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Abstract

We construct a large class of superoscillating sequences, more generally of .%-
supershifts, where % is a family of smooth functions in (¢, x) (resp. distributions
in (¢, x), or hyperfunctions in x depending on the parameter ¢) indexed by A € R. The
frame in which we introduce such families is that of the evolution through Schrédinger
equation (i9/9t—77(x))(Y) = 0(H(x) = —(82/8x2)/2+V(x)), V being a suitable
potential). If % = {(¢, x) — ¢, (t, x); A € R}, where ¢, _is evolved from the initial
datum x +— e**, .Z-supershifts will be of the form {Z?]:o Ci(N,a)pi—2;/NIN>1
fora € R\[—1, 1], taking C;(N, a) = (1}')(1 +a)N I (1 —a)/ /2. Our results rely
on the fact that integral operators of the Fresnel type govern, as in optical diffraction,
the evolution through the Schrodinger equation, such operators acting continuously on
the weighted algebra of entire functions Exp(C). Analyzing in particular the quantum
harmonic oscillator case forces us, in order to take into account singularities of the
evolved datum that occur when the stationary phasis in the Fresnel operator vanishes,
to enlarge the notion of .7 -supershift, 7 being a family of C* functions or distribu-
tions in (#, x), to that where .% is a family of hyperfunctions in x, depending on 7 as
a parameter.
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1 Introduction

The Aharonov—Berry superoscillations are band-limited functions that can oscillate
faster than their fastest Fourier component. These functions (or sequences, to be more
precise) appear in many settings, both in classical phenomena, as well as in the study
of weak measurements, [7, 14, 15, 29]. A thorough review of the various situations in
which superoscillations arise is [30]. Not surprisingly, the literature related to super-
oscillations is very large, and without claiming completeness, we mention [23-25, 27,
28, 36, 37, 43, 45]. Quite recently, this class of functions has been investigated from
the mathematical point of view, see [1, 2, 8-12, 16, 18-20, 31, 33, 34] and the mono-
graph [13]. For a unified approach to Schrodinger evolution of superoscillations and
supershifts see the recent paper [3]. Finally, we mention that different field equations
has been recently considered such as Klein—-Gordon see [5], and that superoscillations
also appear in Schur analysis, see [17].

In this paper we will extend naturally some of the ideas developed in those articles,
and we will discover exciting new features that need to be considered when we apply
the theory of superoscillations to the study of specific Schrodinger equations, in which
singularities naturally arise.

In order to set up the stage, leta > 1 be a real number. The archetypical superoscil-
latory sequence is the sequence of complex valued functions { F (x, a)}n>1 defined
on R by

Fy(x,a) = (cos (%) + iasin (%))N (1.1)

It is immediate to see that if we fix x € R, and we let N go to infinity, we obtain that
lim Fy(x,a) = €.
N—o0

However, by expanding the trigonometric functions sinx and cos x through Euler’s
formula, it is also easy to see that in fact we can rewrite Fy (x, a) as

N
Fy(x,a) =) Cj(N,a)e!!"2//N)x,
j=0

where

N [1+a\" 7 (1 —a\’
com-()(5) (). e

and (1;’ ) denotes the binomial coefficient. This simple observation is significant because
we now have a sequence of functions whose frequencies (1 — 2 /N) are bounded by
one, and yet their limit has the arbitrarily large frequency a. This explains why the
sequence {Fy (x, a)}n>1 is called superoscillatory.
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There is also a different way to conceptualize this phenomenon by saying that the map
that associates to a real number a € R\[—1, 1] the sequence { Fy (x, a)} is a supershift
with respect to the map which associates to the real parameter A the complex function
¢/**_ Though this is simply a different way to restate what we said before, it indicates
a change of perspective since the supershift is now associated to maps whose variables
are real numbers and whose range are spaces of functions. This approach will be made
precise in Definition 5.1.

Most of the work done in recent years has been devoted to two fundamental
questions, inspired by the physical considerations that led to the discovery of super-
oscillatory phenomena. The first question asks how to construct larger families of
superoscillating sequences, and the second question asks whether superoscillations
persist once they are propagated according to the Schrodinger equation with a given
potential. As it turns out, the two questions are intimately connected, and this paper
explores further this connection. To begin with, it is easy to show that if P(z) is a
polynomial of one complex variable, then the sequence

N
IpP,N(tv-xv )\,) — ZC/(Nv )\') ei(1—2]‘/1\/‘))6el‘[P(l—Zj/N)7
j=0

with ¢ and x real variables, is a solution of the Cauchy problem for the modified
Schrodinger equation

o 4
[, 3 p <_l—)} Wpn(t, 5, 0) =0,
0x

with the initial condition
Yp N (0, x, 1) = Fy(x, A).

In Sect. 3, however, we will show that this new sequence {{/p_y(f, x, 1)} converges,
with all of its derivatives in both ¢ and x, to the suitable derivative of ¢! **t1PM) We
are therefore able to show that this process allows us to construct a large class of
superoscillating sequences of the form {x +— ¥p n(t, x,a)}n>1 from the original
“superoscillating” sequence {x — Fy(x, a)}ny>1 . In these sequences the superoscil-
lating convergence property propagates through any differential operator in ¢, x, the
convergence being uniform on any compact subset of the real plane. Note that this
process as well allows us to extend the notion of supershift to functions that associate
to a real parameter A a function of two variables 7 and x.

The more significant situation, however, arises when one considers a general
Schrodinger operator of the form
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with a suitable real potential V and associated Green function Gy (z, x, 0, x) such
that the response, at time ¢, to the initial value e forr =0, is given by

o, x) = f Gy(t,x,0,x") ™ dx'
R

for A € R and (z, x) in the phase domain. Note that we need to interpret the integral
as a regularized integral on R in a sense that will be clarified in Sect. 4). In this case
we will find sufficient conditions that ensure that the integral operator

T(f(x ), x) =AGv(t,x,0,X’)f(x’)dX’

is such that for any A € R,

N

N
T CiN 02N ) = CN A r-ajn (1, x)
j=0 =0

converges to

T (™)1, x) = ¢a(t, x)

locally uniformly in some open subset %/ of the phase space (in Rlz,x) on which V
is smooth and which is entirely determined by the explicit expression of the Green
function Gy (Theorem 5.1). In such a situation the sequence defined on % by

N

ch(N,a)fpl—zj/N
=0

(where a € R\[—1, 1]) is a supershift for ()9 . Moreover, for any A € R, ¢ €
€ (%, C) and for any (i1, v) € N2,

8M+U N N—00 ap.+v
Fyr Z;)Cj(N,)») Q12N | T oo (3)
]:

locally uniformly in % for any A € R, in particular A = a € R\[—1, 1].

Interesting situations occur when A € R > ¢; makes sense as a continuous map
from R into 2’ (%', C) for some open subset %7’ 2 7 in the phase space. Such is
the case in the example of the quantum harmonic oscillator, where V (x) = x?/2, the
phase space is R™ x R and

U =R xR\{(k7/2,x); k€N, x e R} ¢ %' =RY* x R.
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In such case, given &’ € N and xo € R, it is impossible to interpret

N
> Ci(N.a)pi-aj/n (1.3)
j=0 about ((2K'+1)7/2,x0)

(when a € R\[—1, 1]) as a supershift for A — ((p)u)labout (@K +1)7/2,x0) (all maps
being considered here as distribution-valued about ((2k" + 1)7r/2, xp)), while it
is possible to do so about a point (k”m, x9), where k” € N*. In order to inter-
pret (1.3) as a supershift for A+ (@x)about ((2k'+1)7/2,x0)» ONE needs to consider
(93.)about ((2k'+1)7/2,x0) @S @ hyperfunction (in #) times a distribution (in x) instead of
distribution in (¢, x). We will discuss such questions in Sect. 6.

The plan of the paper is the following: the paper contains five sections, besides this
introduction. In Sect. 2 we introduce the spaces A ,(C), A 0(C), and we define some
infinite order differential operators with nonconstant coefficients which will play a
crucial role to prove our main results. In Sect. 3 we recall the definition of generalized
Fourier sequence and (complex) superoscillating sequence in one and several variables
together with some examples; we then study two Cauchy—Kowalevski problems (one
of which of Schrodinger type) and we show that superoscillations persist in time. In
Sect. 4 we address the problem of explaining the process of regularization of formal
Fresnel-type integrals which is a necessary step to obtain further results in the paper.
Fresnel-type integrals are shown to be continuous on A(C) in Sect. 5, in which we
also treat a Cauchy problem for the Schrédinger equation with centrifugal potential
and also for the quantum harmonic oscillator. Finally, in Sect. 6, we investigate the
evolution of superoscillating initial data with respect to the notion of supershift for the
quantum harmonic oscillator, and we focus on singularities. It is interesting to note that
in this case one needs to extend the concept of supershift in the case of hyperfunctions.

Notations. We use the notations with capital letters Z,d/dZ, W,d/dW, 7 in the
expressions of formal differential operators, besides the usual notation z for the com-
plex variable and ¢ (time) x, x (space) real variables.

2 On Continuity of Some Convolution Operators

Let f be a non-constant entire function of a complex variable z. We define

Myg(r) = max |f(2)], for r>0.
Z|l=r

The non-negative real number p defined by

. Inln M (r)
p = limsup —————
r—00 Inr

is called the order of f.If p is finite then f is said to be of finite order and if p = oo
the function f is said to be of infinite order.
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In the case f is of finite order we introduce the non-negative real number

i In M (r)
o = limsup —————,
r—00 rP

and call it the type of f.If o € (0, 00) we say f is of normal type, while we say it is
of minimal type if o = 0 and of maximal type if o = oco. Constant entire functions are
considered of minimal type and order zero. In the sequel we will extensively make use
of weighted spaces A,(C) or A}, o(C) of entire functions whose definition follows ;
such spaces are classical, see e.g. [22, 47].

Definition 2.1 Let p be a strictly positive number. We define the space A, (C) as the
(C-algebra of entire functions such that there exists B > 0 such that

sup (1 @)1 exp(=Blz|") < +oo.

The space A, o(C) consists of those entire functions such that

Ve >0, sup (|f(2)] exp(—¢lz|?) < +oo.
zeC

To define a topology in these spaces we follow [22, Section 2.1]. For p > 0, B > 0
and for any entire function f, we set

I £l := sup{| f (2)|exp(=Blz|")}.
zeC

Let Ag((C) denote the C-vector space of entire functions satisfying || f|lp < oo.
Then || - || p defines a norm on Ag (C) so that (Ag (©), || Il ) is a Banach space and the
natural inclusion mapping Ag — Ag, (when0 < B < B’)isacompact operator from
(AB(C), || Ip) into (AB(C), || IIp). For any sequence {B,},>1 of positive numbers,

strictly increasing to infinity, we can introduce an LF-topology on A ,(C) given by the
inductive limit

Ap(C) :=1im A" (C).

Since this topology is stronger than the topology of the pointwise convergence, it
is independent of the choice of the sequence {B,},>1. Thus, in this inductive limit
topology, given f and a sequence { fy}n>1 in A,(C), we say that fy — fin A,(C)
if and only if there exists n € N* such that f, fy € A,lf" (C) for all N € N*, and
lfn — fllg, — O0for N — ooc. The topology on A, (C) is given as the projective
limit

Ap0(C) :=1im A% (C)
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where {¢,,},>1 is a strictly decreasing sequence of positive numbers converging to 0. It
can be proved, see [22, Section 6.1], that A,(C) and A, o(C) are respectively a DFS
space and an FS space. When p > 1, A o(C) is the strong dual of A, (C) (where
1/p + 1/p’ = 1), the duality being realized as

e (Ay ©)) — [Fourier — Borel Transform of 4 : w € C —> pu; (e—zw):l € Ap0(C).

In the extreme case p = 1, A1 (C) (also denoted as Exp(C)) is isomorphic to the space
H (C) of analytic functionals, the duality being realized as

T e F(E) — [Fourier — Borel Transformof 7 : w € C —~ Tz(e_zw)] € A(C).

Here H(C) is equipped with its usual topology of uniform convergence on any
compact subset.
The following result is an immediate consequence of the definition of the topology in
the spaces A, (C) for p > 0.

Proposition 2.1 Let f = {fn}n=1 be a sequence of elements in A,(C). The two
following assertions are equivalent:

e the sequence f converges towards 0 in A,(C) ;
o the sequence f converges towards 0 in H(C) and there exists A f>0and By >0
such that

VN eN*, VzeC, |fn(z)] <Ayelrlil’, 2.1

Proof The first assertion means that there exists B > 0 with limy_o0 || fnllg = 0
(in particular || fy|[g < 1 for N > Ny), which implies that the sequence f converges
to 0 in H(C) and that |fy(z)] < AeB” with B and A = sup(Ay,..., Ay, 1)
independent of N (Aj = supc(lfj(@)le” Blzl”y for j = 1,..., Ny). Conversely,
assume that the second assertion holds and take B > By, so that, given ¢ > 0, there
exists R, > 0 such that

VN eN*, sup |fy@le B < ApeBr=BRE ¢
[z]>Re

On the other hand, since f converges to 0 uniformly on any compact subset of C, in
particular on D (0, R,), there exists N, € N* such that

N =N = sup |fw@le ™" < sup |fn(@)] <e.
[zI=Re lzI<R¢
Therefore supy~ v, I /nll5 < € and the sequence f converges to 0 in A, (C). O

To prove our main results we need an important lemma that characterizes entire func-
tions in A, (C) in terms of the behaviour of their Taylor development, see Lemma 2.2
in [18].



34 Page8of37 F. Colombo et al.

Lemma 2.1 The entire function f : z Z(;O:o szj belongs to A, (C) if and only if
there exists C = Cy > O0and b = by > O such that f € AIC,’b((C), where

00 ' bi
C,b _ ] . : . _
ASP(@©) = ;:()f,z €A, (C);VjeN, |f]|§CF(j/p+1) .2

The following lemmas are refinements of results previously stated in [18], except that
we need here some extra dependency with respect to auxiliary parameters. They will
be of crucial importance in order to prove the main results in the next sections.

Lemma 2.2 Let T be a set of parameters and t € 7 + ID(t) be a differential
operator-valued map

> d \J
1€ T+—DE)=) bi(0)|—
,Z—;) I (dW)

(withb; : F — C for j € N) whose formal symbol

o0
F:r,W)eI xCr— ij(t)Wj
j=0

realizes for each Tt € 7 an entire function of W such that

sup (IF(z, W)]e By = 4 < 400 (2.3)
€7 ,WeC

for some p > 1 and B > 0. Then D(7) acts as a continuous operator from A1(C) into
itself uniformly with respect to the parameter t € 7.

Proof 1t follows from Lemma 2.1 that the coefficient functions  —— b; (1) satisfy
then uniform estimates

J
VieN,VieZ, bit)|<C———
’ LG/p+1
for some positive constants C = C(D) and b = b(ID) depending only on the finite
quantity A in (2.3) and B. Let f : W > Z?io agWt e A{(C). There are then (see
again Lemma 2.1) positive constants y and f such that |a,| < (y/£!) B¢ forany £ € N.
Consider the action of D on such f. One has (for the moment formally)

0 ' 0!
Vi e T, D) =Y bWy (f) = Zb () (Z Ut ) w@)

j=0
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= Z G M) L i (apy | W (2.4)
=0 \j=0
with
(+0! B~ B B
ZTV? (O laesjl < J/CF Zm K®,C,B, V)—
j=0 j=0
2.5)

Therefore the formal identity (2.4) is in fact a true one for any W € C, which shows
that D(7)[ f] € A (C) for any T € .7, with

VieZ,VWeC, |D@)(f)|<KW®C,PB,y)eW.

Let f = {fv}n>1 be a sequence converging towards 0 in A1 (C) which is equivalent
to say that sup(bys, + Cyy) < +oo and that f converges towards 0 in H(C), see
Proposition 2.1. Then the sequence {D(7)(fy)}n>1 = D(z)(f) is such that

VNeN, Ve, VWeC, ID@)(fn)(W)<AselriVl

for some positive constants A ¢ and By depending only on D and f. Let B > By and
e > 0. Let R = R, large enough such that

VreZ, VN e N, VW e Cwith [W| > R, ID@)(fn)(W)le BV <¢.

Since D(7)(fn)(W) = Y 2gan ()W with |ay ¢ ()] < (Cr/Lh) b@f for some
constants C y and b ¢ independent on T € .7 and on N (see (2.5)) and the sequence f
converges to 0 in H (C), one can find N = N, such that

VN >N, VYVt e, VW e Cwith |W| <R, |D(x)(fn)(W)| <e.

Hence the sequence D(7)(f) converges towards 0 in A1 (C), uniformly with respect
to the parameter 7. O

Since the next lemma involves as set of parameters .7 the set which is now given as
split in the form .7 = ¥ x Cz, where Cy is already a copy of the complex plane, one
needs to duplicate Cz into an extra copy of C denoted as Cy.

Lemma 2.3 Let T be a set of parameters and t € T +— D(t, Z) be a differential
operator-valued map

teTr— Dt 2) =Y bt Z)(diz)j
j=0
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(withb; : % x C — C, holomorphic in Z for j € N) such that

o0
Ve >0, sup ((Z Ib(t, Z)W|-/) exp(—gZ|ﬁ—B|wP)) =A® < 100 (2.6)

te%,(Z,W)eC? =0

for some p > 1, p > 1and B > 0. Then D(t, Z) acts as a continuous operator from
A1(C) into A o(C) uniformly with respect to the parameter t € .

Proof The function

F:(tZW)— > (Zb,-,K(t)zK) Wi=3"Z | b )W ]| @27)

j=0 \«k=0 k=0 j=0

is well defined and depends as an entire function of two variables of the variables
Z and W (which also justifies in (2.7) the application of Fubini theorem). Cauchy
formulae in C x C show that for any t € ¥, for any j, x € N,

1 dzZ  dw ot7’ B’
Ibj (O] = —2‘/ FZ W) oor Ao | < A©) inf x inf <
421\ z|=r W |=r zetl it F>0 1

r>0 r/
= 4O () (5) e o) P (Bpe) 7))
K J

1

.
SO T FEDrGp D 1P 28

for each n > 0, with constants C,, bandb independent on the parameter t. Let now
f = {fn}n>1 be a sequence of elements in A;(C) which converges to 0 in A;(C).
All differential operators

De(t) =Y bj(®d/dW) (k €N)
j=0

act continuously on A;(C), as seen in Lemma 2.2. Moreover, one has (plugging in
(2.5) the estimates (2.8)) that

VfeAlP(©), vteT, VkeN, VeeN,

- (b)* B
D, (t <yC,———FE b) —

D ®(Ne =¥ "Tw/p+ 1) 1/p,1(BD) 7

where E1/p1 : ¢ € Cr— > ck/T(k/p + 1) is the entire (with order 1/p and
type 1) Mittag—Leffler function. One has therefore for such f € A}{’ﬂ (Cy) that



Superoscillating Sequences and Supershifts for Families. .. Page 110f37 34

IV

Tk/p+1)
2.9)

Vte T, Ve eN, VW eC, IDOSHYW)<yCyEp1(Bb)

and (taking now W = Z)

o i : 1zl o~ (b IZ)*
YteT, VZeC, l;)lll D O] <y CyE1p1(Bb)e Kgoil"(k/ﬁﬁ- % (2.10)
Since the Mittag—Leffler function E;,; 1 has order p > 1, the estimates (2.10)

(uniform in the parameter t as well as on the function f € A]]/"8 (C)) show that the
differential operator acts continously from A (C) into A 5 o (C), uniformly with respect
to the parameter t € T. One just needs to repeat here the end of the proof of Lemma 2.2.

]

We conclude this section by proving a quantitative lemma which reveals to be essential
in the sequel. It is a refinement of Lemma 1 in [34].

Lemma 2.4 Leta € C with a := max(l, |a|) and, for any z € C,

Fn(z,a) = (cos (%) +iasin (%))N

as in (1.1) (with z, a € C instead of x,a € R). For any N € N* and any z € C, one
has

|Fn(z, @) < exp (Jal |z] + Im(2)]) < exp ((lal + 1) |z])

) 2 a2 -1 (2.11)
|Fn(z,a) — '] < 3 | | |z* exp ((a + Dz]).

-3 N
Proof Let
) sin z 1
sinc:ze€Cr—b — =/ t cos(tz) dt
< 0

be the sinus cardinal function; it satisfies |sinc(z)| < e/™@! for any z € C. One has
then the upper uniform estimates

z Z\ |V
VN eN*, VzeC, |Fy( =‘ (—) jasi (—)‘
z |Fn(z, a)| cos N + ia sin N

Z caz .z N
= ‘cos (—) +i— smc(—)‘
N N N
az|\N
<m0 (14 9N < expal 21+ Im@) = exp ((al + DEz)). @2.12)

which is the first chain of inequalities in (2.11). For any N € N*, one has also

eos () - (2] =2 s (5% s ()
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|a® — 1] a—1]+]a+1] -1

| ) |a
= oy Ke ( 2N 2l) = TN

+1
o exp (5~ 12l) (2.13)

and

‘“ sin (%) —sin (Czlv_z)‘ ‘ Z (2(k Jlr)l)' et (;)21«“‘

ja? —1| N = %-1
= z|? ;(2k+1)! (Z 2e+1> ( )
|a? 1, - 21

|z|
- 2N?2 Z(2k 1)'(2k+1)( )
2

: o K (2
= 6N2 e Z(Zk 1)'< = Tenz e N|Z|)'

(2.14)

N-1

It follows from the identity AN — BN = (A — B) }_ AKBN=1=k together with
k=0

estimates (2.13), (2.14) and (2.12), that for any N € N* and 7z € C,

|Fy(z,a) — %) = ‘COS (%) — cos (L]IV) +’(“ sin <%) —sin (%))‘

N-1
. N—-1—k

X Z |FN(z,a)|k/N ’exp (lazT))

k=0

2 1% — 1| at1 N la| + 1 N—1—k

z — 2 -
<3 e (T |Z|)/<Z(:)exp(k( ) el + = lalz])
2 |a® —1
=3 la N | 1212 exp ((@ + 1)]z]).

The second inequality in (2.11) is thus proved. O

One can now state as a consequence of Proposition 2.1 and Lemma 2.4 the following
theorem.

Theorem 2.1 Foranya € C, the sequence {z — Fn(z, a)}n>1 convergesto z — it
in A1 (C).

Proof It follows from estimates (2.12) that the sequence f = {z — Fn(z,a)}n>1
satisfies the estimates (2.1) with p = 1, By = [a| + 1 and Cy = 1. Lemma 2.4
implies on the other hand that the sequence f converges towards z — ¢'“% in H(C).
The result is then a consequence of Proposition 2.1. O
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3 Uniform Convergence of Superoscillating Sequences

Let m € N* and (Z(R™, C))N be the family of all sequences ¥ = {x € R"
Yn(x)}n>1 of complex valued functions defined on R™. We first recall in this sec-
tion the notions of (complex) generalized Fourier sequence (CGFS) and (complex)
superoscillating sequence (CSOscS) in (% (R™, C)N". We start first with the case
m=1.

Definition 3.1 A sequence Y € (% (R, C)HNY is called a complex generalized Fourier
sequence if each entry Yy is, after re-indexation, of the form

N
Yvn:x eR+— ZC/(N) exp(ik;(N)x), 3.1
j=0

where C;(N) € Cand k;j(N) € Rforany N e N*and j =0,..., N.

Example 3.1

1. If f € L'(T, C), where T = R/(27Z), is any subsequence of the Fourier (resp.
Fourier-Fejér) sequences {x = Sy (x)}y>1 (resp. {x — Fy(x)}n>1), where

2N 40
_ —i (j=N)6 i(j—N)x
w0 = ;)(/Tf(@)e ] (2;1))6 !
FN(X)=§:<1— |J.—N|)</f(9)efi(j7N)9 d_9>ei(j7N)x
j=0 N T (27‘[) ’

then it realizes, after re-indexation, an archetypical example of a complex gener-
alized Fourier sequence in (% (R, C)N" This fact justifies the terminology.

2. Whenm = 1 and a € R, the sequence {x — Fx(x, a)}n>1 is also an example of
a complex generalized Fourier sequence in (# (R, C))N". In this case, note that
Cij(N)=Cj(N,a) e Rforany j € N.

3. Let P = ) e Vi X € C[X, X~!] be a Laurent polynomial and L(P) the
diameter of its support. Any sequence {x — Yy (x)}y>1 such that

N N
Yv() =) CiNPENIM) =5 % " aeCi(N)e i
j=0 j=0keZ*
L(P)N
— Z GJ(N) ei?j(N)x
J=0

is after re-indexation a complex generalized Fourier sequence in (% (R, cHN.

Definition 3.2 A complex generalized Fourier sequence {x +— Yny(x)}y>1 in
(ZF (R, (C))N* is called a complex superoscillating sequence if
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e cach entry Yy is of the form (3.1) with |k;(N)| < 1 for any j € N such that
0<j=N;

e there exists an open subset U%°%¢ C R which is called a superoscillation domain
such that {x > Yn(x)}n>1 converges uniformly on any compact subset of U5
to the restriction to U3¢ of a trigonometric polynomial function

Yoo i X —> Poo (&KX

where P, € C[X, X~!] is a Laurent polynomial with no constant term and
k(o0) € R\[—1, 1].

Remark 3.1 If Y is a superoscillating sequence in the sense of Definition 3.2, it is
Yoso-superoscillating in the sense of Definition 1.1 in [33], with superoscillation set
any segment [a, b] such that b — a > 0 is included in the superoscillation domain
USOSC.

Example 3.2 1. Any subsequence of the Fourier (resp. Fourier-Fejér) sequences {x +
Sn(x)}n>1 (resp. {x — Fy(x)}ny>1) introduced in Example 3.1 (1) fails to be
superoscillating since the condition |k;(N)| < 1 is not fulfilled.

2. Ifa € R\[—1, 1], the sequence {x — Fy(x, a)}n>1is asuperoscillating sequence
in (Z R, C)N" with superoscillation domain equal to R, with Yoo : x € R >
¢'%* This follows from Lemma 2.4 (namely from the inequalities (2.11) fora € R
and x € R). This is the model that inspired us originally and that we will generalize
in this paper.

Inspired by physical considerations which we will discuss later on, we extend as
follows Definitions 3.1 and 3.2 to the higher dimensional setting where m > 1. The
model we will use in order to extend Definition 3.1 will be the one in Example 3.1 (3).

Definition 3.3 A sequence Y € (Z#(R™, CHNY is called a complex generalized
Fourier sequence if, after re-indexation, each entry Yy is of the form

N
YN X = (1, X) €RT Y CH(N) P(eK1 M) fimkin (V)Y (3.9)
j=0

where P € C[X1,..., Xu] € CIXT', ..., X,jn:l] is a Laurent polynomial (indepen-
dent of N), Cj(N) € Cand N +— k;(N) is a map from N* to R" for any N € N*
and j =0,..., N.

Example 3.3 Let t, x be two real variables, C;(N) € C, «;(N) € R, k;j(N) € R for
any N € N*and 0 < j < N. Then

N
{x o Z Cj(N)ein(N)teikj(N)x}

° N=>1
Jj=0

is acomplex generalized Fourier sequence in the two real variables ¢, x, the polynomial
P € C[T, X] being here P(T, X) =TX.
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Definition 3.2 extends to the multivariate case as follows.

Definition 3.4 A complex generalized Fourier sequence {x +— Yny(x)}y>1 in
(Z @®R™, C)N is called a complex superoscillating sequence if

e cach entry Yy is of the form (3.2) with additionally |k; ((N)| < 1forany j € N
suchthat0 < j < Nand{f=1,...,m;

e there exists an open subset U%¢ C R™ which is called a superoscillation domain
such that {x = Yn(x)}n>1 converges uniformly on any compact subset of U5
to the restriction to US°*° of a trigonometric polynomial function

Yoo : X > Pog(eF1000%1 - pikm (00)xm)

where Py, € C[X il, e, X,jn:l] is a Laurent polynomial with no constant term
and kj(o0) € (R\[-1, 1])™.

In order to illustrate Definition 3.4 with an example which is derived from Example 3.2
(2), consider, for p € Nanda € R\[—1, 1], the complex generalized Fourier sequence
in two real variables ¢, x

N
. 2 i(1-2j/N)P i(1-2j/N
[vove @ s e R ) Ocj(N,a>e’< ST NI EE)
j:

(see Example 3.3). An immediate computation shows that for any (¢, x) € RZ,

N

0 . . . .
> Wp . x @) =i ) Ci(N @) (1 =2j/N)P /(120N (0200

t =

ar ¥ i(1=2j/N)Pt i(1-2j/N
S W x, ) =if D Ci(N,a) (1 =2j/N)P =21/t =27/
X

j=0

which shows that (7, x) € R? — YN (t, x, a) is the (unique) global solution of the
Cauchy—Kowalevski problem

9 9r
( P 15 - x[,> W) =0, [ 0]li=0 = Fyn(x,a). (34

One can extend analytically ¥, v (-, -, @) as a function from R x C to C, such that one
has formally

2 t(1=p) 4

YN (t,z,0) = ZC,(N a) <Z

=0

(i1 —2j/N))P ) e (1-2i/N)z

ll(lfp) te .
= Z TDP (Fn(G,a)(z) = Dp(0)(FN (-, a))(2). (3.5)
=0 :
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One can prove here the following result.

Theorem 3.1 The operator D, (1) acts continuously from Ay (C) into itself. The gener-
alized Fourier sequence (3.3) is superoscillating with R? as superoscillation domain
and limit function

Yoo : (t,x) —> €% @
(Poo(T, X) = TX, k1(00) = aP, ky(c0) = a) uniformly on any compact in R?. For
any (u, v) € N2, the sequence of functions

gt

W(%"N(I’ x,@) =i §x Pty (Yp, N, x,a))

= i *U=P ((dJdW)PFTY O D)) (Fy (- a)(x) (N e N*)  (3.6)

gputv

converges uniformly on any compact in R? to the function
(1,x) € R? > ((d/dW)P"H O Dy(0) (' ¢“O)(x).

Proof The first assertion follows from Lemma 2.2 with R, = 7 as set of parameters
and p > 1 as order of the symbol of the differential operator D, (¢) as a differ-
ential operator in W. Since {z + Fy(z,a)}n>1 converges to z > ¢'“ in A1(C)
(see theorem 2.1), the sequence {z > D, () (Fy(:,a))(z)}n>1 converges towards
z > D,()(e““)(z) locally uniformly with respect to ¢ € R. One can check that
Dp(t)(ei“('))(z) = ¢19"1¢14Z thanks to an immediate computation. Since (1 —2j/N)?
and (1 —2j/N) liein[—1, 1] forany j € {0, ..., N} and a € R\[—1, 1], the gener-
alized Fourier sequence (3.3) is superoscillating with Poo (T, X) = T X, k1 (00) = a?
and ky(00) = a, the superoscillation domain being here R?. The expressions of the
partial derivatives in ¢ in terms of the partial derivatives in x in (3.6) follow from the fact
that ¥, v (-, -, a) satisfies the partial differential equation in the Cauchy—Kowalevski
problem (3.4). The last assertion in the theorem results from the continuity of the
differentiation d /dz as an operator from A (C) into itself. O

Let now P € R[X] be an even polynomial P(X) = yp + y1X2 4+t y2d,X2d’ and
a € R\[—1, 1]. Consider in this case the generalized Fourier sequence

N
YpnComa) s (1) € R 3 Cj(N @) el P21 Gi(1=2/ N0
j=0 N>1
(3.7

As in the previous case, an easy computation shows that the function ¥ p y(-, -, a)
is the unique global solution (on the whole space R?) of the Cauchy—Kowalevski
problem

(,-% - P(%))(w) =0, [t D)o = Fy(x,a) (3.8)
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where P = Zfizo(_l)’( "+l Yo X3¢ ", and the partial differential operator is here of
Schrodinger type. Let us introduce the differential operator Dp(¢) defined as

d oo -2 By )
Dr() = (Z C2 ) ajawy ‘)

k'=0 \{=0
with symbol in A, (Cyy) (the set of parameters .7 being again .7 = RR;).

Theorem 3.2 Let P € R[X] be an even polynomial with degree 2d’. For any ) € R,
the Cauchy—Kowalevski problem (of Schrodinger type)

a

. 5( 9 iAx
(i5- = P(55)) @) =0, 1.0 = w0l = x> ™1 (3.9)

admits as unique global solution in R? the function (t, x) — @) (1, x) = !'PPix,
One has Yp N(-, -, L) = Z;-V:O Ci(N, ) ¢1—2j/n and the sequence {(t,x)
Yp.n(t, x,\)}N>1 converges uniformly on any compact set in R? 0 (1,x) +—>
PR ei2x For any (u, v) € N2, the sequence of functions

n+v ' Y or 5\ 0"
S (PN (X, 2) = (—l)M(P(a» © (£> Wpn(t x, 2)
= (—i)“((ﬁ(d/dW))QH O (d/dW) @]D)p(t))(FN(', )L))(x) (N e N*)

(3.10)

converges uniformly on any compact in R? to the function
2 _anf(p (ol oY iP(Mt id()
(t,x) € R2 > (—i) ((P(d/dW)) © (d/dW)® ©Dpr)) (PP 0 (x).
Proof One has

(i = (o)) = (~PGY + PO PP =

and ¢; (0, x) = ¢!** for all x € R. It follows from Lemma 2.2 that the operator D p ()
acts continuously on A (C), locally uniformly with respect to the parameter r € R.
Since the sequence {z € C — Fy(-, A)}n>1 converges to z > e* in A;(C), the
sequence {z € C > Dp(t)(Fy(-, 1))(z)}n>1 converges to z > Dp(t)(e*V)(z) =
e"PM iz in A|(C) locally uniformly with respect to the parameter ¢ € R. The first
equality in (3.10) follows from the fact that y¥p n (-, -, 1) is solution of the Cauchy—
Kowalevski problem (3.8). The final assertion follows from the continuity of d/dz :
A1(C) = A (C). O

One can even drop the hypothesis about P and take P = Zi:o ¥ X as polyno-
mial of degree d in C[X] with associate polynomial P = Zfzo(—i)"“yKX". The
Cauchy—Kowalevski problem (3.8) is not anymore of the Schrddinger type (since
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P ¢ R[X] in general), which makes the only difference with the case previously
studied. Nevertheless, one can state exactly the same result, with this time

o d (ll KtVK ol
Dp) = () ZE—@WW)
k=0 ’

£=0

Theorem 3.3 Let P € C[X] be a polynomial of degree d. All the assertions in The-
orem 3.2 are valid, except that (3.8) is not anymore a Cauchy—Kowalevski problem
of the Schrodinger type. When a € R\[—1, 1], the generalized Fourier sequence
{x = Y N, x,a)}n>1 is superoscillating for any t € R. Moreover, given such
a and P € R[X] such that supi_; 1;|P| < 1 < |P(a)l|, the generalized Fourier
sequence

N
(t,x) = Yp Nt x,a) = ZC]'(N, a)p1—2j/N(t, x)

J=0 N>1

is superoscillating as a generalized Fourier sequence in two variables (t, x), with R?
as domain of superoscillation.

Proof The proof follows that of Theorem 3.2. The sequence {x > ¥p y(f, X, @)} N>1
is superoscillating for any ¢+ € R since it converges on any compact of R, (locally
uniformly in ) to x +—> e1P(@) glax - Ag for the last assertion, to define Yo, one takes
Poo(T,X) =TX, k(c0) = P(a) and k(0co) = a in Definition 3.4. O

Letnow E(X) = Z,fozo ¥ X € C[[X]] be a power series with radius of convergence
p €]0, 4+o00], together with the convolution operator

G Km) e
Dg(t) = hm Q Z (d/dW)
=0
with formal symbol
oo
Fe(t) : W —> exp (izZil—K yKWK> .
k=0
Since F and > o2, i'7%y, X* share the same radius of convergence p > 0, Fg (1)

realizes, for each t € R) an holomorphic function in D(0, p) C Cy (with Taylor
series about O depending on ¢ € R). More precisely, one has

Vi, W e R x D, p), Fp)(W) = Z(ZbJKt>Wj:ij(t)Wj,
j=0

j=0
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where, for R > 0, the radius of convergence of the power series Y >0 (ZK>0

|ﬂj’K|RK)Xj is at least equal to p.
For any A €] — p, p[ and z € C, one has formally

d 1—«k
. . . ty, ) i
itEG) yizh —  lim @i K L) pitz
¢ ¢ d—+o00 (Z 2! ( )

k=0 \£=0

= lim - Zu(d/dW)”) *)(2) =De@) (™) ()
_d—>+ooK=O =0 al - F '

3.11)

One requires the following lemma in order to justify the formal relations (3.11).

Lemma 3.1 When p = 400, the convolution operator Dg (t) acts continuously locally
uniformly with respect to t € R from A|(C) into itself. When p €]0, +o0[ it acts
continuously locally uniformly with respect to t € R from the space

Bp n

{(f € A|(C); Ve >0, 3C, > O such that | f(W)| < Cge'?~ S)|W|}—hmA (©)

(where {B,, n}n>1 is a strictly increasing sequence converging to p) into itself.

Proof Suppose first that p = 4o00. Let R > O and K C [-R,R] C R, be a
compact set. One recalls here that the radius of convergence of the power series

Y20 (X0 1)« |R¥) X/ equals +00. Lety > 0, 8> 0and f =Y, fe W' €
A’l/’ﬂ (C). One can check as in the proof of Lemma 2.2 (compare to (2.5)) that, for any
teKandjeN,

0 ¢ o0 ¢
Z 2yl sl = v Z(ZIbJKIR”)ﬁ’ = Ko, (B0

j=0 j=0 k=0

This is indeed enough to conclude as in the proof of Lemma 2.2 that Dg(z) acts
continuously locally uniformly in # from A;(C) into itself.

Consider now the case where p €]0, +o0o[. For any R > 0, the radius of con-
vergence of the power series ) ;- (Xis0lbjicl R )X/ is now at least equal to p.
Repeating the preceeding argument (but taking now 8 < p — ¢ for some ¢ > 0 arbi-
trary small), one concludes that Dg (¢) acts continuously locally uniformly in ¢ from

. By, .

lim A;”"(C) into itself. O
-—
We can now state the last result of this section.

Theorem3.4 Let E = ijozo e X* € C[[X]] be a power series with radius of
convergence p €12, +o0]. Then E = Z,fozo(—i)"ﬂy,(D" acts continuously from
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lim A?”(C) into itself. For anyt € R and a € Rwith1 < |a| < p — 1, the
«—

generalized Fourier sequence

N

cR tx.q) = Ci(N. iE(1-2j/N)t ix(1—2j/N)}
[reR—veniro 3G e .
J:

is superoscillating. Moreover, for any such a and (i, v) € N2, the sequence of func-
tions

3u+v o
s N @) = (=) (£ 0 @/dW)” ) (Ut ) (6)

= (="(E®" © @/dW)* © De)) (Fy (@) (x) (3.12)
converges then uniformly on any compact in th’ . to the fonction
(1, %) —> (—i)M(E@" © d/dW)’ © ]D)E(t)> (e/"E@ ¢ia0) (x).

Proof The fact that E acts continuously from lim._ AB” "(Cyw) into itself follows
from Lemma 3.1, considering just E (independent of the parameter 7) instead of
DEg(t). For any & € R with |[A] < p, the operator E then acts on ¢*©) and it is
immediate to check that for any t € R

. 0 T itE(}) iAW _ .
Vx eR, [(15 E)(e e )]sz_o, (3.13)

moreover [(t,x) > eltEM) e”‘x]t:O is x > e**. Therefore, for any a € R and
N € N*, one has by linearity (since p > 1)

N

V (¢, x) € R, [(; 9 E)(ZCJ(N,a)eiE(l_zj/N)’ei(1_2j/N)W)] —0.

W=
Jat 20 X

(3.14)

Lemma 3.1 (applied this time with Dg (¢)), combined with Theorem 2.1 and the esti-
mates in the first line of (2.11) in Lemma 2.4, imply that as soon as one has |a| < p—1
the sequence {z € C > Dg(1)(F(-,a))(z)}n>1 converges (locally uniformly with
respect to the parameter #) to z > ¢!9% in Aj(C). The last assertion in the particular
case u = v = 0 follows. The first equality in (3.12) comes from the identity (3.14),
while the second one comes from (3.11) (as justified by Lemma 3.1). The last asser-
tion of the theorem when , v are arbitrary is then a consequence of the continuity of

d/dz from <1— A Bon (C) into itself. The superoscillating character of the sequence

{Yp.N(t, -, a)}n>1 follows from Definition 3.2. O
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Remark 3.2 When E € R[[X]], 1 < |a|] < p— 1 andsup_; 1)(E) < | < |E(a)l, the
generalized Fourier sequence

N
(t,x) c Rz — WE,N(f,X,Cl) — ZCJ(N’ a) eiE(l—zj/N)teiX(l—Zj/N)
J=0 N>1

is also superoscillating, this time according to Definition 3.4 (with Poo (T, X) =T X,
k(00) = E(a) and k(c0) = a).

4 Regularization of Formal Fresnel-Type Integrals
In order to settle from the mathematical point of view the approach to non-absolutely
convergent integrals on the half-line R™ or the whole real line R through the so-called
principle of regularization that we will invoke in the remaining Sects. 5 and 6 (with
respect to supershift considerations related to Schrodinger equations with specific
potentials), we need to explain what regularization of formal Fresnel-type integrals on
R*™* or R means.

Suppose that ¥ is a set of parameters. Let G : ({,Z) € T x C — G(t, Z) be
a function which is entire as a function of Z for each t € ¥ fixed. Let also ¢ be a

non-vanishing real function on ¥ that will play the role of a phase function. Let finally
x be areal number such that x > —1. In order to give a meaning to the formal integral

oo ) ,
/0 ()X PO G xydx' (x> —1) (4.1)

we distinguish the cases where ¢ (t) > 0 and ¢ (t) < 0. In the first case (¢ (t) > 0),
we rewrite this (for the moment formal) expression (4.1) as

o0 . N2
/ (x")X 7O G, x') dx’
0
= ¢ i D/4 f 7% OZ G, e 7 7) d
RH* eirr/4

— f+ L etV Bt 72y dZ 4.2)
R *elﬂ

with Fy(t, Z) 1= e XFtDT/4G (t, e77/4Z) for any t € T and Z € C. In the second
case (¢ (t) < 0), we rewrite it as

o0 . N2
/ (x")* e PO G, x') dx’
0
= xthm/4 / 7% P02 Gt o™ 72y d 7z
R+* e—in/4

- / LT ZF.(t,2)dZ 43)
R *e—lﬂ



34 Page22of37 F. Colombo et al.

with F_(t, Z) = /XFDT/4G(t, €™/ Z) for any t € T and Z € C. The following
elementary lemma will reveal to be essential.

Lemma 4.1 Let X, ¢, x as above and F : S x C —> C be a function with is entire
in the complex variable Z and satisfies the growth estimates

Ve>0, sup (IF(t 2)| exp(—¢lZ|P)) < +o0 4.4)
te¥,ZeC

for some p €]1,2], that is F(t,-) € A o(C) uniformly in t. Then, for any u = e'?

with 6 €] — /4, /4], the integral
/ ZX O 2 By 7y a7 (4.5)
Rt*y

is absolutely convergent and remains independent of u ; it equals in particular its
value foru = 1.

Proof The absolute convergence follows from the estimates (4.4), together with the
fact that if u = ¢’?, Re((ru)?) = 1% cos(26) > 0 for t > 0. The fact that the integrals
do not depend of u follows from residue theorem (applied on the oriented boundary
of conic sectors with apex at the origin). O

In view of this lemma, the regularization of an integral of the Fresnel-type such as
(4.1) consists in the successive two operations:

1. first transform the formal expression (4.1) into one of the representations (4.2) or
(4.3) according to sign(¢ (t));

2. theninvoke Lemma4.1 (provided the required hypothesis are satisfied) and regular-
ize (4.1)as [° ZXe @O F (1, Z) dZ when (t) > Oor [° ZXe? W2 F_(¢, Z)
dZ when ¢ (t) < 0.

Remark 4.1 In order to give a meaning (if possible of course) to the formal integral
expression

/ x| 9O Gt ¥y d, 4.6)
R
one splits it as
o0 . N2 0 - N2
/ (x")X e IPOE Gt ¥y dx + / (x")X 79O G, —x") dx’
0 0

and proceed as above for the two formal expressions involved into this formal decom-
position.

It is immediate to compare this approach to regularization to the alternative following
one.
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Proposition 4.1 Let G € A20(C) and x > —1. Then, for all o € R*
0
lim / (x") e @ ()? pmex)? G(x')dx'
e—=0Jo
exists and coincides with the integral regularized under the approach described above.

Proof It is enough to prove the result when @ = %1 since one reduces to one of these
two cases up to a homothety on the real half line. One has

o0
/ (x")* e =i () G(xdx' = / ZX (- Z? Fi(Z)dZ
0 e

in/4R+*

/oo(x’)x et O Gy dy' = / Z e WHOZ B (747,

0 e—im/AR+*

where F,(Z) = e !Ut0T/4F(e7/47) and F_(Z) = /ITOT/4F(ei7/4 7). Let
pe =~1+¢2 and & = argjo oV 1 + ie. One has then

eit )l+x
N

f‘( /4—Ee) R+ 2 e_ZZFJF(Ei& Z/ype)dZ
el (m/4—E¢ *

o0 N2 L \2 ’
/ (x) e EX) T )T Gy dx' = (
0

/Oo(x/))( e_g(x/)zei ()2 G(x/) dx/ _ (e_1§s>]+X
0 A/ Pe
/ e 2 e F (e 7/ Jpr)dZ. (4.7)
e—i(m/4—Ee) R+*

In the two integrals on the right-hand side of the equalities (4.7), the integration contour
can be replaced by the half-line R** as a consequence of Lemma 4.1. It is then possible
to take the limit when ¢ tends to 0. Lebesgue’s domination theorem then applies and
since p, tends to 1 and &; to 0, one gets

. e _ N2 2 e 722
lim | () e #0707 G(y) dy =/ Z e % F(Z)dZ
e—0 0

0
o0 N2 \2 e ZZ
m/ (x)X g8l () G(x’)dx’:/ ZXe 2 F_(Z)dZ.
0 0

li
e—0

This concludes the proof of the Proposition. O

5 Fresnel-Type Integral Operators
5.1 Continuity on A, (C) of Fresnel-Type Integral Operators

Let ¥ be a set of parameters and t € T +— D(t, Z) (as in the statement of Lemma 2.3)
be a differential operator-valued map
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teTr— Dt 2) =Y bt Z)(diz)j
j=0

(withb; : T x C — C, holomorphic in Z for j € N) such that

Ve >0, sup ((ij(t, 2)| |W|f') exp(—s|Z|l3—B|W|P)) =A® < 400 (5.1)

teT (2.W)eC? \ \ j=0

for some p €]1,2], p > 1 and B > 0. Let also ¢ be a non-vanishing real function
on T and x > —1. It follows from the estimates (5.1), together with Lemma 4.1, that
the regularization approach described in Sect. 4 allows to define the operator

fr—)/ ZX 907 Zb (t, Z)( ) () dZ. (5.2)

One needs to consider for the moment these operators as acting on entire functions of
the complex variable Z. For o € C, let also H, be the dilation operator Hy, : f
f(a(-)) acting on such functions. The symbol © still stands for the composition of
operators. The discussion is with respect to the sign of ¢ ().

e When ¢ (t) > 0,

/0 it 22 Zb(t Z)( )() dz

_ efi(1+x)n/4/ et 0
0

ad . y d \Jj
> bt e ™2) (glf”/“ (d—z)] © He_,-,,/4> O | ordy. 6.3

j=0

e Wheno(t) <0,

/O emitn 2 Zb(t Z)( )() dz

— ei(1+x)n/4/ yX IONE
0

ibj(t,ei”/4Z)(eij”/4(diz>j®Hem/4>(-) (Ndy. (5.4)
=0
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Theorem 5.1 Suppose that the parameter space ¥ is a topological space and that ¢
is continuous. Consider functions B; : T x C x C — C(j € N) which are entire in
the two complex entries and such that

Ve>0, 3A® B® > 0suchthatVte T, VZ e C,VYZ e C, VW € C,

o
SCIB(4L Z, 2) W) < A©) ef 1ZPHBOIZIT B W (5.5)
j=0

for some p > 1, p €]1, 2], and B > 0. Then the operator

/O PaliOKs ZB(tZZ)( )() dz

(understood through the process of regularization as described above) acts continu-
ously locally uniformly in t from A1(C) into A 5(C).

Proof 1Itisenough to consider ¥ as aneighborhood of a point tg in which ¢ () > &9 > 0
(since ¢ is continuous). Let f = {Z — fn(Z)}n=1 be a sequence of elements in
A1 (C) that converges towards 0 in A1 (C), which means (see Proposition 2.1) that all
fn belong to some Alc’b((C) for some constants C, b > 0 independent on N (namely
N=> aN,gZ‘j with |ay ¢| < C bE/EI for any £ € N). It is clear that the operator

i 4 y d\Jj
3 Bt ez, 2) (e””/4 (—) o He_f,,/4>
° dz
j=0
involved in the integrand of (5.3) is governed by estimates of the form (5.5). It follows
then from Lemma 2.3, taking into account estimates (5.5), that for each N € N* the
function

H(fy) :(,Z,Z) eI xCxC

N iBj(t» e"iTlAg. Z) (eijn/4 (diz)] 0) He_,-ﬂ/4)(fN)(Z)

j=0

is such that for each & > 0, there exists A® > 0 (depending on ¥, A® the B j»band
C, but not on the N) such that

VL Z,2)eTxCxC, [H(fy)E Z,2)| < A® IZ2I7+B1ZI7

Take in particular ¢ < g¢. Then the function

o0
ZeCr— / Ve PO H( )t y, Z) dy
0
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isin A 5(C) since it is estimated as
o0 ~ o0 p &)\ 7P v

| / PO H (N v D dy| < A ( f y et e ay) BN vz eC
0 0

(remember that p €]1, 2]). It remains to show that the sequence

[e9]
{z— / Ve PO H (O v, 2 dy |
0 N>1

converges to 0 in A 5(C). It is enough (see Proposition 2.1) to prove that it converges

to 0 uniformly on any closed disk D(0, r) in C. Fix ¢ < g9 and > 0. Choose then
R; >> 1 such that

o0
VN €N, \ f Ve POV H(fy)(t y, Z) dy
RV}

~ © 2 b © 7P ©pp g 7P
SA(S)(/ X ee03% 8 dy)eB 21 < o= BOPT B2
0

On [0, R;], one uses the uniform convergence of f towards O on any compact set,
hence of H[ f] on any compact set, to conclude that for N > N, >> 1, one has

RU v v -
| f Ve PO H(f( Y, Z2)dy| =0 ¥Z € DO, 7).
0

Note that our estimates show that the convergence towards 0 in A 5(C) thus obtained
is uniformin t € ¥. O

5.2 Superoscillations and Supershifts

Consider the Schrodinger equation

a
i %(I’x) = ()W), x) (5.6)

where .7 denotes the Hamiltonian operator attached to the physical system which
is under consideration. Suppose that ¥ = {x +— Yy (x)}n>1 is a superoscillating
sequence. Since

9
<i ar Jf(x))(w)(t, x)=0, [Y 0)]l=0=YX

is a Cauchy—Kowalevski problem (assuming that x lies in some open set U C R where
the Hamiltonian operator is regular), any entry x € U +— Yy (x) evolves in a unique
way from ¢ = 0 towards ¢ > 0 as (¢, x) — ¥y (t, x). Assume in addition that x lies
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suposc

in the maximal superoscillation domain Upgayx  ; the limit function x € U N U +—

Yoo (x) then also evolves from U N U5 into some function (¢, x) = Yoo (t, X).
A natural question then occurs. As long as the evolution persists (let say for¢ € [0, T']),
is it true that the sequence {x € U +— ¥y (t,x)}n>1 is such that its restriction to
UNU converges (uniformly on any compact subset of UNUSR) to x = Yoo (f, x)?
If this is the case, one will say that the superoscillating character of the sequence Y
persists in time through the Schréodinger evolution operator d/dt — .7 which is here
considered.

In order to formulate such question in a different way, let us now consider the (z, x)
domain [0, T] x (UNURE) =T x (UNURY) = 7 as a parameter set and focus
on the map A € R —— ¢;, where ¢, : .7 — R is evolved to [0, T] x U (through
the Schrodinger operator) from the initial datum x € U +> ¢'**, then restricted to the
parameter set .7. Previous considerations lead to the following definition, which is

inspired by Definition 3.2.

Definition 5.1 Let .7 be a locally compact topological space and & = {g; ; A € R}
be a family of C-valued functions on .7 indexed by R. A sequence ¥ = {t € J >
¥y (7)}n>1 of C-valued functions on .7 is called a .% -supershift (or .% admits ¢ as
a supershift) if

e any entry Yy is of the form ¢y = Z?]:O Cj(N) @r;(nvy with [kj(N)| < 1 for any
NeNand0<j<N;

o there exists an open subset % %" of .7 called a .%-supershift domain such that
the sequence {t € %" > ¥y (1)} converges locally uniformly towards the
restriction to /%" of a function Y, which is a C-finite linear combination of
elements in .% of the form ¢, (o) With v € Z*, where k(c0) € R\[—1, 1].

Example5.1 1. If 7 = R and .Z denotes the family of characters x € R > e/**
indexed by the dual copy R} of R,, .7 -supershifts are the complex superoscillating
sequences (see Definition 3.2).

2. Leta € R\[-1,1], 7 = R} and F = {g,: A € R*} as defined in The-
orem 3.2 or Theorem 3.3. For any a € R\[—1, 1], the sequence {(¢,x) >
Yp N(t, x,a)}y>1 is a F-supershift which admits th’ . = 7 as Z-supershift
domain.

When .7 is of the form [0, T[x U, where U is an open subset in RZ‘_I (m > 2)
and T €]0, +00], one can consider as well families .# = {g;, ; A € R} of C-valued
distributions in R x U with support in [0, T[x U . In order to define in this new context
the notion of .% -supershift, one needs to keep the first clause in Definition 5.1 asitis and
modify the second clause as follows : “there exists an open subset %" = ¥ n .7
(where ¥ is an open subset in R x U), called a % -supershift domain, such that
the sequence {(Yn (7)) ysn}n=1 converges weakly in the sense of distributions in
¥ to the restriction to V' of a distribution Yoo € 2'(R x U, C) which is a C-
finite linear combination of elements in .F of the form Qi) With v € Z*, where
k(oco) € R\[-1, 1]".

One will need in Sect. 6 a further extension of this concept of .% -supershift to the
case where .7 = [0, T[xU, U c R™~! with m > 2 as above, but elements ¢, € .Z
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are now hyperfunctions in R x U with support in .7 . The sequence {(¥y (7)) [ysshIN=>1

needs in this case to converge still in the weak sense, but this time in the sense of
hyperfunctions in ¥, towards the restriction to ¥ of the hyperfunction ¥ . The notion
of % -supershift can thus be enlarged to families .# = {¢; ; A € R} of hyperfunctions
in R x U with support in .7.

5.3 The Schrédinger Cauchy Problem with Centrifugal Potential

We will consider in this subsection the case where U = {x € R; x > 0} and the hamil-
tonian in (5.6)isx € U +> J(x) = —(3%/9x2)/2+u/(2x?%), where u denotes a real
strictly positive physical constant. The corresponding Cauchy—Kowalevski problem
(with [0, +00[x U as phase space) is the Schrodinger Cauchy problem with centrifu-
gal potential, see [32] for more references. For this Cauchy—Kowalevski problem, the
analysis of the evolution ¢t — (¢, -) of the solution (¢, x) € [0, co[xU +— ¥ (¢, x)
from an initial datum x € U — ¥ (0, x) can be carried through thanks to the explicit
form of the Green function (¢, x, x’) = G(t, x,t' =0, x').
Let v = 4/1 + 4u/2 and the Bessel function J, defined in Q2 := C\] — o0, 0] as

v X _1\k
Joizefi— (%) ];r(k+1)(r(13+k+1) (%)%

_ (E)Ueivarg]*ﬂ-ﬂ[(z) Z (_1)k <£)2k
5 T+ DI E+k+1)\2

z]\V ivarg (
j— - |—m, [ Z) E

Then the Green function (¢, x, x') = G(¢, x, 0, x") can be explicited in this case as

/v v/ 2 N2 /
Gt,x,0,x) = (—i)"+! % exp (:%) A (%) t>0,x,x €U)

(5.8)

(see [37, 46, 48)).

Proposition 5.1 Ler 7 =]0, +00[x]0, +00[, 7 : x €]0, +oo[> —(3%/9x% —
u/x%)/2 for some physical constant u > 0. For any » € R, the initial datum
x €10, 400l ¢** evolves through the Cauchy—Kowalevski Schridinger equation
(5.6) to a function (t,x) +> @, (t,x) which is C*° in . For any a € R\[—1, 1],
the family {@; ; . € R} admits as a ¥ -supershift (in the sense of Definition 5.1) the
sequence

N

(t,x) € T > Yn(t, x,@)n=1={ Y Ci(N,a)p1-2j/n
Jj=0
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with F -supershift domain equal to T . Moreover, for any (i, v) € N, the sequence
of functions

gutv 1 92 u\O* 9
t = - -
g I x @) = (( — + XQ) 0o

v

), x, )

converges uniformly on any compact K CC 7 to the function

yea vV

(%) € T —> (;)M (( - 88—; + :—2) © W)(%(t’x))‘

Proof Let A € R. The evolution of the initial datum x € U > ¢!** through the
Schrodinger equation (5.6) is explicited (for the moment formally) thanks to the
expression (5.8) of the Green function as

D" 2 XU o0 i@ e (KX i
(I,x)€9|—> Telx W‘/(; (X)V et EU(T>€l *dx'.
5.9
For any M € N such that 2M > v — 1/2 and any y > 0, one has
Ev(y) = A (%)v+l/2 (COS( 3 vﬂ/4_ﬂ/2)(MZ_l(_1)xM + Ropr (v ))
v (y _ﬁ y y K:0 2% 2m (v, y
M—1 st (V)
+sin (y — vr/4 — 71/2)( Z (=D~ 2;21;11 + Rop+1(v, y)))
k=0
with
lazps (V)| lazp+1 (V)]
Roar v )1 < 255 IRaaaa (0 9] < 2
where
Ck+1/2 Ck+1/2—
a(v) = (kS Tk + 1/ ;{w) k1279 pen
T 26T (k+ 1)

(see [49, pp. 207-209]). It follows from such developments, together with Proposi-
tion4.1, that the integral in (5.9) exists for any (¢, x) € .7 as a semi-convergent integral
(of the Fresnel-type), whose value coincides with the regularized integral described
in Sect. 4. Set now

1
T =10, +o0[, ¢ :te‘lr—>—z €] —o00,0[

74N
B; (t,Z2,7) € T x C? —> E”(T)lffzo’ X:=v+§,
0if j e N*,
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in order to fit with the setting described in Theorem 5.1. Since E, € A1(C) and

1Z?

1zZ| 1 1Z|
82

1 .
:—xe|Z|x—§—(82|Z|2+ )Vt>O,V(Z,Z)e(C2
t t £ 2t

the operator with order O given as t — By(t, Z, 7Z)d /dZ)? satisfies the hypothesis
of this theorem with p = 1 and p = 2. Then the operator

o : z-Z
D(;):/ zv+1/2e—122/<2’>5v(—t )©az
0

acts continuously locally uniformly in ¢ €]0, +o0[ from A (C) into A;(C). For any
A € Randt > 0, the function x €]0, +o00[> ¢, (¢, x) is C* because of its expression
(5.9). Moreover, when a € R\[—1, 1], it follows from Theorem 2.1 that the sequence

N
. i(1=2j/N)()
[ecr JD)(:)(JZ:(:)C,(N, a)e )(z)}NZl
converges in A2(C) (locally uniformly with respect to 7 > 0) to z > D(r)(e!*")).
One concludes then to the second assertion in the statement of the theorem. As for the
last assertion, it follows from the fact that the action of id/d¢ and 7 (x) coincide on
solutions of (5.6), together with the continuity of the operator d/dz from A,(C) into
itself. O

5.4 The Schrédinger Cauchy Problem for the Quantum Harmonic Oscillator

Let now U = R and the hamiltonian in (5.6) be x € R — #(x) = —(3%/0x%)/2 +
x2/2. The corresponding Cauchy—Kowalevski problem (with [0, +-00[ xR as phase
space) is the Schrodinger Cauchy problem for the quantum harmonic oscillator, see
[13,§5.3, §. 6.4] or [31] for more references. In this case again, the Green function
can be explicited and is therefore handable. It is the locally integrable function in
10, +o0o[ xR x R defined as

(x2 + (x")?) cost — 2xx/>

! __ N 1 l( 2 :
G(t,x,t' =0,x")=,/——e sin t
2imsint

I

.cotant , . cotant xx

1 i X°\ i (x? —i= )
=< —e 2 )e 2 e sint (t>0,x,x eR).
2i sint

(5.10)

Proposition 5.2 Let .7 =10, +oo[xR and # : x € R +— —(3%/3x* — x%)/2. For
any ) € R, the initial datum x € R > e'** evolves through the Cauchy—Kowalevski
Schrodinger equation (5.6) to a C-valued distribution ¢, € 2'(7, C) with singular
support Tt 2N+1)/2xR. Let % = T\ (r(2N+1)/2xR). Foranya € R\[—1, 1], the
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family {(¢;:) 9 ; L € R}, considered as a family of functions, admits as a .7 -supershift
(in the sense of Definition 5.1) the sequence

N
{(t,x) e U = Yn(t,x,a)}N>1 = ZCj(N,a) (P1-2j/N)\w
j=0 N>1

with F -supershift domain equal to % . Moreover, for any (i, v) € N2, the sequence
of functions from % to C

utv 1 52 )\ O v
FyE (YN (t,x,a)) = i (( ~ o +x ) © aw)WN(t’ x,a))

converges uniformly on any compact K CC % to the function

(t,x) € T — ! ((—8—2+x2)eﬂ®8

(2i)+ 9x2 Py )(%(t, x)).

Proof Consider the two (for the moment formal) operators

sin2t _,
o VA . . . s
t €10, 0o\ N*/2 —> [sint| / e 4 T TimsignEne)ZZ gy () dz
0

(5.11)

(m = =£1) which appear (after performing the change of variables Z <> |sint| Z
on [0, +00[) in the splitting of

.cotant _,
] —— . .
t €10, +oo[ \ 7N*/2 — / e 2 o1 ZZ/sint () dZ
R
(see Remark 4.1). Set now
T 20, +oo[\TN*/2, ¢ i1 €T s — 02N
B .20 eTxC o {Zx.p(.iwfgn (5in(0) 22) © Hoyjsing if =0, _
if j € N*.

(m = =£1) in order to fit with the setting described in Theorem 5.1. As in the
proof of Proposition 5.1, this theorem applies here and the two operators (5.11) act
continuously from A;(C) to A2(C) (locally uniformly with respect to the parameter
t € 7). Note again that the Fresnel-type integrals (5.11), where Z > ¢/*% (A € R)
is taken inside the bracket and Z € R, are semi-convergent and their values as semi-
convergent integrals coincide with the values that are obtained by regularization as in
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Sect. 4. In fact, in the case where Z=xecRandt e T, the value of
.cotant ~, . cotant

1 I V4 i
(Vammre 2 ) )2
2i sint R

(understood as a regularized integral, see Sect. 4, in particular Remark 4.1) equals

Z2

— _jp2an@) 52 tan@) N~
(cos?) 1/2,=i2% 355 —in* 55 @H]/Cost(em())(z)

(see [13,Proposition 5.3.1]). Since (z, x) €]0, +0o[xR +—— (cos t)_1/2e_ix2t"‘“(’)
e~i**an(®) jg 4 Jocally integrable function, the initial datum x € R > ei** evolves
through the Schrodinger equation (5.6) as a distribution ¢, (in fact defined by a locally

integrable function). Let D(¢) the differential operator

D :t€l0,o00[\7

2N+ 1 . i 1 ('Sinzt)j(d/dW)2j.
j=0

Since

_ _jp2an@) .52 tan() Y v
(cos 1)~ V2e™27 T2 ¢TI 0T @ Hyjgost (€ (2)

tan

= (cos t)_l/ze_iiz 3 D(t)(e™)(2),

and D acts continuously locally uniformly in # from A;(C) to A>(C) thanks to
Lemma 2.2, the sequence

N

{ ch(N7 a) ((P1—2j/N)|?/}NZ]
j=0

is, for any a € R\[—1, 1], a supershift for the family .# = {(¢))|% ; » € R} (with
7 -supershift domain %/). The last assertion follows from the same argument than
that used for the last assertion in Proposition 5.1. O

6 Singularities in the Quantum Harmonic Oscillator Evolution

This section is the natural continuation of Sect. 5.4. We continue to investigate with
respect to the notion of supershift the evolution of initial data x € R > ¢/**, when
A € R, through the Cauchy—Schrodinger problem for the quantum harmonic oscillator
and focus now on singularities. In this section we keep the same notations as in
Proposition 5.2 and fix a point (y, x¢) in 7\ % . We will just consider the case ty = /2
since the situation is essentially identical at any point ((2k + 1) /2, xo) with k € N
and xg € R.
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Let, for A € R, ¢;. € 2'(7, C) be the distribution evolved from the initial datum
x — ¥ through the Schrodinger operator for the quantum oscillator problem (5.6)
(with 7 1 x e R~ (=98%/0x* + x%)/2).

Let 0 € 2(7,C) be a test-function with support in a small neighborhood of
(/2, x0) and (¢, x) — £(t, x) := 0(t, x) exp((ix>cotan ) /2)/~/2im. One has (for-
mally) for any A € R,

(@2, 0) = _/ [f ef“%Zze—fzz/v”s"(e’*('>)dz]V £(/2 — u, x) du dx
R2 R Z=x

=/ [/ei“%” Zze*izz(ei“))dz] E(u, x)dudx, (6.1)
R2 R

Z=x

where g(u, x) = —4/cosu&(mw/2 —u, /cosu x) is a test-function with support about
(0, xp). The regularized integral is then

tim [ f o7 YL I O) a7 Fu,x) dud
e—>04 JR2 R Z=x

= lim /e*"?zzeismTu(2272(27”/5“‘“)(12]v E(u,x)dudx
RZ R =X

e—>04 z

[
= /1;{2 [exp( _2i (Z —A)z))] %in g(u,x) dudx
(

Z=x \ sinu

| v 1~
i(z—)\)2))]V J =8, x)dvdx
v Z=xVY v

for some test-function (v, x) +> 6 (v, x) with support about (0, xo) (one uses here
Lebesgue domination theorem and the change of variables (sinu)/2 <— v aboutu =
0). Though such expression makes sense when A € R (since | exp (i (x — A)z/v))| =1
for any point (v, x) € Supp(g)), it does not make sense anymore when A € C. In
order to overcome this difficulty, one needs to formulate the following lemma.

Lemma 6.1 Let ]D)(Z) (Z € C) be a differential operator of the form

o0

Ac(Z,(d]d2Z))
Y

K!

O], @dv~. (6.2)

k=0

(where A, € CllZ, d/dZ]] for any k € N), considered as acting from the space of
entire functions of the variable Z to the space C[Z][[d/dv]]. Suppose that there exist
p>1land p >1and B, B > 0 such that

sup  (JAc(Z, W)| exp(—B|W|” — B|W|P)) < +o0. 6.3)
KeN,ZeC
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Then, for any b > 0, there exists A® > 0 such that

VC=0, VfeAlN©), sup|AdZ. @/d2)(/)©0)] < C AP PFIZV
keN

In particular, for any f € Alc’b((C), ID)(Z)(f) remains an infinite order differential
operator ) .. O (Z)( ) (d/dv)© with coefficients satisfying (independently of f €
ATP@©)

> ke (Z)(f) exp(—B|Z|?) = C A? < +o0.
keN

Proof The coefficients of A, as a polynomial in d/dZ satisfy

. bl 51715
Y laej(2)] < Comr——ePl?!
L T I'G/p)+1
k,jeN, ZeC

for some absolute constants Cy and by (Lemma 2.1). As in the proof of Lemma 2.2,
one concludes that for any f € Alc’b((C) and any k € N, one has uniform estimates
|AK(Z, d/dzZ)(f)| < C A® exp(bob|Z| + 1§|Z|ﬁ) for some positive constant AD),
One gets the required estimates when evaluating at Z = 0. O

One can then complete Proposition 5.2 into the following companion proposition.

Proposition 6.1 Let .7 =]0, +0o[xR and # : x € R — —(3%/9x% + x2)/2. For
any A € R, let ¢, € 2'(F, C) be the evolved distribution from the initial datum
x € R+ €™ through the Cauchy—Kowalevski Schridinger equation (5.6). Let
= {gy; A € R}, where each g;_is considered as a hyperfunction in 7. Then, for
any a € R\[—1, 1], the sequence { Z] —0Ci(N) @1 21/N}N>1 is a .F -supershift of
hyperfunctions over the 7 -supershift domain 7 .
Proof Letf € & (R, +» C) with support a small neighborhood V of the point (7/2, x¢)
(xo € R) and 6 the test-function with support V — (7 /2, 0) > (0, xp) that corresponds
to it through the successive transformations explicited previously. One has for any

L eR,
(2. / / exp ( (Z - x)z)]Z:x %’T’C) dvdx
i / / exp - i(Z - k)z)]Z:X g%dv dx
/ / > v (Zl/zi):K ], Fwo

—1)¥ — )2k -
_i[zﬂ (ZU]/—ZB(]ZZXQ(_U’X)) dvdx. (6.4)

K!
k=0
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1/2—«

For any « € N, the distribution v € 2/([0, +oo[, R) can be expressed as

—1/2—« — 2/( d d L
vy Mo 2k —0) +1) (—=d/dv)* (v

)

in the sense of distributions in 2'([0, +o0[, R). Then, one can reformulate formally
(6.2) as

. (2i)“
,0) =
(1. 6) Kgm]‘[gzl(z(x—z)ﬂ)

/R<[<Z+ii>2k(€m'))] (o>( ) @3, 80 — 1B, )

dz
(6.5)
Lemma 6.1 applies to the two operators
. L [@)(Z+id/dZ)* )
D(Z) —KX::K I:l_[( 1(2(/(—3)_'_1)()] (d/dv) o
o & 1 (—i)K+12K (Z+ld/dz)2/( ) .
s 2=(:) w! [ 2016, (e — 0 + 1) (')]Z:O (d/dv)

with p = p = 2. These two operators act then continuously (locally uniformly
with respect to the parameter Z) from A{(C) into the space of infinite order dif-
ferential operators in d/dv (depending on the parameter Z € C). Such differential
operators can be considered as hyperfunctions on R, (elements of H(R,)). Since

_1/ ? is a Fourier hyperfunction in the real line R, the two H(IR)-valued operators
f € MO — DO ;% and f € A1(©) — DZ)(f) © vy are
well defined (see [40,Proposition 8.4.8 and Exercise 8.4.5]) and depend contmuously
(locally uniformly with respect to Z) on the entry f in A1(C). Proposition 6.1 fol-
lows then from Theorem 2.1 and from the expression (6.4) (together with its formal
reformulation (6.5)) for the evaluations (@, , #) when A € R and ¢, is considered as
an element in (7, C) (acting on § € 2(.7, C)) which can be also interpreted an a
hyperfunction on .7. o
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