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Abstract

In this paper we study, by probabilistic techniques, the convergence of the value function for a two-
scale, infinite-dimensional, stochastic controlled system as the ratio between the two evolution speeds
diverges. The value function is represented as the solution of a backward stochastic differential equation
(BSDE) that it is shown to converge towards a reduced BSDE. The noise is assumed to be additive both
in the slow and the fast equations for the state. Some non degeneracy condition on the slow equation are
required. The limit BSDE involves the solution of an ergodic BSDE and is itself interpreted as the value
function of an auxiliary stochastic control problem on a reduced state space.

1 Introduction

In this paper we study the convergence of the value function of an optimal control problem for a singularly
perturbed infinite dimensional state equation as

dX, = AXEY + b(XEY, Q5% ay)dt + RAW), XE° = a,
edQy® = (BQy™ + F(X;*, Q") dt + Gp(ay)dt + €' 2G AW, Qf = qo,

where the state processes X and @) are Hilbert valued, A and B are unbounded linear operators, a represents
the control, W})i>0, (W?)i>0 are infinite dimensional cylindrical Wiener processes, b, F', p are functions
satisfying suitable assumptions. We notice that the presence of the constant e in the second equation
corresponds to the fact that @ evolves with a speed which is larger by a factor 1/ then the speed of
evolution of the component X. In other words the above equation is a good model for a so called two scale
system. The optimal control problem is then completed by a standard cost functional of the form :

1
J* (20, q0,) :=E (/ HXPY, Q% on)dt + h(Xf’a)>
0

Several authors have studied the convergence of singular stochastic control problems in finite dimensions,
see for instance [1], [2], [13], [14], [16]. In particular [1] has been an inspiration for the present work. In that



paper authors represent the value function of a singular stochastic control problem, in finite dimensions, by
the solution, in viscosity sense, of an Hamilton Jacobi Bellman equation. Then they show, by PDE methods
their convergence towards the solution, again in viscosity sense, of a reduced parabolic PDE with smaller
state space and a new nonlinearity usually called effective Hamiltonian. Such analysis is performed in the
case of periodic boundary conditions. Although PDE techniques perfectly fit the finite dimensional case
allowing to cover general situations, including state equations with control dependent diffusions that require
introduction of fully non-linear H.J.B. equations, they seem not to be adaptable to the infinite dimensional
case, and consequently to the case of two scale stochastic control problems for stochastic PDEs. The reason
essentially is the difficulty of handling, by analytic tools and viscosity solutions, parabolic equations in
infinite variables, see the discussion in the Introduction of [11].

The purpose of the present paper is twofold. On one side we wish to show that Backward Stochastic
Differential Equations (BSDEs) are, in general, an efficient way to represent the limit of the value functions
of two scale systems when the ratio between the two evolutions’ speed diverge. On the other we wish to show
that, in such a way, we can cover the case of infinite dimensional state equations (that is the case of two
scale systems described by stochastic PDEs) that, at our best knowledge, was not considered in the existing
letterature. As a counterpart we notice that we consider state equation in which the control only affects the
drift and in which the noise of the slow component is assumed to be non-degenerate. Such restrictions seem
not to be intrinsic in the BSDEs approach but allows essential technical simplifications.

To be more specific our main result will be to prove that if

v (z0, qo) := inf J*(x0, qo, )
o

then
v®(z0,q0) — Yo

where (X,Y,Z) is the unique solution of the following decoupled forward backward system of stochastic
differential equations

dX; = AXydt + RdW},

—dYy; = N( Xy, Zy) dt — Z dW},

Xo=1z0, Y1=h(X1).

It is important to notice that the ‘reduced nonlinearity’ A is itself a component of the unique solution
(Y, Z,\) of a parametrized ergodic BSDE (see (4.1) and Theorem 4.2) as they were introduced in [9] (see
[8] and [15] as well). Function A can itself be interpreted as the optimal cost of an ergodic optimal control
problem. Moreover, as it happens in the finite dimensional case, the space in which the above reduced BSDE
lives is a subspace of the original one (corresponding to the slow evolution). As a by-product of our main
result, using the Bismut Elworthy formula in in [12] we immediately get that the solution of the reduced
BSDE, and therefore the limit value function, depends on x( in a differentiable way and is linked to the
unique mild solution of a semilinear parabolic PDE in infinite dimensional spaces:

3”5;233) + %Tr[vgv(t,x)] A& Vulta),  te[01],zeH,
v(1,z) = h(z).

Finally, exploiting the concavity of A\ we give a representation of Y; as the value function of an auxiliar
stochastic control problem on a reduced state space.

The paper is organized in the following way. In Section 2 we report some notation and assumptions while
Section 3 contains some estimates on the two scale state equation that will be useful in the paper. In Section
4 we introduce parametrized ergodic BSDEs and study their regularity with respect to parameters. In
Section 5 we state the form of the limit equations and prove a convergence result for BSDEs that represents
the main technical issue of this paper. In Section 6, we apply our results to a stochastic singular control
problem. Finally, in section 7 we interpret the solution of the reduced BSDE in terms of a stochastic optimal
control problem.



2 Notation and preliminary results

Given a Banach space E, the norm of its elements x will be denoted by |x|g, or even by |x| when no confusion
is possible. If F' is another Banach space, L(E, F') denotes the space of bounded linear operators from E to
F, endowed with the usual operator norm. When F' = R the dual space L(FE,R) will be denoted by E*. The
letters £, H and K will always be used to denote Hilbert spaces. The scalar product is denoted (-, -}, equipped
with a subscript to specify the space, if necessary. All Hilbert spaces are assumed to be real and separable
and the dual of a Hilbert space will never be identified with the space itself. By Lo(Z, H) and Lo(E, K)
we denote the spaces of Hilbert-Schmidt operators from = to H and to K, respectively. Finally G(K, H)
is the space of all Gateaux differentiable mappings ¢ from K to H such that the map (k,v) — Vo(k)v is
continuous from K x K to H; see [11] for details.

Let W! = (W})i>0 and W2 = (W2)¢>0 be two independent cylindrical Wiener processes with values in =,
defined on a complete probability space (2, F,P). By {F;, t € [0,T]} we will denote the natural filtration of
(W1, W?2), augmented with the family A of P- null sets of F. Obviously, the filtration (F;) satisfies the usual
conditions of right-continuity and completeness. All the concepts of measurability for stochastic processes
will refer to this filtration. By P we denote the predictable o-algebra on Q x [0,7] and by B(A) the Borel
o-algebra of any topological space A.

Next we define the following two classes of stochastic processes with values in a Hilbert space V. Given an
arbitrary time horizon T and constant p > 1:

o LB (2% [0,T]; V) denotes the space of equivalence classes of processes Y € LP(Q2 x [0, T]; V) admitting
a predictable version. It is endowed with the norm

vi= (& [ mpas)”,

o L%ZOC(Q X [0,400[; V) denotes the set of processes defined on R such that their restriction to an
arbitrary [0, 7] belongs to L (2 x [0,T]; V).

o LB (2 C([0,T];V)) denotes the space of predictable processes Y with continuous paths in V, such that
the norm

IV, = (E sup [V[?)'/”
s€[0,7T]

is finite. The elements of L% (Q; C([0,T); V)) are identified up to indistinguishability.

o LB°(2 : C[0,+oo; V) denotes the set of processes defined on RT such that their restriction to an
arbitrary [0, T belongs to L, (€; C([0,T];V)).

Given ® in L (2 x [0,T); L2(E,V)), the It6 stochastic integrals fg O, dW}! and fg O, dW2, t € [0,T), are
V-valued martingales belonging to L% (€2; C([0,T]; V)). The previous definitions have obvious extensions to
processes defined on the entire positive real line R™.

3 The forward system

For arbitrarily fixed o € H and gy € K we consider the following system of controlled stochastic differential
equations in H x K:

dX, = AX,dt + RdW}, Xo = 20, t >0,
(3.1)
edQs = (BQ§ + F(X§,Q5)) dt +eV2GdW?E, Qf=qo. t >0



where the “slow” variable X takes its values in H and the “fast” variable Q¢ takes its values in K, ¢ €]0, 1]
is a small parameter.

Finally A : D(A) C H — H and B : D(B) C K — K are unbounded linear operators generating Cp-
semigroups {e!4};>0 and {e'P};>0 over H and K, respectively, while R and G are linear bounded operators
from = to H (respectively to K).

Moreover, we make the following, standard assumptions:

Me®At t >0 for some positive constants My and wa. B : D(B) C K — K is a linear, unbounded operator
that generates a Co- semigroup {e'®};>0 such that \etB|L(K’K) < Mpe*Bt t >0 for some Mp > 0.

Hypothesis 3.1 A : D(A) ¢ H — H is the generator of a semigroup, {e'4}i>0, such that |etA|L(H’H) <

Moreover there exist constants L > 0 and ~y € [0, %[, s.t.:

sA sB
" 1oz, m) + 1€ Loz x) < (T As)

We also assume that R € L(Z; H) and admits a bounded right inverse R~ € L(H;Z).
Hypothesis 3.2 F: H x K — K is bounded and there exists a constant Ly for which:
[F(2,y) = F(u,0)|x < Lr(le —ula + |y — vlk)

for every x,u € H, y,v € K. Moreover we assume that for every x € H, F(x,-) is Gateaux differentiable,
more precisely, F(x,-) € GY(K, K).

Hypothesis 3.3 We ask B + F to be dissipative i.e. there exists some pu > 0 such that:
(Bq+ F(z,q) — (B + F(x,q)),qa = d) < —plg — ¢

forallx € H,q,q' € D(B).

Hypothesis 3.4 G € L(E, K).

Given any cylindrical Wiener process (8;)¢>0 with values in = we denote by (3{)>0 the stochastic convolution

57 = [ et0Pag,
0

In the following we shall assume as in [9] that:

Hypothesis 3.5 : sup,.,E|3Z|? < .

Remark 3.6 Notice that since (B;) is a centered gaussian process this implies that, ¥p > 1 it holds
SUPg~q E|Bf|p < 00. Moreover Hypothesis 3.5 is verified whenever B is a strongly dissipative operator.

Remark 3.7 Under Hypothesis 3.1 equation (3.1) admits a unique mild solution (X;°) that has continuous
trajectories and satisfies E(sup,ecpo 1) |1 X;°|P) < ¢p(1 + [x0|P). See [11] for the proof.

Lemma 3.8 Let (I's)s>0 be a given, K-valued, predictable process with T' € L%ZOC(Q x [0,00[, H) and let
(9)s>0 be a given, E-valued, process with g € L%IOC(Q x [0, +o0[, K). We introduce the following equation:

dQs = (BQS + F(Fsa Qs)) ds + gsds + Gdfs, s >0, Qo = qo, (3'2)

that admits a unique mild solution Q € L%ZOC(Q; C|0, +o0[, K).



Under hypotheses (3.1)~(3.4), for all p > 1, there exists a constant k,, (independent on T') such that for all
T>0:

sup E|Qs|P < ky(1+ |qo|? + sup E|Ts|P + sup E|BPIP + sup E|gs|?) (3.3)
s€[0,T s€[0,T] s€[0,T s€[0,T]

Moreover if (I',) s>0 is another K -valued, predictable processes in L3 (%[0, T], H) and Q' is the mild solution
of equation:
dQ's = (BQ's + F(T,Q'y)) ds + gsds + Gdfs, s >0, Qo= qo,

then, for all T > 0,
T
Qr — Q7| < K / e MT=0|0, —T)|dl  P-a.s.
0

where again K does not depend on T'.

Proof. For the reader’s convenience we briefly report the argument which is a slight modification of the
one in [7], Section 6.3.2.

Let Z, = e#*(Qs — $P). By Ito rule (going through Yosida approximations) we deduce that (Z) is the mild
solution of the following equation

dZs = uZs + BZs + " F(Ty,e " Z, + BP))ds + e g.ds.

Differentiating /| Zs|? + ¢ (going, once more, through Yosida approximations), using dissipativity of B + F
as in Hypothesis 3.3 we obtain

1Zs| < V252 +¢ < \/q§+s+/ose#f |F (e, BP) +gg}d£+ﬂ/08 [\/W— ‘Z@‘:| dr
Letting ¢ — 0, by dominated convergence we obtain:
1 Zs| < lqo| + /OS e |F(Ty, B7) + ge| dt.
Recalling the definition of Z we conclude

1Qul < 18] + e /gl +/0 =0 | F(Ty, BF) + gy de

and by Holder inequality (for the last term)

s p/p* s
QP < 3p|55|p + 3p€—put|q0|p + </ e—P*g(S—Z)dg) 3p/ e—p%(s—ﬁ)ur(pb 5?) + go|Pdl
0 0

The claim then follows by Hypothesis 3.2
The proof of the last statement is similar (and easier) noticing that

ds(Qs - Q{;) = B(QS - Q;)ds + [F(Fsa QS) - F(F;7 Q;)]ds

and arguing as before o

As a special case of equation (3.2), for all x € H and g9 € K we denote by Q""”’qo the unique mild solution
of equation:

N

dQP = (BQ® + F(z, Q%)) ds +dW?2, s >0, Q5% = q. (3.4)

where W2 = e~ 1/2W2 is a cylindrical Wiener process.



4 The ergodic BDSE parametrized

We introduce a function ¢ : H x K x 2% x Z* — R and assume the following

Hypothesis 4.1 Function 1 is measurable and there exist Ly, L¢, Ly, L, > 0 such that Vq,¢' € K, £, & €

=, x,2' € H, 2,7 € 2*:

W(2,¢,2,8) — (@, d, 2§ < La(l + [2l)lz — 2’| + La|z — 2| + Lg(1 + [2])|g — o' + Lel§ — €.

Moreover we assume that sup,ecp e (2, ¢,0,0)] < 00

The next result states existence of a solution to the so called ergodic backward stochastic differential equation.
—dY; = [¢p(z, QB 2,5y) — Az, 2)] dt — Z,dW2, Vi>s (4.1)

Its proof is in large part contained in [9] Theorem 4.4 and Corollary 5.9.

Theorem 4.2 Under Hypotheses 3.1, 3.2, 3.8, 3.4, 3.5 and 4.1 there exist measurable functions v : H X
Kx=F >R, (:HxKxZ"—>R, A\: HxEZ" = R with

[0(z, ¢, 2) < c(1+z[)[g] (4.2)

(where ¢ > 0 depends only on the constants introduced in the above mentioned Hypotheses) such that the
following holds. If we set:

thfr,lIo,Z = (x, @i&(;{o7 2), EtLQO,Z _ é(% QtLQO’ 2) (4.3)

then 2597 s in L21¢([0, +o0[, Z*) and (V;"9% E%9% \(x, 2)) is a solution to equation (4.1).
Moreover we have:
Nz, 2) = M@/, )| < LL(1+ |2])|z — 2/| + Li|z — #/|. (4.4)

for some posive constants L} and L..

Proof. Fix z € H and z € Z*; in [9] Theorem 4.4, authors prove existence of the function o(z,-,z),
((x,-,2z) and A(zx, z) such that (4.2) holds and, if Y902 Z%90% are defined as in (4.3), then =9 is in
L1o¢([0, +o0[, E*) and (V;%° =902 \(x, 2)) is a solution to equation (4.1).

Measurably of ©, ¢ and A with respect to all parameters follows by their construction (see again [9] Theorem
4.4).

!

We only need to prove (4.4). Fixed z,2’ € H and z, 2’ € =Z* we set A=Az, 2)—A, 7)), Y = y=0z_yz' 02"

== =20,z _ Ex’,O,z’7
Ax,0 ~z,0,z Ax,0 ~z’0,z
V(@ Qr 2, 57) —Y(x, @, 2, B )(&x,O,z _ &x’,O,z’) if 52,02 =az’,0,2
91‘, — =z,0,z fx’,l),z’|2 =r =r ’ =r =
= = Tox
0 elsewhere

and
~ ot / A ~ ’
ft = w(% Q?Ov Z?‘:‘f 05 ) - w(xlv Q;f 707 2/7 ':'7:f 02 )

Then we have

~ ~ T T~ A~
Y0+AT=YT+/ frdr—/ E(0pdt +dW?), VT >t>0
t t

So, by Girsanov theorem, there exists a probability P (mean value denoted by INE) such that W, = fg 9@d€+Wt2,
t > 0, is a cylindrical Wiener process. We notice that

/\T:YT—YO+/ frdr—/ Z,dW,, YT >t>0
0 0

6



and consequently:
~ ~ o~ T ~
N < T+ T BT+ 7 [ Bl ds (45)
0
Thanks to Hypothesis 4.1 we get that for all ¢ > 0:
il < Lo(U 4 |2Dle = | + Lalz — 2| + LU+ ]2DIQF0 - 5%, P—aus,
We notice that with respect to (Wt) processes Qx,o and Q“/’O satisfy respectively

dO™ = (BQE + F(x, Q™)) ds + Osds + dW,, s > 0,
dQ¥° = (BQ¥0, + F(2, Q%)) ds + O,ds + dW,, s >0,

and Lemma 3.8 yields |Q%" — A§/’0| < (K/p)|x — 2’| thus
|fil < (Lg 4+ LK /p)(1 + |2])|x — 2’| + L]z — 2| P —a.s. for all t > 0. (4.6)

Moreover under Hypothesis 3.5 Lemma 3.8 also yields supte[o,oo[ﬁ(\Qf’o\ + \thl’ol) < 00. Thus by (4.2) we

get supte[opo[EﬂﬁD < 0o. Consequently T E(|Yr|) — 0 as T — oo and the claim follows by (4.5) and
(4.6) letting T — oo.

O
5 Limit equation and convergence of singular BSDEs
We are interested in the following forward-backward system for t € [0, 1]
dX; = AXy + RdW},
edQj = (BQj + F(X7, Q) dt +'/> GdWy, 5.1)

—dYf = (X7, Qf, 2, B /VE) dt — Zid Wi — ZjdWE,
Xo=20 Q=g Y& =h(X1),

that, as we will see in the sequel, is associated to a controlled multiscale dynamics. Function h : H — R
satisfies:

Hypothesis 5.1 h is Lipschitz continuous with constant L > 0.
We have that:

Theorem 5.2 Assume 3.1-3.4, 4.1 and 5.1.
Then for every € > 0 (5.1) has a unique solution (X,Q°,Y¢ Z¢ =), with X € L%(Q;C([O, 1; H)), Q° €
L3,(2C(0, 1] K)), Y<€ IA(9:C(0, 1 R)), Z°€ I( x [0, 1,5, %€ 13(2 x [0, 1;=°).

Proof. The proof is contained in [11], Propositions 3.2 and 5.2, we just notice that the system is decoupled,

so once the forward equation is solved then it becomes a parameter in the backward equation. ]
We remark that if we slow down time, that is, for s € [0,1/e] we set: Q% = Q%,, Y& = Y5, =8 = ¢~ /252,

then the following holds:
dQ5 = (BQS + F(X.s, Q5) dt + G dW?2,
—dYE = )(Xes, Q5, Z5,25) ds — e ZE AW — Z2dW2, (5.2)
Xo=1z0 Qf= o, 5715/5 = h(Xy).



where Wf = 12wt

€87

(=1,2.

The purpose of our work is to study the limit behaviour of Y¢ as ¢ tends to 0.
We introduce the candidate limit equation, that turns out to be a forward-backward system on the finite
horizon [0,1] and on the reduced state space H.

dX; = AXydt + RdAW},
—dYy = N Xy, Zy) dt — ZydW, (5.3)
Xo =10, Y1=h(X1).

where ) is defined in Theorem 4.2. Thanks to (4.4) one has that

Theorem 5.3 System (5.3) has only one solution (X,Y, Z) with X € L,(Q; C([0,1]; H)), Y € L, (Q; C([0,1];R)),
Ze LB (2 x [0,1];E%).

Proof. Thank to (4.4) the proof of existence and uniqueness of the solution to equation (5.3) is standard
(see, for instance [11]). D

We can now state our main result:

Theorem 5.4 Under Hypothesis 3.1—3.5, 4.1 and 5.1, if Y is the solution to equation (5.3) and Yy is the
solution to equation (5.1), we have that the following holds

lim Y¢ = Y, A4
f Y5 = Yo (54)

Proof. We must compare

1 1
Y§ = Yo = hX0) = (X0 + [ (00X Q5 2. ZVE) ~ MY Z) i [ (7 = Z) aw!

1
-~ / =5 AWE.
0
By adding and subtracting we get:

1 1
/0(w(Xan,ZfaE?/\/E)—A(Xt,Zt))dtZ/0 [(W(X4, QF, Z7, Ef /Ve) — (X, Q. Zy, Z7 V) dt

1
+ [ (X @7 20 VR - MK Z) dt = 1+ (5.5)

We leave I; for the moment
As far as I is concerned we have to use a discretization argument.
Let us now introduce for every N positive integer, a partition of the interval [0, 1] of the form t;, = k27N, k =

0,1,...,2" and define a couple of step processes X~ and ZN defined as follows:
XNt =X(ty), t€tutral, k=0,...28 -1, (5.6)
~ te _ ~
ZN(t) = 2N/ Zydl, for t € [ty tpp], k=1,...2Y —1, Zg=0 for t € [0,t1], (5.7)
lk—1

where X, Z are part of the solution of (5.3). By construction

1 ~ —
lim IE/ \ZN — Z,* dt (5.8)
0

N—o0
We fix N, then for k =0,1,...,2Y — 1 we consider the following, iteratively defined, class of forward SDE:

AN = (BOMF + F(Xyy, QYY) dt + GAW?, s> tyfe, Q= Qpy, (5.9)



Moreover we define

YN’k = {)(tha Qé\[7ka ZtJZ)v EN’k = é(thv Qév’k7 ZtZZ)) for s Z tk/E

S S
so that the triplet ((YSN’k)Sztk/E, A Xy, ZfZ) (= éVk)sztk/E) verifies:

—dYNE = (X, ONF, Z) ZNR) - N(Xy,, ZD)) ds — ENFAWE, Vs >ty /e (5.10)

tr) s

and
Nk ~ R
YV < e( 4129

for all s > tx/e P —a.s. (5.11)

for some positive constant ¢ > 0 independent of k and V.
N
We also set XN =2 ;! X Lty 4,4 [ (), for t € 0, 1] and, for s € [0,1/¢[:

2N 1 2N 1
=N =Nk
Z Q tk/€tk+1/€( s), =s = Z —s I[tk/fytk+1/€[(8)'
k=0

so that, for all N € Nand k =0, ...,2Y — 1 have

SNk Nk hr1/e N SN =N N ZN /ey
}/tk/’&‘ o Yth;1/8 o /tk/s [(X, ssa Q 1 Zeg, s ) — MXzy, Z2y)] ds + /tk/a g, dWg =0. (5.12)
So, coming back to the term I, we have, after rescaling of time:
2N 1 thg1/e B
I, =¢ Z / [w( €89 Qy €8sy — ) - )\(X557 Zes)] ds
k=0 tk/e
and, adding the null terms in (5.12) for k = 1,...,2V:
2N 1 thg1/e o 2N 1 thii/e .
Lh=eY. / [0(Xes, Q5 Zes, 52) = (X2, QY ZN EN ) ds +2 ) / =aw? o (5.13)
k=0 7tr/e k=0 “tk/e
2N _1 tig1/e B 2N _1
¢ Z /t/ [)\(XE&ZE ) )\(X&{Z’ZN ds+e Z tk+1/8)
k=0 “Ytk/€

Therefore coming back to our original term Y§ — Y, we have

B N . . 1/e _
Y5 —Yo=ey (Y E Y, ) +e / (X, Q5 250, 55) = (X ey, Q5 Zes, 2)] s
0
1/6 A > N N —N N
e / 1 (Xowr O, Zew B2) — (XN, QN ZN 2] ds
0

—¢ N Xes, Zes) — MXN, ZN)] ds

£S)



)

By lipscitzianity of ) and A (see Theorem 4.2 )
y 1/e N o Nk
g, )
Y, Yg—e/o RS ds—l—sz /a— tk+1/5)
1/e o ~
e [ X, Q3 220 B — (X Q5 2o, ) s
0
/e N ZN N >N =N
e [ X O 2.5 — u(x Y, O 2.2 ) ds
/e _ R . 1/e
e [CEY gz e [z -z ait
0 0
where, see Hypothesis 4.1, for a suitable constant ¢ it holds:
[REN| < e(1+ | Zes|) | Xes = X |+ c(1 + | Ze])| Q5 — QN[ + ¢] Zes — Z1) (5.14)
We need to get rid of some terms using a Girsanov argument, thus we introduce
[¢(X€t7 6 Zg 7:6 - ¢(Xas, ZESv :8)] = =
55 75, — 7)) i |ZE, — Z.g| #£0
51,5(8): ‘ Es_ as| ( €s € ) 1 ’ €s = ‘ 7é (515)
0 if |Z5, — Zos| =0
and
w(Xs]\sfa QN Zé\éa :E) T/J(Xs]\s[7 QN Zé\s[7 :é\/) (Aa ;N)* if ‘45 *N| 7& 0
== if |26 —Z
52,5,N(8) _ Ei _ :[SV‘Q $ $ s s (5.16)
0 if |25 — 2N =0
We notice that processes (05" )se(o,1/¢] and (65" )se(o,1/¢) are bounded uniformly with respect to N and e
We have
1/e 3 .
Y, Yo—s/ 51 ( )[Zfs—Zes]ds—i—s/ 52N ()[EN — 2] ds
0 0
1/e 1/5 B R
+a/ (=N —”E)dW2+\// — Z.g) dW}
N
+s/ RS ds—l—az A
and rescaling time (speeding it up this time)
1
Y5 — Yo / SVE(t)e)|ZE — Zy] dt —|—/ (528N(t/5)[ “i, — Eoo)dt
0
1 3 1 -
+\/E/ Spll Bl y,) dW; +/ (Z8 — Zy) dW}
0
N
/ Ri 1tdt+52 /5 o tk+1/5)
(5.17)

We set for ¢ € [0,1]:
. t
W} = / §VE(r/e) dr + W
0
w7 (5.18)

N t
W2 =: 5_1/2/ 625N (r /) dr +
0
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We denote by ES the expectation under the new probability P¢ with respect to which (th, Wf)te[m] is a
H x K valued cylindrical Wiener process (recall that (W}, Wf)te[m] is a H x K valued cylindrical Wiener
process). Since the left hand side is deterministic, we have:

N

1
o N ~ Nk Nk
Y§ - ¥y = E° /0 REN dt + B2 Y VN - 7 (5.19)
k=1

Thus by (5.14) we get

~ 1 ~ 1 — — A — ~
B [ IR ar < B [ (4 12001% - XY+ (41200107 - QLI+ 12 - Z2) a

Let us start from

1
B [ (14 11X - X
0
We notice that, with respect to W1 we have

dX; = AX; dt — ROV (t/e)dt + RAW},
—dYy = N Xy, Zy) dt — Zy[—6Y(t/e)dt + dW}],
Yl = h(Xl), XO = X0.

Define 1 1
pimew ([ ot/ — 3 [ 150 as)
0 0

then, by Holder inequality, setting Ax, n 1= sup;c(o1) | Xt — XN

1

~ 1 —_ ~ —
EE/ (1+1Z))| X, — XN|dt < B [AXW/ (1+|Zt)dt} <
0 0

e | —3/4;.1/4 1/2 ! 7 Y L 14 [, ! 5 12 V2
B o1 A [  izar] < [B%] [Eoakn)] B (o [ 0 122 |

Again by Girsanov the process (— fg 51%6/ At + W,}) 0] is a cylindrical Wiener process with respect to
telo,

pdP¢. By uniqueness of the solution to the forward backward system (5.3) the law of the processes (X¢):>0
and (Z;)i>0 under pdP? coincides with its law with respect to P. Recalling that ' is uniformly bounded
and consequently (with respect to € as well) we have E€p~3 < ¢ (where ¢ does not depend on €). Moreover

DY <p/ |Zt|2>dt:IE(/ \Zt|2>dt<+oo.
0 0

~ 1 —_
Be /0 (14 1ZD)|X, — XD|dt < CEAY y]/*

Thus we can conclude

where C is independent of NV and e.
By the continuity of trajectories of (X;)¢> since Esup,¢q 1 | X[t < 0o we get

EAZ)L(’N — 0, as N — oo. (5.20)

Concerning the term
~ 1 —_ ~
EE/ \Zy — ZN|dt
0

11



we notice that being Z; = ((X3) where ( is a deterministic Borel function H — Z* then the law of (Z) and
(ZN) depend only on the law of (X) in a non anticipating way. So, the above argument still works and
yields:

ot I 1/2
Ef/ |Zy — zN|dt < C [E/ |Z; — ZgVPdt] = C(EAzN)'?
0 0
where Az ny = fol |Zy — ZN|2dt and by (5.8)

EAz N — 0, as N — oo. (5.21)

Coming to the term:
~ 1 ~ 1 A ~
B [ 10— B 105 - O
0 0
With respect to W2 the process (Qf ):e[o,1] Solves
£dQ®, = (BQ®, + F(Xy, Q%)) dt — 6*5N(t/e)dt + VedW?, t>0, Q% = q,
thus introducing the P Wiener process Wy := (5)_1/2W53 the process (Qi)se[o,l/e] solves:
R R R < 2 R
dQ5 = (BQ; + F(Xes, Q) ds — 65N (s)ds — dW,, s>0,  Qf = a, (5.22)
moreover (QN) solves
~ ~ R 22 .
dQY = (BOY + F(X[, QM) dt — 6**N(s)ds +dW,, s>0,  Qo=qo, (5.23)

By Lemma 3.8 and Hypothesis 3.5 we have, for all p > 1:

sup E°(|QN ] < ep(1 + [qol” + |ol”) (5.24)
s€[0,1/¢]
for a constant ¢ independent of € and N.
Moreover again by Lemma 3.8 for all s > 0,

Q5 - O < e [ e - XEJar < ey
0

thus
1

~ 1 — A A~ ~ —_
JE&/ (L+|Ze)1Q5-1, — QFuyldt < cE° [AX,N/ (1+ Ztl)dt] < C[EA% v]'/*
0 0

as above.
Now we come to the last term. By (5.11)

oN 2N
= Nk Nk = > A A
B SNV < e YR [0+ 128D+ 10 +185, )]
k=1 k=1
- _ 3/4 [~ . . 1/4 ~ - 3/4
< ce [BEQU+1ZYDY] " B +100 L +10N '] <ee B+ 12 )]

Proceeding as above, recalling that the law of ZfZ depends only on the law of the process (X;) we have:

~ o~ ~ 1/3 ~ 2/3 T+l _ Lo
(121 < [B2]  [BOZY )] SC2N/3IE/ |Zt|2dt§c2N/3E/0 12,2

ti

12



where in the above formulae the value of the constant ¢ can change from line to line but does not depend
neither on k£ nor on N or on e.
At last we sum up all results to get

- tk+1/€

1 2N
S =~ N ~ SNk Nk
Y6 = Vol < B[R |de+ B ST -V
k=1

1 3/4
< C[EAY N4 + C(EAZN)Y? + ec2M/ [E / \Zt|2]
0

So letting first € tend to 0 and then N to oo the claim follows, by (5.20) and (5.21). O
Remark 5.5 Consider the following class of forward backward systems with initial time 7 € [0, 1]

dX]" = AX]%dt + RAW}, t<71<1
—dY,;" = NX]0, Z)T) dt — ZTF AW, (5.25)
X =z, YU =h(X]Y).

If we set v(7,2) = Y7 " then it is shown in [12] that v is a deterministic continuous function [0,1] x H — R
being Gateaux differentiable with respect to the second variable. Moreover it is the unique mild solution of
the nonlinear Kolmogorov equation

ovu(t, )

; + Lo(t,z) = Mz, Vu(t,z)R), te€[0,T), z € H,
v(l,x) = h(z),

where L is the second order operator
1
Lg(x) = §TY[R*V29(ZB)R], g €C*(H)

V2g(x) € L(H) being the second derivative of g in .
In particular the limit lim._, Y{; can also be represented by the solution of the above HJB equation as:

lim Y = Y3 = (0, 20)

6 Application to control

Given the solution (X, Q%) of system (3.1) and an adapted process (a);c(o,1] taking its values in a complete
metric space U we denote by ©%% the density

1 1
o —exp ([ 006 @500 + ot | awd = 5 [ IR0 GF )l + Liptan P )

where b: H x K x U — H and p: U — K are measurable functions satisfying suitable assumptions listed
below.
We also consider the following cost functional:

I (20, g0, @) = E [@w (/01 U(Xt, Q5 a)dt + h(X1)>] (6.1)

where | : H x K x U — R and ¢ : H — R are measurable and satisfy the assumptions below:

13



Hypothesis 6.1 There are positive constants L and M such that

b(x,q,u) —b(z',q', )| < L(lz — 2’| + |g — ¢|) Vg, €e K,z,2’ e H a €U
l(z,q,0) = U(z',¢', )| < L(lz — 2'| + |¢ — ¢]) Vg, e K,z,®’ €e H a €U
|h(z) — h(z")] < Llz — 2| Vz,z' € H,
b, 0,0, iz, 0, @) I, ()] < M Ve KzeHacl

We recall that if dP*“ := ©%“dP then under probability P** the process:
t ¢
VW) = (= [ B0 Qo+ WE = [ plag)ar 19

is a cylindrical Wiener process in Z x Z and that with respect to (W}, W?) the couple of processes (X¢, Q)
satisfies the controlled system:

dX (t) = AX(t) + b(Xy, Q5, ay)dt + RAWVL(2), Xo = x0,
(6.2)
£dQE (1) = (BQ=(1) + F(X2(8), Q°(8)) dt + Gplar)dt + £Y/2G AV (1), Q5 = ao,
and .
J% (0, qo, o) = B </ U(Xt, Qf o )dt + h(X1)>
0
Finally we define, for x € H, g € K and z,£ € =*
(2,q,2,€) = inf {I(z,q,0) + 2[R™"b(z,q,0)] + Ep(v)} (6:3)

and notice that, under Hypothesis (6.1), the Hamiltonian v verifies Hypothesis (4.1).
The following is an immediate consequence of our general results

Theorem 6.2 Denote by VE the value function of our control problem, that is:
VE(xo,qo) := inf J*(x0, q0, @)
«

where the infimum is taken over all adapted processes a with value in U.
The sequence VE(xo,qo) converges to the solution Yy of equation (5.3) evaluated at zero.

Proof. In [10] it is shown that V¢(zo,q0) = Y (see (5.1)). The claim then follows by Theorem 5.4

Remark 6.3 The nonlinearity A in the limit equation (5.3) has itself a control theoretic interpretation.
Namely, fixed x € H and z € =Z*, let us consider the following ergodic control problem with state equation

dQ? = BQ%ds + F(x,Q%) ds + Gp(Bs)ds + GdW? (6.4)
and ergodic cost functional
J(z, 2, 8) = lim inf E§ e zR™b(x, Q8 Bs) + 1(x, QP Bs))ds. (6.5)
— 0

Then A(z, z) is the value function of the ergodic control problem the we have just described, that is:

Az, z) = irﬁlf J(z,z,B)

where the infimum is taken over all adapted processes (3 : [0, 0o[— U.
Notice that, in particular, beeing the infimum of linear functionals, the map z — A(z, z) is concave.

Moreover notice that the result was proven in [9] with liminf replaced by limsup in the definition (6.5) of
the ergodic cost nevertheless, as it can be easily verified, this substitution is inessential in the argument
reported in [9]
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7 Control interpretation of the limit forward-backward system

Most of our analysis in this section is based on the fact that A is concave with respect to z. In particular,
by Fenchel-Moreau theorem (translated in the obvious way for concave functions instead than for convex
ones), we can write A = A, where for all z € H:

)\*(l',p) = inf (—zp— )\(1’,2)), peE E

zEeD*

and the map A (z,-) is an upper semicontinuous concave function with non empty domain in =. Thus for
allxz € H, z € =*:
Az, z) = ini(—zp — )\*(x,p))

peEZ

Recalling that A is Lipschitz continuous with respect to z uniformly in x and denoting by L the Lipschitz
constant we have
Ai(x,p) = —00, whenever |p| > L.

Moreover, A(z,p) < —A(z,0) < ¢(1 + |z|), in particular, for any process (p:)o<t<i with values in =, the

process
t
</ A (X, ps)d5>
0 0<t<1

is well-defined and takes values in [—00, 00).
Given any = valued progressively measurable process (p;)¢>0 with |p;| < L:

1 1
Y, = h(X1)+/ )\(XS,ZS)ds—/ Z,dW,
t t

1 1
S h(Xl) - / (Zsps + )\*(X57ps)) ds — / stWs
t t

t
Introducing W} = / psds + Wy and the probability PP under which it is a Wiener process we get:
0
dXt = AXtdt — Rptdt + Rthp

1 1
Yt<h(X1)—/ )\*(Xs,ps)ds—/ Z,dW?
t 0

7).

Conversely, we may call, for any n > 1, (p?)o<s<1 such that —Zgp? — Mo (Xy, p?) — 1/n < XXy, Z;). Clearly
we have |p}'| < L. Using a measurable selection Theorem, see for instance Theorem 6.9.13 in [4], one can
chose the process p™ to be progressive measurable.

Then, we have

which shows that: .
Z < EP (h(Xl) — / )\*(Xs,ps)ds
t

1
n

1 1
Y > h(X) - / (Zsp? A (Xa ) + ) ds - / Z.w,
t t
and rewriting the above in terms of W*"

1=t 1 L n
Vit b het) - [ A eptde - [z
t t

Therefore we can conclude that Y; is the value function of a stochastic optimal control problem in the sense
that:

1
0
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where (X)) is the solution of the following controlled stochastic differential equation:

dX; = AXydt — Rpdt + RAWY, Xy = wo;

the supremum is extended to all =-valued, predictable processes (ps)o<s<1 that are bounded by L and finally
WP is a Z-valued Wiener process with respect to P°.
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