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ABSTRACT

We experimentally achieve selective wave filtering and polarization control in a three-dimensional elastic frame embedding local resonators.
By connecting multi-resonating elements to a frame structure, a complete low-frequency, subwavelength bandgap with strong selective filter-
ing properties is obtained. Theory and experiments demonstrate the metaframe capability to selectively stop transverse waves while allowing
longitudinal wave propagation as in “fluid-like” elasticity. This peculiar behavior, together with the complete bandgap structure, may open
opportunities in the context of wave control, envisaging concurrent applications for three-dimensional filters and elastic wave polarizers.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0065553

A dominant line of research in wave physics focuses on the inves-
tigation of materials and structures to control the propagation of
waves. Periodic media have been particularly influential to manipulate
waves exploiting Bragg scattering bandgaps, creating the fields of pho-
tonic crystals in optics' and their acoustic counterparts in phononic
structures.” * In the context of elastic waves, notable effort has been
devoted to the definition of low frequency and subwavelength devices
to comply with ambient and most widespread vibration spectra. To
push the operational regime toward lower frequencies, the exploitation
of local resonance has received considerable attention,” * leading to
the definition of metamaterials.”'’ Potential applications of elastic
metamaterials could be implemented at any length scale, for seismic
wave protection, ' '® vibration absorption," >’ nondestructive evalua-
tion,”" and several nuances for wave enhancement and manipula-
tion”” **  recently inspired by topological insulators.”” *’
Metamaterials are often employed in combination with smart materi-
als to obtain multifunctional devices for enhanced sensing or energy
harvesting applications.”* * The effect of local resonance on the dis-
persion properties in continuous elastic substrates has been widely
investigated in the past through analytical and approximated formula-
tions in beams,’ " plates,”’35 and halfspaces,3536 among others.
Motivated by the idea to control elastic waves in a complete three-
dimensional setting, we propose a metaframe able to provide selective
wave filtering and polarization control. Moreover, we show that simple
lumped models can be suitably employed to predict the behavior of
such structures, providing a rapid analytical design tool. We show that
the attenuation performance of locally resonant structures strongly

depends on the relative stiffness ratio (frame vs resonator), which should
be considered an additional parameter to the conventional total mass
ratio.” Even if a complete bandgap is obtained, the imaginary disper-
sion curves are remarkably different for longitudinal and transverse
waves; this behavior is linked to the stiffness ratio between the frame
and the resonator, which affects the attenuation properties of the struc-
ture. More specifically, we demonstrate selective attenuation of trans-
verse waves, while allowing longitudinal wave propagation as in fluid-
like elasticity.”** The possibility to create polarization bandgaps by a
selective suppression of each vibration mode has been demonstrated in
stiff-in-soft structures with a single resonator per cell, obtaining different
bandgaps for flexural, longitudinal, or torsional modes™ or leveraging
multiple resonances.”® Modes can also be isolated on the basis of their
polarization by creating distinct topological interfaces™ supporting het-
erogeneous helical-valley edge waves. Differently from these approaches,
we show a three-dimensional metaframe with the coexistence of attenu-
ation and transmission of transverse and longitudinal waves, both inside
a common bandgap.

Although this mechanism may resemble an elastic three-
dimensional analogue of optical waveguide polarizers in photon-
ics,"”*! the concept of wavelength selective filtering is caused here by a
complete bandgap with an imaginary component strongly dependent
on the wave polarization. This can be regarded as an additional feature
coming from the higher complexity of wave polarization in elasticity,
which allows creating complete bandgaps with strong selective filtering
properties. This mechanism can be employed for the creation of three-
dimensional single phase selective filters or elastic wave polarizers.
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On the basis of previous research results,”” we consider the meta-
frame depicted in Fig. 1, obtained connecting local resonators to an
elastic frame. The finite structure is defined by periodically repeating a
unit cell containing eight resonators made of a thin elastic beam
equipped with a sphere on the tip and connected to a frame node.
Such arrangement allows one to increase the resonating mass, while
keeping the stiffness of the resonators low.

The unit cell, of size a = 50 mm, includes a frame with beams of a
square cross section of dimension Wy, = 0.08a, while the resonators
are characterized by a cylindrical elastic connection of diameter
Wres = 0.04a, length [, = 0.14a and a sphere of radius rype, = 0.21a.
The entire structure is made of Nylon PA12 with Young’s modulus
Epa1n = 1586 MPa, Poisson’s ratio v = 0.4, and density p = 1000 kg/m3.

The numerical dispersion curves of the metaframe, obtained
through Abaqus®, are displayed in Fig. 2(a), along with the graphical
representation of a number of Bloch modes. A complete low-
frequency bandgap in the range of 58.04-83.28 Hz with a gap-midgap
ratio™ of 35.2% is observed. In terms of the normalized frequency, i.e.,
in units of the resonance frequency, we obtain a bandgap in the range
0.97-1.39. In correspondence of the bandgap edges, the Bloch modes
exhibit a localized flexural motion of the resonators with in-phase and
out-of-phase response for the mode below and above, respectively. At
this step, we also observe that the number of propagating wave modes
that collapse in a bandgap can be dynamically affected in a different
manner from the resonator motion due to the associated equivalent
stiffness, which is very different for longitudinal and transverse waves.
Figure 2(b) shows the wave propagation along an infinitely long elastic
frame with the insertion of the metaframe composed of nine unit cells.
Spurious edge reflections are avoided by imposing absorbing boundary
conditions at the end of the frame along the wave propagation direc-
tion. They are implemented in Abaqus using the ALID (absorbing
layers using increasing damping) method, adopting a cubic law func-
tion for mass proportional Rayleigh damping.”’ By inspecting the

Elastic frame Metaframe

NI

il

w,

res’ “res

- Wframe

FIG. 1. Elastic three-dimensional metaframe. The structure is obtained by connect-
ing a set of resonators to the nodes of an elastic frame. In the bottom part, a
detailed view of the unit cell made of a frame with eight resonators attached is
shown, together with the main geometrical dimensions and the high symmetry
points used to compute the dispersion curves.
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wave amplitude after the metaframe, it can be noticed that, for a con-
stant input excitation, longitudinal waves propagate, while transverse
waves are attenuated. This phenomenon is observed independently on
the metaframe dimension, as can be noticed considering larger sam-
ples (see the supplementary material). While the influence of different
resonator modes on the attenuation performances has already been
investigated,””” comparing for, e.g., flexural and longitudinal reso-
nances, we focus our attention on a single mode of the resonator,
changing the stiffness of the frame only. This is possible thanks to the
three-dimensional symmetry of the cell, which guarantees a flexural
polarization of the resonators in accord with both longitudinal and
transverse waves.

To investigate on this aspect, we adopt a simplified lumped
model to predict the bandgap characteristics and the associated level
of attenuation. We consider a periodic spring-mass chain, made of
unit cells of stiffness k and mass M, with attached a resonator of stiff-
ness kp and mass mg, as shown in the inset of Fig. 3. The quantity k
represents the stiffness of the plain frame, while m is the overall non-
resonating mass. We adopt two degrees of freedom to describe the
translation of the main mass M and of the resonator #p.

By defining Q* = k/M, w? = kg/my and introducing the non-
dimensional quantity u = xd, being d the unit cell size and x the
wavenumber, the dispersion relation is

2
+22 &} )

0)2

=1
cos (W) =1 =23

M o} — w?

Evanescent waves are present if cos (1) > 1 and cos () < —1. By
imposing these conditions, we define, after some algebraic manipula-
tions (see the supplementary material), the limits of the bandgap as

2
407 + o (1 +%) - \/{492 o} (1 +%)} — 160302

2
<o Sw§<1+%>
407 + o} (1+@) +ﬂ4§zz+w§<1+@)]z— 16020
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The equations reveal that the bandgap does not open at the reso-
nance frequency wp, but at a frequency that depends also on the iner-
tial and elastic properties of the main structure.

The longitudinal (axial) and transverse (bending) stiffness of the
frame can be easily computed by means of well-known techniques of
structural mechanics (see the supplementary material). Moreover, we
model the resonator as a Timoshenko elastic beam with a lumped rigid
mass, assuming as Lagrangian coordinates the translation of the tip of
the beam and the rotation of the mass. By doing so, we also neglect the
mass of the beam (0.46% of the one of the spheres) and assume an
infinite longitudinal (axial) stiffness. By solving the eigenvalue problem
for the two degrees of the freedom model of the resonator, we obtain
that 82.4% of the mass of the sphere participates in the motion at the
resonance frequency fr=60.7 Hz. Having computed the mass and
stiffness parameters, we get from Eq. (1) the analytical dispersion
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FIG. 2. (a) Numerical dispersion curves of the metaframe obtained through FEM, superimposed to the dispersion of a plain elastic frame without the resonators. A low fre-
quency bandgap with a gap-midgap ratio of 35.2% is observed in the range 58.04-83.28 Hz for both longitudinal and transverse waves. Insets show the vibration modes of
the plain frame and the metaframe at the I'" point of the bandgap edges. The bandgap opens with an in-phase response of the resonators, while the closure is related to out-
of-phase oscillations. (b) Wave propagation analyses on an infinitely long elastic frame embedding the metaframe. Selective wave filtering is observed: for the same input, lon-

gitudinal waves propagate, while transverse waves are attenuated.

curve reported in Fig. 3. A good agreement between the lumped and
the three-dimensional finite element models is observed. The simpli-
fied model provides accurate predictions in the frequency range of
interest with an error of approximately 4% for the bandgap opening
and closing frequencies. The plot shows clearly that the bandgap open-
ing frequency for the transverse excitation is significantly smaller than
the case of the longitudinal wave. As a consequence, there is a fre-
quency range in which transverse waves are evanescent and longitudi-
nal waves are amplified; the relative width of such a range, with
respect to the midrange frequency, is equal to 13%. More importantly,
the lumped model is used to easily evaluate the imaginary part of the
dispersion relation, which quantifies the actual level of attenuation
provided within the bandgap.” It can be noticed that transverse waves
are strongly attenuated, while the longitudinal ones are slightly affected
by the bandgap, except for a narrow region centered at the resonance
frequency of the resonator. This feature allows the metaframe to selec-
tively attenuate transverse waves and enable longitudinal wave

propagation. That is, for a mixed longitudinal and transverse polariza-
tion of the input at the bandgap frequencies, one can make a filter for
transverse wave components, while keeping unaltered the longitudi-
nally polarized waves. The different attenuation levels are attributed to
the stronger mismatch between the axial stiffness of the frame and the
flexural stiffness of the resonators. In terms of waves, a higher wave-
length is obtained, thus increasing the subwavelength requirements of
the system.

The theoretical results are hereafter validated experimentally.
Prototypes are built using selective laser sintering (SLS), an additive
manufacturing process that has no need of support material (a critical
issue for the realization of suspended parts, like the resonators in this
case) while guaranteeing good precision. The finite structure is com-
posed of nine unit cells, resulting in a cube of dimension 150 mm. The
experimental setup is shown in Fig. 4.

The metaframe is glued to an aluminum thick plate, which is
connected to a LDS v406 electrodynamic shaker to provide excitation.
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FIG. 3. Analytical dispersion curve for the metaframe, superimposed to the numeri-
cal dispersion (scattered points) from FEM. Even if the bandgap exists for both lon-
gitudinal and transverse waves, the imaginary part of the dispersion curves is
remarkably different, reporting almost negligible attenuation for longitudinal waves.

The aluminum plate is sufficiently thick to avoid relevant deforma-
tions for the input frequency, i.e,, it is assumed as a perfectly rigid con-
nection between the metaframe and the shaker. Two configurations
are tested, imposing a longitudinal and a transverse polarization of the
wave, respectively. Both cases consider the same direction of the wave
propagation, b, in Fig. 1, but different polarization, i.e., b, for longitu-
dinal waves and b5 for transverse waves. For the longitudinal wave, the
plate is directly mounted onto the shaker, which provides a vertical
excitation. In contrast, the transverse wave is obtained by rotating the

FIG. 4. Experimental setup. The excitation is provided through an electrodynamic
shaker. The metaframe is glued to an aluminum thick plate, which is rigidly con-
nected to the shaker. Longitudinal excitation is provided by vertically placing the
plate onto the shaker. For transverse excitation, the shaker is rotated of 90° and
the prototype is placed on a L-shaped fixture. Input and output accelerations are
measured through accelerometers glued on the rigid plate and on the metaframe,
respectively.

ARTICLE scitation.org/journal/apl

shaker of 90° and connecting the plate to a L-shaped structure. The
experimental acceleration spectra are measured using PCB
Piezotronics 352C33 accelerometers with a sensitivity of 10mV/g and
the resonant frequency higher than 70 kHz. Since the accelerometers
are able to measure the acceleration along one direction only, we
rotated them of 90° to measure transverse waves. The input is mea-
sured through an accelerometer glued to the thick plate, while the out-
put is measured on the frame structure at the opposite side, as
indicated by red circles and arrows in Fig. 4. The excitation signal is
provided through a KEYSIGHT 33500B waveform generator, which
synchronously starts with the measurement system and consists in a
linear swept-frequency cosine signal modulated by a Hann window.
A frequency range between 50 and 150 Hz is considered, filtering out
the other frequency components. Data are then post-processed in
order to estimate the transmission spectra, defined as 7;(dB) = 20
log,y (#Wour /W)

Figure 5 shows the numerical and experimental transmission dia-
grams for longitudinal and transverse waves. To investigate the results,
we carry out FEM viscoelastic transmission analyses***” using the stan-
dard linear solid-Maxwell type-model with Tpauer = 1.5 x 107% s
and Young’s modulus Epger = 315 MPa. The experimental data are
in satisfactory agreement with the computations, corroborating the dif-
ferent attenuation performance of the structure for longitudinal and
transverse waves. The different level of attenuation and the slight shift
in the position of the transmission peaks are attributed to the relative
simplicity of the viscoelastic model with respect to the actual material
behavior, as well as experimental misalignments that prevent the possi-
bility to excite longitudinal and transverse waves separately.

In conclusion, we have experimentally demonstrated potential
advantages in using a three-dimensional metaframe for the creation of
a complete, low-frequency, subwavelength bandgap. The strong mis-
match between the longitudinal and transverse stiffness of the frame
allows one to achieve a different control of the waves depending on

20

0 ”

7 [dB]

-60

Longitudinal wave, numerical viscoelastic| |

me Longitudinal wave, experimental

_80 B —— Transverse wave, numerical viscoelastic ||
H Transverse wave, experimental
-100 :
50 100 150
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FIG. 5. Numerical FEM viscoelastic (continuous lines) and experimental (dashed-
dot lines) transmission spectra for longitudinal and transverse waves. Longitudinal
waves (red lines) are slightly attenuated inside the expected bandgap region; maxi-
mum attenuation is detected at the resonance frequency of the resonators, marked
by the continuous black vertical line. A stronger attenuation is measured for trans-
verse waves (blue lines) in agreement with previous dispersion curves predictions.
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the polarization direction. Strong attenuation of transverse waves is
achieved, while longitudinal wave propagation is mostly unaffected by
the bandgap, except from a sharp region close to the resonant fre-
quency of the resonators. This behavior can be suitably employed for
applications involving selective wave filtering and polarization control.

See the supplementary material for a detailed description of the
analytical and numerical models.
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