
Analytical model of blower - rev. dopo referee - 2.doc  13/05/2016  1:42  - 1 - 

Analytical model of a particular type of positive displacement blower 
 
 
GIOVANNI MIMMI and PAOLO PENNACCHI 
Dipartimento di Meccanica Strutturale, Università degli studi di Pavia,  
Via Ferrata 1, I-27100 Pavia, Italy 
 
 
Abstract 
Many papers exist in literature which deal with the twin-screw compressor; this usually has 
two different rotors, a male and a female, and is commonly used to produce compressed gas 
for industrial uses.  
However, a different type of positive displacement rotary compressor with two screws is 
sometimes used; one of its typical applications is in car engine supercharging. Present paper 
deals with the latter type, which is defined as a two-screw blower. This blower has two 
identical helical rotors, each with three lobes.  
The kinematics and the geometry of the rotors are analysed here, and a complete mathematical 
model for the rotor is defined. Moreover different possible shapes of the rotors, depending on 
the design parameters, are analysed and the limitations in the choice of the design parameters 
are presented. Finally an analysis of the theoretical specific slipping of the rotors is presented, 
showing which zones of the profile are the most stressed. 
This model will be useful for further studies on rotor pressure loads and blower dynamics. 
 
Keywords: rotary compressors, superchargers, gears, 3D analytical model, parametric design. 
 
Notation 
C - involute cusp point; 
h - limit ratio of re and rp; 
M - screw motion matrix; 
P0 - pitch point; 
p - screw angular pitch; 
R - 3D vector representing surface Σ; 
r - 2D vector representing curve Γ; 
rb - base radius; 
re - tip radius; 
ri - inner radius; 
rp - pitch radius; 
S - reference system; 
w - relative velocity; 
u - velocity; 
α - upper limit value for parameter ϑ; 
 

Γ - curve; 
γ - angle subtending a half of the tip tooth; 
δ - angle subtending a complete involute 

arc; 
ε - angle subtending an involute arc from 

base to pitch circle; 
θ - involute pressure angle; 
ϑ - parameter; 
Σ - surface; 
σ - specific slipping; 
τ - tangent in the involute cusp; 
Ξ - limit equation; 
υ - parameter; 
ω - angular velocity. 
 

1 INTRODUCTION 
For a better understanding, it may be useful to emphasise some considerations, which will 
explain the origin of this particular type of machine. 
The use of positive displacement blowers, driven by the crankshaft, as supercharging devices 
in internal combustion motors is not recent. These compressors have not had widespread 
application, apart from the important exception of racing cars, especially if the diffusion of the 
turbochargers, where the blower is driven by the exhaust gas turbine, is considered, since this 
type which have had broad application. 
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The positive displacement blowers used in autos were usually the Roots type. This type was 
very simple, but its efficiency was very low, as better explained later, therefore its application 
was not advisable, especially if one considers that the power needed to drive the blower was 
usually obtained by the motor shaft. 
As far as regards to the industrial applications, some positive displacement blowers, which 
have a high efficiency, are widely used. These machines are the screw compressors, which are 
characterised by two rotors, a male and a female, whose profile is rather complex and requires 
a very accurate machining. 
Both Roots blowers and twin screw compressors have positive and negative characteristics. 
The Roots blowers have equal rotor shape, whose geometry is well known and defined by 
mathematical curves with simple algebraic expression such as cycloids (1, 2) or involutes (3). 
However their efficiency is quite low, as reported by many authors (4-7) on the basis of 
experimental and theoretical studies. Some authors (7) have proposed different shapes for the 
rotors too in order to improve the efficiency. 
The twin screw compressors have the rotors characterised by a geometry rather complex that 
led to several studies about the profile shape optimisation and the development of special 
design software (8-14) in recent years. The complexity of the profile is well expressed in (10) 
where they are defined as “… some kind of recipe, where the ingredients have been points, 
straight lines and parts of mathematical curves that are mixed in suitable proportions”. 
Moreover there was a certain interest in designing the cutter shape for the machining of the 
male and female rotors (15) with a particular interest in the performances obtained on the 
basis of a particular cutter shape and of the manufacturing cost. A great advantage of twin 
screw compressors is their efficiency that is rather high as reported in many studies both 
theoretical and experimental (8, 14-21). Due to the diffusion of these compressors, some 
authors have also presented studies about the dynamic effects on the rotors (22-24) starting 
from an analytical model of the rotors. 
The blower analysed here merges different characteristics of the two types previously 
described. The target in this case consists of the combination of the Roots rotor simple 
geometry on the axial section with the high efficiency of the screw blowers. In fact, this 
compressor has two identical rotors, such as the Roots type, but with a helical shape, which 
comes from screw compressors. Since this blower is employed for supercharging internal 
combustion motors, the performance improvements are usually evaluated in terms of torque or 
power increasing or emissions reduction rather than efficiency. Several papers stress the 
performance improvement achieved by this type of blower (25-27). 
The aim of this paper is to give a 3D analytical model for the rotor shape. The knowledge of 
this analytical model gives the basis for the study of the dynamic effects of the pressure loads 
on the rotors. This may be carried out with a method similar to that presented in (22, 24, 28), 
which needs the analytical model of the rotors in order to define the contact lines, the sector of 
surfaces where the pressure acts, etc.  
Therefore the main part of present paper will deal with the definition of the analytical model 
of the rotors by considering the analytical expression of all the surfaces that compose the rotor 
and discussing the effect of the design parameter changes. Only few considerations will be 
presented about the generation of the profiles by means a simple rack, since this procedure on 
one hand can easily explain the generation of the profiles but on the other hand it is not so 
useful to determine the 3D analytical model of the rotor. 
 
2 ROTOR DESIGN 
It is not extremely difficult to define the rotor shape if it is considered that the rotor profiles 
have to be conjugated and consequently the arcs of curves, which compose the profile, are 
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likely to belong to a finite set of functions only. Therefore the analysis begins by considering 
an axial section of the rotors which is shown in Figure 1.  
Three reference systems are used: the fixed system Sf and the mobile systems S1 and S2, rigidly 
connected with each rotor and rotating with it. The origins of systems S1 and S2 are in the 
geometric centres of the rotors, while that of Sf is at the midpoint of segment O1O2. The 
absolute rotations of the two mobile reference systems are equal in modulus, but in opposite 
directions. In Figure 1 a certain likeness between these teeth and the involute gears is evident.  
The pitch curves of the kinematic pair are the circumferences Γp1,2 with radius rp (see Figure 
1). The pitch point P0 coincides with the origin of reference system Sf. 
Moreover it can be considered that a suitable alternative to the cycloidal form for the blower 
rotors is the involute form as reported in (3). However, in this case the space ( in Figure 1) 
is extremely reduced between the tip of a tooth and the inner part of the vane of the other rotor 
as compared to standard modular design. 
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Figure 1. Axial section of two-screw blower rotors. 

2.1 Profile generation by rack  
As noticed the rotor profile on the axial section presents involute arcs that can be easily 
obtained by a simple rack (1), which is symmetric with respect to xf and antisymmetric with 
respect to yf (Figure 2). This ensures identical profiles on both rotors. If the rack consists of 
two lines, A-B and B-C, the rack to rotor generation will result in exactly the same profile, but 
the problem of undercut may arise. In fact, by using a rack only a fixed minimum number of 
teeth can be obtained avoiding undercut, see f.i. (29). In the case reported in Figure 2, nmin will 
be approximately equal to 6. A possible procedure to avoid undercut consists in modifying the 
rack by means of a convex curve, say a circle, which is put smoothly on the rack between 
points D and E. So not only will the undercut be conveniently abolished, but also the radius of 
the curvature can be used as another profile parameter to get a family of rotors in which the 
optimal profile with respect to displacement and manufacturing may be found. 
The consideration of the rack explains the profile generation, but it is also useful to determine 
the analytic expressions in a parametric form of the curves which compose the profile, 
therefore a different procedure will be adopted by considering each arc that compose the 
profile. As a consequence of the symmetry, the analysis is restricted to a half of a tooth. 
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Figure 2. Axial section of two-screw blower rotors. 

 
2.2 Inner and tip circles 
Figure 3, which represents a magnification of a rotor half tooth, shows that two arcs of 
circumference,  and , delimit the tooth. Practically speaking, they correspond to the inner 
and tip circle of involute gears. So, if the tip radius re and the inner radius ri are defined, the 
parametric equation of the arcs Γe1,2 and Γi1,2 in the reference systems S1 and S2 is very simple, 
except for the rotation in the corresponding reference system for the correct angular 
positioning. The limitation of the parameters ϑi and ϑe is considered later. 
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Figure 3. Tip  and inner arcs. 
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Figure 4. Epitrochoid arc. 

 

( )
( )Γe

e e e e

e e e e
e e

x r

y r1 2
1 2 1 2 1 2

1 2 1 2 1 2
1 2 1 20,

, , ,

, , ,
, ,:

cos

sin

ϑ ϑ

ϑ ϑ
ϑ α

=

=






≤ ≤  (1) 

 



Analytical model of blower - rev. dopo referee - 2.doc  13/05/2016  1:42  - 5 - 

( )
( )Γi

i i i i

i i i i
i i

x r

y r1 2
1 2 1 2 1 2

1 2 1 2 1 2
1 2 1 20,

, , ,

, , ,
, ,:

cos

sin

ϑ ϑ

ϑ ϑ
ϑ α

=

=






≤ ≤  (2) 

 
2.3 Epitrochoid arc 
During the rotation, the inner and tip arcs are not always in mesh, therefore it is necessary to 
determine what kind of curve is enveloped by the extreme points of the tip arc of one rotor on 
the other. The determination of an arc of such a type of curve, labelled by  in Figure 4, is a 
common problem in the study of positive displacement machines and it has been deeply 
analysed by the authors in (30-32) where the analytical expressions are developed. The 
solution is given by an epitrochoid arc Γepi1,2, whose parametric equation in reference systems 
S1 and S2 is: 
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Also in this case, the curve is defined except for a rotation around the origin of the relative 
reference system. The lower limit for the parameter ϑepi is 0, which corresponds to the 
extreme of the loop opposite the double point of the curve, while the upper limit αepi will be 
discussed in the next paragraph. 
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Figure 5. Involute arc. 
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Figure 6. Involute cusp and tangent in the 

cusp τ. 
 
2.4 Limits of epitrochoid arc and involute base circle determination 
For the complete determination of the rotor profile, only the fourth arc, labelled by  in 
Figure 5, has to be defined. If it is considered that the arc here examined is always and only in 
mesh with the corresponding arc of the other rotor and that the arcs are equal to each other, it 
can be inferred that those arcs should be involute arcs (see e.g. 1, 2, 33). 
Moreover, the involute has a cusp on its base circle, so the tangent τ in the curve cusp C is 
radial (see Figure 6). 
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The latter consideration suggests the criterion for the continuity condition between the 
involute Γinv1,2 and epitrochoid Γepi1,2 arcs. The two curves must have the same tangent at the 
junction point, therefore the tangent to the epitrochoid has to coincide with τ in the fillet 
between the two arcs; besides it has to pass through the origin O1,2 of the related reference 
system (see Figure 6). This allows us to determine the value of the parameter αepi and the 
coordinates of the extreme point C of arc Γepi1,2. The tangent to curve Γepi1,2 in a general point 
(x0, y0) has the following analytic expression: 
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Considering now that the tangent has to pass through the origin of the reference system, 
equation (4) becomes: 
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By replacing equation (3) and its derivatives in equation (5), the value αepi in closed form as 
function of rp and re is obtained: 
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It is worthwhile noticing that the extreme point C of the arc Γepi, which has coordinates 

))(),(( epiepiepiepi yx αα , belongs also to the involute base circle Γb (see Figure 6). For the 
previous considerations, the base radius rb can then be determined as: 
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A well known relationship between the base radius rb and the pitch radius rp for the involute 
profiles exists, so it is possible to determine the pressure angle θ of the involute and to note 
that it is not an independent parameter in this case, since it is a function of the radii as shown 
in equation (7): 
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2.5 Involute arc 
Now the equation of the arc Γinv1,2, labelled by  in Figure 5 can be found out. The parametric 
expression of the involute is reported for instance in (2) and, except for a rotation in the 
relative reference system S1 and S2 for the correct angular positioning, is given by:  
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Evidently the arc Γinv1,2 begins on the base circle and ends at the intersection with the tip 
circle, so the value of the parameter αinv1,2 can be obtained by the following equation, and also 
by considering equation (9): 
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Now it is important to evaluate the angle γ which subtends the tip arc Γe1,2 and which 
evidently coincides with the angle subtending the inner arc Γi1,2. Note that this value also 
coincides with the limit values of parameters αi and αe. Due to the symmetry, the arc 
subtended by a half of a tooth on the Γp is equal to 6π  (see Figure 7), while the angle δ 
subtended by the complete arc Γinv is equal to: 
 

)(
)(arctan

invinv

invinv

x
y

α
αδ =  (11) 

 

O
r

y

x
1

b

1

1

Γ

γ

ε

δ

π/6

γ

Γ

Γ
Γ

inv1

e1

i1
epi1

r

r

e

p

 

Figure 7. Determination of angle γ. 
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Figure 8.  Complete rotor:  and  
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We can now determine the value of the parameter ϑinv which corresponds to the intersection 
between Γinv and the pitch circle Γp, by using the following: 
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and obtain the value of the angle ε, which subtends the involute arc from the base circle Γb to 
Γp, as follows: 
 

)ˆ(
)ˆ(arctan
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Finally angle γ is equal to: 
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The assembly of arcs determined by (1), (2), (3) and (9), with suitable rotations in systems S1 
and S2, allows us to define the profile of a half tooth and finally, by using symmetry, that of 
the rotor (see Figure 8). 
 
2.6 Profile determination in 3D space 
Once the functions which represent the arcs Γi, Γe, Γepi and Γinv are determined, they can be 
suitably rotated and the 2D analytical model of the rotor defined as already shown in Figure 8. 
By starting from the 2D model, it is rather simple to define the 3D model of the rotor too, 
which is made by the surfaces Σi, Σe, Σepi and Σinv. These are developed from the 
corresponding arc by a screw motion. For the analytical expression it is first necessary to 
define the vector r, which represents the arc in 2D. By considering for example the 
epitrochoid, it is: 
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If p is the angular pitch of the screw rotors, the screw motion matrix M(υ) is equal to:  
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In equation (16) it is stressed that the rotors of the compressor under consideration perform 
only a 120° screw rotation. Therefore surface Σepi is represented in 3D by Repi 
 

)()(),(: epiepiepiepiepi ϑυυϑ rR M=Σ  (17) 
 
By reiterating the procedure illustrated previously for all the arcs which compose the rotor 
section, an analytical model of the rotor is finally obtained as reported in Figure 9. 
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Figure 9. Rotor analytical model. 

 
3 DESIGN PARAMETERS AND LIMITS  
A certain likeness between the analysed rotor and the involute gears, as shown in Figure 1 and 
Figure 8, has already been stressed. However, the low number of teeth of these rotors requires 
an external synchroniser. Moreover, in this case the concept of modular design cannot be 
used, because neither an actual addendum nor a dedendum exists. Only two design parameters 
are independent, among all those which appear in the previous equations: the number of teeth 
which is usually equal to three and also the inner radius which can be expressed as function of 
the pitch and tip radius as follows: 
 

epi rrr −= 2  (18) 
 
The pressure angle θ depends on radii rp and re too, as shown by equation (8). In particular, by 
rearranging equation (8) it is obtained: 
 

( )θ2cos34 −= pe rr  (19) 

 
The previous expression shows that teeth characterised by the same pressure angle θ are 
represented in the plane rpre by lines through the origin of equation re = h rp. These lines 
characterise similar rotors. Therefore it is suitable to select those two radii as independent 
design parameters. 
Now the limits of the design parameters are discussed. Two boundary values are quite easy to 
obtain by evaluating the limit shapes of the rotors which correspond to re = rp, when the rotor 
profile turns into a circumference, and to re = 2 rp when inner radius has a null value. Actually 
the condition:  
 
rp < re < 2 rp  (20) 
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is too wide, since it does not take the fact that the tooth is sharpened into account, i.e. the 
angle γ of equation (14) is zero. By again considering equations (10) and (12), and by 
substituting the value of rb given by equation (7), it is obtained: 
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The angles δ and ε can also have a different expression if the geometric meaning of the 
involute is considered. As far as regards to Figure 10, the following equations are valid: 
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Equations (21), (22) and (23) allow us to determine: 
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Figure 10. Determination of δ and ε . 
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Figure 11. Representation of limit function 

Ξ(h). 

 
If the limit condition corresponding to γ = 0 is evaluated by using equation (14) and replacing 
equations (24) and (25), one obtains: 
 

invinvinv ϑϑϑ ˆ2arctanˆarctanˆ
6

−=−
π  (26) 

 
and by applying the tangent function to both parts of equation (26): 
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Taking into account that a limit relation such as re = h rp is looked for, equation (21) and (27) 
consequently become:  
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Limit equation Ξ(h) = 0 is shown in Figure 11. Among the infinite solutions(1) that equation 
(29) has in the h open interval (1;2), which represents inequality (20), the lower one has to be 
chosen that is equal to h = 1.50714. Therefore the space of the admissible design parameter 
values becomes (see Figure 12): 
 
rp < re < 1.50714 rp  (30) 
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Figure 12. Space of design parameter rp and re. 

 
CONCLUSIONS 
The present paper deals with the design of a particular type of screw blower rotors. The 
traditional method for generating the rotor profiles by rack is initially taken into account; it is 
useful to generate the profiles but it does not give an explicit 3D analytical model of the rotor 
                                                           
(1) Point h = 2 is a second type discontinuity (34) for function Ξ(h), since /∃

→
lim ( )
h

h
2
Ξ . 
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as given by the method presented here. This analytical model is the basis for further studies on 
the dynamic of the blower rotors.  
The analytical model is obtained by considering all the surfaces, which compose the rotor, and 
giving their parametric expressions. On the basis of the proposed model of the rotors, a study 
about the design parameters and limits is proposed and parameter space defined.  
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