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Indirect Optimization of Power-Limited Asteroid Rendezvous
Trajectories

Yang Wang * and Francesco Topputo
Politecnico di Milano, Via La Masa 34, Milan, Italy, 20156

I. Introduction

Owing to the higher specific impulse compared to chemical propulsion, low-thrust solar electric propulsion (SEP)
enables various types of space missions with a relatively smaller amount of thrust [1]. Yet, the SEP-driven trajectory
optimization is challenging since the engine operates during a significant fraction of the flight, and the thrust level
depends upon power availability [1].

Numerical methods that solve a nonlinear optimal control problem (NOCP) are mainly categorized as direct methods
and indirect methods [2]. Direct methods convert an infinite-dimensional NOCP into a finite-dimensional nonlinear
programming problem by transcription and collocation [3]. Direct methods can handle path and boundary constraints
easily, but many parameters and high-order integrators are usually required to obtain an accurate solution [4]. Indirect
methods transform a NOCP into a two-point boundary value problem (TPBVP) or a multi-point boundary value problem
(MPBVP) if interior-point constraints are involved [3, 5]. Then, the NOCP is solved as a zero-finding problem, with the
solution satisfying first-order optimality conditions [3]. However, guessing initial costate values is challenging due to
the narrow convergence domain of zero-finding methods [2].

Incorporating an accurate SEP engine model into indirect optimization improves mass budget estimation. The
electrical power to accelerate the propellant used by most SEP thrusters varies with heliocentric distance [6]. In turn, the
thrust, propellant mass flow rate, and specific impulse vary as a function of the input power [6—8]. Due to technological
constraints, the input power to the engine is limited, and the related bounded values are key thruster parameters [6—8].
That is, the spacecraft flies ballistically if insufficient power is provided [9], while the input power is capped when excess
power is available [10]. Therefore, the convergence difficulty is exacerbated by dynamics discontinuities produced
by power constraints [11]. Smoothing techniques have been employed in [11-13]. Power operation detection was
developed in [14] to improve solution accuracy. In indirect optimization, the gradients of nonlinear constraints with
respect to problem decision variables are critical for most zero-finding methods [15]. However, the effects of power
constraints on the gradients and the optimal solution are still unexplored.

This Note analyzes this issue and further presents an efficient indirect method featuring analytic gradients for

SEP-based trajectory optimization. First, the NOCP with scalar interior-point constraints is formulated. Analytical
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multipliers related to interior-point constraints are obtained. This intermediate result is leveraged to tackle a MPBVP as
a TPBVP. Second, the state transition matrix (STM), which provides sensitivities of states and costates at different time
instants along a given trajectory [16], is employed to compute the gradients. The STM across costate and dynamics
discontinuities produced by bang-bang control and power constraints is analyzed. Third, in order to ease the costate
initialization, two continuation methods are used to approach a discontinuous control by a consecutive sequence of
continuous controls: 1) energy- to fuel-optimal continuation, to mitigate the convergence difficulty associated to
bang-bang control in the fuel-optimal problems, and 2) Hyperbolic Tangent Smoothing (HTS), to handle engine switch
on/off related to power bounds. The advancement to the HTS in [17] consists of the capability to achieve the desired
discontinuous solution. Finally, the flowchart in [18] is augmented by adding branches that address power constraints.
Overall, a computational framework is set up by integrating analytic derivatives, continuation and switching detection
into the augmented flowchart, so enabling the computation of accurate bang-bang solutions and their gradients.
Applications involve the case of M-ARGO, the Miniaturised Asteroid Remote Geophysical Observer [19]. M-ARGO
is proposed as the first ESA stand-alone CubeSat mission to rendezvous with and characterize a near-Earth asteroid
(NEA) [19]. The developed method has been applied successfully to perform a comprehensive target screening [20].
The Note is structured as follows. Sec. II presents the problem statement of power-limited low-thrust trajectory
optimization. Sec. III describes initialization of guess solution. The STM is derived in Sec. IV. In Sec. V, the switching
detection technique is presented and incorporated into an augmented flowchart. Sec. VI presents numerical simulations

for asteroid rendezvous. Finally, Sec. VII reports concluding remarks.

I1. Problem Statement

A. Mathematical Model

The heliocentric phase of an interplanetary orbit transfer problem is considered. The equations of motion are

F=v

) .__ﬂ n Tinax

§= frma)= | ¥ =T tu—ta (1)
. Tinax
m=-u——-

I 8o

where r, v, and m are the spacecraft position vector, velocity vector, and mass, respectively; x := [rT,v",m]" is the state
vector, u € [0, 1] is the thrust throttle factor and « is the thrust direction unit vector; gg is the gravitational acceleration
at sea level. Both the maximum thrust 7p,x and the specific impulse Iy, are assumed to vary with the engine input power

Pin,ie., Tmax = Tmax(Pin) and Igp = I, (Pin). It is assumed that P, = Pin(r) is a function of the spacecraft-Sun distance.
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We define S, = S,(r) as the power switching function used to detect the thruster operation logic (see Fig. 1):

it Sp(r) > Pmax then Pin = Prax, u € [0,1] )
if Sp(r) € [Pmin, Pmax) then Py, = Sp(r), u€l0,1] 3
if Sp(r) < Pmin  then Py =S,(r), u=0 4

where Ppax and P, are upper and lower bounds of power input to the engine, respectively.

max

min

Fig.1 Geometric relationship between P;, and S,.

Remark 1 In actual flight, the engine switches off when S, < Py, so implying Py, = 0. However, to mimic a ballistic
flight, we set Py, = S, and u = 0 for trajectory optimization purposes. Setting Py, to 0 creates discontinuity that

artificially increases the complexity of the problem.

B. Fuel-Optimal Problem

With #; and #¢ given, the fuel-optimal problem is to minimize

T
Jr = / u— dr (3)
ti Isp 80
under the following boundary conditions
rt)—ri=0, v(@t:)-vi=0, m@t;)-m; =0 (6)
rte) —ritp) =0, v(ty) —vilty) =0 (7

where r,(t) are v,(¢) are the known time-dependent position and velocity vectors of the moving target body, respectively.

Since the optimal thrust throttle profile ™ is bang-bang, a smoothing technique is implemented to gradually enforce
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this discontinuity. The following objective function [21]

Je = /f Tinax [u— eu(l —u)]dt (8)
t

Isp 8o

yields an energy-optimal problem for £ = 1 and a fuel-optimal problem for £ = 0. The idea is to solve an energy-optimal

problem (with #;, #7 given and the boundary conditions in Egs. (6)-(7)) and to continue the solution manifold while

gradually reducing &, until the fuel-optimal problem is solved [18].

The Hamiltonian of the auxiliary problem is

Tn: T Tin:
H8=/1r~v+/lv-(—ﬁ3r+u mdxa)+/lm(—u mdx)+ﬂ[u—su(l—u)] )
r m Iy 8o Isp 8o

where A := [A],4],4,,]" is the vector of Lagrange multipliers (costates) associated to x. The optimal thrust direction is

such that H is minimized at any time by virtue of the Pontryagin minimum principle (PMP) [22], i.e.,

at =2 (10)

where A, = |4, is the Euclidean norm of A,.. Substituting Eq. (10) into Eq. (9) yields

H, =2,

where the throttle switching function S is

Tnax
-v—%r'/lv+ T u (S, — &+ €u) (11)
r Isp g0
I
Se=1—a, 2%, (12)
m

The optimal throttle factor u* is determined by the PMP and the power availability, as

0 Se>¢e or S, < Ppy
Ut =141 Se <—& and S, > Ppin (13)
e—-S
> £ ISl <e and S, = Puin

74 Remark 2 An interior-point constraint should be addressed to ensure that Eq. (13) satisfies necessary conditions of

75

optimality; see Sec. II.D.



76 The motion of the spacecraft can be determined by integrating the following state-costate dynamics

%5)
X =
¥ =Foy) = o) (14)
L _(0H:
ox )

77 wherey := [xT,A7]7. Note that Eq. (14), as well as Eq. (21), has two different expressions based on whether Py, = Prax

78 ornot. Since the terminal mass is free and the augmented terminal cost does not explicitly depend on the mass, there

79 exists

Am(tr) =0 (15)
80 C. Time-Optimal Problem
81 In a time-optimal problem, the spacecraft has to rendezvous with a moving target [14]. The terminal conditions are

82 the same as in Eq. (7), but in this case ¢ is free. The objective function is

ty
Jr = / 1dr (16)
t
83 thus the Hamiltonian reads
T, T;
H, =1r-v+1v-(—%r+uﬂa)—zmu max g (17)
re m Isp g0
84 The optimal thrust direction @™ is again given by Eq. (10), whereas the optimal throttle factor u* is
0 S;>0 or S, <Py
w=41 S, <0 and S, > P (18)

€[0,1] S;=0 and S, > Pnin

85 where the time-optimal throttle switching function is

1.
S, = 2,280 _ 4 (19)
86 The transversality condition at terminal time 7 is [14]
H(tr) — A (tf) - ve(tr) — Ay (tf) - ar(t) = 0 (20
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where a; is the acceleration of the target body.

The motion of the spacecraft can be determined by integrating the following state-costate dynamics

()
v =F,(y) = N 6:91H, § @1
-~ (%)

D. Interior-Point Constraint

When S, < Ppiy in Eq. (4), insufficient power is generated, and the engine switches off (u = 0). However, according
to the PMP, this action may not be optimal since it is not related to the minimization of the Hamiltonian (Egs. (11)
and (17)). In order to satisfy the necessary conditions of optimality, this event should be treated as an interior-point

constraint [22]. Suppose that S), crosses P, at g, the following conditions have to be satisfied [22]

3 . aSP
H(IS)IH(Z‘S)—FW (22)
A = A7) + 72 23)

where 7 and ¢} are time instants before and after 7,, 7 is a scalar Lagrange multiplier, and 05, /0t = 0. In Eq. (23),
only the component 4, of the costate is discontinuous since 0S5, /dr # 0". Let n; and 7. be the scalar multipliers for

the time- and energy-to-fuel-optimal problems, respectively. The following can be said:

Energy-to-fuel-optimal problem The Hamiltonian function at 7; and ] is

T,
Ho(1) = ,5) v = By 1 4 u(t5) 725 (S, — & + su(s;) (24)
r Isp g0
+\ _ + H +y Tmax +
Hot}) = 4,0 v = By 1+ u(}) 7S, — & + su(t))) (25)
r Isp g0

Combining Eq. (22), (24), and (25) yields

Tmax Se — € + (u(t)) + u(ty))e
Isp 80 Sp

T = Au (26)

where Au = u(t}) — u(t;) and S, = (8S,/9r)F.

Remark 3 Let y(t) = ¢, (y;,ti,t) be the solution flow for a specified € value of Eq. (14) integrated from the initial time

1; to a generic time t, using x;, A; at t;, @* in Eq. (10) and u* in Eq. (13). A,(t]) is computed through Eq. (23) if S,,
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crosses Puin at ty. The energy-to-fuel optimal problem is to find A} such that y(t¢) = ¢ ([x;, A} ], t;, t7) satisfies Egs. (7)
and (15).

Time-optimal problem The Hamiltonian function at 7 and ¢} is

T;
H() = ,5) v = 5y v+ u) 7225, + 1 27)
r I 80
+ _ + H +y Lmax
H () =4,(t)-v - AT+ u(ty) S +1 (28)
r Isp 80

Combining Egs. (22), (27), and (28) yields
Toax St
Isp 80 Sp

= Au 29)

Remark 4 Ler y(t) = ¢,(y;,ti,t) be the solution flow of Eq. (21) integrated from initial time t; to a generic time t,
using x;, d; at t;, a” in Eq. (10) and u* in Eq. (18). A.(t]) is computed through Eq. (23) if S,, crosses Pmiy at ts. The

time-optimal problem is to find A} and t;; such that y(ty) = go,([xi,/ljf],ti,t;) satisfies Eqs. (7), (15) and (20).

Remark 5 It is assumed that singular arcs where S; = 0 in the time-optimal problem and S = 0 in the fuel-optimal

problem are absent over finite time intervals. Also, it is assumed that S, crosses Py, isolated with Sp # 0.

Remark 6 A NOCP with interior-point constraints is inherently a MPBVP [5]. By leveraging the analytical expressions

of m in Eq. (26) and nt; in Eq. (29), this MPBVP is transformed into a TPBVP as stated in Remarks 3 and 4.

III. Initialization of Guess Solution

The Adjoint Control Transformation (ACT) [16] is used to guess initial costates of time- and energy-optimal
problems. The idea is to map the estimation of physical control variables and their derivatives to initial costates at
ti, ie, M 1 (i i Bis Bin Sin Si) — (A,4,4,;), where a; and S; are the in-plane and out-of-plane thrust angles in a
spacecraft-centered frame [16], S; and S; are initial values of the switching function and its derivative. However, as
shown in Egs. (13) and (18), power constraints may cause discontinuities in u for time- and energy-optimal problems,
which deteriorates the performance of ACT. In these cases, the Hyperbolic Tangent Smoothing (HTS) method in [17] is
used. The idea is to replace Thax in the above equations with Trmax defined as

1
Thax X h(P, I’) =Thax X =

0
2 P>

p/PU

(30)

Tmax M

Tnax p=0

where p is a smoothing factor and PU is the power unit.
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Starting from p = py > 0 (a manually selected value), Trax approaches Tpax While gradually reducing p — 0. Here,
ACT is used to guess the initial costate to the problem with pg. The improvement to the HTS method in [17] is that
the proposed method allows reaching p = 0, which corresponds to the desired discontinuous solution. This feature is
desirable to better assess the HT'S method and better understand the optimal solution. Since the power unit PU used in
the simulations (see Table 1 in Sec. VI) is large compared to Pj,, PU is inserted in Eq. (30) to ease the selection of py.

The approximate Hamiltonian functions when using Eq. (30) are given by replacing Thmax in Egs. (9) and (17)
with Tpax. The switching functions (Eqgs. (12) and (19)) and the optimal control policies (Eqgs. (13) and (18)) remain
unaltered because they are independent on Tp,.x. Since discontinuous control is approximated by continuous control,
the interior-point constraints are not triggered. Thus, the HTS approaches the solution to the MPBVP by solving a
consecutive sequence of TPBVPs. The dynamics for the approximate time- and energy-to-fuel-optimal problems are

simply given by replacing Tpax in Egs. (14) and (21) with Tyyay.

IV. Analytic Derivatives
The variational method exploits the state transition matrix (STM) and the chain rule to compute the gradients [16].
The STM maps small variations in the initial conditions dy; over t; — t, i.e., dy(t) = ®(#;,1)5y(t;). The STM is subject
to the variational equation

O(1;,1) = DyF O(1;,1),  D(t;,1;) = ax14 (31

where D), F, the Jacobian matrix of F(y), has two different expressions based on whether «* is constant or not. Let
z :=[yT,vec(®)"]|" be a 210-dimensional vector containing y and the columns of @, where ‘vec’ is the operator that

converts a matrix into a column vector. There exists

y F(y)
z=G(z) > = (32)

vec(d) vec(Dy F @)

Note that @ maps states and costates along a continuous orbit. When a discontinuity is encountered at the switching
time fg, the STM compensation ¥(z;) across the discontinuity should be determined [16]. Suppose there are N

discontinuities at ¢, t,- - - ,fn, the STM is calculated using the chain rule as

O(tr,1;) = D17, 10) P (IN)D(tN, 1y )P (IN-1) - D(t5, 1) P (11)D(1] , 17) (33)

Suppose that the discontinuity detected at #, is indicated by a switching function S crossing a threshold 7, then there
are three possible cases:

e Case 1: § =S, &=0,n7=0; ujumps between 0 and 1 at ;.
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e Case2: § =Sy, u # 0,7 = Ppyin; u jumps between a non-zero value and 0 at #.
* Case 3: § = Sp, 17 = Pnax; u remains the same, but the costate dynamics are discontinuous at 7.
Based on the method in [16], analytical expressions of P(z,) are obtained. Cases 1 and 3 belong to the first category,

where y is continuous but y is discontinuous. W(z,) satisfies

_oy()) o ooy 108
Y(t) = ) Lasia + (3()) = y())) 3 dy 34

Case 2 belongs to the second category, where both y and y are discontinuous. P(z,) satisfies

oyt oA 1 0S8
P(t,) = y (i) =114x14+—y+(J’(I;)—J’(fg)—AS’)S——p (35)

Cay() dy p Oy
A
where Ay = aa—yyy(t;).

Remark 7 When the input power reaches its upper and lower bounds, the gradients are compensated through Egs. (34)

and (35), respectively.

V. Switching Detection Technique
The detection of the switching time ¢, is essential for the STM and solution accuracy. Consider a switching function
S and the constant threshold 7, the task is to find z; such that S(y(7;)) = 1. Suppose that at consecutive times #; and
te+1, there exists (S(y) —17) X (S(Yr41) — 1) < 0, where y, = y(fx) and y;,; = y(tx+1). Then the switching time
determination algorithm depicted in [18] is used to search 5 € [fz, x+1], With 1072 tolerance.
The low-thrust trajectory optimization problem has been implemented in a numerical framework. To ease the
discussion, let prype and uype be the status of the available power input and the thrust throttle, respectively. When p = 0,

the logic is

On, if S, > Pmax On, if u=1
Pype = \Medium, if S, € [Puin, Pmax) > Ytype = YMedium, if u € (0,1) (36)
Off, if S, < Pumin Off, if u=0

When p # 0, uyype is the same as in Eq. (36), but piy,. becomes

On, if  Sp > Prax
Ptype = 37
Medium, if S, < Ppax

thus piype = Off is not used for p # 0.
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The presented integration flowchart in Fig. 2 augments the flowchart in [18] (shown with dashed blocks) in order to
effectively tackle power constraints. The inputs required to execute an integration step are 1) #, the k—th integration time;
2) hp, the step size predicted by previous integration step; 3) zx, the 210-dimensional state at #; 4) ugype, the logical type
of the thrust throttle; 5) pyype, the logical type of the power input; 6) p, the smoothing factor. Three branches emanate
according to uype, and for each integration block, a prediction on zx41, €.8., Zk+1 = YRk (Zk, ks Tk + Mp, Uiypes Piypes P 18
executed, using a variable-step seventh/eighth Runge—Kutta integration scheme. Note that z; is the state corresponding
to fx+1 = tx + hy, where hy is the corrected time step during Runge—Kutta integration [18]. For the time-optimal
problem, € = 0 in Fig. 2.

For uype being On or Medium and p = 0, the execution blocks are similar. The branch upe = On is analyzed
below without losing generality. Since the engine is enforced to switch off in case of insufficient power Pj,, the fist task
after one-step integration prediction is to check the power status piype x+1 corresponding t0 zg+1. If pype x+1 = Off,
indicating that S, crosses Pp;n, it is then required to execute Block 2 where the power switching time f, is detected.
Let z be the 210-dimensional vector, and S, be the value of S, (energy-to-fuel-optimal problem) or S; (time-optimal
problem) at 7;. If S, < —¢&, the STM is computed using Eq. (35) which is then stored in z5. zx4+1 and #x4+1 used for
the next integration step are saved as zx+1 = Zs and fx41 = f5. Upype is updated to Off and pyyye is updated to prype k+1-
Otherwise if S. > —e¢, indicating that the throttle switching arises within [, fx+1], thus £, is reduced.

If piype,k+1 # Off, the comparison of pyype and piype k+1 is made. If pyype # Prype,k+1, indicating that S), crosses P,
then Block 2 is executed. If S, < —¢ is further satisfied, the STM is computed using Eq. (34). z+1 and #x are saved
as Zx+1 = Zs and fx41 = t;. Puype is updated to pyype k+1. Otherwise, if pype = Puype,k+1, the thrust throttle is determined
by Sk+1 that is the value of S; (energy-to-fuel-optimal problem) or S; (time-optimal problem) at 71, and the branch
uype = On of the flowchart in [18] is executed. For the case p # 0, the implementation is the same except that the
branch pyype x+1 = Off is not executed.

For ugype being Off, the first task after the one-step integration prediction is to verify the reason that conduces the
engine to switch off. If py,e = Off, then u = 0 is caused by insufficient input power. In this case, if piype r+1 = Off,
the solution is saved. Otherwise if pype x+1 # Off, indicating that sufficient power is available for the next step, then
Block 2 is executed. The u(z}) after , is determined by S.. For example, if S, < —¢, then the STM is calculated using
Eq. (35). zk+1 and fx41 are saved as Zr41 = Z5 and #x41 = f5. Ugype is updated to On. pyype is updated t0 pyype k+1-

If piype # Off, meaning that the engine switches off due to Si > &. If pyype r+1 = Off, Block 2 is executed. Since
no discontinuity exists, it is not necessary to update the STM, but the power status is updated if S, > &. Otherwise if
Prype.k+1 # OfF, the check whether piype. « equals to prype k11 is executed. If prype # Prype,k+1, implying that S, crosses
Prmax, Block 2 is executed. The power status is updated if S¢ > &. If piype = Prype,k+1, the branch upe = Off of the

flowchart in [18] is executed.

10
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2. Perform z, = g (Z,o byt Uypes Pyper )

—

3. Compute throttle switching function S, at t, z,t,S

Zb 519
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200 VI. Numerical Simulations
201 The M-ARGO Cubesat mission to the near-Earth asteroid 2000 SG344 is simulated [20]. The physical constants are

202 listed in Table 1. The thruster model is handled using fourth-order polynomials as in [20]

2 3 4

Tmax(Pin) = ap+ ale + asz + ang + a4P]-n

2 3 4

Isp(Pin) = b() + bIPin + bZPin + b3Pm + b4Pin
Sp(}") = co+tcir+ c2r2 + C3}’3 + C4}’4

203 where the coefficients are listed in Table 2. Figure 3 illustrates the variations of Py, Tmax and Igp w.r.t. the scaled
204 Sun-spacecraft distance r, with Pyax = 120 W. It can be seen that at 1 AU we have Pj, = 105.4 W, Tihax = 1.89 mN
205 and I, = 3022.59 s. The comparison between the 1/ r? law, Sp and Pj, is also shown in Fig. 3a, where Pj, reaches Ppax
206 whenr < 0.928 AU.

Table 1 Physical constants.

Physical constant Value

Mass parameter, u 1.327124 x 10! km?/s?
Gravitational field, go 9.80665 m/s?
Astronomical unit, AU 1.495979 x 108 km
Time unit, TU 5.022643 x 10° s
Velocity unit, VU 29.784692 km/s
Mass unit, MU 22.6 kg

Power unit, PU 3991.74 W

Table 2 Thruster coefficients.

Tax Value Unit Isp Value Unit  §, Value Unit

ap -0.7253 mN by 2652 s ¢y 840.11 W
a;  0.02481 mN/W b, -18.123 /W ¢ -17543 W/AU
a 0 b, 03887 s/W?2 ¢ 162501 W/AU?
a3 0 by —0.00174 /W3 ¢3 -739.87 W/AU?
as 0 by 0 cy 13445  w/AU*

207 The asteroid ephemerides are given by SPICE kernel from HORIZONS system [23] *. As a study case, the launch
208 time is set to Ist Jan 2022, whereas the arrival date is set to 1st Jun 2024 for the energy- and fuel-optimal problems. The
209 initial mass is set to 22.6 kg, the same as MU in Table 1. The spacecraft is supposed to depart from Sun—Earth L,

210 Lagrange point, and corresponding boundary conditions provided by HORIZON system are shown in Table 3, where

*See https://ssd.jpl.nasa.gov/?horizons
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Fig.3 Variation of Py, Tiax and I, w.r.t. r with Py, = 120 W,

terminal position and velocity conditions are used for the energy- and fuel-optimal problems in Sec. VI.B. Terminal

position and velocity conditions for the time-optimal problem in Sec. VI.A depend on guessed transfer time and are

varied during the optimization. All simulations are conducted under an Intel Core i7-9750H, CPU@2.6GHz, Windows

10 system with MATLAB R2019a. The integration code is converted to MEX file to speed up simulations.

A total of 6 cases in Table 4 are simulated. The inputs (o, &, B, ﬁl S;, Si) of ACT are randomly generated at the

initial time within given bounds. The shape-based method in [24] has been employed for case 5 to provide an intuition

of initial thrust angles. It shows that the thrust direction at the initial time is close to the velocity. Thus the bounds are

set up as follows: @; € [-10,10] deg, &; € [-5,5] deg/TU, B; € [-1,1] deg and S; € [-0.1,0.1] deg/TU. The initial

mass costate is set to 1. From Eq. (12) and (19), S; has to be negative. The bounds of S; and S; are: S; € [-1.5,-0.001]

and §; € [-0.01,0.01].

Table 3 Boundary Conditions.

Boundary Condition

Value

Initial position vector, AU

Initial velocity vector, VU

Terminal position vector, AU
Terminal velocity vector, VU

[—0.1764352209,0.9774432047, —4.6698040914 x 10~°]
[-1.0105715460,—0.1832792298, 1.2539059040 x 10~>]7
[-

[-

T

0.6547598563,0.6446483464, —1.5061497361 x 10737
0.7759381160,—0.7425308483, 1.1204008105 x 1073]"

A. Time-Optimal Transfers

Two time-optimal problems for Pp, = 0 W and Py, = 95 W are solved for comparison. The transfer time is

223 monotonically increased (starting from 1 year) until the solution is found. For each guessed ¢, the ACT map is executed

13



Table 4 Simulation results.

Case Type Pmin, W Optimal costate vector A} t;, days mgs, kg
1 TO?* 0 [15.42735,-61.81391,0.18480,74.40205,4.50555,0.04902,4.38101]" 593.2311 19.799%4
2 TO 95 [-11.00728,-175.41465,1.40145,155.51247,57.39753,0.24116,7.10106]7  699.0125  20.6825
3 EOP 0 [0.32576,—0.97280,0.03702, 1.20654,0.00762,0.00254,0.05948]" 821 21.1738
4 EO 95 [0.31165,-2.07603,0.06691,2.45955,0.32964,0.00996,0.14322]" 821 20.8288
5 FO°¢ 0 [0.31717,-0.97395,0.22169,1.19851,0.01910,0.01280,0.05682] " 821 21.4370
6 FO 95 [0.23645,—1.28756,0.08292,1.61084,0.17194,0.04682,0.11054] " 821 20.9239

2 time-optimal solution;  energy-optimal solution; ¢ fuel-optimal solution;

224 5 times at most. The corresponding solutions are summarized as cases 1-2 in Table 4. For case 1, since S, < Py is
225 not triggered, the HTS is not used. The time-optimal trajectory is shown in Fig. 4a. The variations of u, S;, m, P, I
226 and Ty, are shown in Fig. 4b, where the engine is always ‘on’. The minimum transfer time is 593.2311 days and the
227 final mass of the spacecraft is 19.7994 kg.

228 For case 2, the HTS is used first to find the approximate solution corresponding to py = 4, then p is gradually
229 reduced to approach the optimal solution (pg = 0). The corresponding time-optimal trajectory is shown in Fig. 5a, and
230 the variations of u, S;, m, Pin, Isp and Tax are shown in Fig. 5b. The minimum transfer time 699.0125 days, and the
231 final mass of the spacecraft is 20.6825 kg. Compared to case 1, the engine switches off twice due to insufficient input
232 power, after 95.57 and 552.54 days of flight. The engine-off lasts for 273.02 and 58.69 days, respectively. The transfer
233 time is 105.78 days longer than that of case 1, whereas 0.8831 kg of fuel is saved. Figure 6 shows the variations of 4,,

234 where A, is discontinuous when P;, crosses P, and Au # 0.

1 0
5 205 F g
x10 0
2 0 200 400 0 200 400
o SEL2
— = — 3000
= )
2 0 £10 \/\ = 2900 \_/\
= 2 %2800
- A 80 ~
2 O~ - 0 200 400 0 200 400
~_ e _
1 — e S22 z 2
#\\\ o~ & =
0 ~_ - 0 z 21 % 15
T 20 &
-1 R Yy 0 200 400 0 200 400
y (AT) !  (AU) t (days) t (days)
(a) Time-optimal trajectory. (b) Variations of u, Pin, m, S, Isp and Tiax.

Fig. 4 Case 1: time-optimal solution. SEL2: Sun-Earth L, Lagrange point; AST: asteroid position at arrival.

235 B. Fuel-Optimal Transfers
236 Fuel-optimal transfers for Ppi, = O W and Ppin = 95 W are solved. The energy-optimal (cases 3 and 4) and

237 fuel-optimal (cases 5 and 6) solutions are shown in Table 4, respectively. For cases 3-4, the HTS is not used. The
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(a) Time-optimal trajectory. (b) Variations of u, Pin, m, S¢, Isp and u Tax.

Fig. 5 Case 2: time-optimal solution. SEL2: Sun-Earth L, Lagrange point; AST: asteroid position at arrival.
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Fig. 6 Variations of optimal 1, w.r.t. time for case 2. The discontinuities of 1, are labeled red.

corresponding fuel-optimal trajectory is shown in Fig. 7a. The variations of u, Sy, m, Py, Is, and Tnax are shown in
Fig. 7b, where Py, is reached after around 767.60 days of flight. The final mass of the spacecraft is 21.4370 kg.

For cases 5-6, the HTS is used to solve the approximate energy-optimal problem first, with py = 4. The energy-
optimal solution is found by gradually reducing p to 0. Then, the fuel-optimal solution is gradually approached by
reducing & to 0, with Ae = 0.05 steps. The step is halved if the continuation fails. The corresponding fuel-optimal
trajectory is shown in Fig. 8a. The variations of u, Sy and m, Pi,, I, and Ty, are shown in Fig. 8b. The variations
of A, is shown in Fig. 9. The final mass of the spacecraft is 20.9239 kg. The insufficient input power is encountered
twice, after 92.16 and 532.08 days of flight, and the engine-off lasts for 262.26 and 107.69 days, respectively. The
maximum input power is encountered after 764.47 days of flight until to the end. Compared to the fuel-optimal solution
of case 5, case 6 requires 0.5131 kg more fuel. In terms of computational time, the HTS and energy- to fuel-optimal
continuation (not involving ACT) in case 6 takes around 4 s, while it takes around 27 s if the gradients are computed by

finite differences. The benefits of the variational method become tremendous in terms of computational time especially
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250 when a multitude of trajectories are required [20].

1 1
=05 w5 08
0
0
0 200 400 600 800 0 200 400 600 800
120
= 3000
~ 100 -
& #2900
Qs ~
80 2800
200 400 600 800 0 200 400 600 800
225
2
< 22
T 215 G
) 1 A - 0 200 400 600 800 200 400 600 800
y (AU) a (AU) t (days) t (days)
(a) Fuel-optimal trajectory. (b) Variations of u, Pin, m, Sg, t Tmax and Isp.

Fig.7 Case 5: fuel-optimal solution. SEL2: Sun-Earth L, Lagrange point; AST: asteroid position at arrival.

1 o.g

305 | | | | w05

X 10-3 0 _1
-

= S P Line! r = 3000
= = 1 mn ") 1 =
= — 100 ¥_o_ L Z -4 L2000
N ~ 80 1 1 1 1 = 2800
0 200 400 600 800 0 200 400 600 800
—~ z
H22 e
E <15
21 &1
) 1 R - 0 200 400 600 800 0 200 400 600 800
y (AU) 1 z (AU) t (days) t (days)
(a) Fuel-optimal trajectory. (b) Variations of u, Pin, m, S¢, Tnax and Isp.

Fig. 8 Case 6: fuel-optimal solution. SEL2: Sun-Earth L, Lagrange point; AST: asteroid position at arrival.
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Fig. 9 Variations of optimal A, w.r.t. time for case 6. The discontinuities of 1, labeled red.
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C. Discussion

A comparison of thrust profiles for both time-optimal and fuel-optimal problems using GPOPS [25] is performed
(Fig. 10). It is clear that GPOPS solutions coincide with solutions obtained by using the proposed method. Note that
GPOPS handles cases 1 and 5 as single phase problems, while it solves cases 2 and 6 as multi-phase problems, since
these are inherently MPBVPs. When the desired discontinuous solution is required, the presented method has the
advantage of solving the MPBVP as a TPBVP. Thus HTS can be embedded into the computational framework. Also,
there is no need to specify the solution structure a priori. On the other hand, GPOPS has to solve the MPBVP separately

with HTS, and the solution structure must be guessed beforehand.

2.5 i i i i i 2.5
Indirect Indirect
- - ‘GPOPS - - ‘GPOPS
| | 2 | |
= N\ ~
£ 15¢ 1
é
&~
x 1r
3
0.5 0.5
0 ' ' ' ' ' 0 '
0 100 200 300 400 500 0 200 400 600
t (days) t (days)
(a) Case 1. (b) Case 2.
2.5 T T T T 25 T
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2¢ . 2¢ i
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—~ 1 —~
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\ | !
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0 200 400 600 800 0 200 400 600 800
t (days) t (days)
(c) Case 5. (d) Case 6.

Fig. 10 Comparisons of time-optimal and fuel-optimal u X T},,x profiles to GPOPS solutions.
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VII. Conclusions

The effects of thruster power constraints on indirect optimization are investigated. The gradients at discrete,
discontinuous points produced by power constraints are investigated by analyzing the behavior of the state transition
matrix. The problem becomes complicated when the input power reaches its lower bound, and costates become
discontinous. By leveraging the analytical multipliers related to the scalar interior-point constraints, an efficient indirect
method has been developed, which allows for solving a MPBVP as a TPBVP. The computational framework for solving
both time- and fuel-optimal problems is established by combining analytic derivatives, continuation, and switching
detection into an augmented flowchart. The outcome is an algorithm that features accurate bang-bang solutions and
gradients with broader convergence domain and high computational efficiency. Thus, the presented method is useful
when solving a multitude of problems in the context of asteroid target screening [20]. Moreover, the proposed method is
useful for solving bang-bang control problems with scalar interior-point constraints, such as the Earth-orbit low-thrust

transfer problem with shadow constraints [26].
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