, Section 2], where
the case s = 1/2 and p =1 is studied.

Part III. Let us now address the following problem, which is the analogue of (124)
in the whole upper plane:

Ly(@™) =0 in RE % (0,00),

U=u on 6]1%1“ x (0,00),

a(a™) ou a1 (125)
g% =pg on ORY™ % (0,00),

u = ug on RY x {t = 0}.

Definition A.2. A nonnegative function u is a local weak solution to problem
(125) corresponding to the nonnegative initial datum wug € L}(R?) if, for some
nonnegative function @ such that

@™ € L ((0,00); Xife) N L®(RE x (7,00)) V7 >0,
there hold:
u € C([0,00); Ly (RY) N L (R? x (7, 00)) for all 7 > 0;

u;

ﬂ|aRi+1x(o,oo)
for any ¢ € C’g"((R‘f‘l U 8R‘f’1) x (0,00)),

_/000 /Rd u(zx, t) Y (x,0,t) p(x)dedt

0 (126)
+us/ / y' TV @™), V) (2, y, t) dedydt = 0
0 JrH
(in fact @™ is a local extension for u™);
e for any ¢ € C°(R? x (0, 00)),
[ [ utatode 0 ployanat
0_ JRI (127)

+/O /Rd u™(z,t)(=A)*(p)(z,t) dzdt = 0;

o limy o u(t) = ug in LL(RY).
Moreover, we say that u is a local strong solution if, in addition, for every 7 > 0
one has u; € L>((7,00); L}, .(R%)).

p,loc
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Notice that (127) is related to the so-called very weak formulation of problem
(1) (see also Definition A.4 below). For local weak solutions, in general u™ ¢
L2 .((0,00); H*(R%)). Hence, equivalence between (126) and (127) cannot be estab-
lished.

The criterion of Proposition 5 here is not applicable in order to prove uniqueness.
However, it is possible to restore the latter by imposing extra integrability condi-
tions, as stated in Theorem 2.3. In order to prove it, we need some preliminaries.

Given a nonnegative f € C°(R?), let h = Iy, * f, so that
(=A)¥(h)=f inR%.
It is not difficult to show that h € C*>°(R%), h > 0 and
h(z) + |Vh(z)| < K |z|79T%* vz ¢ R?

for some K > 0 (use e.g. Lemma 4.6). Now take a cut-off function & € C°(R9)
such that 0 < ¢ <1in R4, ¢ =1 in By/2 and £ = 0 in Bf. For any R > 0, let

Er(z) =€ (%) Vo eR?. (128)

After straightforward computations, we obtain:
(—A)* (héR) (x) = h(x)(=A)*(Er) (@) + (=A)*(h)(z) Er(a) + B(h, Er)(x) Yz € R?,
where B(¢1, ¢2)(x) is the bilinear form defined as

(91(x) — 01(y))(P2(x) — d2(y)) dy

d
[ — y|drs Ve eR

B(¢1,02)(x) =2Cq,s

Rd
and Cy,, is the positive constant appearing in (2). In view of [35, Lemma 3.1], we
have the following crucial result.

Lemma A.3. Let f € C(R?), with f > 0, h = Iys * f and £g be as in (128).
Then, for any T >0 and v € L%1+|x\)fd+25 (R4 x (0,T)), there holds

T
lim /0 /Rd |v(z,t) h(z) (—A)°(Er)(x)| dadt

R—oo

T
+/ / lo(z, £) B(h, &) ()| dadt = 0.
0o Jrd
We are now in position to prove Theorem 2.3.

Proof of Theorem 2.3. Let u be the weak solution to problem (1) provided by
Proposition 1. Its minimality in the class of solutions described by Definition A.2,
namely local strong solutions, is a consequence of the construction outlined above
and the comparison principle given in Proposition 6: the approximate solutions
whose limit is u, let them be ug or u,, are smaller than any local strong solution.
As concerns estimate (14), we only mention that it can be established by means of
the same arguments as in the proof of [32, Theorem 5.5], combined with the smooth-
ing effect (123) (see also [32, Remark 6.11]). We point out that the approximate
solutions up used there are those obtained by solving (124) in cylinders Cg rather
than in half-balls Q0. Nevertheless, by comparison, the solution to the Dirichlet
problem in Qg is below the one in Cg, and this is clearly enough to get the upper
bound (14). If ug € L°°(R%) no smoothing effect is needed, so that the validity of
(14) down to to = 0 is ensured by the fact that u € L>(R? x (0,0)) (see again [32,
Theorem 5.5]).
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In order to prove our uniqueness results, let us first assume that ug € L;(Rd) N
L>°(R?). In this case, we have just shown that

/0 u™ (@, 7) dr < K(Iys % p)(2)

for all T > 0. In view of Lemma 4.6, it is straightforward to check that Irs % p €

L%1+|x\) 412 (R?) provided d > 4s and v > 4s, whence u™ € L(1+|af|) vz (R x

(0,7)) for all T > 0 and such values of the parameters. Moreover, since u €
Ly (R% x (0,7)) N L>®(R? x (0,7)) and so u™ € Ly (R? x (0,7)), if v € (2s,d — 2]
we have again that u™ € L%1+\x|)fd+2s(Rd x (0,T)).

Now take another local strong solution u to (1) corresponding to the same ug €
L})(Rd) N L>(R?), which for the moment we assume to be bounded as well in the
whole of R? x (0,00). Because both u and u belong to

C([0,00); Ly (RY) N L®(R* x (0,00)),
by exploiting (127) it is direct to see that for any ¢ € C°(R? x [0,00)) there holds

/ /Rd x,t)pi(x,t) (;v)da:dt+/0 /Rd W (2, 1) (—A)* () (z, ) dwdt
7/0 /]Rd u(z,t)p(z,t) p(:z:)dxdt+/ooo /Rdgm(x’t)(*A)s(@)(%t) dudt

- / o), 0) ple)d
(129)
Let n € C°°([0,+00)) be such that

n(0)=1, n=0 in[l,+0), 0<n<1 in(0,1), 7' <0 in[0,+00).
For any T' > 0, set
nr(t) =n(t/T) Vt=>0.
Take the test function
o(x,t) = h(z)Er(z)nr(t) V(z,t) € R? x [0,+00),

where h and £g are defined above, and plug it in the weak formulation (129) solved
by u —u. We get:

T
/ / F@)er(@)nr(t) [W™ (z,t) — u™ (2, 1)] dwdt
0 R4
T
:/ /Rd h(z)Ep(2)np(t) [u(z, t) — u(z, t)] p(z)dzdt

LAY ) + B R ) ) 7, 0]

(130)
Since u < w and 74 < 0, from (130) we find that

0< [0 s@tatin ) [ . - w1 ded .

T
< / [h(2)(=A)*(€r)(2) + B(h, &r) (@)] [u™ (2, 1) + w™ (z,1)] dzdt .
0 R4
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Letting R — oo in (131) and applying Lemma A.3 with v = v™ 4+ u™, we then infer
that u = u in the region supp f x (0,7"). Thanks to the arbitrariness of f and T,
this means that v = u in the whole of R? x (0, c0).

We finally need to get rid of the assumption ug € L>(R?). First notice that, for
any to > 0, u and wu, restricted to R? x (tg,00), are bounded local strong solutions
with initial data u(to) € LL(R?) N L>®(RY) and u(to) € L} (R?) N L>®(R?), respec-
tively. Moreover, u™,u™ € L%lel)_dﬂs (R4 x (tg, T)) for all T > to. Hence, in view
of the uniqueness result we proved above, they both coincide with the corresponding
minimal local strong solutions having the same initial data. But minimal solutions
are, in fact, the ones constructed above, for which, in particular, the L}) comparison
principle (113) holds true. As a consequence, ||u(t) — u(t)||1,, < |lu(to) — w(to)l1,p
for all t > ty > 0. The conclusion follows by letting t; — 0 and recalling that
u, u € C([0,00); LL(R?)). O

Let us consider the next definition of very weak solution to problem (1).

Definition A.4. A nonnegative function u € L®(R? x (0,00)) is a very weak
solution to problem (1) corresponding to the nonnegative initial datum ug € L™ (]Rd)
if, for any ¢ € C°(R? x [0,00)), (129) holds true.

Clearly, any bounded weak solution to (1) (according to Definition 2.1) is also a
very weak solution in the sense of Definition A.4.

Remark 6. As a byproduct of the method of proof of the uniqueness result in
Theorem 2.3, it turns out that if w; and us are ordered very weak solutions to
problem to (1) (i.e. u; < ug or uz < wuy in R? x (0,00)) such that u*,uf* €
L%l+|w\)—d+25 (R? x (0,7)) for all T > 0, then u; = us.
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