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Abstract

This paper is focused on the modeling of the mechanical consequences of ex-

ternal sulfate attack in concrete structures under partially or fully saturated

conditions. To this purpose a weakly coupled approach is developed: first

the moisture content is computed through a simplified diffusion model, then

a reactive-diffusion model allows for the computation of the expansive products

of the reaction occurring between the aluminates of the cement paste and the in-

coming sulfate ions, finally the solution of a nonlinear mechanical problem gives

the expansion, the stress state and the degradation induced by the reaction.

The mechanical problem makes use of a multiphase elasto-damage model, de-

veloped in this work and accounting for both chemical and mechanical damage.

The model is validated by simulating various experimental tests on concrete

specimens subject to external sulfate attack and then applied to the simulation

of a reduced scale structure of a tunnel lining.

Keywords: Concrete, sulfate attack, delayed ettringite formation, damage.

1. Introduction

The sulfate attack in concrete consists of a complex set of reactions be-

tween sulfate ions (coming from the external environment or released by the

cement paste after high heating) and the hydrate calcium aluminates present in

∗Corresponding author
Email address: claudia.comi@polimi.it (Claudia Comi)

Preprint submitted to Cement and Concrete Research November 14, 2016



the cement paste. In the first case the phenomenon is called Extrenal Sulfate5

Attack (ESA), while in the second case the phenomenon is called Internal Sul-

fate Attack (ISA) or Delayed Ettringite Formation (DEF). In both cases one of

the final reaction products is the secondary ettringite that, forming within the

hardened matrix, can generate swelling and microcracks formation inside the

material. The mechanical effects on the structural elements can be very serious10

up to compromise the reliability of the entire construction ([1], [2]). When a

concrete structure is located in a geological site naturally rich in sulfates the

phenomenon can not be avoided and one can only try to mitigate the mechan-

ical consequences of the phenomenon of reducing the permeability, by using

low-aluminates cements or by isolating the external surfaces.15

In the literature there are many works focused on the description of the

chemical mechanisms and of the mechanical consequences of sulfate attack. Al-

though there is not unanimous agreement on the mechanisms that cause the

expansion of the material [3], many authors agree on attributing it to the for-

mation of secondary ettringite ([4], [5], [6], [7], [8]). The rate of reactions and the20

consequent mechanical response of material depends of environmental factors

(species and concentration of sulfate, pH of the solution, humidity, temperature)

and intrinsic material properties (w/c ratio, chemical composition of the cement

paste, pore distribution, diffusivity properties). Many experimental campaigns

have been conducted on mortar and concrete to charaterize specific features of25

the phenomenon, see e.g. [9], [10], [11], [12], [13].

In ESA the sulfates penetrate within the porous network of the material

which can be initially in partially saturated conditions. The variation in time of

the moisture content influences the diffusion of sulfates. The computation of the

amount of the reaction expansive products therefore requires a proper diffusion-30

reaction model, accounting for the variation of the degree of saturation, while a

mechanical model is required for the prediction of swelling and material damage.

The mechanical model can be formulated in different ways. In [5] the vol-

umetric expansion is treated as an eigenstrain and the mechanical response is

modeled by a simple uniaxial stress-strain law. In [6] a micromechanical model35
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based on the Eshelby solution of the equivalent inclusion method is implemented

to determine the eigenstrain generated by the formation of ettringite crystals

in cement paste. In [14] the expansion is related to the crystallization pressure,

generated by crystals growing in the pores of the hardened paste. In [15] con-

crete affected by ESA is modeled at the meso-scale as a two phase composite40

constituted by aggregates and reactive cement matrix and the degradation is

described by cohesive-crack interface elements. Most of the proposed models

does not take into account the variation of moisture conditions. Very seldom

these models are applied at structural level.

The present work aims to develop a reliable approach to be used in struc-45

tural analyses to simulate the mechanical effects of ESA, also accounting for

partially saturated conditions. To this purpose the moisture content is com-

puted through a simplified diffusion model, [16]. The reactive-diffusion model

proposed in [5] and further developed in [15], modified to account for partially

saturated conditions, is then used to compute the sulfate molar concentration50

and the amount of formed ettringite. The ettringite formation implies a volume

increase and, once the initial porosity is filled, it induces a volumetric defor-

mation. In the context of the Biot’s theory of porous media, and similarly to

what proposed in [17], [18], [19] in the case of alkali silica reaction, the con-

crete subject to sulfate attack is represented as a multi-phase medium. Two55

phenomenological isotropic damage variables describe the chemical degradation

and the stress-induced degradation. The model has been validated by simulat-

ing the experimental tests in isothermal conditions presented in [13] and [20],

and then used to simulate the behaviour of a reduced-scale model of a tunnel

lining reported in [1].60

2. Chemical framework and mechanical consequences

The sulfate attack of concrete manifests itself through a set of topochemical

reactions occurring between the hydrated products of cement and the sulfate.

In the most common case the sulfates anions come from the ionic dissociation of
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sodium sulfate through reactions with the portlandite CH or the gel C−S−H

leading to the formation of gypsum CSH2 ([21], [4], [5], [15]). The initial process

can be defined by the reactions:

CH +Na2SO4 +H → CSH2 + 2NaOH (1)

C − S −H +Na2SO4 +H → CSH2 + 2Na++ (2)

Then, the reactions between the gypsum and the hydrated and unreacted alu-

minates lead to the formation of ettringite C6AS̄3H32:

C4AS̄H12 + 2CSH2 + 16H → C6AS̄3H32 (3)

C4AH13 + 2CH + 3S̄ + 17H → C6AS̄3H32 (4)

3C4AF + 12CSH2 + aH → 4
(
C6AS̄3H32

)
+ 2 [(A,F )H3] (5)

C3A+ 3CSH2 + 26H → C6AS̄3H32 (6)

In reactions (1)-(6) the italic letters refer to the cement notation defined in table

1.65

The amount of secondary ettringite formed through reactions (1)-(6) de-

pends on the composition of the cement and in particular on the amount of

tricalcium aluminate initially present. Several experimental campaigns [11],

[10] have shown that cements with lower content of C3A are significantly less

affected by the delayed ettringite formation.70

The sulfate attack causes the overall expansion of concrete and the formation

of microcracks with progressive reduction of strength and stiffness and possible

macro-cracking and spalling of the material.

This phenomenon is mainly due to two interacting effects. The first effect is

the dissolution of calcium hydroxide and gel C − S −H caused by the reaction75

with the sulfates. The gel C−S−H is the main responsible of strength and stiff-

ness in the hardened concrete and its dissolution with calcium leaching causes
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Principal raw materials Chemical formula Cement notation

Water H2O H

Sulfur trioxide SO3 S̄

Calcium oxide CaO C

Aluminium oxide Al2O3 A

Silicon dioxide SiO2 S

Iron oxide Fe2O3 F

Clinker components Chemical formula Cement notation

Tricalcium silicate (CaO)3SiO2 C3S

Dicalcium silicate (CaO)2SiO2 C2S

Tricalcium aluminate (CaO)3Al2O3 C3A

Tetracalcium alumino ferrite 4CaO·Al2O3 · Fe2O3 C4AF

Table 1: Raw materials and clinker components: chemical formula and cement notation

micro-cracks formation. A similar phenomenon is the decalcification of calcium

hydroxide by the interstitial solution poor in calcium. The calcium hydroxide

does not contribute to the mechanical strength of concrete but its consumption80

causes an increase in porosity facilitating the migration of aggressive species in-

side the material. The second main phenomenon is the formation of expansive

ettringite in the pores. This phenomenon is more relevant in ESA where the

penetration of sulfate, and the resulting reaction, takes place progressively: the

outer layers react before and tend to expand. In this region the solid skeleton is85

subject to a prevailing compression state. The inner layers instead, in which the

reaction has not yet occurred, constrain the expansion of the outer layers and

are therefore subject to tensile stress which can exceed the material strength

and cause cracks formation.

Leaching and expansion due to the ettringite formation are two phenomena90

strongly interacting. Microscopic observations on mortar samples subject to a

combination of leaching and ettringite formation, [22], show that three distinct
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Figure 1: Schematic view of the degradation and formation of three zones in a specimen

affected by ESA

zones can be identified, as schematically sketched in figure 1. The first zone is

characterized by diffuse microcracking due to leaching and by ettringite forma-

tion. In the second zone there is no leaching and no visible damage is present,95

but there is delayed ettringite formation. This region tends to expand with

respect to the inner part and it is therefore subject to compressive stress. In

the third zone the reaction is not yet developed and the material is cracked due

to tensile stress arising for compatibility of deformation with the outer reactive

layer.100

3. Chemo-elastic damage model in fully saturated conditions

3.1. Porous medium

Within the theory of porous materials [23], at the mesoscale the reacting

material can be represented by a superposition of two phases: the homogenized

concrete skeleton (including the nonreactive material (u) and the reactive part

of solid matrix (c))and the homogenized fluid (including water (w), sulfates (s)

and reaction products (e)). This approach, used for the study of other chemical

reactions in concrete ([24], [17]), considers the material in conditions of total

saturation. In the case of SA the sulfates reacts with the aluminates of the

cement paste and lead to the formation of ettringite crystals. The stress exerted
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by these crystals is assumed to be isotropic, so that the secondary ettringite is

considered as a fluid-like constituent exerting a pressure on the solid skeleton.

A schematic representation of the porous material particle as superposition of

skeleton and fluid particles is shown in figure 2. The total volume V of the

representative volume element RVE at each instant is the sum of the volume

of the solid matrix Vs and the volume of the fluid inside the pores Vf . The

lagrangian porosity φ is defined as the ratio between the volume currently filled

by the fluid and the initial total volume of RVE V0

φ =
Vf

V0
(7)

The kinetic of the porous material is described by two variables: the strain

tensor ε of the skeleton and the variation of fluid content ζ. The latter is defined

as

ζ =
mf −mf0

ρf
(8)

where mf and mf0 are the fluid mass contents at the current and initial state

and ρf is the fluid intrinsic mass density.

Figure 2: Biphase model of concrete affected by sulfate sttack
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3.2. Compatibility and equilibrium equations105

The kinematic model adopted is based on the assumption of small strains

and displacements. The compatibility conditions read

ε = 1
2

(
gradu+ gradTu

)
in Ω

u = u on Γu

(9)

where u is the displacement vector, Ω is the volume of the body and u are the

displacements on the constrained boundary Γu of the body.

Neglecting dynamic effects, the equilibrium equations are

divσ + ρb = 0 in Ω

σn = f on Γσ

(10)

where σ is the stress tensor, ρb is the body force of the mixture (solid and

fluid), f is the external force at the free boundary Γσ.

3.3. Balance of mass110

Under the hypothesis of infinitesimal transformation, the mass balance can

be expressed for each constituent α in the form:

dmα

dt
= −div (ραMα) + m̊→α (11)

where ρα and mα = ραφα are, respectively, the intrinsic density and the mass

content of constituent α, Mα is the flux of the constituent α with respect to the

solid skeleton, m̊→α is the rate of mass formation (> 0) or consumption (< 0)

of component α.

The mass concentration mα is directly related to the molar concentration

nα through the molar mass Mα

mα = nαMα (12)

In diffusion-reaction problems the equations of mass balance (11) are more

conveniently expressed in terms of molar concentrations:

dnα

dt
= −div (jα) + n̊→α (13)
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where jα is the flow of moles of component α

jα =
ρα
Mα

Mα (14)

In a fully saturated porous medium, under isothermal conditions, without

electrochemical coupling phenomena, the flow term of the fluid components can

be modeled through the Fick’s law. With this hypothesis, the diffusion is driven

by the concentration gradient only

jα = −Dαgrad (nα) (15)

The equations of balance (13), written for each constituent of the concrete

affected by SA, read

u :
dnu

dt
= 0 (16)

c :
dnc

dt
= n̊→c (17)

w :
dnw

dt
= −div (jw) + n̊→w (18)

s :
dns

dt
= −div (js) + n̊→s (19)

e :
dne

dt
= −div (je) + n̊→e (20)

Note that the solid components, reactive c and non-reactive u, have zero relative115

velocity with respect to the skeleton, therefore in the balance equations the

associated flow terms disappear: ju = 0, jc = 0. Furthermore by definition, for

the non-reactive component the term n̊→u is equal to zero.

To identify the other terms involved in the molar balances the chemical

problem, described by the equations (1)-(6), must be analyzed. The first set of120

equations (1)-(2) describes the reaction between sulfate anions and hydration

products of cement paste (silicates and portandite) with consequent formation

of gypsum. For each mole of sulfate reacted one mole of gypsum is formed.

The second set of equations (3)-(6) expresses the reactions of gypsum with the

calcium aluminates to form ettringite. In the following we consider that the125

sulfate, spreading in the material, completely reacts forming gypsum, hence the
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variations of the molar concentration of sulfates and gyspum are equal and can

be obtained by equation (19).

In the process of ettringite formation, the reactive part of the solid matrix

(c) is represented by the calcium aluminates. For this reason, equation (17) is

used to model the depletion of aluminates. Following the approach proposed by

[5] and [15] equations (3)-(6) are expressed in the lumped form

Ceq + qS̄ + rH → C6AS̄3H32 (21)

where Ceq is the equivalent grouping of calcium aluminates

Ceq =
4∑

i=1

γiPi γi =
nci∑4
i=1 nci

(22)

nci is the molar concentration of the single species of calcium aluminate Pi

(P1 = C4AS̄H12 mono-sulphoaluminate, P2 = C4AH13 tetra-hydrated alumi-130

nate, P3 = C4AF alumino-ferrite and P4 = C3A unreacted tricalcium alumi-

nate), q = 2γ1 + 3γ2 + 4γ3 + 3γ4 is the stoichiometric weighting coefficient of

the sulfate phase and r is the stoichiometric weighting coefficient of water.

During the process the moles of calcium, sulfate and water are transformed

in ettringite. The terms of reaction present in equations (17), (18) and (19) are

therefore only due to the consumption required for ettringite formation

n̊→c =n̊e→c (23)

n̊→s =n̊e→s (24)

n̊→w =n̊e→w (25)

where n̊α→β = −n̊β→α denotes the number of moles of the α-component trans-

formed into the β-component. Since the diffusion of water inside the porous135

medium is much more rapid than the reaction, it can be assumed that the re-

acted moles of water are immediately replaced by the moles coming from the

external environment and hence the water content remains constant, and equa-

tion (18) needs not to be solved.
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Using (15), (23) and (24) equations (17) and (19) can be written in the form

c :
dnc

dt
= n̊e→c (26)

s :
dns

dt
= div (Dsgrad (ns)) + n̊e→s (27)

Assuming a second order reaction scheme the reaction term in (27) is expressed

as

n̊e→s = −n̊s→e = −kncns (28)

and accounting for (22) the reaction term in (26) reads

n̊e→c = −n̊c→e = −k

q
ncns (29)

Substituting these values into (26)-(27), we obtain the final form of the

diffusion reaction equations

dnc

dt
= −k

q
ncns (30)

dns

dt
= div (Dsgrad (ns))− kncns (31)

Remark - Under non-uniform temperature conditions, the mass flux of the

α−component depends also on the temperature gradient through the thermod-

iffusion term (Soret effect) and equation (15) should be replaced by

jα = −Dα(T )grad (nα)−DT (T )nα gradT (32)

where DT is the thermal diffusion coefficient.140

3.4. Reaction extent

Considering the reaction of ettringite formation in the lumped form (21),

the rates of the moles of reactants and reaction products can be expressed in

terms of a single rate of reaction ξ̇ as:

ξ̇ = −n̊→c = − n̊→s

q
= − n̊→w

r
= n̊→e (33)
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The evolution in time of the reaction can be obtained by integrating (26) from

0 to t and reads

ξ(t) = nc(0)− nc(t) (34)

which represents the molar concentration of the reacted equivalent calcium alu-

minate. Assuming at time t = 0 zero molar concentration of secondary et-

tringite, from (33) it follows that ξ(t) also represents the molar concentration

of ettringite at the time t. It is also convenient for later use to introduce the

reaction extent ξ̄ ranging from 0 to 1 defined by

ξ̄ =
ξ

nc(0)
(35)

3.5. Chemo-elastic model with chemical and mechanical damage

The state equations for the bi-phase material are derived from the free energy145

potential Ψ. Its definition is based on the following assumptions:

• the solid phase undergoes small deformations, described by the strain

tensor ε;

• a single scalar variable ζ measures the variation of the fluid phase content,

including water, sulfates and reaction products;150

• the calcium leaching induced by sulfate penetration is modeled by a chem-

ical damage variable d;

• the mechanical stress-induced damage is modeled by a mechanical damage

variable D which depends on two scalar variables Dt and Dc, one describ-

ing damage for prevaling tension and the other for prevailing compression155

stress states: D = 1− (1−Dt)(1−Dc);

• isothermal conditions are assumed;

• no permanent strains are considered.
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The free energy is the sum of the energy of the solid skeleton Ψs and on the

fluid mfψf (where ψf is the specific energy of the fluid f) and reads

Ψ(ε, ζ,D, d) = Ψs +mfψf =

=
1

2
(1− d)(1−D)

{
2Ge : e+K (trε)

2
+Mb2

(
trε− ζ

b

)2
}
+

+ ρfζψf (36)

In the above equation e is the deviatoric strain tensor, G and K are the shear

and bulk moduli of the homogenized concrete skeleton, M and b are the Biot’s160

modulus and the Biot’s coefficient respectively. The internal damage variables

describe at the mesoscale the effect of microvoids and microcracks formation

(see [25]). The multiplicative coupling of the mechanical and chemical damage

was previously assumed e.g. in [26], [27].

The static variables (total stress σ, chemical potential of the fluid μ, strain

energy density release rates associated with the mechanical and the chemical

damage respectively YD and Yd) are obtained by partial derivation of the free

energy with respect to each kinematic variable

σ =
∂Ψ

∂ε
= (1− d)(1−D)

[
2Ge+Ktrε1+Mb2

(
trε− ζ

b

)
1

]
(37)

μ =
1

ρf

∂Ψ

∂ζ
= − 1

ρf
(1− d)(1−D)Mb

(
trε− ζ

b

)
+ ψf (38)

YD = − ∂Ψ

∂D
(39)

Yd = −∂Ψ

∂d
(40)

The chemical potential μ is related to the fluid pressure p and the specific free

energy by

μ =
p

ρf
+ ψf (41)

Substituting this result into equation (38), the expression of fluid pressure is

obtained

p = −(1− d)(1−D)M (btrε− ζ) (42)
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The macroscopic stress can hence be expressed in the final form

σ = (1− d)(1−D) [2Ge+Ktrε1]− bp1 (43)

The term −p1 represents the averaged stress within the fluid, intended here as165

the phase which fills the pores, including water and reaction products. Note

that, for the sake of simplicity, no-unilateral effect is considered in the model,

howevere it can be easily indroduced as in [28]. Furthermore the damage is

assumed to be isotropic, described by scalar variables. The anisotropy of the

microcrack pattern is recovered at the macro-scale as a structural effect. Possible170

inclusion of tensorial damage variables has been discussed e.g. in [29].

3.6. Evolution laws

The variation of fluid content ζ can be directly related to the reaction extent

through a material parameter α

ζ = α ξ̄ (44)

We adopt for α the expression proposed in [5] and used by several Authors [15],

[30], [31]:

α = nc(0)
4∑

i=1

ΔViγi ΔVi = Ve − Vi − νiVgyp (45)

where Vi, Ve e Vgyp are the molar volumes of each calcium aluminate, of ettrin-

gite and of gypsum, νi is the stoichiometric coefficient involved in reaction, γi is

the ratio between the molar concentration of each aluminate nc,i and the total175

concentration of aluminates defined in equation (22)b.

The decalcification of material causes the formation of diffuse microcracks

which is here described by an isotropic damage variable d. Similarly to what

proposed in [27], the evolution of chemical damage is expressed as a function of

the reaction extent

d =
1− exp(−r1ξ̄)

1 + exp(−r1ξ̄ + r2)
r3 (46)

where r1, r2 and r3 are positive material dependent parameters with r1 > r2

and 0 < r3 < 1. As the chemical reaction develops, ξ̄ grows and d increases
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from 0 to r3
1−exp(−r1)

1+exp(−r1+r2)
. The stiffness of the material, and in particular the

Young’s modulus, is hence reduced by the factor (1− d).180

The mechanical, stress induced, damage of the material is described by two

scalar damage variables: Dt for damage due to prevailing tensile stress states

and Dc for damage due to prevailing compression stress states. The evolution

of these variables is governed by the loading-unloading conditions proposed in

[28] and expressed in term of an inelastic effective stress σ′′ = σ + βp1, with

β (β ≤ b) a material parameter which tunes the level of material degradation

caused by the fluid pressure and, hence, by the chemical reaction:

fi ≤ 0; Ḋi ≥ 0; fiḊi = 0 with:i = t, c (47)

The activation functions ft and fc depend on the first invariant of inelastic

effective stress tensor I1 and on the second invariant of deviatoric stress tensor

J2

ft = J2(σ
′′)− atI

2
1 (σ

′′) + btht(Dt)I1(σ
′′)− kth

2
t (Dt) (48)

fc = J2(σ
′′) + acI

2
1 (σ

′′) + bchc(Dc)I1(σ
′′)− kch

2
c(Dc) (49)

where at, bt, kt, ac, bc, kc are non negative parameters to be identified through

experimental tests. The functions ht(Dt) and hc(Dc) govern the hardening and

softening behavior

hi(Di) =

⎧⎪⎨
⎪⎩
1−

[
1−

(
σei

σ0i

)](
1− Di

D0i

)2

for Di < D0i[
1−

(
Di−D0i

1−D0i

)ci]0.75
for Di ≥ D0i

i = t, c (50)

where σei and σ0i are respectively the elastic limit stress and the peak stress, D0i

is the damage corresponding to the peak stress, the parameters ct and cc govern

the softening stress-strain curve. According to the fracture energy regularization

technique, in numerical analysis the parameters ci are used to scale the fracture

energy density in order to obtain the correct value of the fracture energy with185

different mesh size.

Remark 1 - Even though the two internal damage variables d and D are

intended to phenomenologically describe two different mechanisms of reduction
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of the mechanical properties, the two variables are strongly interacting and

their effect on a concrete structure affected by SA is combined. In particular190

while the chemical damage only develops in the presence of the deleterious

chemical reaction due to the sulfate attack, in the present bi-phase model the

mechanical damage develops both as a consequence of the external mechanical

loads and of the chemical reactions. In fact the reaction extent intervenes in the

activation functions ft and fc of the mechanical damage through the inelastic195

effective stress σ′′ = σ + βp1. When the reaction develops, the pressure in the

pores increases and one can have σ′′ �= 0 also with zero external loads (stress-

free conditions). The strength in tension, shear or compression is therefore

dependent on the reaction through p. Figure 3 shows the evolution with the

pressure of the ratio between the limit tensile strength σt of the material affected200

by sulfate attack and the nominal tensile strength without chemical reaction σ̄t

for different values of the material parameter β

Figure 3: Normalized tensile strength versus pressure exherted by the reaction products

Remark 2 - The present formulation is restricted to isothermal conditions as

all tests considered in the paper are carried out at fixed temperature. To account

for varying temperature conditions the free energy should be modified to include205

the temperature field, similarly to what proposed in [17] for the modeling of the

alkali-silica reaction.
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4. Extension to partially saturation conditions

The model of the previous section is based on the hypotesis that the mate-

rial be initially saturated with water and that during the ettringite formation210

the water consumed by the reaction be immediately replaced (locally drained

conditions) so that the change in water pressure can be neglected.

Under partially saturated conditions also air and vapour are present in the

pores, significant variations in water content can occur in the material and these

entail variations of the state of stress and alter the kinetics of the chemical215

reactions.

4.1. Equivalent pressure of water

Let us define the degree of saturation Sw as the portion of porosity filled by

water φw with respect to the total porosity. A change in the water content, or

in the degree of saturation, induces a variation of water pressure pw. For weakly

permeable materials under atmosferic pressure conditions, the pressure of the

gas phase pg relative to the atmospheric pressure is zero and the water pressure

turns out to be equal to the opposite capillary pressure pc: pw = −pc, see [23] for

details. The link of the capillary pressure with the degree of saturation can be

experimetally obtained in the form of the capillarity curve. In [16] experimental

curves are reported and the following interpolation formula is proposed

pc = a(S−b
w − 1)1−

1
b (51)

with a and b material parameters to be calibrated by fitting the experimental

data, see figure 4.

The equivalent pressure variation due to a variation of the degrees of satu-

ration at the mesoscale for the present damaging model reads

p̄w(Sw) = −(1− d)(1−D)Sw

∫ Sw

Sw0

pcdSw (52)

This contribution adds to the pressure exherted by the delayed ettrigite forma-220

tion, expressed by eq. (42).
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Figure 4: Experimental points and interpolation of the capillary curve reported in [16]

4.2. Transport of water in liquid form

In the case of weakly permeable materials, as concrete, it is possible to

describe the transport of moisture through a simplified model in which the only

variable is the degree of saturation Sw [16].225

The water diffusion equations is obtained by combining the equation of the

mass balance with the Darcy’s law and neglecting the contribution of the pres-

sure variation of the gas inside the pores. The nonlinear equation of diffusion is

φ
∂Sw

∂t
+ div (DwgradSw) = 0 (53)

where φ is the material porosity and Dw is the coefficient of diffusion of water.

The diffusion coefficient depends on the degree of saturation in the form

Dw =
dpc
dSw

κ

ηw

√
Sw

(
1− (

1− Sb
w

) 1
b

)2

(54)

where κ is the intrinsic permeability of concrete and ηw is the dynamic viscosity.

For given initial and boundary conditions on the degree of saturation, the

solution of the nonlinear diffusion equation (53) provides the distribution of

the degree of saturation, in time and space. In the above diffusion model of

water the effect of salts present in the solution is neglected. This assumption230
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is justified by the low influence that the salt concentration has on the capillary

pressure, see [32].

Generally the boundary conditions are expressed in terms of relative humid-

ity defined as the ratio between the pressure of the vapor and the saturated

vapor pressure. The relationship between the degree of saturation and relative

humidity h can be formulated by Kelvin’s law

pc = −ρw
RT

Mv
ln(h) (55)

where R = 8.3145 JK−1mol−1 is the universal gas constant, T is the absolute

temperature [K], Mv = 18.015 g/mol is the molar mass of water vapor and pc

is the capillary pressure expressed by the relation (51).235

4.3. Unsaturated diffusion-reaction process

Let us denote by nsL = nsL(x, t) the molar concentration of sulfate in the

solution, varying in space x and time t, and, as in section 3, by ns = ns(x, t) the

molar concentration of sulfate referred to the unit material volume. In partially

saturated media the latter depends on the degree of saturation and the relation

between the two concentrations reads

ns(x, t) = nsL(x, t)Sw(x, t)φ (56)

The molar concentration nsL(x, t) can be computed taking into account the

diffusion process of sulfates within the pore solution and the consumption of

sulfates due to the ettringite formation, then the problem can be formulated

at the representative element volume level through a homogenized technique in

terms of the molar concentration ns, see [32], [33]. The diffusion of sulfates

within the homogenized material is driven by the gradient of concentration and

by the fluid movement under the effect of the water content gradient. This sec-

ond advection term is not present in the fully saturated case. The consumption

of sulfates is modeled considering a second order reaction between sulfates and

aluminates. The evolution of both the concentration of sulfates and aluminates
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is hence governed by the following equations

dnc

dt
= −k

q
ncns (57)

dns

dt
− div

(
D̄sSwgrad

(
ns

Sw

))
−Dw

ns

Sw
gradSw = −kncns (58)

which specialises to equations (30)-(31) in fully saturated conditions (Sw =

1). In the previous equation D̄s is the coefficient of diffusion of the sulfates

depending, for partially saturated media, on the degree of saturation. When

the material is unsaturated, the reduction in aqueous phase volume decreases

the diffusion properties; as in [32], the following expression is assumed in this

work

D̄s = DsS
7/3
w (59)

where Ds is the diffusion coefficient for the saturated material.

5. Numerical analyses

The chemo-damage constitutive model has been implemented in an ad-hoc fi-

nite element code developed in Matlab. For the simulation of ESA on specimens240

and structures we followed a weakly coupled numerical approach, schematically

illustrated in figure 5. A moisture diffusion analysis is first performed to com-

pute the degree of saturation distribution in space and time. Then the chemical

reaction-diffusion problem, governed by equations (57)-(58), is solved to com-

pute the evolution of the aluminates content and hence, through equations (35)245

and (46), the reaction extent ξ̄ and the chemical damage d. The degree of

saturation and the reaction extent are the input of the subsequent mechanical

analysis which allows to obtain strain, stress and mechanical damage.

The weakly coupled approach greatly simplifies the numerical solution and

is justified by two assumptions which are supported by the experimental results250

shown in the following section. First, the water consumption due to the reaction

of ettringite formation does not alter significantly the degree of saturation, so

that the moisture diffusion analysis is independent from the reaction-diffusion
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Figure 5: Weakly coupled numerical approach

analysis. Second, the imbibition process is generally very fast when compared

to the kinetics of the reaction, thus often the material saturates before the255

chemically induced damage can develop and alter the permeability.

The above scheme holds under isothermal conditions. If temperature varia-

tions are significant, as in the case of exposed real structures, the temperature

field should also be preliminary computed through a heat transport analysis

governed by the Fourier’s equation. The temperature field then enters into the260

diffusion-reactive analysis in view of eq. (32).

5.1. ESA on concrete specimens

The developed model was first validated by simulating the experimental

campaign presented in [13] on concrete specimens immersed in solutions with

different concetrations of sodium sulfate Na2SO4. The tests, lasted two years,265

have been performed on cubes of 15 cm side and cylinders of diameter 15 cm and

height 30 cm made with Portland cement CEMII / A-LL 42.5 R. After curing

the specimens were immersed in three different solutions (pure water, sodium

sulfate solutions at 5% and 10%) and the longitudinal and radial expansion
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were measured at regular intervals. The evolution of the Young modulus was270

indirectly measured through ultrasonic wave propagation.

The water-diffusion parameter was first calibrated through the data obtained

in capillary tests conducted in a climatic chamber at constant temperature and

humidity (T = 20◦C and h = 50%). The comparison between the experimental

response and the simulation obtained by integration of eq. (53) are reported in275

figure 6a in term of the time evolution of the mass variation. Figure 6b shows

the contour plots of the degree of saturation at different times.

Figure 6: Capillary test. (a) Mass variation: comparison between experiment and simulation;

(b) contour plots of the degree of saturation

The mass variation was also measured for all specimens immersed in different

solutions. The results are shown in Fig. 7. It can be observed that the mass

uptake due to water imbibition is similar for specimens immersed in sulfate280

solutions and in pure water and that full saturation is reached after about three

months of immersion. These results support the hypothesis of the previous

section, thus allowing to neglect the effect of the reaction on the water diffusion.

The parameters governing the problem of diffusion-reaction have been calibrated

using the profiles of salt penetration on a cube after 400 days of immersion in the285

10% sodium sulfate solution. Figure 8, right part, shows the experimental profile

observed on the cross section of the cube after drying. The left part of the same

figure shows the contour plot of sulfates numerically obtained using the diffusion
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Figure 7: Mass variation of cylinders immersed in pure water and 5% and 10% NaSO4 solutions

coefficient for sulfates DS = 7.2 × 10−2 mm2/days, the reaction coefficient

k = 1.12 × 10−4 m3/(mol days) and the initial concentration of equivalent290

aluminate nc(0) = 76 mol/m3.

Figure 8: Penetration front of sulfate after 400 days of exposure to a 10% NaSO4 solution:

numerical simulation (left) and experimental profile (right)

The identified values of water and sulfate diffusivities and of the reaction

coefficient were then used in the numerical simulation of the tests performed on

cylinders in different exposure conditions. The parameters used in the chemo-

mechanical analysis are reported in table 2.295

Figures (9) and (10) show the comparison between the model predictions and
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E=30000 MPa at=0.28 r1=45

ν = 0.2 bt=3.9 MPa r2=5.1

b=0.4 kt=17.6 MPa2 r3=0.4

M=19000 MPa D0t=0.4

σe/σ0 = 0.6

Table 2: Material parameters used in the simulation of the experiments reported in [13]

the experimental data of longitudinal and radial strains of the cylinders stored

in different conditions. The experimental points represent the mean values, with

the error bars, of four specimens stored in the same conditions. The difference

between the characteristic times involved in the imbibition preocess and in the300

chemical reaction is worthnoting: the specimens in water reach a stationary

value of deformation after about three months, while the specimens affectected

by the reaction after more than two years still show an increase of deformation.

The proposed model is able to provide an estimate of the deformations in good

agreement with the experimental observations. In particular the influence of305

the sulfate concentration and the effect of geometry on the difference between

the longitudinal and radial deformation are well simulated.

Figure 11 shows the pattern of chemical and mechanical damage calculated

by the model on a cylinder (only one quarter of the cross section is shown) after

one and two years of exposure in 10% sodium sulfate solution. The chemical310

damage develops in a uniform way starting from the surface of the specimen

in contact with the aggressive solution, while the mechanical tension damage

develops below the outer layer and concentrates near the corner. This predic-

tion is qualitatively in agreement with the experimental observation that shows

circonferential cracks in correspondence of this region, see Figure 12.315

As a further validation, we have also simulated the data obtained in another

experimental campaign, still ongoing, on concrete prisms of 8 cm× 8 cm× 16 cm

made with pure Portland cement type CEM I 52.5R. The specimens cast with
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Figure 9: Radial strain of fully immersed cylinders: specimens in pure water, in 5% Na2SO4

solution and in 10% Na2SO4 solution. Experimental points (mean and variance on 4 speci-

mens) and results of numerical simulations

Figure 10: Longitudinal strain of fully immersed cylinders: specimens in pure water, in 5%

Na2SO4 solution and in 10% Na2SO4 solution. Experimental points (mean and variance on

4 specimens) and results of numerical simulations

this more reactive cement, after curing have been subject to different exposure

conditions. Four prisms were fully immersed in pure water, four prisms were320
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Figure 11: Chemical, mechanical (in tension) and total damage in a concrete specimen after

one year and two years in a 10% sodium sulfate solution
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Figure 12: Crack on a specimen after two years in a 10% sodium sulfate solution

fully immersed in in sodium sulfate solution at 10%, four other prisms were lo-

cated in a climatic chamber at temperature T = 20◦C and RH = 90% partially

immersed for half height in two different solutions: pure water and sodium sul-

fate solution at 10%. In all cases the longitudinal and transversal deformation

were measured at fixed intervals (see [20] for details).325

The material parameters used in the numerical analyses are the same used to

simulate the other tests. Only the value of the initial concentration of equivalent

aluminates is different because of the different chemical properties of cement,

namely: nc(0) = 96 mol/m3.

Figure 13 shows the comparison between the experimental and numerical330

predicted evolution of transversal and longitudinal deformation for specimens

immersed in pure water, while figure 14 shows the same comparison for specimen

fully immersed in 10% sodium sulfate. A good agreement is obtained in all cases.

Figure 16 shows the evolution of the longitudinal and transversal deforma-

tions for specimens partially immersed in sodium sulfate solution. In this case335

the transversal deformations are different in the lower part of the specimens in

contact with the solutions and in the upper part of the specimens that is in air.
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Figure 13: Radial and transversal strain of prisms immersed in pure water: experimental

points (mean and variance on 4 specimens) and results of numerical simulation

Figure 14: Radial and transversal strain of prisms immersed in 10% Na2SO4 solution: ex-

perimental points (mean and variance on 4 specimens) and results of numerical simulation

The transversal deformation measured at the upper studs (number 10 and 7 in

figure 15) is not appreciably influenced by the chemical reaction; on the contrary

the transversal deformation measured at the lower studs (number 12 and 9 in340

figure 15) is significantly influenced by the reaction and it is quite similar to that
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observed in the totally immersed prisms. The longitudinal deformation exhibits

a growth which remains between those of the two transversal deformations. The

model correctly reproduce the observed behaviour.

Figure 15: Prismatic specimens partially immersed; some of the studs for longitudinal and

transversal measurements, labelled by numbers, are visible

6. Tunnel subject to ESA345

As an example of sulfate attack on concrete structures, we have considered

the experimental campaign reported in [1] aimed to study the long term mechan-

ical response of tunnels in sulfate-rich soils. In that study, some reduced scale

models were cast and placed in an artificial environment test system constituted

by a box filled with soil and closed at the top by a steel plate, on which different350

mechanical loads were applied, see Figure 17. Inside the tunnel a temperature

of 25◦C and a relative humidity of 80% were fixed. A 5% sodium sulfate solu-

tion was periodically injected into the soil in order to produce the sulfate attack

in the tunnel lining. The tests were performed by imposing different constant

vertical loads; the displacements of the vault and of other characteristic points355
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Figure 16: Prisms partially immersed in 10% sodium sulfate solution. Time evolution of

longitudinal and transversal deformations: experimental mean value on 2 specimens and model

simulations

of the lining were monitored during the tests.

Figure 17: Geometry of the reduced scale 1:10 model of the tunnel lining structure tested in

[1], (measures in [cm]).

We simulated these tests by the proposed approach, considering a plane
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strain approximation of the tunnel-soil-box system. Figure 18 shows the evo-

lution of the vault settlement at different load levels. The symbols represent

the experimental values periodically measured on the scaled model at different360

load levels while the solid lines are the results of the simulation. The numeri-

cal results are in good agreement with the experimental observations for values

of external load q = 160 kN and q = 190 kN. For higher loads the numerical

simulation underestimates the measured displacements which are however more

dispersed.365

Figure 18: Comparison between experimental (symbols) and numerical (continuous lines)

evolution in time of vault settlements

Figure 19 shows the comparison in terms of displacements of characteristic

points of the vault and of the flanks of the tunnel after 6 months of exposure

and for different load levels. A reasonably good agreement is observed.

Figure 20 displays the contour plots of the chemical, mechanical damage in

tension and total damage after 2 and 6 months, for the test with q = 290kN. It370

can be observed that the chemical damage progressively develops, starting from

the surface in contact with the aggressive soil and then spreads through the

whole thickness of the tunnel. The mechanical damage in tension concentrates

at the upper part of the vault and reaches high values already after 2 months of

exposure. Another highly damaged part develops at the interface between con-375
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Figure 19: Comparison between the experimental and numerical displacement of the moni-

toring points 1,2,3 and 4 for different loads after 6 months of exposure

crete and soil at one third of the arch. The mechanical damage in compression,

not shown, is very limited, less than 0.06 in the whole structure. The damage

evolution is consistent with the experimental observation of cracked areas with

spalling in about 10% of the lining after two months of exposure and of very

large degraded zones after six months.380

To test the ability of the model to assess the structural safety, we also com-

puted the residual load bearing capacity of the tunnel, damaged due to ESA

during six months of exposure under a constant load of q = 160kN, and we com-

pared it with the initial load bearing capacity. To that purpose, we performed

two mechanical damage analyses of the tunnel subject to increasing load: one385

starting from the initial condition of the undamaged tunnel and the other with

the initial condition of the tunnel damaged by the sulfate attack; the collapse

load was identified as the maximum load of convergence in these numerical

analyses. Figure 21 shows the vault settlement evolution as a function of the

applied load for the tunnel without and with ESA. In the first case the limit load390

is q = 515 kN, while in the second case the limit load is q = 372 kN: the damage

developed due to the chemical reaction reduces the load carrying capacity of

the tunnel lining of about 28%. Also the reduction of stiffness is clearly visible
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Figure 20: Patterns of chemical, mechanical damage in tension and total damage after two

and six months of exposure, external load of 290kN.

in Fig. 21.

7. Conclusions395

The weakly coupled approach developed and implemented in this work allows

for the computation of the mechanical response of concrete subject to sulfate

attack also in partially saturated conditions. The multi-phase material formu-

lation together with the definition of chemical and mechanical damage variables

allows to correctly reproduce the experimental results obtained on concrete spec-400
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Figure 21: Vault settlement versus applied load for the tunnel without ESA and exposed to

ESA for six months, with external load of 160kN.

imens of different composition and in different environmental conditions. The

different reactivity of the cement used in the mix design is directly taken into

account in the model by the molar concentration of alluminates. The diffusivity

parameters of the model have been directly calibrated from the experiments to

reproduce the profile of salt penetration. The chemical and mechanical damage405

allow to describe the actual microcrack formation and the decrease of elastic

properties. The weakly coupled approach followed makes the formulation sim-

ple enough to be used to effectively compute the response at the structural level.

The predictive capabilities of the model have been shown on a simple structural

example concerning ESA on a reduced scale tunnel lining.410
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