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Abstract

Fluid homeostasis is required for life. Processes involved in fluid balance are

strongly related to exchanges at the microvascular level. Computational models

have been presented in the literature to analyze the microvascular-interstitial

interactions. As far as we know, none of those models consider a physiological

description for the lymphatic drainage-interstitial pressure relation. We develop

a computational model that consists of a network of straight cylindrical vessels

and an isotropic porous media with a uniformly distributed sink term acting

as the lymphatic system. In order to describe the lymphatic flow rate, a non-

linear function of the interstitial pressure is defined, based on literature data on

the lymphatic system. The proposed model of lymphatic drainage is compared

to a linear one, as is typically used in computational models. To evaluate the

response of the model, the two are compared with reference to both physiological

and pathological conditions. Di↵erences in the local fluid dynamic description

have been observed using the non-linear model. In particular, the distribution

of interstitial pressure is heterogeneous in all the cases analyzed. The resulting

averaged values of the interstitial pressure are also di↵erent, and they agree with

literature data when using the non-linear model. This work highlights the key
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role of lymphatic drainage and its modeling when studying the fluid balance

in microcirculation for both to physiological and pathological conditions, e.g.

uremia.

Keywords: microvascular environment, lymphatic system, fluid homeostasis,

uremia, interstitial pressure, finite element model
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1. Introduction

Phenomena involved in fluid homeostasis are related to fluid balance at the

microcirculatory level. In order to study such phenomena, di↵erent contribu-

tions should be considered to describe capillary-to-tissue interactions, including

hydraulic and oncotic pressures, capillary wall permeability, microvascular den-

sity, blood properties, extravascular properties and the presence of lymphatic

vessels.

Fluid homeostasis has been deeply studied, particularly in reference to patho-

logical conditions such as renal diseases. In these conditions, catabolites are not

correctly eliminated, resulting in accumulation of fluids and catabolites in the

body. Uremia, namely the accumulation of end products of metabolism due to

renal failure, has been usually studied by means of compartmental models (for

example[1, 2, 3]). Even if the key role of capillaries in the fluid balance has been

recognized, to our knowledge, models addressing directly the 3D spatial e↵ects

of the capillary network and its interaction with the surrounding environment

have not been adopted yet to study alterations in fluid homeostasis consequent

to uremic pathology. Such a model would be able to account for alterations

related to network morphology allowing a deeper study of microcirculation im-

pairment due to uremia. In addition, microvasculature impairment in uremic

patients has been reported by multiple studies both in terms of reduced capil-

lary density and worsening of peripheral flow [4, 5, 6, 7, 8].

When analyzing the fluid balance, the role of lymphatic system can not be ne-

glected. A net filtration rate (NFR) from vessels to interstitial space must be
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balanced by the lymphatic system [9, 10] to avoid fluid accumulation, which may

lead to edema [11, 12]. Processes involved in lymphatics function are not fully

understood in either physiological or in pathological conditions. On the other

hand, a suction e↵ect of lymphatic system leading to sub atmospheric interstitial

fluid pressure has been reported and it is widely accepted [10, 13, 14]. However,

two main features can be inferred from the literature and the anatomical data.

First, the lymphatic system has two di↵erent kind of valves in order to ensure

unidirectional net flow along lymphatic vessels: primary and secondary valves

[10, 15, 16]. Primary valves are located in the lymphatic capillaries (micro-

lymphatic or initial lymphatic), whose wall is composed of a monolayer of lym-

phatic endothelial cells without a continuous basement membrane [10, 17, 18].

These cells form overlapping flap valves with discontinuous button-like junctions

[10, 19]. Secondary valves characterize collecting lymphatics vessels. Their pres-

ence is directly related to lymph propulsion [10, 16]. These two types of valves

contribute to the unidirectional net flow within the lymphatic system under

physiological conditions [10, 17, 18, 20, 21, 22, 23]. A second important feature

of the lymphatic capillaries is their interaction with the connective tissue (or

extra-cellular matrix) through fibrillin filaments [10, 12, 14, 24]. These anchoring

filaments prevent lymphatic capillaries from collapsing and act by dilating them

in response to interstitial pressure increase, eventually increasing wall perme-

ability [17]; thus the wall conductivity can not be considered constant, namely

the relationship between pressure and flow rate is non-linear. This non-linearity

is reported in the literature, along with an upper limit of the lymphatic drainage

which is found to be 20 times larger than in typical physiological conditions [9].

Three-dimensional models describing the microvasculature interaction with the

insterstitium have been proposed in the literature. They are typically used with

reference to di↵erent applications. Without aiming to provide a complete liter-

ature review, we report application to: (i) oncology [25, 26, 27, 28]; (ii) cerebral

flow [29]; and (iii) tissue oxygenation [30, 31]. In some of these models the

contribute of the lymphatic system on the interstitial flow is considered. When

included, it is usually described by means of the Starling’s principle of filtra-
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tion, neglecting the oncotic pressure di↵erence across the lymphatic capillary

membrane due to its high permeability. However, Siggers and colleagues [32]

proposed a model with a quasi-linear description of lymphatic drainage. They

described the drainage as a linear function of the interstitial pressure only if the

interstitial pressure is greater than the pressure within the lymphatics. Doing

so, they prevent the back-flow of the lymph to the interstitium, namely includ-

ing the presence of the valves.

The aim of this work is to study fluid homeostasis in the microenvironment with

reference to uremia; to this end, understanding the correct modeling approach

for the action of the lymphatic system assumes a key role. The micro-scale

description of microcirculation allows us to include mechanistic relationships in

the model, an improvement with respect to the phenomenological description

typical of compartmental models. For this reason, the proposed model enables

a more precise control of parameters. As a consequence, we are able to easily

discriminate between physiological and pathological conditions, and to describe

lymphatic drainage as a non linear function of interstitial pressure, all while

considering also its spatial distribution.

2. Material and methods

A finite element model of microcirculation interacting with the surrounding

interstitium has been implemented using GetFEM++ [33]. Starting from a

previous work [34], the model has been improved by introducing a more realistic

description of the lymphatic system. Then, the model has been tested and used

to analyze the fluid balance of the microvasculature. The proposed model is

compared with a typical linear model of lymphatic behavior. Both physiological

and pathological (uremic) conditions are considered in the analysis in order to

evaluate the models in di↵erent working points.

2.1. Model description

Following the approach of [34, 35], the microcirculatory network is modeled

as a one dimensional (1D) network, immersed in a 3D portion of an isotropic

4
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Figure 1: Schematic view of the 3D-1D coupling. 3D vessels geometry (dotted line) and its

1D approximation ⇤ (continuous line) are shown in red. Fluid exchange in between vessels

and interstitium ('
vessel

) is indicated by black arrows, and lymphatic drainage from intersti-

tium to lymphatic capillaries ('
lymphatics

) is indicated with green color. Both '
vessel

and

'
lymphatics

are computed for each element of the domain ⇤ and ⌦ respectively.

porous medium representing the interstitium. Therefore, this model combines

equations on two di↵erent domains, ⇤ the 1D domain describing the capillary

network, and ⌦, the 3D domain representing the interstitium. The 3D porous

medium is described by means of Darcy’s law with a hydraulic conductivity k

and a fluid viscosity µ
t

. Blood flow inside the capillaries, considered as cylinders

with rigid vascular walls [34], is modeled using Poiseuille’s law in terms of vessel

radius R and a fluid viscosity µ
v

. Lymphatic vessel geometry is usually not

included in the simulation of microcirculation [27, 32, 34] due to practical rea-

sons related to the large number of vessels and their dimension. Therefore, the

lymphatic drainage is accounted as a distributed sink term in the interstitium

continuity equation as a function of tissue properties. A schematic view of the

3D-1D coupling is shown in figure 1.

Using p for hydraulic pressures and u for fluid velocity, the problem to be

5
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solved is written as a set of four equations as follows (1):
8
>>>>>>>>>>><

>>>>>>>>>>>:

µ
t

k
ut + rp

t

= 0 on ⌦

r · ut + '
lymphatics

� '
vessels

�⇤ = 0 on ⌦

8
µ
v

R2
u
v

+
@p

v

@s
= 0 on ⇤

@u
v

@s
+

'
vessels

⇡R2
= 0 on ⇤

(1)

where subscripts t and v stand for interstitium and vessels, respectively.

The terms '
lymphatics

and '
vessels

�⇤ in the continuity equation of ⌦, model

the e↵ects on the interstitium of the lymphatic drainage and capillary network

respectively (figure 1). The latter is described by means of Starling’s principle,

which considers both the hydraulic and the oncotic pressure (2):

'
vessels

= 2⇡RL
p

�
(p

v

� p̄
t

)� � (⇡
v

� ⇡
t

)
�

(2)

where L
p

is the hydraulic conductivity of the capillary membrane, � is the

reflection coe�cient and ⇡ indicates the oncotic pressure. The term p̄
t

denotes

the average pressure on the outer surface of the capillary wall and is computed

as described in [34]:

p̄
t

(s) =
1

2⇡R

Z 2⇡

0
p
t

(s,⇥)Rd⇥

where s is the (local) axial coordinate along each branch of the vascular network

and ⇥ is the angular coordinate along the capillary surface, assuming that it is

a cylinder.

2.2. Lymphatic drainage description

Linear models of the net lymphatic drainage ('
lymphatics

) are typically de-

fined using a similar approach to the one already used for the capillary vessels

[14, 27, 32, 34], based on the Starling’s principle (2). Since in our simulations we

consider only the vascular geometry and not the geometry of lymphatic vessels,

the equation features the term S/V |
LF

, which is the ratio of exchange surface

over the tissue volume. In addition, the high permeability of lymphatic vessels
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[14, 27, 32, 34] allows us to neglect the oncotic gradient across the membrane

obtaining an expression function only of hydraulic pressures (3). Therefore in

this case the lymphatic drainage '
lymphatics

is:

'
lymphatics

= L
pLF

✓
S

V

◆

LF

(p
t

� p
l

) (3)

where subscript l indicates variables referred to the lymphatic system. We

define two di↵erent cases choosing two di↵erent L
pLF

✓
S

V

◆

LF

. The first one

is computed on the basis of the slope in the lymphatic drainage-interstitial

pressure relation reported by [36] (dotted line in the figure 2). After a scaling

to obtain a volumetric data, L
pLF

✓
S

V

◆

LF

is defined as 2.03 ⇥ 10�8 (Pa s)�1.

Knowing the physiological reference values of p
t

(�1mmHg)[37] and '
lymphatics

(2ml/min for the whole body) [9, 36], we have estimated the value of p
l

.

This process has been repeated computing L
pLF

✓
S

V

◆

LF

from the maximum

slope (4.70⇥ 10�8 (Pa s)�1) of the non-linear function that follows. We propose

a new description of the lymphatic drainage based on a non-linear relation to

the interstitial hydraulic pressure. Thus, following the physiologic description,

the net lymphatic flow rate is modeled as a sigmoid function (4), considering

a saturation flow rate, leading to the following expression of the lymphatic

drainage:

'
lymphatics

= '
max

� '
max

� '
min

1 + exp(
p
t

� p50
slope factor

)
(4)

where '
max

and '
min

are the maximum and the minimum lymphatic drainage

respectively, p50 is referred to the interstitial pressure corresponding to

'
lymphatics

= mean('
min

,'
max

), and slope factor determines the slope of the

function. In order to identify parameter values, we refer to Chamney et al.

[36, 37] with the following procedure:

• the intestitial pressure at the physiological working point is defined as

slightly negative (�1mmHg);

• the lymphatic drainage at the physiological working point, namely

'
lymphatics

(�1mmHg) = 6.85⇥ 10�7 s�1, is defined performing a scaling

7
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by the total interstitial volume [9] to obtain a volumetric term, that is the

lymphatic drainage per unit volume;

• the interval (p
min

, p
max

) (figure 2) is equal to 6mmHg and it is defined as

the range of interstitial pressure in which the lymphatic drainage increases,

i.e. the di↵erence between the physiological working point and the point

with the maximum lymphatic drainage;

• the maximum lymphatic drainage, namely '
lymphatics,max

= 1.717 ⇥

10�5 s�1 is defined following the scaling procedure used for the physiolog-

ical drainage;

• the maximum slope of the curve is obtained at the center of the interval

(p
min

, p
max

), so that p50 = 2mmHg.

The resulting slope factor is 0.66mmHg. We remark that this model does not

consider di↵erences among di↵erent tissues [16, 23]. However, we point out that

if a tissue-specific relation between lymphatic drainage and interstitial pressure

was available, it could be easily implemented in the model. A comparison

between the proposed non linear model and the linear models of lymphatic

drainage as function of interstitial pressure is shown in the figure 2.

2.3. Capillary bed modeling

Di↵erent approaches have been used in the literature to describe the capil-

lary bed geometry such as reproducing geometry of a real network [31, 34] or

generating artificial network geometry. [29, 30]. In this work, an idealized ap-

proach has been used to describe the subcutaneous tissue. This is particularly

interesting because of the possible edema formation due to uremia. In addition,

the relation between fluid accumulation and subcutaneous interstitial pressure

has recently been analyzed in vivo in uremic patients [37]. Moreover, given

the small tortuosity of the network within the subcutaneous tissue, an idealized

approach can be considered [38]. The simplified network does not replicate a

real geometry but still allows us to investigate the interaction between the net-

work and the surrounding environment, in particular considering the lymphatic

8
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Figure 2: Lymphatic drainage as a function of interstitial hydraulic pressure using di↵erent

descriptions: (i) Formulation of Camney et al. [36] adapted to match interstitial pressure at

the working point reported by Ebah et al. [37] - dotted black line; (ii) linear formulation

(by means of Starling’s principle) with lymphatic wall hydraulic conductivity equal to the

maximum slope of non-linear function - green line; (iii) linear formulation with lymphatic wall

hydraulic conductivity as Chamney et al. [36] - red line; (iv) proposed sigmoid formulation -

blue line. Flow rate values are scaled up to the overall extra vascular reference volume equal

to 39 l [9].

drainage. We remark that the model is able to handle a more complex geome-

try, but we chose and idealized geometry to provide clear results. This idealized

geometry has been built as repetition of a basic unit [39] (figure 3a). This basic

unit reproduces the branching of the network including a bifurcation and an

anastomosis. Dimensions are set in order to obtain four vessels with the same

length, with the two parallel vessels in the middle separated by a 50µm, as a

representative inter-capillary distance [40]. We enforce the hydraulic pressure

at both the start and end of this basic unit (from arteriolar to venular side),

with higher pressure at the arteriolar side. Considering Starling’s principle (2),

such pressure conditions mean filtration from the network in the portion char-

acterized by higher pressure, and absorption of fluids near the end. This setup

allows us to better discuss our results. The number of repetitions of the same

9
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(a) 

Basic unit 

50 500 

155 

155 

155 

‘Physiological’ network 
geometry 

‘Pathological’ network 
geometry 

(c) (d) 

Building process 

(b) 

Figure 3: Description of the two di↵erent geometries used. They consist of repetition of the

basic capillary unit (a) proposed in [39]. The dimensions are in µm. Vessels diameter is 8µm.

Networks are build arranging repetition on the basic units on parallel planes (x-y planes)

along two orthogonal direction (b). The 3D spatial arrangement of basic units is set to match

the desired density, for both physiological (c) and pathological uremic (d) conditions using 46

and 32 units respectively. Black arrows indicate the direction of flow in the vessels.

basic unit to match the desired capillary density, defined by the
S

V
ratio. The

basic units are arranged along parallel horizontal planes (x-y planes as seen in

figure 3b) along two orthogonal direction to avoid perfect alignment of the net-

work. We keep the higher pressure ends of the units in two adjacent face of

the tissue sample, creating a zone in which we expect mainly filtration and an

other in which we expect mainly absorption. To match physiological conditions

(figure 3c), we build the network with a
S

V
ratio equal to 7000m�1 [41]. For

the pathological case (figure 3d), we note that microvascular impairment has

been reported in uremic patients [5, 42]. We refer to the data included in [42]

about the reduction of the ratio
S

V
in an animal model. The rate of reduction

(healthy vs uremic) has been estimated on the basis of those data to be �30%.

Then, we apply the same reduction (�30%) to the reference physiological value

of 7000m�1 obtaining
S

V
= 4900m�1.

10
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2.4. Numerical methods

The system of equations (1) for the physical variables vessel fluid velocity

u
v

, vessel hydraulic pressure p
v

, interstitial fluid velocity ut and interstitial

hydraulic pressure p
t

has been approximated by means of the finite element

method. Details about the discretization process of the problem can be found

in [34]. The non-linearity due to the proposed lymphatic description is solved

using the fixed-point method. As a result, the value of '
lymphatics

is computed

considering the hydraulic pressure values of the previous iteration, using a under

relaxation process, if necessary. The stopping criterion for the iterative method

is:

kuk

v

� uk�1
v

k
kuk�1

v

k
+

kpk
v

� pk�1
v

k
kpk�1

v

k
+ (5)

kuk

t

� uk�1
t

k
kuk�1

t

k
+

kpk
t

� pk�1
t

k
kpk�1

t

k
< ✏

with ✏ equal to 10�5. The spatial grid is tested and selected in order to obtain

mesh independent results, resulting in a total number of elements approximately

equal to 104.

2.5. Simulations

Numerical simulations were run to investigate the three formulations for the

lymphatic drainage. Results obtained using the two linear formulations, based

on (3), are analyzed and compared to those obtained with the proposed non-

linear formulation (4). All the results of the simulations are evaluated in terms

of three variables:

• interstitial fluid pressure (p
t

), expressed in mmHg;

• lymphatic drainage ('
lymphatics

), expressed in percentage of the maximum

admissible value reported in the literature [9, 36];

• vessel to tissue NFR of fluids, expressed inml/min; NFR results are scaled

up such that they represent the whole extra-vascular volume in the body

[9].

11
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These three variables are presented both in terms of spatial distribution and

average values. The average values are computed as an integral mean over

the domain considered. These models are tested for both physiological and

pathological conditions, with uremia as the modeled pathology; all the cases

considered are summarized in Table 1 and explained below.

Table 1: Summary of the cases analyzed.

Lymphatic drainage

description

Physiological

conditions

Pathological

conditions

(Uremia)

Maximum slope (linear) case A case D

Mean slope (linear) case B case E

Non-linear case C case F

Comparative evaluation of lymphatic drainage formulations in physiological con-

ditions. As a first step, we analyze the contribution of the lymphatic system

under physiological conditions. We define the following cases:

• case A: physiological conditions with a linear lymphatic drainage formu-

lation (3) using the maximum slope of the non-linear function (green line

in figure 2);

• case B: physiological conditions with a linear lymphatic drainage formu-

lation (3) considering the slope defined by Chamney et al. [36] (red line

in figure 2);

• case C: physiological conditions with the proposed non-linear lymphatic

drainage formulation (4) - (blue line in figure 2).

Comparative evaluation of lymphatic drainage formulations in pathological con-

ditions. We compare the three aforementioned formulations also in uremic con-

ditions. In order to model uremia, as shown in Table 2, we have considered

12
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Table 2: Values of parameter used in the analysis.

Sym-

bol
Parameter

Physiologi-

cal

conditions

Ref.

Pathologi-

cal

conditions

Ref.

L Average capillary length (m) 5 ⇥ 10�4 [43] 5 ⇥ 10�4 [43]

R Average capillary radius (m) 4 ⇥ 10�6 [9] 4 ⇥ 10�6 [9]

k Hydraulic conductivity of the tissue (m2) 10�18 [34, 44] 10�18 [34, 44]

µ
t

Interstitial fluid viscosity (Pa s) 1.2 ⇥ 10�3 [44] 1.2 ⇥ 10�3 [44]

H
d

Discharge hematocrit (%) 45 [9] 35 [45, 46]

µ
v

Blood viscosity (Pa s) 9.3 ⇥ 10�3 [47] 7.2 ⇥ 10�3 [47]

� Capillary wall reflection coe�cient (-) 0.95 [11] 0.75 [11, 48]

�⇡ Oncotic pressure gradient (mmHg) 25 [49] 19 [3, 45, 46]

S/V Density (m�1) 7000 [41] 4900 [41, 42]

L
p

Capillary wall hydraulic conductivity (m2 s kg�1) 10�12 [34] 8.8 ⇥ 10�12 [48]

the following alterations with respect to the physiological conditions: lower (i)

discharge hematocrit, and thus blood viscosity, (ii) capillary wall reflection co-

e�cient, (iii) oncotic pressure gradient (iv) capillary density, and (v) a greater

capillary wall hydraulic conductivity. Pathological changes of the lymphatic

system and its reaction to pathological conditions need further study to be fully

understood [13]. Since no data was found in the literature about changes in

lymphatic system between healthy subjects and uremic patients, the aforemen-

tioned models are kept without modifications. Therefore, we define:

• case D: pathological conditions (uremia) with a linear lymphatic drainage

formulation (3) considering the maximum slope of the non-linear function;

13

ACCEPTED MANUSCRIPT



AC
CEP

TE
D M

AN
USC

RIP
T

• case E: pathological conditions (uremia) with a linear lymphatic drainage

formulation (3) considering the slope defined by Chamney et al.[36];

• case F: pathological conditions (uremia) with the proposed non-linear

lymphatic drainage formulation (4).

In addition, a comparison between case C and case F has been conducted,

namely a comparison of the physiological versus pathological conditions using

the proposed formulation.

Sensitivity analysis. The e↵ect of parameter variation is tested in a series of sim-

ulations. Starting from physiological conditions (case C), for each simulation

only one parameter at a time is set equal to the pathological conditions (case

F). Results are analyzed in terms of both NFR and mean interstitial pressure,

considering their variation with respect to physiological conditions (case C).

Parameters and boundary conditions. Parameters values, reported in the Table

2, were chosen from literature which considered physiological data and studies

reporting their change due to the uremic pathology. These value have been

chosen to model the subcutaneous tissue. For this tissue, Ebah and colleagues

[37] have performed measures of the interstitial pressure for both healthy subject

and uremic patient. Unfortunately, quantitative tissue specific information are

not available for all the parameters. Therefore, also systemic data and clinical

data have been considered, along with variations evaluated in animal studies

after a comparison with human admissible ranges. For example, Harper and

colleagues [48] reported, in a non-mammalian model, a reduction of the reflection

coe�cient under the admissible range defined by Levick [11]. For this parameter,

the lower allowable value is chosen for the analysis. Two di↵erent kinds of

boundary conditions are considered for the network and the tissue. For the

network, we enforce pressure values, precisely 32 mmHg and 15 mmHg at

the arteriolar and the venular side of the capillary network respectively [49].

Homogeneous Neumann conditions are considered for the tissue in order to

simulate the equilibrium condition, in which no volume is accumulated within

14
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Figure 4: Lymphatic drainage (top) and interstitial fluid pressure (bottom) for physiological

conditions considering the three di↵erent formulations. Contours are shown on half the domain

⌦ (identified by the black wire box). Negative lymphatic drainage, that is lymphatic non-

physiological behavior, is marked in black. Direction of flow within the vascular network is

the same for all the cases shown, and it is indicated by the arrows in the top right case.

the tissue and no net flow rate is leaving the domain. Thus, if we consider n

the normal vector to @⌦, the condition is:

ut · n = 0 on @⌦ .

3. Results

3.1. Comparison of lymphatic modeling approaches in physiological conditions

The di↵erent lymphatic drainage formulations are compared in a portion

of tissue under physiological conditions (case A, B and C). Results in terms

of both net lymphatic drainage and interstitial pressure within the domain ⌦

are shown in figure 4. We visualize with black color portions of the domain ⌦

characterized by a negative net lymphatic drainage. In such areas, lymphatic

net flow is directed from lymphatic capillaries to the tissue. This behavior is
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seen in both the cases of linear model (case A and B) but not in the non

linear model. The resulting interstitial pressure is slightly sub-atmospheric in

all the three cases, with values close to �1 mmHg. Lymphatic drainage and

interstitial pressure are similar for case A and case B and di↵erent in case

C. This a�nity can be addressed by considering both the mean values (table 3)

and spatial distribution (figure 4).

Table 3: Averaged results for both physiological and pathological conditions. Physiological

conditions in the upper part of the table (case A, case B and case C), and pathological

conditions at the bottom (case D, case E and case F). Net filtration rate (NFR) is scaled to

indicate the value for the whole extra-vascular volume in the body [9]. Percentage variations

are taken with respect to simulation with the proposed non-linear formulation (case C and

case F).

Physiological case A case B case C

p
t

(mmHg) -1.02 -1.04 -1.17

+13 % +11 % -

NFR (ml/min) 1.64 1.69 1.96

-16 % -14 % -

Pathological case D case E case F

p
t

(mmHg) 3.53 5.58 5.91

-40 % -6 % -

NFR (ml/min) 68.3 43.7 39.6

+72 % +10 % -

3.2. Comparison of lymphatic modeling approaches in pathological conditions

We compare the di↵erent lymphatic drainage formulations also for the case

of pathological conditions, namely uremic conditions. As done for physiological

conditions, net lymphatic drainage and interstitial pressure are shown in figure

16

ACCEPTED MANUSCRIPT



AC
CEP

TE
D M

AN
USC

RIP
T

Case D Case E Case F 

Case D Case E Case F 

Interstitial 
pressure 
(mmHg) 

9 

1 

5 

Figure 5: Lymphatic drainage (top) and interstitial fluid pressure (bottom) under pathological

conditions is considered for the three di↵erent formulation. Contours are shown on half the

domain ⌦ (identified by the black wire box). Excessive drainage, that is lymphatic non-

physiological behavior, was marked in grey. Direction of flow within the vascular network is

the same for all the cases shown, and it is indicated by the arrows in the top right case.

5. In pathological conditions, no lymphatic net back-flow from lymphatic capil-

laries to tissue is reported. On the other hand, we mark with grey color portion

of the domain ⌦ where the net flow rate from tissue to lymphatic capillaries

exceeds the maximum admissible value [9, 36]. This behavior is reported for

both the linear cases (case D and E) but not the non linear model. On the

other hand, case E and F show similar results for the mean value of interstitial

pressure (table 3). In addition, a gradient of interstitial pressure is seen in all

the three cases along the horizontal direction (relative to the orientation of the

plots shown in figure 5). This gradient is related to the pressure gradient within

the network. Blood is flowing within the capillary network from higher to a

lower pressure, along the directions indicated by the black arrows in figure 5.

Thus, high interstitial pressure and high vascular pressure are located in the

same area.
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3.3. Sensitivity analysis

We report variations of both averaged interstitial fluid pressure and net fil-

tration rate in figure 6. Since parameters were changed one at a time, the

reported variations indicate the contribution of each variable to the overall vari-

ation caused by pathological conditions (case F, shown in the last column if

the figure). This overall e↵ect is not equal to the sum of the single variations,

highlighting interactions between parameters. In addition, since �⇡ and � are

the most impactful parameters, oncotic pressure di↵erence between blood and

interstitium is confirmed as one of the main determinants of the fluid balance

in the microcirculation. Higher interstitial pressure and intensification of net

filtration rate from blood capillaries are found when varying �⇡, � and L
p

.

On the contrary, a variation of density slightly reduces interstitial pressure. A

variation of viscosity, caused by a variation of hematocrit, produces a negligible

variation in both output variables considered.

4. Discussion

The results allow us to highlight the key role of lymphatic drainage modeling

when describing fluid homeostasis at the microvascular scale. First, we compare

the model performance in both conditions considered and then we analyze how

the local phenomena are a↵ected by the modeling approach. Finally, a compari-

son with the data available in the literature is reported, along with a description

of the computational requirements and the study limitations.

4.1. Comparison of lymphatic modeling approaches

In figure 4 we observe that when using the linear modeling approach, the

lymphatic system tries to keep interstitial pressure as close as possible to p
l

,

even if a back-flow is required. Comparing case A and B, we conclude that

a higher L
p,LF

, namely the hydraulic conductivity of the lymphatic capillary

wall, produces larger back-flow zones. Specifically, a higher L
p,LF

allows for an

emphasized action of the lymphatic system (local maximum drainage case A:
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Figure 6: Variation of averaged interstitial fluid pressure (top) and net filtration rate (bottom)

produced by the alteration of each parameter with respect to physiological conditions (case

C). Variations of pressure are computed as p
t, i�variation

� p
t, case C (mmHg), whereas for

the net filtration rate is calculated as

'
vessels, i�variation

� '
vessels, case C

'
vessels, case C

(dimensionless).

19%, case b: 13%), resulting in a lower variation of interstitial pressure. By

considering a non linear function, back-flow is prevented in case C. Interest-

ingly, this case yields di↵erent results with respect to the two above mentioned

cases, both in terms of interstitial pressure and NFR with averaged di↵erences

bigger than 10%.

Under pathological conditions (case D, E and F), since the mean pressure is

in between 3.5mmHg and 5.9mmHg (table 3), the working point is located

in the right part of the figure 2. In these cases, the lymphatic system drains

fluid in the whole domain ⌦ for all the three formulations. On the other hand,
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we highlight with grey color portions of the domain characterized by a net

lymphatic flow rate greater than the expected 20-fold increase with respect to

physiological conditions [9, 36]. Again, this phenomenon is reported only in

the two cases of the linear model. As described for physiological conditions, a

greater L
p,LF

generates a stronger lymphatic response and a lower variation of

interstitial pressure from the value of p
l

(figure 5, case D vs E). Surprisingly,

similarities in the interstitial pressure are found when analyzing case E and F

when considering mean values (table 3). This phenomenon can be explained by

considering how close the two curves are in figure 2 when hydraulic pressure is

equal to 5.5mmHg.

As a general observation, linear models can be used as approximation of a non

linear phenomenon in precise working conditions. We remark that such an ap-

proximation can not be easily applied to 3D models like the one we proposed.

Since the value of interstitial pressure is not known a priori, the right conditions

for the linearization can not be identified (figure 2). Moreover, the interstitial

pressure is not constant within the domain ⌦ (figure 4 and 5). Thus, di↵erent

working conditions are present in the domain at the same time. On the other

hand, a linear model can be implemented if one considers mean data (red line in

figure 2, and case B and E). Our results show that big variations are reported

in both the conditions considered, leading to an excessive lymphatic drainage

and back-flow. For these reasons, a non linear modeling approach is necessary

to model fluid homeostasis at the microscale.

In addition, thanks to the sensitivity analysis, the e↵ect of each parameter is

highlighted along with their interactions. Indeed, the overall e↵ect, namely

case F, is not equal to the sum of variations caused by each parameter. There-

fore, we point out that a comprehensive modeling approach considering all these

variables is necessary to study the problem. Results regarding changes in the

viscosity, caused by a variation of hematocrit, are worth noting in particular. It

had negligible impact on interstitial pressure and net filtration rate. This ob-

servation can be explained by the boundary conditions. Since inlet and outlet

pressure are set, a decrease of viscosity, and thus of the resistance of the vessels,
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would not produce a variation of pressure along the vessel but a variation of flow

rate. Consequently, under pathological conditions in case F, the microvascular

flow rate is greater (+ 29%) than in case C. Also results in terms of capillary

density should be considered with caution. Its e↵ect should be studied using

more a complex network model which includes, for example, the analysis of

heterogeneity in hematocrit and viscosity [50].

4.2. Importance of the spatial dependence

Even if 3D computational models of microcirculation are already available in

the literature, as far as we know, none of them consider the non-linear behavior

of the lymphatic system. We point out that such a modeling approach is e↵ective

provided that the model accounts for the spatial dependence of the pressure.

Indeed, even if mean values may look similar for interstitial pressure in table

3, the spatial distribution is di↵erent as shown in figure 4 and 5. These local

di↵erences and e↵ects are not negligible when trying to accurately describe

homeostasis within the microenvironment. Moreover, a gradient in interstitial

pressure is always observed in the tissue. It is caused by the interaction with the

capillary network. Indeed, the gradient of hydraulic pressure observed within

the tissue is similar to the one observed inside the vessels, due to the local

interaction in between the two.

4.3. Comparison with the literature

The literature about microvasculature and fluid homeostasis referring to

both physiological and uremic conditions at such small scales often reports a

big accepted range of variation. In order to compare results of our model with

the available data, we consider the analyzed variables: interstitial fluid pressure,

net filtration rate and lymphatic drainage.

For the first one, in all the three simulations of physiological conditions, val-

ues agree with those reported by Ebah and colleagues [37]. They reported for

healthy volunteers an interstitial pressure of �0.9 ± 1.3 mmHg. In addition,

when the pathological conditions are addressed, interstitial fluid pressure is in

21

ACCEPTED MANUSCRIPT



AC
CEP

TE
D M

AN
USC

RIP
T

the range reported in the same work 4.6 ± 4.2 mmHg. Therefore, comparing

physiological to pathological conditions, the increase of interstitial pressure is

correctly reproduced by the model. For NFR, the value reported for the entire

body is about 2 ml/min [9], which is in agreement with our results, especially

when the non-linear relationship is considered (1.96 ml/min). Under uremic

conditions, the increase of pressure is also related to greater NFR from the

network to the tissue with a 20-fold growth. Since the equilibrium conditions

have been enforced, the net lymphatic drainage balances the net filtration in

both cases, with an analogous overall 20-fold increase, reaching the maximum

allowable as reported in the literature [9, 36]. Considering the lymphatic model,

di↵erent values for the wall permeability can be found in the literature, varying

from 4.4 ⇥ 10�9 (Pa s)�1 [32], or 10�7 (Pa s)�1 [27], to 10�6 (Pa s)�1 [41].

The order of magnitude of the proposed model, in terms of mean and maximum

slope of the non-linear model, is 10�8 (Pa s)�1, within the accepted range.

4.4. Computational requirements

Even if the proposed non-linear description results in a more physiological

response of the lymphatic system, its main drawback is the computational cost.

Indeed, when the linear formulation is considered, the solution can be obtained

by solving the system AX = F ; conversely, when the non-linear formula-

tion is used, the system of equations AX = F (X) is solved by means of the

fixed-point method. Even if the computational resources required are higher,

we highlight that the non-linear formulation is more adequate to describe phe-

nomena involved in the fluid balance in microcirculation both in physiological

and pathological conditions. Such formulation matches the two lymphatics fea-

tures highlighted in the introduction, namely the back-flow prevention and the

variable wall conductivity of the lymphatic capillaries with the fluid interstitial

pressure.

4.5. Limitations of the study

The importance of lymphatic drainage description when simulating fluid

homeostasis in the microvasculature has been addressed. A first limitation of
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the present work is the lack of a direct experimental validation, because of dif-

ficulties in experimental measures at this small scale. Some studies successfully

identified general parameters alteration due to uremia by means of compartmen-

tal models [51], but in order to achieve a microscale description, this approach

is not enough. Secondly, we remark that the model has been built with a steady

state assumption. Therefore, transient phenomena have not been described,

as they are out of the scope of this work. Moreover, we did not include the

e↵ects of the glycocalyx on filtration as described by the Micheal-Weinbaum

model [52, 53, 54]. They explained how the Starling’s principle of filtration

can be influenced by this structure, eventually reducing the absorption of fluid

by the capillary network. The inclusion of this e↵ect is not straightforward

for 3D models, but it is an important future improvement needed to better

describe these phenomena. In addition, some studies have pointed out

that the lymph nodes contribute to the fluid reabsorption, leading

to a greater estimate of lymphatic drainage compared to the value

based on thoracic duct flow. To account for this additional e↵ect,

the model can be modified by considering a larger reference value for

the lymphatic drainage (e.g. 5.5 ml/min as proposed in [55]), and

assuming that the 20-fold increase hypothesis still holds true. Ad-

ditional numerical simulations obtained modifying the parameters as

described above and including a greater vasculature inlet pressure as

suggested by [55], support the conclusion that the shift of lymphatic

drainage from 2 ml/min to 5.5 ml/min does not a↵ect qualitatively

the results and the conclusions of this work. More precisely, the non-

linearity of the lymphatic absorption model is having an e↵ect in the

results. A deeper investigation on parameters value, along with the

inclusion of the glycocalyx on filtration, will represent one of the next

points toward the development of a more detailed model. Lastly, high

variability of parameters regarding the microvasculature and the sourrounding

environment is expected and reported both intra-subject, considering di↵erent

peripheral districts [16, 23], and inter-subject. We do not consider such variabil-
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ity since it is not completely understood [24]. Even considering its limitations,

results of the models are meaningful and allow us to highlight the needed for

a non-linear modeling approach of lymphatic drainage to properly model fluid

homeostasis.

5. Conclusion

The proposed non-linear model of lymphatic system is necessary in order to

simulate fluid balance by means of numerical simulation for physiological and

in particular for pathological conditions. This work justify the use of a sophis-

ticated 3D/1D microscale computational approach for a localized description of

microcirculation fluid balance. It will allow us to analyze the role of capillary

density variations and di↵erent network morphology (e.g.: tortuosity). Future

applications of this model include the study of specific peripheral districts in

order to better understand microcirculation worsening related to uremia.
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Highlights

• Non-linear lymphatic drainage is included in a sophisticated microvascular

3D model

• The spatial description of both physio- and pathological fluid exchange is

possible

• The modeling approach for lymphatic drainage greatly a↵ects local flow

results

• The microvascular model is also used to simulate microvascular uremic

alterations
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