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based on differential algebra
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Abstract

The paper investigates the problem of nonlinear filtering applied to spacecraft
navigation. Differential algebraic (DA) techniques are proposed as a valuable
tool to implement the higher-order numerical and analytic extended Kalman
filters. Working in the DA framework allows us to consistently reduce the
required computational effort without losing accuracy. The performance of
the proposed filters is assessed on different orbit determination problems
with realistic orbit uncertainties. The case of nonlinear measurements is also
considered. Numerical simulations show the good performance of the filter in
case of both complex dynamics and highly nonlinear measurement problems.

Keywords: Nonlinear filtering, Orbit determination, Space navigation,
Differential algebra

1. Introduction

The nonlinear filtering problem plays an important role in various space-
related applications and especially in orbit determination and spacecraft nav-
igation problems. Near future sample and return missions from small bodies,
landing missions to the Moon, Mars and outer planets as well as interplan-
etary exploration missions demand navigation systems based on accurate
filtering techniques that are able to perform accurate trajectory estimation
in a very reduced lapse of time.

At the present time the extended Kalman filter1,2 (EKF) is mainly used
for trajectory estimation. The EKF is based on the main idea of lineariz-
ing the equations of motion and the measurement equations via first-order
Taylor expansions around the current mean and covariance. In some cases,
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however, the linear assumption fails to provide an accurate realization of the
local trajectory motion due to the low frequency of the estimation process
as well as the nature or the limited number of measurements. In such cases,
a different method that accounts for the system nonlinearity must be used.
An alternative approach is the unscented Kalman filter (UKF)3,4 that yields
superior performance with respect to the EKF in highly nonlinear situations
because it is based on the unscented transformation, which does not contain
any linearization. Even if the asymptotic complexity of the UKF algorithm
is the same as for the EKF, in practice, the UKF is often slightly slower
than the EKF. In 2007 Park and Scheeres5,6 developed two nonlinear fil-
ters - the higher-order numerical extended Kalman filter (HNEKF) and the
higher-order analytic extended Kalman filter (HAEKF) - by implementing
a semi-analytic orbit uncertainty propagation technique, that is by solving
for the higher-order Taylor series terms that describe the localized nonlinear
motion and by analytically mapping the initial uncertainties. These higher-
order filters are more accurate than the EKF, but the need to derive the
so-called higher-order tensors makes them in many cases - especially for a
sophisticated, high fidelity system model - difficult to use due to computa-
tional complexity. Due to this critical problem, up to now the HNEKF and
the HAEKF have mainly been applied to the case of linear measurements. Up
to now limited work has been done to automate and speed up the derivation
of the state transition tensors.7,8

Differential algebraic (DA) techniques are here proposed as a valuable
tool to implement the HNEKF and the HAEKF, in order to obtain not only
a higher-order filter, but also a computationally efficient one. Differential
algebra supplies the tools to compute the derivatives of functions within a
computer environment.9,10, 11, 12 More specifically, by substituting the classi-
cal implementation of real algebra with the implementation of a new algebra
of Taylor polynomials, any function f of n variables is expanded into its
Taylor polynomial up to an arbitrarily order m. This has a strong impact
when the numerical integration of an ordinary differential equation (ODE)
is performed by means of an arbitrary integration scheme. Any integration
scheme is based on algebraic operations, involving the evaluation of the ODE
right hand side at several integration points. Therefore, starting from the
DA representation of the initial conditions and carrying out all the evalu-
ations in the DA framework, the flow of an ODE is obtained at each step
as its Taylor expansion in the initial conditions. The accuracy of the Tay-
lor expansion can be kept arbitrarily high by adjusting the expansion order.
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So, in the DA-based HNEKF and the DA-based HAEKF presented in this
paper, both the propagation of the mean trajectory and the measurement
function evaluation are carried out in the DA framework. The obtained so-
lution map not only provides the pointwise values for the propagated state
and measurements, but also provides the higher-order partials of the solution
flow and of the measurement equation. This eliminates the need to calculate
the higher-order tensors at each time step by solving a complex system of
augmented ODE.

The proposed filters are tested on different orbit determination prob-
lems. First of all, a Sun-Earth halo orbit around the L1 point is considered
to demonstrate the precise correspondence between our results and those
obtained by Park and Scheeres with the original form of the HNEKF and
HAEKF. Moreover, the case of an Earth orbiting satellite with realistic orbit
uncertainties and nonlinear measurements is presented. Higher orders can
improve the accuracy of the state determination since they can extract, from
the available nonlinear measurements, more accurate information about the
state of the vehicle than low order filters. Hence, numerical simulations show
good performance of the filter in case of both complex dynamics and highly
nonlinear measurement problems.

The paper is organized as follows. First an introduction to differential
algebra and some hints on how to obtain high order expansion of the flow
are presented. Then, after a brief overview about the higher-order extended
Kalman filters, differential algebra is used to improve the performance of
higher-order filters with respect to the original theory. Finally, the effective-
ness of the method is demonstrated through numerical examples.

2. Notes on Differential Algebra

DA techniques, exploited here to obtain m-th order Taylor expansions of
the flow of a set of ODE’s with respect to initial condition, were devised to
attempt solving analytical problems through an algebraic approach.10 His-
torically, the treatment of functions in numerics has been based on the treat-
ment of numbers, and the classical numerical algorithms are based on the
mere evaluation of functions at specific points. DA techniques rely on the
observation that it is possible to extract more information on a function
rather than its mere values. The basic idea is to bring the treatment of
functions and the operations on them to computer environment in a similar
manner as the treatment of real numbers. Referring to Fig. 1, consider two
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Figure 1: Analogy between the floating point representation of real numbers in a computer
environment (left figure) and the introduction of the algebra of Taylor polynomials in the
differential algebraic framework (right figure).

real numbers a and b. Their transformation into the floating point represen-
tation, a and b respectively, is performed to operate on them in a computer
environment. Then, given any operation ∗ in the set of real numbers, an ad-
joint operation ⊛ is defined in the set of floating point (FP) numbers so that
the diagram in Fig. 1 commutes. (The diagram commutes approximately
in practice due to truncation errors.) Consequently, transforming the real
numbers a and b into their FP representation and operating on them in the
set of FP numbers returns the same result as carrying out the operation in
the set of real numbers and then transforming the achieved result in its FP
representation. In a similar way, let us suppose two m differentiable functions
f and g in n variables are given. In the framework of differential algebra,
the computer operates on them using their m-th order Taylor expansions, F
and G respectively. Therefore, the transformation of real numbers in their
FP representation is now substituted by the extraction of the m-th order
Taylor expansions of f and g. For each operation in the space of m differ-
entiable functions, an adjoint operation in the space of Taylor polynomials
is defined so that the corresponding diagram commutes; i.e., extracting the
Taylor expansions of f and g and operating on them in the space of Taylor
polynomials (labeled as mDn ) returns the same result as operating on f
and g in the original space and then extracting the Taylor expansion of the
resulting function. The straightforward implementation of differential alge-
bra in a computer allows computation of the Taylor coefficients of a function
up to a specified order m, along with the function evaluation, with a fixed
amount of effort. The Taylor coefficients of order n for sums and products of
functions, as well as scalar products with reals, can be computed from those
of summands and factors; therefore, the set of equivalence classes of func-
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tions can be endowed with well-defined operations, leading to the so-called
truncated power series algebra.13,14 Similarly to the algorithms for floating
point arithmetic, the algorithms for functions followed, including methods to
perform composition of functions, to invert them, to solve nonlinear systems
explicitly, and to treat common elementary functions.9,10 In addition to these
algebraic operations, the DA framework is endowed with differentiation and
integration operators, therefore finalizing the definition of the DA structure.

2.1. The Minimal Differential Algebra

Consider all ordered pairs (q0, q1), with q0 and q1 real numbers. Define
addition, scalar multiplication, and vector multiplication as follows:

(q0, q1) + (r0, r1) = (q0 + r0, q1 + r1)

t · (q0, q1) = (t · q0, t · q1)

(q0, q1) · (r0, r1) = (q0 · r0, q0 · r1 + q1 · r0).

(1)

The ordered pairs with the above arithmetic are called 1D1. The multipli-
cation of vectors is seen to have (1, 0) as the unity element. The multiplica-
tion is commutative, associative, and distributive with respect to addition.
Together, the three operations defined in Eq. (1) form an algebra. Further-
more, they form an extension of real numbers, as (r, 0) + (s, 0) = (r + s, 0)
and (r, 0) · (s, 0) = (r · s, 0), so that the reals are included.

The multiplicative inverse of the pair (q0, q1) in 1D1 is

(q0, q1)
−1 =

(

1

q0

,−
q1

q2
0

)

, (2)

which is defined for any q0 6= 0.
One important property of this algebra is that it has an order compatible

with its algebraic operations. Given two elements (q0, q1) and (r0, r1) in 1D1,
it is defined

(q0, q1) < (r0, r1) if q0 < r0 or (q0 = r0 and q1 < r1)

(q0, q1) > (r0, r1) if (r0, r1) < (q0, q1)

(q0, q1) = (r0, r1) if q0 = r0 and q1 = r1.

(3)

As for any two elements (q0, q1) and (r0, r1) only one of the three relation
holds, 1D1 is said totally ordered. The order is compatible with the addition
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and multiplication; for all (q0, q1), (r0, r1), (s0, s1) ∈ 1D1, it follows (q0, q1) <
(r0, r1) ⇒ (q0, q1) + (s0, s1) < (r0, r1) + (s0, s1); and (s0, s1) > (0, 0) = 0 ⇒
(q0, q1) · (s0, s1) < (r0, r1) · (s0, s1).

The number d = (0, 1) has the interesting property of being positive but
smaller than any positive real number; indeed (0, 0) < (0, 1) < (r, 0) = r.
For this reason d is called an infinitesimal or a differential. In fact, d is so
small that its square vanishes. Since for any (q0, q1) ∈ 1D1

(q0, q1) = (q0, 0) + (0, q1) = q0 + d · q1, (4)

the first component is called the real part and the second component the
differential part.

The algebra in 1D1 becomes a differential algebra by introducing a map
∂ from 1D1 to itself, and proving that the map is a derivation. Define ∂ :

1D1 → 1D1 by
∂(q0, q1) = (0, q1). (5)

Note that

∂{(q0, q1) + (r0, r1)} = ∂(q0 + r0, q1 + r1) = (0, q1 + r1)

= (0, q1) + (0, r1) = ∂(q0, q1) + ∂(r0, r1)
(6)

and

∂{(q0, q1) · (r0, r1)} = ∂(q0 · r0, q0 · r1 + r0 · q1) = (0, q0 · r1 + r0 · q1)

= (0, q1) · (r0, r1) + (0, r1) · (q0, q1)

= ∂{(q0, q1)} · (r0, r1) + (q0, q1) · ∂{(r0, r1)}
(7)

This holds for all (q0, q1), (r0, r1) ∈ 1D1. Therefore ∂ is a derivation and
(1D1, ∂) is a differential algebra.

The most important aspect of 1D1 is that it allows the automatic com-
putation of derivatives. Assume to have two functions f and g and to put
their values and their derivatives at the origin in the form (f(0), f ′(0)) and
(g(0), g′(0)) as two vectors in 1D1. If the derivative of the product f · g is
of interest, it has just to be looked at the second component of the product
(f(0), f ′(0)) · (g(0), g′(0)); whereas the first component gives the value of the
product of the functions. Therefore, if two vectors contain the values and
the derivatives of two functions, their product contains the values and the
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derivatives of the product function. Defining the operator [ ] from the space
of differential functions to 1D1 via

[f ] = (f(0), f ′(0)), (8)

it holds
[f + g] = [f ] + [g]

[f · g] = [f ] · [g]
(9)

and
[1/g] = [1]/[g] = 1/[g] (10)

by using (2). This observation can be used to compute derivatives of many
kinds of functions algebraically by merely applying arithmetic rules on 1D1,
beginning from the value and the derivative of the identity function [x] =
(x, 1) = x + δx. Consider the example

f(x) =
1

x + (1/x)
(11)

and its derivative

f ′(x) =
(1/x2) − 1

(x + (1/x))2
. (12)

The function value and its derivative at the point x = 3 are

f(3) =
3

10
, f ′(3) = −

2

25
. (13)

Evaluating the function (11) in the DA framework at (3, 1) = 3 + δx yields

f((3, 1)) =
1

(3, 1) + 1/(3, 1)
=

1

(3, 1) + (1/3,−1/9)

=
1

(10/3, 8/9)
=

(

3

10
, −

8

9

/ 100

9

)

=

(

3

10
,−

2

25

)

.

(14)

Thus, the real part of the result is the value of the function at x = 3, whereas
the differential part is the value of the derivative of the function at x = 3.
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This is simply justified by applying the relations (9) and (10)

[f(x)] =

[

1

x + 1/x

]

=
1

[x + 1/x]

=
1

[x] + [1/x]
=

1

[x] + 1/[x]

= f([x]).

(15)

2.2. The Differential Algebra mDn

The algebra described in this section was introduced to compute the
derivatives up to an order m of functions in n variables. Similarly as before,
it is based on taking the space Cm(Rn), the collections of m times continu-
ously differentiable functions on R

n. On this space an equivalence relation is
introduced. For f and g ∈ Cm(Rn), f =m g if and only if f(0) = g(0) and
all the partial derivatives of f and g agree at 0 up to order m. The relation
=m satisfies

f =m f for all f ∈ Cm(Rn),

f =m g ⇒ g =m f for all f, g ∈ Cm(Rn), and

f =m g and g =m h ⇒ f =m h for all f, g, h, ∈ Cm(Rn).

(16)

Thus, =m is an equivalence relation. All the elements that are related to f
can be grouped together in one set, the equivalence class [f ] of the function f .
The resulting equivalence classes are often referred to as DA vectors or DA
numbers. Intuitively, each of these classes is then specified by a particular
collection of partial derivatives in all n variables up to order m. This class
is called mDn.

If the values and the derivatives of two functions f and g are known,
the corresponding values and derivatives of f + g and f · g can be inferred.
Therefore, the arithmetics on the classes in mDn can be introduced via

[f ] + [g] = [f + g]
t · [g] = [t · f ]

[f ] · [g] = [f · g]
(17)

Under this operations, mDn becomes an algebra. For each v ∈ 1, . . . , n, define
the map ∂v from mDn to mDn for f via

∂v[f ] =

[

pv ·
∂f

∂xv

]

, (18)
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where
pv(x1, . . . , xn) = xv (19)

projects out the v-th component of the identity function. It’s easy to show
that for all v = 1, . . . , n and for all [f ], [g] ∈ mDn

∂v([f ] + [g]) = ∂v[f ] + ∂v[g] (20)

∂v([f ] · [g]) = [f ] · (∂v[g]) + (∂v[f ]) · [g]. (21)

Therefore, ∂v is a derivation for all v, and hence ( mDn, ∂1, . . . , ∂v) is a dif-
ferential algebra.

Observe that f lies in the same class as its Taylor polynomial Tf of order
m around the origin; they have the same function values and derivatives up
to order n. Therefore,

[f ] = [Tf ] (22)

and the introduced differential algebra is referred to as Taylor polynomial
algebra.

Similar to the structure 1D1, composition of functions and elementary
functions, i.e. exp, sin, and log, are introduced in mDn. Consequently, the
derivatives of any function f belonging to Cm(Rn) can be computed up to
order m in fixed amount of effort. The DA sketched in this section was
implemented by M. Berz and K. Makino in the software COSY INFINITY.11

2.3. High Order Expansion of the Flow

The differential algebra allows the derivatives of any function f of n vari-
ables to be computed up to an arbitrary order m, along with the function
evaluation. This has an important consequence when the numerical integra-
tion of an ODE is performed by means of an arbitrary integration scheme.
Any integration scheme is based on algebraic operations, involving the eval-
uation of the ODE right hand side at several integration points. Therefore,
carrying out all the evaluations in the DA framework allows differential alge-
bra to compute the arbitrary order expansion of the flow of a general ODE
with respect to the initial condition.

Without loss of generality, consider the scalar initial value problem

{

ẋ = f(x, t)
x(t0) = x0

(23)
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and the associated phase flow ϕ(t; x0). We now want to show that, starting
from the DA representation of the initial condition x0, differential algebra
allows us to propagate the Taylor expansion of the flow in x0 forward in
time, up to the final time tf .

Replace the point initial condition x0 by the DA representative of its
identity function up to order m, which is a (m+1)-tuple of Taylor coefficients.
(Note that x0 is the flow evaluated at the initial time; i.e, x0 = ϕ(t0; x0).)
As for the identity function only the first two coefficients, corresponding to
the constant part and the first derivative respectively, are non zeros, we can
write [x0] as x0 + δx0, in which x0 is the reference point for the expansion. If
all the operations of the numerical integration scheme are carried out in the
framework of differential algebra, the phase flow ϕ(t; x0) is approximated, at
each fixed time step ti, as a Taylor expansion in x0.

For the sake of clarity, consider the forward Euler’s scheme

xi = xi−1 + f(xi−1)∆t (24)

and substitute the initial value with the DA identity [x0] = x0 + δx0. At the
first time step we have

[x1] = [x0] + f([x0]) · ∆t. (25)

If the function f is evaluated in the DA framework, the output of the first
step, [x1], is the m-th order Taylor expansion of the flow ϕ(t; x0) in x0 for
t = t1. Note that, as a result of the DA evaluation of f([x0]), the (m+1)-tuple
[x1] may include several non zeros coefficients corresponding to high order
terms in δx0. The previous procedure can be inferred through the subsequent
steps. The result of the final step is the m-th order Taylor expansion of
ϕ(t; x0) in x0 at the final time tf . Thus, the flow of a dynamical system can
be approximated, at each time step ti, as a m-th order Taylor expansion in
x0 in a fixed amount of effort.

The conversion of standard integration schemes to their DA counterparts
is straightforward both for explicit and implicit solvers. This is essentially
based on the substitution of the operations between real numbers with those
on DA numbers. In addition, whenever the integration scheme involves iter-
ations (e.g. iterations required in implicit and predictor-corrector methods),
step size control, and order selection, a measure of the accuracy of the Taylor
expansion of the flow needs to be included. For the numerical integrations
presented in this paper a DA version of the Dormand and Prince (8-th order
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solution for propagation, 7-th order solution for step size control) implemen-
tation of Runge-Kutta integrator is used. In this case, a weighted norm of the
coefficients of the Taylor expansion is used in the step size control procedure.

Integration schemes based on DA pave the way to the nonlinear map-
ping of uncertainties investigated in this paper. A first example is presented
hereafter about the propagation of uncertainties on initial conditions. The
Taylor polynomials resulting from the use of DA-based numerical integrators
expand the solution of the initial value problem presented in Eq. (23) with
respect to the initial condition. Thus, the dependence of the solution x(t)
with respect to the initial condition is available, at a time ti, in terms of a m-
th order polynomial map Mx0

(δx0), where δx0 represents the displacement
from the reference initial condition. The evaluation of the map Mx0

(δx0)
for a selected value of δx0 supplies the m-th order Taylor approximation of
the solution x(t) at ti corresponding to the displaced initial condition. The
accuracy of the result depends on the expansion order m and the value of
the displacement δx0.

The main advantage of the DA-based approach is that there is no need
to write and integrate variational equations in order to obtain high order
expansions of the flow. This result is basically obtained by the substitution
of operations between real numbers with those on DA numbers, and therefore
the method is ODE independent. Furthermore, the efficient implementation
of the differential algebra in COSY-Infinity allows us to obtain high order
expansions with limited computational time.

3. Higher-order extended Kalman filters

The equations of motion describing the dynamical evolution of a space-
craft can be written in the following general form:

xk+1 = Φ(tk+1; xk, tk) + wk, (26)

zk+1 = h(xk+1, tk+1) + vk+1, (27)

where xk is the true spacecraft state, wk is the process noise perturbing the
spacecraft state, zk is the actual measurement, h is the measurement func-
tion, and vk+1 is the measurement noise characterizing the observation error.
The process noise and the measurement noise are assumed to be noncorre-
lated, that is, E{vi wT

j } = 0, with the autocorrelations E{wi wT
j } = Qiδij

and E{vi vT
j } = Riδij for all discrete time indexes i and j.
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Higher-order filters are nonlinear semi-analytic filtering methods which
sequentially estimate the spacecraft state and the associated uncertainty.
These filtering methods assume Gaussian statistics and are based on a higher-
order Taylor series approach that can incorporate system nonlinearity. An
overview of the HNEKF and the HAEKF filters6 is presented hereafter.

3.1. Higher-order numerical extended Kalman filter

Consider the system model equations (26) and (27) and suppose at time
tk the state estimate has mean m+

k and covariance matrix P +
k . Also, let

x(tk) = m+
k + δxk be the true trajectory we want to estimate, with δxk

deviation of the estimated mean from the true trajectory. The m-th order
HNEKF algorithm can be summarized as follows.

HNEKF prediction equations:

(

m−
k+1

)i
=Φi

(

tk+1; m
+
k , tk

)

+ δmi
k+1 (δxk) = Φi

(

tk+1; m
+
k , tk

)

+

+

m
∑

p=1

1

p!
Φ

i,γ1...γp

(tk+1,tk)E{δx
γ1

k . . . δx
γp

k },
(28)

(

P−
k+1

)ij
=

m
∑

p=1

m
∑

q=1

1

p!q!
Φ

i,γ1...γp

(tk+1,tk)Φ
j,ξ1...ξp

(tk+1,tk)E{δx
γ1

k . . . δx
γp

k δxξ1
k . . . δx

ξq

k }+

− δmi
k+1 (δxk) δmj

k+1 (δxk) + Qij
k ,

(29)

(

n−
k+1

)i
=hi

(

tk+1; m
+
k , tk

)

+ δni
k+1 (δxk) = hi

(

tk+1; m
+
k , tk

)

+

+
m

∑

p=1

1

p!
h

i,γ1...γp

(tk+1,tk)E{δx
γ1

k . . . δx
γp

k }.
(30)
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HNEKF update equations:

(

P zz
k+1

)ij
=

m
∑

p=1

m
∑

q=1

1

p!q!
h

i,γ1...γp

(tk+1,tk)h
j,ξ1...ξp

(tk+1,tk)E{δx
γ1

k . . . δx
γp

k δxξ1
k . . . δx

ξq

k }+

− δni
k+1 (δxk) δnj

k+1 (δxk) + Rij
k+1,

(31)

(

P xz
k+1

)ij
=

m
∑

p=1

m
∑

q=1

1

p!q!
Φ

i,γ1...γp

(tk+1,tk)h
j,ξ1...ξp

(tk+1,tk)E{δx
γ1

k . . . δx
γp

k δxξ1
k . . . δx

ξq

k }+

− δmi
k+1 (δxk) δnj

k+1 (δxk) ,

(32)

Kk+1 =P xz
k+1

(

P zz
k+1

)−1
, (33)

m+
k+1 =m−

k+1 + Kk+1

(

zk+1 − n−
k+1

)

, (34)

P +
k+1 =P−

k+1 − Kk+1P
zz
k+1K

T
k+1. (35)

Note that {γj, ξj} ∈ {1, ..., 2n}, where n is the dimension of the state space,
n−

k+1 is the predicted measurement, Kk+1 is the Kalman gain matrix, P xz
k+1

is the cross-covariance matrix of the state and the measurement, and P zz
k+1 is

the covariance matrix of the measurements. The Φ
i,γ1...γp

(tk+1,tk) operator includes
the higher-order partials of the solution flow, which map the deviations at
time m to time (m+1), and h

i,γ1...γp

(tk+1,tk) includes the higher-order partials of the
measurement function. These higher-order partials are called state transition
tensors (STTs). In order to apply the HNEKF, the reference trajectory and
its higher-order state transition tensors must be integrated for each time
interval solving a system of differential equations up to the order m of the
Taylor expansion. The differential equations up to the third-order deviation
are given in Eq. (36)



















Φ̇i,a = gi,αΦα,a

Φ̇i,ab = gi,αΦα,ab + gi,αβΦα,aΦβ,b

Φ̇i,abc = gi,αΦα,abc + gi,αβ
(

Φα,aΦβ,bc + Φα,abΦβ,c + Φα,acΦβ,b
)

+

+ gi,αβγΦα,aΦβ,bΦγ,c,

(36)

where g [t; x (t)] represents the system dynamics vector. Once these STTs
are computed, they serve a role identical to the state transition matrix ex-
cept that the higher-order effects are now included, and thus the solution
is nonlinear. If the common case of nonlinear measurement is considered,
an equivalent system must be solved to compute the measurement function
STTs.
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Since this filter is based on the hypothesis of Gaussian distribution, the
higher-order moments E{δxγ1

k . . . δx
γp

k } can be completely described by the
first two moments (i.e., mean and covariance) and can be calculated using the
joint characteristic function (JCF). Also note that the term δm represents
the expectation of the difference between the true and estimated state and is
reset to zero at the end of each filtering step. When the Taylor expansion is
arrested at the first order m = 1 the HNEKF becomes the EKF algorithm.

3.2. Higher-order analytic extended Kalman filter

The HAEKF can be derived from the HNEKF by assuming that the refer-
ence trajectory and the higher-order solutions (i.e., the STTs) are computed
over some time span before filtering. Therefore, the HAEKF is suitable for
trajectory navigation in case of missions with predetermined reference trajec-
tories such as planetary/small-body orbit insertion or autonomous precision
landing.

Suppose the STTs are computed for the time interval of [t0, tf ] and let
x̄k = Φ (tk; x0, t0) represent the reference trajectory for tk ∈ [t0, tf ], where
x0 has mean m+

0 and covariance P +
0 . Moreover, let x (tk) = x̄k + δxk be the

true trajectory we want to estimate.
The HAEKF filtering algorithm is similar to the HNEKF except for some

aspects that can be resumed as follows. First of all, it does not require
any integration in the actual filtering process because the reference trajec-
tory and the higher-order solution are solved off-line. Moreover, the point
of series expansion is now with respect to the initial reference trajectory,
not the updated mean as in the HNEKF algorithm. This means that the
zeroth order term that defines the predicted mean becomes Φi (tk+1; x̄k, tk)
and the corresponding term that define the predicted measurement becomes
hi (x̄k+1, tk+1). Also the higher-order partials are made with respect to the
reference trajectory and not with respect to the current estimate. Contrary
to the HNEKF, after every filtering step the term δm is not reset to zero,
but it is set to be equal to the difference between the current estimated mean
and the reference trajectory. It is clear that the convergence of the filter is
guaranteed only if the true trajectory is in the convergence radius of the
reference trajectory.
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4. DA-based higher-order extended Kalman filters

When the nonlinearity of the considered problem is significant or when
only a limited number of measurements is available, the higher-order filters
presented above provide good results since they can incorporate system non-
linearity.6 However, in many cases of practical interest, the need to derive the
higher-order tensors makes them difficult to use due to computational com-
plexity. In this section it is shown that the implementation of these filters
in the DA environment can result in significant computational time savings.
More in detail, two filters are discussed. First, the DA-based higher-order nu-
merical extended Kalman filter, referred to as DAHNEKF-m throughout the
paper, is introduced. Then, the DA-based higher-order analytic extended
Kalman filter, referred to as DAHAEKF-m throughout the paper, is pre-
sented. In both cases m indicates the expansion order.

4.1. The DAHNEKF-m

The first step of the HNEKF algorithm requires the propagation of the
state variable and its statistics from time tk to time tk+1 as shown in Eq.
(28) and (29). The predicted mean can be computed by solving system (36)
to propagate the current estimated mean forward in time and define the
STTs. The STTs are then used to calculate the deviation δmk+1 of the
predicted mean from the propagated reference state. The implementation of
the prediction step of the filter in the DA framework simplifies the process
described above.

Let us define the current state estimate xk as a DA variable

[xk] = m+
k + δxk, (37)

where m+
k is the current estimated mean. If the spacecraft motion is propa-

gated forward in time in the DA framework, the dependence of the solution
on δxk is carried through the algeabric operations involved in the process.
The result is the Taylor expansion of the propagated state with respect to
the current state and can be written as

[xk+1] = x̄k+1 + Mxk+1
(δxk) =

∑

p1+···+pn≤m

cp1...pn
· δxp1

k,1 · · · δx
pn

k,n, (38)

where x̄k+1 is the zeroth order term of the expansion map, and cp1...pn
are

the Taylor coefficients of the resulting Taylor polynomial

cp1...pn
=

1

p1! · · · pn!
·

∂p1+···+pnΦ

∂xp1

1 · · ·∂xpn
n

. (39)
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The coefficients cp1...pn
are the terms that relate deviations in the initial con-

ditions to the state at some future time and therefore exactly correspond to
the STTs defined in the original formulation of the HNEKF filter. The eval-
uation of Eq. (38) for a selected value of δxk supplies the m-th order Taylor
approximation of the state xk+1 corresponding to the displaced current state.
Of course, the accuracy of the expansion map is function of the expansion
order and can be controlled by tuning it. The Taylor series in the form (38)
can be used to efficiently compute the propagated statistics.

Let us recall that for a generic scalar random variable z with probability
distribution function (pdf) g(z) the first two moments can be written as

{

m = E{z}
P = E{(z − m)2},

(40)

where m is the mean value, and P is the covariance,15 and the expectation
value of z is defined as

E{z} =

∫ +∞

−∞

zg(z)dz. (41)

So, the moments of the propagated pdf for problem (26) can be computed
by applying the multivariate form of Eq. (40) to the Taylor expansion (38).
The result becomes

(m−
k+1)

i = E{[xi
k+1]} =

∑

p1+···+pn≤m

ci,p1...pn
E{δxp1

k,1 · · · δx
pn

k,n}, (42)

(P−
k+1)

ij =E{([xi
k+1] − (m−

k+1)
i)([xj

k+1] − (m−
k+1)

j)} =
∑

p1+···+pn≤m,
q1+···+qn≤m

ci,p1...pn
cj,q1...qn

E{δxp1+q1

k,1 · · · δxpn+qn

k,n }, (43)

where ci,p1...pn
are the Taylor coefficients of the Taylor polynomial describing

the i-th component of [xk+1]. Note that in the covariance matrix formula
the coefficients ci,p1...pn

and cj,q1...qn
already include the subtraction of the

mean terms. The coefficients of the second order moment are computed
by implementing the required operations (i.e., ([xi

k+1] − (m−
k+1)

i)([xj
k+1] −

(m−
k+1)

j)) on Taylor polynomials in the DA framework. The expectation
values on the right side of Eq.s (42) and (43) are function of p(xk). It
follows that if the probability distribution at time m is known, the predicted
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mean and covariance can be calculated. The number of monomials for which
it is necessary to compute the expectation increases with the order of the
Taylor expansion and, of course, with the order of the moment we want to
compute. Note that, at this time, no hypothesis on the initial pdf has been
made. Thus, the method can be applied independently of the considered
variable distribution. However, the Gaussian approximation is widely used
in navigation and real-time nonlinear filtering to represent the current state
variable distribution during the filtering process. In this case, as already
anticipated, the higher-order moments can be completely described by the
first two moments and can be calculated using the JCF.

Also the predicted measurement (30) and the update step of the filter-
ing algorithm can benefit from their implementation in the DA framework.
In fact evaluating the measurement equation (27) in the DA framework al-
low us to find the Taylor approximation of the measurement at time tk+1

corresponding to the displaced state δxk+1

[zk+1] = h
([

x−
k+1

]

, tk+1

)

= z̄k+1 + Mzk+1
(δxk) . (44)

The predicted measurement
(

n−
k+1

)i
can be computed by calculating the

expectation value of (44), while the cross-covariance matrix of the state and
the measurement and the covariance matrix of the measurements can be
computed as shown in Eq.s (45) and (46), respectively.

(

P xz
k+1

)ij
= E{([xi

k+1] − (m−
k+1)

i)([zj
k+1] − (n−

k+1)
j)} (45)

(

P zz
k+1

)ij
= E{([zi

k+1] − (n−
k+1)

i)([zj
k+1] − (n−

k+1)
j)} (46)

So, the resulting DAHNEKF-m algorithm can be summarized as presented
in Eq. (47).

(m−
k+1)

i = E{[xi
k+1]},

(P−
k+1)

ij =E{([xi
k+1] − (m−

k+1)
i)([xj

k+1] − (m−
k+1)

j)},

(n−
k+1)

i = E{[zi
k+1]},

(

P xz
k+1

)ij
= E{([xi

k+1] − (m−
k+1)

i)([zj
k+1] − (n−

k+1)
j)}, (47)

(

P zz
k+1

)ij
= E{([zi

k+1] − (n−
k+1)

i)([zj
k+1] − (n−

k+1)
j)},

Kk+1 = P xz
k+1

(

P zz
k+1

)−1
,

m+
k+1 = m−

k+1 + Kk+1

(

zk+1 − n−
k+1

)

,

P +
k+1 = P−

k+1 − Kk+1P
zz
k+1K

T
k+1.
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The DAHNEKF-m removes the need to solve for two systems (one for the
state STT and one for the measurement STT) of differential equations up to
the m-th order deviation, i.e., the order of the Taylor series expansion. The
integration of these complex systems is replaced by just one integration (Eq.
(38)) and one function evaluation (Eq. (44)) in differential algebra. Thanks
to the efficiency of DA implementation, the DAHNEKF-m may be suitable
for on-line filtering applications such as autonomous trajectory navigation.
This approach not only consistently speeds up the filtering process, but it is
also very flexible about changes in the system dynamics or initial conditions.
If, for instance, some changes in the problem dynamics occur, the HNEKF
requires to rewrite the variational equations, while in the DAHNEKF-m we
simply need to update the system model (26).

4.2. The DAHAEKF-m

Differential algebra provides an elegant solution in case of missions with
predetermined reference trajectories. In these cases, in fact, the DAHNAEKF-
m requires only polynomial evaluations, as there is no need for integration in
the actual filtering process. The reference trajectory is computed in the DA
framework over some time span before filtering, obtaining the Taylor expan-
sion of the reference solution with respect to the initial reference deviated
state.

Suppose the reference trajectory is integrated for the time interval [t0, tf ]

and let
[

x
ref
k+1

]

= M(tk+1,tk)(δx
ref
k ) represent the reference trajectory expan-

sion map for time tk+1 (as shown in Figure 2), where x
ref
k has mean m+

k and
covariance P +

k . Since this integration is performed offline, the Taylor expan-
sion order can be kept high. Once the expansion map related to the reference
solution is known, the actual filtering process can start. The DAHAEKF-m
algorithm can be summarized as follows:

1. Compute the first two moments of the propagated pdf (i.e., the pre-
dicted mean and covariance) calculating the expectation value of a
proper form of the l-th (l = 1,2) power of expansion map M(tk+1,tk)(δx

ref
k )

truncated at order m;

2. Compute the Taylor expansion of the measurement with respect to the
deviated initial reference state [zk+1] = Mzk+1

(δxref
k );

3. Compute the predicted measurement calculating the expectation value
of expansion map Mzk+1

(δxref
k );
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4. Compute P zz calculating the expectation value of the second power of
expansion map Mzk+1

(δxref
k );

5. Compute P xz calculating the expectation value of the product between
expansion maps M(tk+1,tk)(δx

ref
k ) and Mzk+1

(δxref
k ).

6. Procede with the update filtering step as in the HAEKF.

Figure 2: Scheme of the DAHNAEKF-m prediction step. The exponential map related to
the predetermined trajectory is computed offline while only map evaluations are performed
online.

5. Numerical examples

The DAHNEKF-m and DAHAEKF-m filters are tested and applied to
some typical problems in celestial mechanics. In this section, two main cases
are presented. First of all the case of a sun-Earth halo orbit about the L1

point is considered. This problem is the same used to study the performance
of the HNEKF and HAEKF6 and it is here considered to demonstrate the
equivalence of the two classes of filters (i.e., standard higher-order and DA-
based higher-order methods) in terms of accuracy. This example is also used
to show the computational efficiency of the DA-based methods. On the other
hand, the second numerical example is the case of a Earth orbiting satellite
with realistic orbit uncertainties and nonlinear measurements.

5.1. Sun-Earth Halo orbit about the L1 point

The governing equations of motion based on the circular restricted three
body problem (CR3BP), in nondimensional form, are given as

ẍ − 2ẏ =
∂U

∂x
, (48)
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ÿ + 2ẋ =
∂U

∂y
, (49)

z̈ =
∂U

∂z
, (50)

where

U =
(1 − µ)

r1
+

µ

r2
+

(x2 + y2)

2
, (51)

r1 = [(x + µ)2 + y2 + z2]1/2, (52)

r2 = [(x − 1 + µ)2 + y2 + z2]1/2. (53)

Here, U is the CR3BP potential and µ = µe/(µs + µe), where µe and µs

are the gravitational parameter of the Earth and the Sun respectively. The
initial position and velocity assumed for the analysis are

r0 = [0.988884102845168, 0.0, 0.000921858528329094]T

v0 = [0.0, 0.00893471471659142, 0.0]T ,
(54)

where the length units are scaled by l = 1 AU = 1.49597870691 ×108 km, and
the time by the constant τ = 1/1.991×10−7 s. The considered measurement
model is

zk = yk + vk, (55)

where yk is the second position component of the state vector and vk rep-
resents the measurement error, assumed to be 0.1 m for each range mea-
surement. The considered initial guess is off from the true trajectory by 100
km for the position components and 0.1 m/s for the velocity components so
that they lie on the boundary of the initial 1-σ ellipsoid. Measurement is
performed with a 20-day increment. No process noise is considered.

Simulation results are illustrated in Figures 3 and 4. First of all, it is
important to observe that the obtained accuracy is consistent with the results
obtained from the implementation of the HNEKF and HAEKF by Park and
Scheeres.6 This is an expected result since the DA-based methods are an
efficient way from a computational point of view to perform higher-order
filtering, but they do not change the approach to the problem and the filtering
process methodology of the HNEKF and HAEKF. The results show that the
higher-order filters, m ∈ {2, 3}, provide superior filter performance over the
first-order case, which also overestimates the uncertainties. Moreover, it is
observed that the second-order effect contains most of the system nonlinearity
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Figure 3: Results obtained using the DAHNEKF-m, with m = 1, 2, 3, for the sun-Earth
halo orbit about L1 point test case.
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Figure 4: Results obtained comparing the EKF, the DAHNEKF-3 and the DAHAEKF-3,
for the sun-Earth halo orbit about L1 point test case.
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indicating that in this example the second-order filter is sufficient for the
implementation of an accurate nonlinear filter.

The simulation results show that the DA-based higher-order filters are
characterized by the same accuracy of their counterparts in real algebra. An
important consideration on the computational effort can be made at this
point. Let n be the dimension of the state vector to be estimated. In the
frame of variational approach the number of equations that must be inte-
grated together are

∑m+1
q=1 nq.15 If we assume that the integration time scales

linearly with the number of equations, the ratio Rτ of the computational
time between a m-th order computation and its zeroth order counterpart is
Rτ = 1 +

∑m
q=1 nq. As an example, a second order computation with n = 6

implies the integration of 258 equations and Rτ = 43. At third order the
number of equations rises to 1554 and Rτ = 259. In Figure 5 the values of
Rτ associated to DA expansion of the flow (represented in Eq. (38)) of the
ODE system defined by equations (48)–(49) are compared with those of a
variational approach. It is apparent that the DA method is orders of magni-
tudes more efficient than the variational one. Furthermore, the DA method
is application independent and the intricate task of finding the analytical
expression of the variational equations is avoided.
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Figure 5: Ratio of the computational time between a m-th order expansion of the flow
and its zeroth order counterpart.

In addition, to authors knowledge, the efficiency of DA techniques is far
better than any other automatic differentiation method suitable for the com-
putation of the m-th order Taylor approximation of the flow of ordinary

23



differential equations (see for example8). This is also confirmed by the state-
ment Without introducing new approaches to handle the multidimensional

algebra and calculus,... the problem ...becomes computationally cumbersome

above second-order that appears in the conclusive section of.7

5.2. Two-body problem: Earth’s artificial satellite

The orbit of an Earth’s artificial satellite is considered to be estimated.
The second-order differential equation governing the motion is

dṙ

dt
= −

µ

r3
r, (56)

where r is the position vector of the spacecraft and µ is the Earth gravita-
tional parameter. It is assumed that there is no external disturbing force for
the system except the gravitational force between the Earth and the space-
craft. The initial true position and velocity assumed for this analysis are

x0 =

(

r0

v0

)

=

















−0.68787
−0.39713
+0.28448
−0.51331
+0.98266
+0.37611

















, (57)

where the length units are scaled by the orbit semi- major axis (a=8788 km)

and the time by
√

a3

µ
. The initial estimates for the state are 10% off from the

true initial state values shown in Eq. 57. The adopted initial error covariance
is a diagonal matrix with variance 0.01 for the position vector components
and 10−4 for the velocity vector components. The measurements used in the
simulation are the radial position of the spacecraft with respect to the Earth
and the line of sight directions to the planet, as shown in Eq. 58

z1 = r + v1

z2 = arctan
(y

x

)

+ v2

z3 = arcsin
(z

r

)

+ v3,

(58)

where vi, i = 1, 2, 3, represents the measurement noise. The standard de-
viation of the measurement error for the radial position is assumed to be
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10−3 km. The angle error is assumed to be 1.745 10−6 rad following the
conventional measurement accuracy for the directional measurement. In one
orbit a total number of 12 measurements separated by equal time intervals
is considered. No process noise is included.
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Figure 6: Results obtained using the DAHNEKF-m, with m = 1, 2, 3, for the Earth’s
artificial satellite test case.

Looking at the simulation results presented in Figure 6, we see that as
the filter order increases, the estimation accuracy tends to improve. More
in detail, higher-order filters, m ∈ {2, 3}, provide superior filter performance
over the first-order case, which overestimates the uncertainties. This not only
explains the importance of nonlinear trajectory navigation, but also shows
how the higher-order filters can extract more information from the available
nonlinear measurements compared to the first-order filter. The results of the
DAHAEKF-m are identical in terms of accuracy to the ones obtained from
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the DAHNEKF-m.
In case of nonlinear measurements the DA-based approach significantly

simplifies the problem compared to the standard higher-order methods. In-
deed, in such a case, the computation of the higher-order partials of the
measurement function as done in the HNEKF is quite complex and very
time-consuming. On the other hand, using differential algebra we automat-
ically obtain the higher-order partials along with the measurement function
evaluation. The DAHNEKF-m and DAHAEKF-m become more and more
efficient compared to the HNEKF and HAEKF as the complexity and non-
linearity of the dynamical system and measurement equation increase.

6. Conclusions

In this paper the problem of nonlinear filtering for spacecraft navigation
has been addressed. We derived two filters, called the differential algebra-
based higher-order extended Kalman filter (DAHNEKF-m) and the differ-
ential algebra-based higher-order analytic Kalman filter (DAHAEKF-m), by
implementing the higher-order extended Kalman filter and the higher-order
analytic Kalman filter in a differential algebra framework. It has been demon-
strated that working in the differential algebra framework significantly re-
duces the complexity and the computational burden related to the standard
higher-order approaches. The algorithms have been tested on some typical
problems in spacecraft navigation such as the two-body problem and the cir-
cular restricted three-body problem to demonstrate their effectiveness and
good performance. The simulation results show that higher orders can im-
prove the accuracy of the state determination since they can extract, from
the available nonlinear measurements, more accurate information about the
state of the vehicle than low order filters. Numerical simulations show the
good performance of the filters in case of both complex dynamics and highly
nonlinear measurement problems.
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