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Abstract— In signal equalization, a technique that allows re- Let 2v + 1 be the time spanning of the impulse response
duction of the number of states of the Viterbi detector is the De- of the system from the source to the output of the sampled
layed Decision Feedback Sequence Detector (DDFSD). In order matched filter, that is the sampled autocorrelation of the im-
to achieve good performance, it is essential to operate, before ny|se responsg(t) represented in Fig. 1, and lefz) =
the DDFSD, an appropriate prefiltering of the received sequence. Zzl’):—u iz~ be its z-transform ¢~! represents the unit de-

This paper is devoted to performance evaluation of the DDFSD : : : :
when the feedforward filter of a minimum mean square error de- lay). The receiver is based on what is called in [5] tey

cision feedback equalizer is adopted as a prefilter. A truncated equation

version of the union bound is used to approximate the bit error d(z)d(z™Y) = r(z) + o2, Q)
rate. The analysis includes a method for determining the error

events that dominate the bound. taking ford(z) that impulse response that is causal and min-

imum phase. In (1)¢? is the two-sided power density spec-
trum of the white noisev(t). The Signal to Noise Ratio is
SNR= ry/02. Note that forc > 0 the power density spec-

trum r(e/*) + o2 is nonnull everywhere. As a consequence,

(D-IngLE}SD?Gils?yaer? qujglliilggonFigggr?"nzk bigggeggea ggrtﬁsltﬂ{ existence of(z) is guaranteed and all its roots are strictly

. ; o , ide the unit circle, thus the existencedf! (z) is guaran-
matched filter, a prefilter, and a Viterbi algorithm where th ced as well
channel memory is truncated. The performance loss due OThe DDFéD is a Viterbi algorithm with# statesu < v
memory truncation is mitigated by a per-survivor process, here, in each state, the brgnch metric is calculgte_d u,sin a
ing [1], where the past history of each survivor is used in FE V\;ith v — pitaps EZ] Specifically, the metric of the tran-g

DFE scheme. In the DDFSD originally proposed in [2], the”. . . :
front-end was the Whitened Matched Filter (WMF) of [3]. In>'tOn that diverges at time — 1 from state(ay—, .- -, ar—1)

[4] it was proposed to adopt the FIR feedforward filter of And merges at time in state(ax .41, - -, a) is
Minimum Mean Square Error Decision Feedback Equalizer u
(MMSE-DFE). When no restrictions are imposed on the num-
b (@h—pis - ar) = (wp — > djan—;
7=0

I. INTRODUCTION

ber of taps of the FIR, the front-end turns out to be the Mean

Square Whitened Matched Filter (MSWMF) of [5]. In [6] it

was shown that, without complexity reduction in the Viterbi = . 9
algorithm, the MSWMF leads to Maximum Likelihood Se- B Z djk—j(an—p, .-, ar-1))",
guence Detection (MLSD) with minimum number of states, g=ptd

and that, when the DDFSD is considered, the MSWMF allows . ,
to improve over the WMF. In this paper, performance evaluwherexk' 1S the]f'th sample at the output of the _preﬂltay;, <
ation of the MSWMF-DDFSD is addressed. The outline o%l’Jrl}’ andag—;(ax—y, - ., ax-1) IS the estimate of the
the paper is as follows. In section Il the system model an t ransmitted at .t'md{ — J, present in the survivor that at
the MSWMF-DDFSD are described. Section Il is devoted M€ # —1 merges in the stat@i., ..., ax—1). The DDFSD

to performance evaluation. In section 1V, the accuracy of th as introduced in [2] using the WMF as a front-end. Here,

approximation is demonstrated by comparing it to simulatio e front-end is the MSWMF, which consists of the sampled
results matched filter and of the mean-square prefilter, that is the filter

that minimizes the MSE, defined as

Il. SYSTEM DESCRIPTION MSE = E{u%} (2)

We consider the model of a binary uncoded data sequengg(2), £{-} denotes the expected value, and
transmitted over a baseband linear channel corrupted by ad-
ditive white Gaussian noise. The received signal is passed v
through the front-end filter and is detected by the DDFSD. The Up = Tp — Z djdg—j, (3)
block diagram of the system is reported in Fig. 1. =0
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Fig. 1. Channel and receiver block diagram.

is the distortion sequence, whetgis thek-th element of the From the geometrical perspective, the decision boundary is a

transmitted sequence. Minimization of (2) yields [7] hyperplane between the two points that repregént and its
competitor. The direction that joins the two mentioned points
_od(z) is hereafter calledutputerror, and is represented by the poly-
p2)= <5 =d (z) (4) -
r(z)+o nomial
eo(2) = [e(2)d(2)]5™ ", (8)

Note that, wherr > 0, d(z) is invertible, hence the existence it kit

of p(z) is guaranteed. It is worth noting that, for= v the ~Where the notatioiz(2)];" = >, = vz~ " is adopted.
receiver is the MLSD [6], while fopx = 0 one writes the Note that, in contrast to MLSD, here the time spanning of the

equations of the MMSE-DFE [5] as output error is reduced frof+ v to [ + p. The squared Eu-
clidean distance between the competitors is
d(z
drse(z) = 52, ® 62 = feo(2eolzo ©

Using thez-transform, the binary test takes the form

dumse(z)  p(z)
z) = 5 = 5 (6) 1 > —1 —1
panss(3) = Sy = [ul2)ulz"Dlo 2 [(u(z) —eal=) (u(z) —eol=")lo, (10)

whereu(z) is thez-transform of the distortion sequence (3) in
the decision space:

where the notatiofif (z)]o = fo has been adopted.

I1l. PERFORMANCEEVALUATION
o . : u(z) = [a(2) — a(z)d(z)])g™ "
Performance evaluation is carried out by using the analy-
sis developed in [8], where, neglecting error propagation, thEhe binary test (10) is rewritten as
BER (Bit Error Rate) is approximated as:
feole"uelo 2 & )

BER=~Y» w2 " P(i(z) — a(z) + e(2)).  (7) be 2

e(2)€€m The LHS of (11) is the projection of the distortion along the

. . . output error. The error occurs when such a projection, which
In (7) e(z) is the input error event] is the set of error events o o jjeq

having the form(... v — zeros, eg, ..., e1_1, u — zeros, .. .) [eo (27 u(2)]o

(Exr is the subset of that contains thel/ events that dom- ¢ = — 5

inate the sum) anadv, = [e(271)e(2)]o/4 is the Hamming ) N )
weight of the error event. In the treliis of the DDFSD, the erXceeds half the Euclidean distance between the competitor

ror event diverges at time1 (e, # 0), and merges for the first S€JUeNces. The pairwise error probability is

time attimel + 1 — 1 (e;—1 # 0), hence the error polynomial )
has no more than — 1 consecutive zeros betweémnd! — 1. P(a(z) — a(z) +e(2)) = fo(z)dx, (12)
In (7) P(a(z) — a(z) + e(z)) is the error probability in the de/2

binary test betweef(z) anda(z) + e(z), which is hereafter
calledpairwiseerror probability. Hereafter two issues are con
sidered: computation aP(a(z) — a(z) + e(z)) and search
for the error events that form the subggt.

wheref4(z) is the probability density function af. The cal-
culation of f(z) proceeds by considering the distortion as the
sum of InterSymbol Interference (ISI) and noise. Specifically,
the projection of the noise along the output error is

A. Computation of the Pairwise Error Probability leo(z~ 1) (2)p(2)]o
The pairwise error probability is the probability of error in €= 3 ’
the binary test ) ) ] ) )
wheren(z) is zero mean Gaussian noise with autocorrelation
l+p—1 v Jtnt v o?r(z). The probability density functiorf. (z) is Gaussian,
D (wn = dijak—;)*< D (v =D dj(dk—j +ex—;))%  with mean
k=0 j=0 k=0 j=0 m¢ =0, (13)



and variance the numerator of (18). Since the error is ternary, such a search

9 can be operated by a Viterbi algorithm with states and three
o'g = %[eo(Z_1)p(Z)T(Z)p(z_1)eo(Z)}o. (14) branches diverging from and merging in each state. Applying
02 the numerator of (18) to this trellis, the metric of the branch
The projection of the ISl along the output error is that dlverge_s at_umdg — 1 from State(ek_—“’ ++ser—1) and
merges at timé in state(ex—, 41, ..., ¢x) IS
1
o= ez H)(@(2)(r(2)p(2) — d(2)))lo v
56 9 bk(ek,y,...,ek) = (Zdjek,j —J2ei
O- —_ ~ ~ .
= —5leolz Dp(2)a(2)]o = [e(2)a(2)]o, (15)

The transitions that diverge from stale= v — zeros are
wherec(z) is the polynomial of the coefficients of the ISI. Thedeleted from the trellis, excepting the first step. Note that,
probability density functiory,, (z) can be computed from the since ¢(2) and —e(z) have the same squared distance, the
coefficients of the ISI. In the section devoted to the experimerearch can be limited to the set of error events that begin with
tal results, we adopt the method [9]. Since ISI and noise agg — —2, hence only one transition diverges from st the
independent random variables, the probability density fungirst step. Then, at each step in the trellis, the metrics of the

tion of ¢ is sequences that merge in statare compared to the minimum
fo(x) = fu(z) ® fe(@), (16)  metric up to that step, and the lower one is kept as the min-
where denotes the convolution. imum squared distance found up to that step. The algorithm

terminates whe® is the unique state visited by the survivors.
B. Search for the Error Events that Dominate the Union We have determined th¥ first terms by extending this al-
Bound gorithm. The extension consists in allowidg survivors per
te. At each step in the trellis, three groups each consisting
M parallel transitions merge in each state. The metrics of
e 3/ transitions are sorted and thé sequences with lower
tric are kept as survivors. When the algorithm terminates,
e metrics of the sequences that merge in Qadee sorted,
and the sequences corresponding toMhdower metrics are

In performance evaluation, one should select those erd
events that dominate the sum, and to compute (16) and (
only for the selected error events. To an efficient selectio
one has to establish a sensible figure of merit. One such fig
is the SDR (Signal to Distortion Ratio) relevantd:), which

's defined as (5 — 2my)? kept as the sequences at lower SDR.
SDR. = ~— 107 (7) In the DDFSD, the error event terminates with a sequence
é of i zeros. (Recall that error propagation is neglected.) Hence

Actually, at intermediate-to-high SNR, the sum (7) will bethe algorithm is easily adapted to the DDFSD by deleting
dominated by the terms corresponding to the error events fabm the complete trellis all the transitions that diverge at any
lower SDR. Our main result is that the SDR of the MSWMFtime £ > 0 from each one of th&”—# states of the type
DDFSD can be written in the form (Ek—vt1,---,€x—p, t — zeros). The search for thé/ lower

metrics is now carried out in tH& —# mentioned states. Note
(18) that, due to the memory of the per-survivor DFE, the number
40? of states of the complete trellis cannot be reduced.

The derivation of (18) is in the appendix. The beauty of (18)

is that the denominator is independente¢t), therefore the IV. " EXPERIMENTAL RESULTS

algorithms that are used for the search of the error events

that dominate the performance of MLSD and of the WMF- To substantiate the results obtained in the previous section,
DDFSD, where the SDR has the form (19), can be applied ®ge adopt as a benchmark the time discrete white Gaussian
the MSWMF-DDFSD as well. Elaborating upon the specifi¢hannel withv = 6 studied in [11]. The spectrum(e/) is
algorithm is out of the scope of the present paper, hence wéepicted in Fig. 2 versus angular frequencyThe results ob-
consider the popular algorithm reported in [10] for the searct@ined for the MSWMF are compared to those obtained with
of the error event at minimum SDR in MLSD. The algorithmthe WMF originally proposed in [2] as a front-end. For the

can be applied only to noncatastrophic channels, and works\@4VF, it should be noted that the only contribution to the dis-
follows. Let tortion is the white Gaussian noise, and that ISl is absent. The
SDR for the WMF is

2 42
SpR, = de —4o7we.

52 —4 2
SDR,,:m = min {670“’@}

2
e(z)€E 402 SDR, =

; (19)
2

g
be the minimum SDR. The algorithm is based on the observa-

tion that the search for the error sequence that leads tq,SPR wheres? is computed from (8) and (9) using the spectral fac-
is the search for the error sequence at minimum squared disrizationr(z) = d(z)d(z~1). Fig. 3 reports the ratio between

tance from the all-zeros error, here the squared distance beihg minimum SDR of the MSWMF, and the minimum SDR of
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Fig. 4. BER versus SNR for reduction of the Viterbi algorithm to 16
states (1 = 4).

VI. APPENDIX

The objective of the appendix is to manipulate

de — 2 2
SDR, = w
40’¢
The mean and the variance gfre:
SNR (dB)
Fig. 3. Ratio between the minimum SDR of the MSWMF and the Mg = M¢ + My, (20)
minimum SDR of the WMF versus SNR far= 0 andu = 4. and
the WMF, versus SNR for = 0 andy = 4. The figure shows o, =0l + 0. (21)

that the improvement offered by the MSWMF-DDFSD OVefrpg mean and the variance ¢fthave been computed in the
its competitor is higher at low-to-intermediate SNR. ACt“a"yprevious subsectioB. A. To compute the mean and the vari-

5 X
aso” — 0in (1), the MSWMF tends to the WMF. ance ofy, note that the ISI is anticausal and its coefficients
Fig. 4 reports the BER versus SNR for= 4. In the sim- can be written in the form
ulations, the BER is measured by a random sequendéof _ _
i imation is fai oleo(z p(2) _ o*(q(z) +e(z71))
data. The figure shows that the approximation is fairly accu- c(z) = ——=2 = _ . (22)
rate. To fit the simulation results, we find that the firSterms de de

contribute to the sum (7). Thes input error sequences found

for SNR= 20dB are listed in table I. The number of errorWhere

—l
sequences that contribute in the approximation (7) should be q(z) = Z a2 "
determined according to the specific channel and to it
The mean value af is computed by taking the expected value
V. CONCLUSIONS of (15) overa(z) € A.:

The main result of the present paper is the performance eval- "¢ = BaAle(z)a(2)lo} = [e(2) Ea{a(2)}o.  (23)
uation of the MSWMF-DDFSD, which is made feasible by.. ~ _
equation (18). The method of [10], originally proposed in thesmceEAe{a(Z)} = —¢(2)/2, one has
context of MLSD, has been adapted to the search for input e(2)e(2)]o
error events that dominate the union bound on the first error My = ——————. (24)

probability. The BER is then approximated by truncating the

sum that appears in the union bound, and by attaching th&ubstituting (22) in (24) one finds
Hamming weights to the error events. Computer simulations

show that the accuracy of the proposed approximation is fairly 202w,

good. My =5 (25)




TABLE |
FIRST 18 INPUT ERROR EVENTS FORy = 4, SNR= 20dB. THE
ALGORITHM TERMINATES AT THE 47-TH STER ONLY THE 9

POLYNOMIALS BEGINNING WITH eg = —2 ARE LISTED.
[ SDR (dB) | Coefficients ofe(z) ]
10.11 -222-2-22
10.89 -222-2-222-2
11.16 -22
11.38 -22000-22
11.54 -222-2-222-2-22
11.59 -22000-22000-22
11.79 -22000-22000-22000-22
11.98 -22000-22000-22000-22000-2)2
12.00 -222-2-2202-2-222-2

Substituting (13) and (25) in (20) one has

2
20° W,

de

TTL¢:

For ‘71211 one writes

—)o)%}

02 =EA (¢ — my)?} =Ea{([c(2)(a(z) + .
(26)

Using (31) in (30) one gets

2
_ 40w,
2
0z

). (32)

Substituting (32) and (25) in the SDR (17), one finds (18):

(1]

(2]

(3]

(4]

(5]

The computation of the expected value is easily performed by

the change of variable

= ap(l — @)

; (27)

(&
! ~
a, = ai + o

Note thata;, = 0 wheree;, # 0, andaj, is purely random

(6]

wheree,, = 0. Substituting (27) in (26), and taking into ac- [7]

count (22), one writes

04

€

A(la(2)a’(2)]o + [e(z71)a (2)]0)}-

2
Ty
Looking at (27) one realizes that(z~")a’(z)]o = 0, hence

—la(z)q(z" Mo, (28)

where the latter equality results from the fact thatis purely
random fork = [,...,00. The variance of) is found by
noting that equation (28) can be written as

0_4

= 5 ([eo(z™p(2)p(2™ Heo(2)]0 — duwe).

e

Substituting (14) and (29) in (21) one gets

a2 (29)

02
aizéﬁ[eo(fl)p(zxr(@ +0)p(zeo(2)]o — do?we).
) (30)
From (1) and (4) one realizes that
p(2)(r(2) +o)p(z7") = 1. (31

(8]

9]

(10]

(11]

02 — 402w
SDR, = ———F—%.
402
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