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Abstract: High order harmonic generation (HHG) has shown its impact
on several applications in Attosecond Science and Atomic and Molecular
Physics. Owing to the complexity of the experimental setup for the genera-
tion and characterization of harmonics, as well as to the large computational
costs of numerical modelling, HHG is generally performed and modelled
in collinear geometry. Recently, several experiments have been performed
exploiting non-collinear geometry, such as HHG in a grating of excited
molecules created by crossing beams. In such studies, harmonics were
observed at propagation directions different from those of the driving
pulses; moreover the scattered harmonics were angularly dispersed.
In this work we report on a new regime of HHG driven by multiple beams,
where the harmonics are generated by three synchronized, intense laser
pulses organized in a non-planar geometry. Although the configuration we
explore is well within the strong-field regime, the scattered harmonics we
observe are not angularly dispersed.
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1. Introduction

High order harmonic generation (HHG) from gaseous media is a powerful tool exploited in
a wide number of applications, ranging from the generation of attosecond pulses [1–3] to the
investigation of the structure and the dynamics of atomic and molecular orbitals [4–7]. In such a
process an intense femtosecond laser pulse is focused in a gas jet, generating extreme ultraviolet
radiation collinearly with respect to the driving beam. This represents the easiest configuration
which has been used both for exploring the properties of the process and for generating coherent
radiation in the XUV and X-rays spectral ranges. However, the exploitation of high harmonics
generated in collinear geometry, as well as their characterization, requires the use of laser-
blind detectors or the selective attenuation of the laser radiation with unavoidable reduction
of the XUV energy. Birulin et al. proposed for the first time non collinear HHG with counter-
propagating beams, suggesting a method for considerably increasing the conversion efficiency
of the process [8]. Later on, Fomichev et al. [9] experimentally demonstrated an alternative
route, involving the exploitation of two almost co-propagating beams crossing at a small angle
and interfering in the medium. In the last years, HHG from interfering laser beams has been
addressed by several more works, considering different configurations. For instance, it was
proposed to induce a grating of excited population by low-intensity beams and to generate high
harmonics with only one strong pulse, with the aim of efficiently detecting the signal coming
from a very small excited fraction of the target [10–12]. Another case was investigated by
Bertrand et al., who employed two non-collinear intense driving beams of different wavelengths
to generate non-collinear HHG [13]. Heyl et al., by following the same approach, demonstrated
the exploitation of non collinear HHG for isolating spatially dispersed single attosecond pulses
[14, 15]. Finally, Farrell et al. have shown that harmonics generated by one strong pulse can be
spatially dispersed by a Bragg grating produced by two counter-propagating intense laser beams
[16]. In all these studies, harmonics were detected at propagation directions different from
the ones of the driving beams. Moreover the investigations reported in [13–16], performed in
the strong interaction regime with multiple intense beams, showed that the scattered harmonic
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Fig. 1. Experimental setup: three laser beams are focused in the gas jet in the BoxCARS
configuration; high harmonic radiation emerges from the interaction region along a fourth
(reference) direction aligned to the XUV spectrometer.

radiation was angularly dispersed, namely different scattered harmonics propagated in different
directions. In this work we propose a novel configuration for HHG by multiple intense beams,
where the harmonic radiation is generated by three synchronized, intense and ultrashort laser
pulses arranged in the so called BoxCARS geometry [17]. The case we explore is well within
the strong-field regime, namely each of the three pulses is able to drive HHG; however, with
respect to previous studies performed in similar conditions, the scattered harmonics we observe
are not angularly dispersed.

2. Experimental setup

The three pulses exploited in the experiment were obtained starting from a Ti:Sapphire ampli-
fied laser source (800 nm, 60 fs, 120 mJ maximum pulse energy, 10 Hz repetition rate). The
output of the laser source was split into four arms with identical energy (0.3 mJ each); the split
was achieved by means of three 50:50 beamsplitters and the beams had a diameter of about 5
mm FWHM. Temporal synchronization among the pulses was achieved by means of remotely
controlled high-resolution delay stages. The fourth beam (hereafter called reference beam) was
used as a reference for the output direction of the BoxCARS configuration. The beams were
separately sent to a vacuum chamber, where they were re-combined and aligned to be parallel
by using two masks with four holes on the vertices of a square having 1-cm sides. The masks
were located several meters away from each other to ensure a good parallelism. The beams
were focused into a gas jet produced by a pulsed valve at 4-bars backing pressure, operating
at 10 Hz and synchronized to the laser pulses. Focusing was achieved by means of a 20-cm
focal length spherical mirror, which yields a peak intensity in the focal position of about 1014

W/cm2 for each beam. The incidence angle on the mirror was kept as low as 4◦, to prevent the
occurrence of aberrations and a subsequent distortion of the spatial profile of the beams in the
focus. The scheme of this configuration as it was used in the experiment is shown in Fig. 1.

The reference beam was aligned to the entrance of a flat-field XUV spectrometer, coupled to a
micro-channel plate and a CCD camera. Initially, as a test of alignment, only the reference beam
was sent into the chamber and harmonic emission was observed in the spectral region between
16 and 36 eV in xenon and krypton and between 25 and 50 eV in argon. Synchronization
and spatial overlap among the remaining beams was obtained by suppressing separately the
harmonic emission of the reference in presence of each of the other three beams. Indeed, when
the beams were overlapped, the high intensity in the focus led to a higher plasma density which
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Fig. 2. Scan of the scattered harmonics spectra acquired in krypton as a function of the
delay of one of the laser pulses with respect to the other two, which are kept synchronized.

destroyed the good phase-matching conditions for harmonic generation. After optimization of
the beam alignment, the reference beam was blocked and harmonic emission was detected in
the direction of the (blocked) reference one, due to the interaction among the three remaining
beams. The diffracted harmonic signal was maximized by adjusting the aperture of irises on
each of the beams, and set to a size of the order of 3 mm. The harmonic radiation has been
studied as a function of the delay between the three pulses in several gases (xenon, krypton,
argon).

3. Experimental results and discussion

Figure 2 shows a scan of the scattered harmonics spectra acquired in krypton as a function of
the delay of one of the laser pulses with respect to the other two (which are kept synchronized).
Each spectrum was integrated over 100 laser shots. Out of synchronization no harmonic sig-
nal is detected, while at temporal overlap a strong harmonic emission appears in the reference
direction; weak harmonics can be also detected outside the temporal overlap, in particular for
positive delays: this can be attributed to the plasma grating induced by the two synchronized
pulses. One can notice that, in the spectral region under investigation, all the odd harmonic
orders of the fundamental radiation (11th, 13th, 15th, 17th, 19th) are present, so the XUV radia-
tion is not angularly dispersed, differently from the cases reported in other works [10–16]. The
observation of high harmonics in the reference direction can be attributed to the interference of
the nonlinear dipoles originating from the three interacting beams in the excited medium. The
details of the theoretical interpretation will be provided in the Modelling section.

It is worth noting that the peak positions of the harmonics as well as their width slightly
change with the delay; such behavior could be attributed to the effect of ionization or to vol-
ume effects related to the spatio-temporal evolution of the interaction among the beams in the
gaseous medium.

We performed the same delay scan in both xenon and argon and observed the same behavior;
Fig. 3 shows a comparison between the harmonic spectra generated in the reference direction
at synchronization between the beams in the three gases. The first feature one can notice from
Figs. 3(a) and 3(b) that harmonics in argon are broader than their counterpart generated in
krypton and xenon. This can be attributed to the different generation conditions. Indeed, the in-
tensities and focusing conditions, (optimized by tuning the irises outside the vacuum chamber)
used for the three gases were different, due to their different ionization potentials. Moreover,
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a blue-shift is observed in harmonics generated in xenon with respect to krypton (Fig. 3(a)).
Calculations have shown that this effect can be fully accounted for a single atom approach
(without taking into account propagation of the fundamental field in the plasma generated by
the three pulses), owing to the different times at which harmonic generation occurs in the two
gases. Indeed, harmonics in xenon are generated earlier in the pulse, where one can observe a
rapid increase of the field intensity from cycle to cycle[, while in krypton the harmonic emis-
sion occurs closer to the pulse center, where the variation of the field intensity is lower. In the
next section we will provide a simple theoretical description of the process.

4. Modelling

The generation of high-order harmonics by three interfering beams in a gaseous medium can
be modeled by different approaches; we will exploit here a simple one, based on photon energy
and momentum conservation, and a more sophisticated model, based on the determination of
the nonlinear dipole emission by an adiabatic saddle-point approximation of the Lewenstein
model.

Harmonic emission can be understood as a high-order noncollinear wave mixing process
[13, 18]; in such a case, the emission obeys to the photon momentum and energy conservation
laws: 

h̄ωX = ∑i nih̄ωi

h̄kX = ∑i nih̄ki

∑i ni = 2m+1 = q, ni ∈ Z, m ∈ N

(1)

where ωi are the frequencies and ki the wavevectors of the photons carried by the foundamental
beams, ni the number of absorbed photons from the beams and ωX , kX energy and wavevector
of the emitted XUV photon, respectively. As can be seen in the previous formulae, the net
number of absorbed photons must be odd in order to have XUV emission and q = 2m+1 is the
order of the produced harmonic emission. In the experimental configuration we adopted, the

Fig. 3. a) Harmonic spectra generated in the reference direction in xenon (blue solid line)
and krypton (red dashed line) at synchronization of the three beams. b) Harmonic spectrum
generated in the reference direction in argon (green solid line) at synchronization of the
three beams.
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Fig. 4. Predicted emission directions of harmonics generated by three laser beams (shown
as empty circles) positioned at the three vertices of a square, for orders ranging from 7th
to 25th. Harmonics are not angularly dispersed only in the three driving directions (not
shown) and in the reference direction (indicated by an arrow). Θx and Θy are the angles
formed with x and y axes; θ0 is the angle formed by the driving beams with the same axes.

previous relations can be written as: ωX = qω0

kX = qk0zuz + k0⊥ [(n3−n2−n1)ux +(n1−n2−n3)uy]
(2)

where ω0 is the fundamental laser frequency, k0 = |ki| = ω0/c, k0z = k0 cosα , k0⊥ =
k0 sinα/

√
2, and α is the angle formed by the three interacting beams with the longitudinal

axis z, which amount to about 4◦ in our experimental conditions. After some algebra, one finds
that the latter equations reduce to:

2n2
1 +2n1n2 +n2

2
2n1 +n2

= q

n3 = q−n1−n2

(3)

It can be easily shown that the emission direction of the generated harmonics always form an
angle α with the z axis; this feature is clearly observed in Fig. 4, which displays the theoretical
emission directions of the harmonics generated by three identical beams for orders ranging from
the 7th to 25th. In particular, angularly dispersed harmonics are expected to be generated along
a phase matching cone passing through the directions of the three generating foundamental
beams. It is worth noting that, besides harmonic generation along the direction of the driving
beams (not shown), nondispersed (i.e. copropagating) harmonics are also expected along the
reference direction. These harmonics correspond to the conditions n1 = q, n2 =−q, n3 = q.
An interesting feature observed in Fig. 4 is that some harmonics are only generated along
the driving and the reference directions, whereas some others are generated along additional
directions. The reason for this peculiar behavior can be understood by finding the solutions of
Eq. (3); in particular, by expressing n1 as a function of the other quantities, one finds:

n1 =
(q−n2)±

√
q2−n2

2

2
. (4)
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It follows that q, n2 and ∆ =
√

q2−n2
2 must belong to a Pythagorean triple in order to give

integer values for n1 (and for n3); in particular q must be the largest number of the triple (hy-
potenuse). Some harmonic orders, like q = 3,7,9,11,19,21,23, ..., are not “hypotenuse” of a
Pythagorean triple. As can be seen in Fig. 4, for those orders only the trivial solutions corre-
sponding to harmonic generation along the reference or along the three driving beam directions
are possible. For orders q = 5,13,17, ..., belonging to a primitive Pythagorean triple, and for or-
ders q = 15,39,51, ..., belonging to triples proportional to a primitive one, 8 distinct additional
emission directions are found besides the 4 trivial ones. As an example, we show in Table 1 a
summary of the emission processes expected for harmonic 13th. It is worth noting that orders
q = 25,85, ... are “hypotenuse” of two different Pythagorean triples; in such cases, 16 distinct
additional emission directions should be observed besides the 4 trivial ones.

Table 1. Nonlinear wave mixing processes corresponding to generation of harmonic 13th
driven by three foundamental laser pulses with identical frequency.

n1 n2 n3 k(13)
X ,x /qk0x k(13)

X ,y /qk0y k(13)
X ,z /qk0z

13 0 0 -1 1 1
0 13 0 -1 -1 1
0 0 13 1 -1 1
13 -13 13 1 1 1
10 5 -2 -17/13 7/13 1
-2 5 10 7/13 -17/13 1
3 12 -2 -17/13 -7/13 1
-2 12 3 -7/13 -17/13 1
15 -5 3 -7/13 17/13 1
3 -5 15 17/13 -7/13 1
15 -12 10 7/13 17/13 1
10 -12 15 17/13 7/13 1

Although the wave mixing modelling easily explains the generation process occurring in the
interaction region, it does not provide an accurate description of the microscopic mechanisms
at the base of the process. In particular, it is well known that high order harmonic generation
strongly depends on the behavior of quantum electron trajectories in the continuum; moreover
phase matching effects dominate the harmonic emission yield. These two aspects are not taken
into account by the wave mixing model, which considers harmonic generation as perfectly
phase-matched and independent on the microscopic phenomena taking place in the emission
process. For these reasons, a more sophisticated model is required for a deeper understanding of
the harmonic generation driven by multiple beams. It must be noted that a complete numerical
model, based onto the solution of the Schrödinger equation in a tridimensional domain and
for ultrashort driving pulses, is computational demanding. Hence we limited our investigation
by modelling the nonlinear dipole emission from the interaction region with a saddle-point
adiabatic approximation of the Lewenstein model.
In particular, the three interacting laser beams are treated as continuous plane waves, with the
resulting electric field given by:

E = A{exp [i(k1 · r)]+ exp [i(k2 · r)]+ exp [i(k3 · r)]}exp [−iω0t] (5)

After some trivial algebra, one finds the expression of the electric field in the experimental
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conditions, given by:

E = Aρ(x,y)exp[iφ(x,y)]exp[i(k0zz−ω0t)] (6)

where 
ρ2(x,y) = 4cos2[k0⊥(x− y)]+4cos[k0⊥(x+ y)]cos[k0⊥(x− y)]+1

φ(x,y) = arctan
[
− sin[k0⊥(x+ y)]

2cos[k0⊥(x− y)]+ cos[k0⊥(x+ y)]

] (7)

The non linear dipole at the q-th order is determined as a function of the transverse coordinates
by adiabatic saddle point simulations [19]; in this calculation the saddle-point approximation
allows to disentangle the contributions from short and long quantum path, hence providing a
deeper understanding of the process. The non linear dipole is then given by:

d(q)
s/l (x,y) = SPs/l {Aρ(x,y)}exp[iqφ(x,y)]exp[iqk0zz] (8)

where SPs/l {·} represents the adiabatic saddle-point operator determining the contribution of
short/long quantum path to the dipole. The far-field harmonic intensity pattern is then given by:

Is/l(κx,κy) ∝ l2 ∣∣Fs/l(κx,κy)
∣∣2 sinc2

(
∆kl
2

)
(9)

where l is the length of the generating medium, ∆k = qk0z−
√

q2k2
0−κ2

x −κ2
y and Fs/l(κx,κy)=

Fκx,κy

{
SPs/l {Aρ(x,y)}exp[iqφ(x,y)]

}
is the Fourier transform of the transverse non linear

dipole profile.
Figure 5 shows the far-field profile of the 11th harmonic emission corresponding to short (left
panel) and long (right panel) electron quantum paths; simulations are performed taking into
account a 1-mm propagation inside the generating medium, but neglect neutral and plasma
contribution to phase matching. Although the wave-mixing model predicts emission of the 11-
th harmonic only along the driving and the reference directions, numerical simulations show
that a very different pattern could be observed. In particular, the short quantum path gives

Fig. 5. Numerical simulation reporting the far-field profile of the 11th harmonic emission
corresponding to short (left panel) and long (right panel) electron quantum paths. Sim-
ulations consider propagation in a 1-mm thick medium and neglect neutral and plasma
contribution to the phase matching.
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rise to emission towards the center of the beam configuration, whereas the long quantum path
is responsible for emission in the outer region. This discrepancy between the two models is
explained taking into account the finite propagation distance considered in the numerical sim-
ulations, which is of the order of the coherent length of the emission processes. Indeed it has
been verified that for very long interaction regions (in the orders of several cm), predictions
from the two models converge, since only the phase-matched contributions dominate the far-
field pattern. However on the basis of the numerical simulations, it is expected that in a real
experiment the long quantum path contribution to harmonic emission in the reference direction
would prevail over the short path one.

High order harmonic generation by multiple interacting beams has shown its potentiality
in a wide number of applications in HHG spectroscopy and Attosecond Science [10–16]. In
a strong-field regime, previous works have shown that harmonic radiation emitted from more
interfering beams is angularly dispersed. Here we show that, by exploiting three intense beams
arranged in a BoxCARS configuration, we were able to detect non-dispersed harmonic emis-
sion in the direction of the fourth vertex. This outcome gives access to the study of HHG in
non collinear geometry with a simpler detection scheme with respect to other configurations,
providing a powerful tool to high harmonic spectroscopy of excited samples.
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