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Homotopic Approach for High-Fidelity Convex
Low-Thrust Trajectory Optimization

Christian Hofmann and Francesco Topputo

Abstract—The low-thrust minimum-fuel trajectory optimiza-
tion problem is solved in a high-fidelity model using convex
optimization. The problem is convexified and discretized with
the first-order-hold method. A homotopic approach is developed
to improve convergence, accuracy, and computational effort.
The homotopy is embedded into the optimization process where
the homotopic parameter is dynamically adjusted based on the
constraint violation. This method is combined with a high-fidelity
model where the complexity of the dynamics and constraints
is successively increased. In particular, n-body dynamics, solar
radiation pressure, variable specific impulse and maximum thrust
are considered. The effectiveness of the proposed method is
assessed in several fuel-optimal transfers and compared with
related works and a state-of-the-art nonlinear programming
solver.

Index Terms—Nonlinear optimal control, low-thrust trajectory
optimization, homotopic approach, sequential convex program-
ming.

I. INTRODUCTION

Highly efficient propulsion systems such as electric propul-
sion have become an important development during the past
years. Even though they provide only low thrust, considerable
savings of propellant can be achieved due to their high specific
impulse. This enables new space missions, but also requires
new trajectory design techniques as the thrusting periods in-
crease and therefore, the assumption of instantaneous impulses
does not hold anymore. Although extensive research has been
conducted in the field of low-thrust trajectory optimization [1],
it was only recently that autonomous guidance and control
have attracted more and more attention [2], [3]. Instead of
operating spacecraft from ground, flight-related tasks such as
guidance, navigation, and control are to be shifted on board.
This, however, requires the spacecraft to determine reliably
mission compliant trajectories in real time.

Planning the trajectory involves solving a nonlinear optimal
control problem (OCP). In contrast to indirect methods that
suffer from convergence issues when a poor initial guess
is provided [4], direct methods are often preferred, espe-
cially when high-fidelity models are used [5]. The infinite-
dimensional problem is discretized into a finite-dimensional
nonlinear parameter optimization problem. There are several
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approaches to solve the resulting nonlinear program (NLP),
ranging from single and multiple shooting to direct collocation
[4]. As solving the NLP directly often requires high compu-
tational power and a decent initial guess, sequential convex
programming (SCP) techniques have become a popular alter-
native in the past few years [6]. The problem is convexified and
then iteratively solved until the solution satisfies the original
nonlinear constraints. Convex programming techniques have
been applied successfully in many applications, such as pow-
ered descent landing [7], nonlinear model predictive control
[8], collision avoidance, and robotics [9]. Their use in low-
thrust trajectory optimization has also become more frequent.
For example, the minimum-time and minimum-fuel problems
have recently been solved with a convex approach [10], [11].
More complex interplanetary trajectories have been computed
with an adaptive pseudospectral method [12]. Moreover, the
real-time performance of a SCP method on an ARM processor
was assessed for interplanetary transfers [13].

Low-thrust trajectory optimization problems that consider
higher-fidelity models (for example, third-body perturbations,
solar radiation pressure, realistic thruster model) have been
solved with indirect [14], [15] and direct, NLP-based methods
[16], [17], [18]. With regard to convex programming tech-
niques, the accuracy and convergence can be poor for highly
nonlinear applications due to the successive linearization.
Therefore, most researchers considered only simple two-body
dynamics. The literature on solving more complex models,
for example the circular-restricted three-body problem using
convex programming, is scarce [19]. In that work, however,
the SCP approach had to be combined with a nonlinear
programming method to deal with the highly nonlinear dy-
namics and to achieve convergence. In [20], trajectories to the
dwarf planet Ceres are addressed using two-body dynamics
and incorporating gravity assists. Notably, an adaptive mesh
refinement method is used to mitigate convergence issues. The
work in [21] employs SCP to calculate minimum-fuel low-
thrust gravity assist trajectories, serving as initial guesses for
a nonlinear programming solver. Despite considering n-body
dynamics, this method is restricted to scenarios with fixed
maximum thrust and short flight times with very few orbital
revolutions. Additionally, the spacecraft mass is excluded from
the simulations. Similarly, only fixed maximum thrust and few
revolutions are considered in [22]. Further, trajectories involv-
ing variable specific impulse and maximum thrust have been
explored in [23], yet the analysis remains within the two-body
dynamics framework, neglecting additional perturbations. A
convex optimization-based method is developed in [24] to
track a reference trajectory, accounting for J2 perturbation
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and atmospheric drag, specifically a pplied t o a ctive debris 
removal missions. This approach, however, limits itself to 
a subset of orbital elements and relies on highly accurate 
reference trajectories to enhance convergence. When addi-
tional perturbations are considered, convergence and accuracy 
deteriorate considerably, along with an increase in the number 
of iterations and computational time. Still, it remains to be 
investigated how SCP performs when high-fidelity dynamical 
models are considered for long-duration low-thrust trajectory 
optimization problems, and how it compares with state-of-the-
art NLP solvers.

Indirect methods often make use of a homotopic approach to 
improve convergence: a series of simpler problems is solved 
first w here e ach s olution i s u sed a s a n i nitial g uess f or the 
next problem [25], [26]. The process continues until the 
original problem is solved. This can also be applied to direct 
methods where an easier problem (e.g., two-body dynamics) 
is considered first, a nd t hen t he r esult i s u sed t o determine 
a solution in a higher-fidelity model (e.g., n -body dynamics). 
For example, it was shown that using a homotopy from the 
energy- to the fuel-optimal problem in a convex programming 
environment can improve convergence [27]. In previous works, 
however, each subproblem is solved to full optimality, and the 
step size is fixed a nd d efined by  th e us er [28], [29]. This 
means that the algorithm requires at least a certain number 
of homotopic steps to achieve convergence. Depending on the 
problem structure, however, it may be beneficial t o perform 
larger steps and therefore, achieve faster convergence. Still, 
most current methods do not adjust the step size dynamically, 
but rely on a ”solve to full optimality and then proceed to 
the next step” approach. Often, a conservative (i.e., small) 
value of the step size is chosen to avoid non-convergence. 
This procedure is not ideal, and it would be desirable to adjust 
the step size dynamically based on information that can be 
retrieved from the optimization problem [30]. For example, a 
continuation method is included into SCP in [31] to model 
discrete logic constraints. In [22], an adaptive continuation 
technique is used to change the continuation parameter based 
on user-defined p arameters a nd t he c onvergence o f previous 
optimizations. Even though such an adaptive approach is 
preferable to fixed s tep s izes, s ome h euristic i s n eeded to 
define and update the parameters in each i teration. Moreover, 
each subproblem is still solved to full optimality which results 
in additional iterations. Other works, such as [32], embed a 
homotopy within the nonlinear interior-point solver. However, 
this approach necessitates modifications to an NLP solver and 
cannot be used as a black box with any arbitrary solver.

The main contribution of this work is the introduction of 
an embedded homotopic approach, where SCP and numerical 
continuation steps are executed concurrently. In contrast to 
conventional methods, where the problem is solved to full 
optimality after updating the homotopic parameter, we directly 
integrate the update mechanism into the SCP process. In 
this context, a trust-region update mechanism tailored to the 
embedded homotopic approach is presented to expand the 
feasible region when the homotopic parameter changes. This 
allows for a gradual increase in model fidelity, incorporating n-
body dynamics, solar radiation pressure, and variable specific

impulse and maximum thrust. Additionally, we perform an in-
depth analysis of the performance properties of the developed
approach in several fuel-optimal transfers. This investigation
is significant because SCP has demonstrated its potential as a
promising method for optimization and autonomous guidance
problems. By showcasing its applicability with high-fidelity
dynamical models, we further validate its effectiveness. More-
over, we compare the performance of our proposed approach
with related works and a state-of-the-art NLP solver.

The paper is structured as follows. Sections II and III
describe the optimal control problem and the first-order-
hold discretization method, respectively. In Section IV, the
homotopic approach to higher-fidelity models is explained, and
Section V presents the results of the numerical simulations.
Section VI concludes this paper.

II. PROBLEM FORMULATION

Considering a two-body model with the Sun as the primary,
the equations of motion of a spacecraft in Cartesian coordi-
nates are given by

ṙ(t) = v(t) (1)

v̇(t) = −µ r(t)

r(t)3
+

T(t)

m(t)
(2)

ṁ(t) = −
∥T(t)∥2
g0 Isp

(3)

where r(t) ∈ R3 (r = ∥r(t)∥2), v(t) ∈ R3, and m(t) ∈ R
denote the position, velocity, and mass of the spacecraft,
respectively. µ is the gravitational constant of the primary
body, T(t) ∈ R3 the thrust vector, g0 the gravitational
acceleration at sea level, and Isp ∈ R the specific impulse.

The fuel-optimal control problem in space flight seeks to
minimize fuel consumption, or equivalently to maximize the
mass at the final time tf :

min
T(t)

−m(tf ) (4)

The rendezvous problem is considered in this work, i.e., the
prescribed boundary conditions at the initial t0 and final time
are

r(t0) = r0, v(t0) = v0, m(t0) = m0 (5)

r(tf ) = rf , v(tf ) = vf (6)

where the subscripts (·)0 and (·)f refer to the initial and
final values, respectively. Note that the final mass is free. The
following lower and upper bounds on the thrust magnitude are
imposed:

0 ≤ ∥T(t)∥2 ≤ Tmax (7)

with the maximum available thrust Tmax. Introducing the
following change of variables [7]

Γ(t) ..=
∥T(t)∥2
m(t)

, τ (t) ..=
T(t)

m(t)
, z(t) ..= lnm(t) (8)

and defining the states and controls as x =
[
r⊤,v⊤, z

]⊤
and

u =
[
τ⊤,Γ

]⊤
, respectively, allows us to decouple states and
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controls in (2). The new dynamics ẋ (t) = f(x(t), u(t)) then 
read

ẋ(t) =

 v(t)
−µ r(t)/r(t)3

0


︸ ︷︷ ︸

p(x)

+

 03×4

13×3 03×1

01×3 −1/(g0 Isp)


︸ ︷︷ ︸

B

[
τ (t)
Γ(t)

]

= p(x(t)) +Bu(t)
(9)

As the change of variables results in the nonlinear constraint
0 ≤ Γ(t) ≤ Tmax e

−z(t) of the upper bound of the thrust
magnitude, (7) is linearized about the reference z̄(t):

0 ≤ Γ(t) ≤ Tmax e−z̄(t) [1− z(t) + z̄(t)] (10)

The nonconvexity of the equality constraint ∥τ (t)∥2 = Γ(t) is
eliminated by relaxing it to the second-order cone constraint
∥τ (t)∥2 ≤ Γ(t). This convexification is lossless as an optimal
solution of the relaxed problem is also an optimal solution
of the original problem [7]. The convexified optimization
problem is then given by

min
u(t)

− z(tf ) + λν ∥ν(t)∥1 + λη max(0, η(t)) (11a)

s. t.: ẋ(t) = A(x̄(t))x(t) +Bu(t) + q(x̄(t), ū(t)) + ν(t)
(11b)

Γ(t) ≤ Tmax e−z̄(t) [1− z(t) + z̄(t)] + η(t) (11c)
∥τ (t)∥2 ≤ Γ(t) (11d)
∥x(t)− x̄(t)∥1 ≤ R (11e)
r(t0) = r0, v(t0) = v0, z(t0) = z0 (11f)
|r(tf )− rf | ≤ ∆r, |v(tf )− vf | ≤ ∆v (11g)

with

A(x̄(t)) ..=
∂f

∂x

∣∣∣
x̄(t)

, B ..=
∂f

∂u

∣∣∣
ū(t)

,

q(x̄(t), ū(t)) ..= f(x̄(t), ū(t))−A(x̄(t)) x̄(t)−Bū(t)
(12)

The linearized dynamics in (11b) and the linearized upper
bound on the thrust magnitude in (11c) are augmented with
slack variables ν(t) and η(t) ≥ 0 to prevent artificial infeasi-
bility. As ν(t) and η(t) would result in additional constraint
violations when active, they are penalized in the cost function
in (11a) with sufficiently large parameters λν > 0 and
λη > 0. The trust-region constraint in (11e) with radius R
is needed to keep the linearization accurate enough and close
to the reference. The final boundary conditions are relaxed to
inequality constraints in (11g) where ∆r and ∆v depend on
the application and the desired accuracy.

III. FIRST-ORDER-HOLD DISCRETIZATION

In the first-order-hold (FOH) discretization method consid-
ered in this work, the time domain is divided into N−1 equally
spaced segments

t0 = t1 < t2 < · · · < tN = tf (13)

where N denotes the number of discretization points. Note
that nodes and collocation points are the same in FOH. Given

the controls uk and uk+1 at nodes k and k + 1, respectively,
k = 1, . . . , N − 1, the continuous control profile u(t) is
approximated as a piecewise affine function as follows:

u(t) =
tk+1 − t

tk+1 − tk︸ ︷︷ ︸
=.. λ−(t)

uk +
t− tk

tk+1 − tk︸ ︷︷ ︸
=.. λ+(t)

uk+1

= λ−(t)uk + λ+(t)uk+1, t ∈ [tk, tk+1]

(14)

The linearized dynamics are given by

ẋ(t) = A(t)x(t) +B(t)λ−(t)uk +B(t)λ+(t)uk+1 + q(t)
(15)

which can be rewritten in discretized form as [33]

xk+1 = Ak xk +B−
k uk +B+

k uk+1 + qk + νk (16)

Φ is the state transition matrix that satisfies
d

dt
Φ(t, t0) = A(t)Φ(t, t0), Φ(t0, t0) = 1 (17)

where 1 denotes the identity matrix, and

Ak = Φ(tk+1, tk) (18a)

B−
k = Ak

∫ tk+1

tk

Φ−1(t, tk)B(t)λ−(t) dt (18b)

B+
k = Ak

∫ tk+1

tk

Φ−1(t, tk)B(t)λ+(t) dt (18c)

qk = Ak

∫ tk+1

tk

Φ−1(t, tk)q(t) dt (18d)

At each node, the matrices Ak ∈ R7×7, B−
k ∈ R7×4, B+

k ∈
R7×4, and qk ∈ R7×1 are calculated by integrating the state
transition matrix in (17), the nonlinear dynamics in (9), and
the integrands of (18b)–(18d) simultaneously with an explicit
fixed-step 8th-order Runge-Kutta method. The reference state
at t ∈ [tk, tk+1] can be obtained using

x̄(t) = x̄k +

∫ t

tk

f(x(ξ),u(ξ)) dξ (19)

IV. EMBEDDED HOMOTOPIC APPROACH FOR
HIGH-FIDELITY MODELS

As adding high-fidelity models often increases the non-
linearity, a standard SCP algorithm may have difficulties to
converge for complex problems. Therefore, homotopy-like
procedures are often applied in indirect methods where the
complexity of the problem is increased step by step. This
section introduces a practical embedded homotopic approach,
and demonstrates how n-body dynamics, solar radiation pres-
sure, and variable specific impulse and maximum thrust are
incorporated.

A. Methodology

In a homotopic approach, a parameter ε ∈ [1, 0] is defined
that is gradually reduced from ε = 1 (corresponds to a
simpler problem) to ε = 0 (corresponds to the original, more
complex problem that is eventually to be solved). Usually,
each subproblem is solved to full optimality, and the step
size n is fixed and defined by the user. This means that
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the algorithm requires at least n homotopic steps to achieve 
convergence. Often, a conservative (i.e., small) value of the 
step size is chosen to avoid non-convergence. This procedure is 
not ideal as it may result in a large number of homotopic steps 
and thus, iterations and CPU time increase. Even if a larger 
step size is chosen and then reduced by some heuristic when 
the solver fails, this would require additional (and unwanted) 
iterations. Thus, instead of keeping the step size fixed, i t is 
adjusted dynamically in this work. We propose a homotopy 
path based on the maximum constraint violation cmax. ε is 
updated at each SCP iteration depending on the constraint 
violation, which is a measure of the progress of the algorithm. 
Figure 1 shows three examples h1, h2, and h3 that define 
different homotopy paths. A large cmax indicates that we are 
far from a feasible solution. Therefore, ε is also large, and we 
want to solve a simpler problem. Once the algorithm makes 
progress towards an optimal solution, it will select smaller 
ε values until the desired optimal control problem is solved. 
For instance, given a relatively simple optimization problem 
where the initial guess is good and hence, the initial constraint 
violation is small, our method can exploit this knowledge and 
select larger step sizes. This results in faster convergence. On 
the other hand, if we intend to solve a difficult problem where 
only a poor initial guess is provided, the algorithm will select 
smaller step sizes as cmax will decrease only slowly during the 
iterations.

Selecting a homotopy path may depend on the problem. For 
example, h1 and h2 in Fig. 1 are more conservative towards 
the end, whereas h3 decreases ε more slowly at the beginning 
of the optimization process. We found in our simulations that 
the choice is not critical, and a linear path like h1 or h2 is 
often a good compromise. The functions are defined a t the 
beginning of the algorithm based on the maximum constraint 
violation of the initial guess cmax,guess. Defining

w ..=
εmax − εmin

log10 (cmax,guess)− log10 (cmax,tol)− δ
(20)

the homotopy path h1 that is used throughout this paper can
be written as follows:

h1(log10 cmax) = w log10 (cmax)−w [log10 (cmax,tol) + δ] (21)

where cmax,guess and cmax,tol denote the maximum constraint vi-
olation of the initial guess and the desired feasibility tolerance,
respectively. δ > 0 is a constant to further adjust the path.

n-Body Dynamics

The fidelity of the model is increased by considering the
perturbing accelerations anbody of other bodies in the solar
system and the solar radiation pressure aSRP. Omitting the
time dependency, the augmented dynamics then read

f(x,u) =

 ṙv̇
ż

 =

 v
−µ r/r3

0

+

 0
anbody
0

+

 0
aSRP
0

+Bu

(22)

log10 cmax

ε

h2

h1

0.0

1.0

log10 cmax,tol δ + log10 cmax,tol log10 cmax,guess

h3

Fig. 1: Three examples of smooth homotopy paths h1, h2,
and h3 that define the relationship between the homotopic
parameter ε and the maximum constraint violation cmax.

With regard to the solar radiation pressure (SRP), a simple
cannonball model is used where the projected area ASC of the
spacecraft is assumed constant [34], and we have

aSRP =
SSun CR ASC

m

r

r3
(23)

with

SSun =
LSun

4π c
(24)

LSun = 4π CSun AU2 (25)

CR is the reflectivity coefficient of the spacecraft, SSun the
solar pressure constant, LSun the luminosity of the Sun, and
CSun the solar constant. c and AU denote the speed of light and
astronomical unit, respectively. Note that the mass m in the
denominator of (23) is replaced by ez in the implementation
due to the change of variables (see Section II).

Regarding the n-body dynamics, the n = 10 perturbations
of the barycenters of Mercury, Venus, Earth, Moon, Mars,
Jupiter, Saturn, Uranus, Neptune, and Pluto are considered.
The acceleration is calculated as follows:

anbody =
n∑
i

µi

(
rsat,i

r3sat,i
− ri

r3i

)
(26)

µi is the gravitational constant of the ith body, ri is the
position of the ith body with respect to the Sun, and rsat,i =
ri − r denotes the position of the ith body with respect to the
spacecraft. The time-dependent positions ri of the perturbing
bodies can be obtained using the software SPICE [35].

Due to the additional perturbing accelerations, the new
dynamical system is highly nonlinear, and the dynamics are
linearized as per Section II. When including n-body dynamics,
however, special treatment is required when the spacecraft flies
in close proximity of another perturbing body (e.g., in case of
flybys). This may become a problem as rsat,i is close to zero
and hence, the corresponding denominator in (26) is close
to zero. When integrating the nonlinear dynamics and state
transition matrix during the discretization, the position and
velocity of the spacecraft can change rapidly between two
integration steps. The reason is the large gravitational force
in proximity of a planet. If a fixed-step integrator is used,
the resulting perturbing accelerations can vary considerably
at each step. As a consequence, the integration becomes
inaccurate, and the SCP method eventually fails to converge.
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To overcome this issue, a constraint rsat,i ≥ rmin can be added 
to require a minimum distance rmin between spacecraft and 
planet; flybys are thus avoided. In this work, however, we use 
a variable-step integrator for a segment when the condition 
rsat,i ≤ rmin is satisfied, i .e., when the spacecraft i s c lose to a 
planet. This ensures high accuracy without rapid changes and 
does not unnecessarily constrain the solution space. As it is 
only used for very few segments, the computational load does 
not increase considerably.

Instead of solving the problem with n-body dynamics and 
SRP directly, we introduce the homotopic parameters εnbody

and εSRP and augment (22) as follows:

f(x,u) =

 v
−µ r/r3

0

+ (1− εnbody)

 0
anbody
0


+ (1− εSRP)

 0
aSRP
0

+Bu

(27)

During the first iterations, the constraint violations are usually
large, and εnbody and εSRP are usually close to one. This means
that the perturbing accelerations are small. When the maxi-
mum constraint violation decreases, ε is gradually decreased
until ε = 0, i.e., the original problem is solved. Our rationale is
that the solver is more likely to find a feasible solution when
increasing the nonlinearity (and hence, the linearized term)
only step by step compared to solving the full problem directly.
Note that such an approach allows us to define different
homotopy paths and ε for each perturbing force so that each
term can be controlled separately. This may be useful if one
perturbation is considered more critical and therefore requires
a more conservative step size at the beginning (see also (21)
and Fig. 1).

Remark 1. If a good (e.g., close to feasible) initial guess is
provided, it is straightforward to select an initial homotopic
parameter ε0 that is closer to zero, i.e., 0 < ε0 < 1, to shorten
the homotopy path, and reduce the number of iterations.

Variable Specific Impulse and Maximum Thrust

In a real thruster model, the maximum thrust Tmax(Pin(r))
and specific impulse Isp(Pin(r)) depend on the input power
Pin(r), which in turn is a function of the distance r to the
Sun. Without loss of generality, the saturation logic of a real
thruster is given by [18]

Tmax =


Tmax(Pin,max) if Pin(r) > Pin,max

Tmax(Pin(r)) if Pin,min ≤ Pin(r) ≤ Pin,max

0 if Pin(r) < Pin,min

(28)

where Pin,min and Pin,max denote the minimum and maximum
input power, respectively. Whenever the input power is lower
than some threshold Pin,min, no thrust is available. Moreover,
Tmax cannot exceed the threshold Tmax(Pin,max). These func-
tions are often described by nth order polynomials. Typical
Pin(r) and Tmax(Pin(r)) curves are shown in Fig. 2. Such
a non-smooth representation increases complexity and results
in additional nonlinear constraints. Recalling the dynamics in

20 60 100 140 180
0

1

2

Power, W

T m
ax

,m
N

(a) Pin(r) vs. Tmax(Pin(r)) curve.
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40
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80

100

120

r, AU

P i
n,

W

0.5

1

1.5

2

2.5

T m
ax

,m
N

Pin
Tmax

(b) Pin(r) and Tmax(r) curves.

Fig. 2: Typical input power and maximum thrust curves.

(9), it becomes evident that the previously constant Jacobian
matrix B now depends on r, i.e., we have B(x) for the
variable Isp case. As a consequence, linearizing the dynamics
would yield an additional term corresponding to the previous
control history ū. This dependence on ū is undesirable as it
may deteriorate convergence [36]. Therefore, we propose the
approximation f(x,u) ≈ p(x) + B(x̄)u which results in a
partial linearization of the dynamics at x̄:

f(x,u) ≈ A(x̄)x+B(x̄)u+ q(x̄) (29)

A similar approach is used for the upper bound of the thrust
magnitude in (10) where Tmax(r) becomes a function of r.
Instead of linearizing the constraint, Tmax(r) is approximated
by

Tmax(r) ≈ Tmax(r̄) (30)

where r̄ denotes the radius of the previous iteration. As the
algorithm progresses, ∥r − r∗∥ → 0 and ∥r − r̄∥ → 0 due
to the shrinking trust-region size, r∗ being the radius at the
optimal solution. Therefore, r∗ ≈ r̄ when the algorithm
determines an optimal solution. Our simulations suggest that
this approach is often advantageous in terms of convergence.

Solving the optimal control problem with a real thruster
model directly can be challenging, especially for large Pin,min
or when the spacecraft is far away from the Sun. An example is
the transfer to asteroid Dionysus whose distance to the Sun can
be larger than 3 AU, hence resulting in a low Tmax. A standard
way to improve convergence is to solve the problem with fixed



6

Isp and Tmax, and then use the solution as the new initial guess 
to solve another optimization problem with the real thruster 
model. This is not ideal due to two reasons: First, the solver 
might not be able to find a  solution even when the solution of 
the constant Isp and Tmax case is provided as the initial guess 
for the real model. This is especially true if the constant and 
real thruster models differ a lot (e.g., in the Dionysus transfer), 
or when the input power range is small. Secondly, such an 
approach would require solving another optimization problem 
with a potentially significantly d ifferent t hruster c urve, and 
therefore more computational effort and time. In this paper, 
two improvements are proposed:

1) A smooth representation of the input power Pin over
Tmax curve.

2) A homotopy from higher thrust levels to the real thruster
model to enhance convergence.

Using the general hyperbolic tangent function [37], we in-
troduce the following smooth Tmax function of the original
relationship in (28):

Tmax=


Tmax(Pin,max) if Pin(r) > Pin,max + ρ

g(Pin(r)) if Pin,max − ρ ≤ Pin(r) ≤ Pin,max + ρ

ξ Tmax(Pin(r)) if Pin(r) < Pin,max − ρ
(31)

with some function g(Pin(r)) that depends on the order of
the polynomial of the Pin-Tmax curve, a smoothing parameter
ρ > 0, and

ξ =
1

2

[
tanh

(
Pin(r)− Pin,min

ρ

)
+ 1

]
(32)

If ρ = 0, this reduces to

Tmax = Tmax(Pin,max) (33)

For example, given the following thruster model

Tmax(Pin) = a0 + a1Pin (34a)
Isp(Pin) = b0 + b1Pin (34b)

Pin(r) =
1

r2
(34c)

the piecewise defined functions in (28) are smoothly connected
using a second-order polynomial:

g(Pin(r)) = c0 + c1 Pin + c2 P
2
in (35)

where

c0 =
a1 P

2
in,max + 2 a1 Pin,max ρ− a1 ρ

2 + 4 a0ρ

4 ρ
(36a)

c1 =
a1 (Pin,max + ρ)

2 ρ
(36b)

c2 = − a1
4 ρ

(36c)

Higher orders can be included in a similar way by increasing
the degree of the polynomial g(Pin(r)).

The homotopy from higher to lower thrust levels is achieved
by increasing Pin,max (see Fig. 3a) and by shifting the Pin-
Tmax curve along the x-axis (see Fig. 3c), hence increasing or
decreasing Tmax for a given input power which is a function of
the distance to the Sun. The effect of ρ is illustrated in Figs. 3b

and 3c where the tanh function smoothes the abrupt changes.
Figure 3c shows the combination of shifting the Pin-Tmax curve
and changing the smoothing parameter. Using the mapping in
Eqs. (37) and (38), the different values of ε in Fig. 3 refer to
the transition from a simpler (ε = 1) to the original problem
(ε = 0). Changing Pin,max, adjusting the smoothing and shifting
the Pin-Tmax curve simultaneously yields the full homotopic
approach for the variable Tmax case: For larger values of ε
(i.e., larger constraint violations), the nominal curve (solid
line corresponding to ε = 0 in Fig. 3c) is shifted to the left.
Moreover, the maximum input power is increased, therefore
increasing the available maximum thrust. At the same time, the
curve is made smoother to have no abrupt changes in the thrust
values, which is beneficial for convergence. As the algorithm
progresses, the constraint violation reduces and consequently,
the Power-Tmax curve is shifted back towards the original
one and the smoothness is reduced. This way, the complexity
is gradually increased until the original problem is solved.
We define mappings M∆P , Mρ, and MPin,max that map the
shifting of the power curve ∆P , the smoothing ρ, and the
change of Pin,max to the homotopic parameter ε ∈ [0, 1] and
vice versa:

M∆P : ε 7−→ ∆P (37a)
Mρ : ε 7−→ ρ (37b)

MPin,max : ε 7−→ Pin,max (37c)

We use the following linear relationship:

M∆P : ε 7−→ ∆Pmin +
∆Pmax −∆Pmin

εmax − εmin
(ε− εmin)

(38a)

Mρ : ε 7−→ ρmin +
ρmax − ρmin

εmax − εmin
(ε− εmin) (38b)

MPin,max : ε 7−→ Pin,max +
Pmax − Pin,max

εmax − εmin
(ε− εmin) (38c)

with problem dependent constants ∆Pmin, ∆Pmax, ρmin, ρmax,
and Pmax. εmin and εmax are the lower and upper bound of the
homotopic parameter, in general 0 and 1. Often, ∆Pmin = 0,
and ∆Pmax can be chosen such that Tmax = Tmax(Pin,max) over
a sufficiently large input power range. ρmin and ρmax define the
minimum and maximum smoothing parameter, respectively.
Generally, values of the order 100 for ρmax and values close
to zero for ρmin ensure a sufficient smoothing. Pmax denotes
the maximum allowable input power that is to be chosen such
that Pmax ≥ Pin,max. The inverse mappings M−1

∆P , M−1
ρ , and

M−1
Pin,max

are defined accordingly.
In case the same homotopy path h is used for n-body

dynamics, SRP, and variable maximum thrust, it suffices to
define only a single parameter ε that controls every homotopy
in the optimization simultaneously. If different paths are used,
one can define

ε ..= max (εnbody, εSRP, εTmax) (39)

to keep the number of parameters and complexity of the
algorithm at a minimum.

Remark 2. As in any direct method, the control constraints
are only satisfied at the nodes. Due to the linear interpolation
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Fig. 3: Overview of homotopy techniques for variable Tmax.

of the controls in FOH between the nodes, there will be a
minor mismatch between the interpolated controls and the
available maximum thrust if the Tmax(t) curve is nonlinear.
This error, however, can be made arbitrarily small if more
nodes are added in the corresponding segments.

Adaptive Trust-Region Method

The trust-region method in this work uses the ratio ϱ(k)

of the actual and predicted cost reductions at iteration k to
measure the progress and decide whether to shrink or increase
the trust-region size R. The actual and predicted cost are
calculated using the nonlinear and convexified constraints,
respectively [13]. If ϱ(k) ≥ ϱ0, the current step is accepted

R

x∗

x0

SCP path

Decreasing
cost

Fig. 4: Change of the trust-region radius and typical SCP path
without a homotopic approach.

and R is updated [38], [39]:

R(k+1) =


R(k)/α if ϱ0 ≤ ϱ(k) < ϱ1

R(k) if ϱ1 ≤ ϱ(k) < ϱ2
β R(k) if ϱ(k) ≥ ϱ2

(40)

where 0 < ϱ0 < ϱ1 < ϱ2 < 1 are user-defined parameters.
α > 1 and β > 1 define the shrinking and growing rates of
R, respectively; they can be constant or dynamically adjusted
at each iteration (see e.g. [27]).

This procedure often works well in practice. However, when
a homotopic approach is included, such methods can deterio-
rate convergence if not modified appropriately. If no homotopy
is considered, the algorithm updates the trust region such that
the trajectory is driven towards the optimal solution x∗ as
illustrated in Fig. 4. If a homotopy is included, the algorithm
progresses in a similar way as long as ε does not change. We
recall that the previous solution is used as the new initial guess.
When εj changes to εj+1, the constraint violation increases
because the constraints also (slightly) change. Therefore, the
previously optimal trajectory will not satisfy all constraints
anymore. In addition, the new optimal solution x∗(εj+1) will
also be different. As a consequence, it might happen that the
new optimal path associated with εj+1 lies outside of the trust
region defined by R. Even though the algorithm will still often
be able to reduce the constraint violation in the following
iterations by reducing the trust-region size, the followed path
is different from the optimal one. This can eventually result in
a non-feasible (and non-optimal) solution as shown in Fig. 5.
This is especially true for difficult problems. We propose an
adaptive trust-region update to overcome this issue. Instead of
using the same trust-region size when εj changes to εj+1, R
is increased to expand the feasible region. Thus, the algorithm
is able to reach the new optimal solution x∗(εj+1) (see Fig.
6). Even though expanding R to some large, fixed value might
often be sufficient to reach the new optimal path, this approach
would require a considerable amount of additional iterations
to reduce the trust-region radius again. Moreover, finding an
appropriate value for R(εj+1) is not intuitive. As the con-
straint violations cviol change when the homotopic parameter
is updated, it is reasonable to define an update mechanism
based on the difference cviol of the constraint violations.
Figure 7 shows the ratio σ = R(εj+1)/R(εj) = Rnew/Rold
over ∆cviol = log10(∥cviol(εj+1)∥1) − log10(∥cviol(εj)∥1) for
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Fig. 5: Change of the trust-region radius and typical SCP path when the trust-region radius is not updated appropriately within
a homotopic approach.
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Fig. 6: Change of the trust-region radius and typical SCP path when the trust-region radius is updated appropriately within a
homotopic approach.
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Fig. 7: Relationship between the constraint violation and ratio
of new and old trust-region radii.

several hundreds of simulations with different targets and
initial guesses, cviol being a vector that contains the violations
of all constraints. Note that we seek the maximum trust-
region radius that is accepted after the homotopic parameter
is updated to ensure the largest feasible region possible; this
value is denoted by R(εj+1). We propose to fit the data points
using the following equation and a nonlinear least squares
approach:

σ =
R(εj+1)

R(εj)
= C0 + C1 (∆cviol − C2)

n (41)

where Ci (i = 0, 1, 2) and n are the coefficients and exponent,
respectively. In this work, we use C0 = 1.8186, C1 = 5.3518,
C1 = 0.3974, and n = 3. Naturally, different approaches can
be used to define the relationship between the constraint viola-
tion and trust-region update. For instance, a more conservative
fitting method would result in larger trust-region sizes, and
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consequently, a larger feasible region, but it would also lead 
to more iterations. Nevertheless, we chose to use a nonlinear 
least squares approach to fit t he d ata, a s w e f ound i t t o be 
a good compromise between convergence and the number 
of iterations. The new trust-region radius R(εj+1) is then 
calculated by the relationship

R(εj+1) = γ σ R(εj) (42)

with some factor γ > 0 to increase the flexibility of the update
mechanism. Although one could simply set R(εj+1) equal
to the initial trust-region size or some other large value, the
proposed approach requires significantly fewer iterations as the
factor σ is not fixed, but rather adjusted dynamically based on
the current information at each iteration. Even though trust-
region based SCP algorithms may suffer from oscillations in
the trust-region radius under certain conditions [40], we did
not experience this phenomenon in our simulations.

Remark 3. Note that other existing trust-region algorithms,
such as state-dependent methods [41] or higher-order methods
[42], [43], can potentially be used within the presented embed-
ded homotopic approach if modified accordingly to account
for the required expansion when the homotopic parameter
changes.

B. Flowchart of the Algorithm

The flowchart of the homotopic approach is illustrated
in Fig. 8. After solving the convexified problem, the trust-
region radius is updated as in the standard SCP method (see
(40)). The homotopic parameter is then adjusted based on
the predefined homotopic path. Additional parameters ∆εmin
and ∆εmax are introduced that denote the minimum and
maximum allowable changes of ε, respectively. This ensures
that the step size is neither too small (which would require
more iterations) nor too large (which might result in non-
convergence). Furthermore, the ε domain is divided into two
regions with different values of ∆εmin and ∆εmax. In particular,
we have

1) ∆εmin,1, ∆εmax,1 if ε ∈ [y1, 1]
2) ∆εmin,2, ∆εmax,2 if ε ∈ [0, y1)

where y1 ∈ (0, 1) defines the switching between the dif-
ferent minimum and maximum step sizes. In this work, we
use y1 = 0.7 and ∆εmin,1 = 0.0, ∆εmax,1 = 0.025, and
∆εmin,2 = 0.05, ∆εmax,2 = 0.10. Based on our simulations,
the most critical part of the algorithm is during the first
iterations when ε = 1 and the linear constraint violations
are large. This is often the case if the initial guess is poor.
Therefore, it is convenient to use small values for ∆εmin and
εmax at the beginning. This means that the optimal solution
of the problem with the updated ε changes only slightly, and
hence, the solver is more likely to find a solution. Once the
algorithm makes progress, ∆εmin and ∆εmax are increased
to avoid an excessive number of iterations. If the homotopic
parameter changes, the constraint violations are updated and
the trust-region size is expanded based on (42). The process
continues until an optimal solution is found. Although an in-
depth theoretical analysis is not the focus of this paper, our

numerical simulations in Section V demonstrate the efficacy
of the approach and support our rationale for selecting the
parameters.

V. NUMERICAL SIMULATIONS

We compare our method with a standard homotopic ap-
proach to demonstrate the benefits. Moreover, the performance
of the developed homotopic approach in terms of success
rate, CPU time, and obtained final mass is compared with
a standard SCP method without any homotopy [12] and the
state-of-the-art optimal control software GPOPS-II [44] in
combination with the Sparse Nonlinear Optimizer (SNOPT)
[45]. All simulations are performed in MATLAB on an Intel
Core i7-8565 1.80 GHz Laptop with four cores and 16 GB of
RAM. The numerical integration of (9) and (18b)–(18d) within
SCP is performed using a mex function. The second-order
cone program in (11) is solved using the open-source Embed-
ded Conic Solver (ECOS) [46]. In contrast, GPOPS-II solves
the full nonlinear program directly. We compute fuel-optimal
trajectories from the Sun-Earth Lagrange point L2 (SEL2) to
the asteroids 2000 SG344 and Dionysus. The algorithms stop if
the maximum constraint violation and change in the objective
function are smaller than the feasibility εc and optimality εJ
tolerances, respectively. Relevant parameters for the transfers
and algorithms are given in Tables I and II. Physical constants
are given in Table III, and parameters related to the homotopic
approach in Table IV.

As described in Section IV, n-body dynamics, solar radiation
pressure, and a real thruster model with variable specific
impulse and maximum thrust are considered. In particular,
the following thruster model is used for the transfer to 2000
SG344 [18]:

Tmax(Pin) = a0 + a1Pin + a2P
2
in + a3P

3
in + a4P

4
in (43a)

Isp(Pin) = b0 + b1Pin + b2P
2
in + b3P

3
in + b4P

4
in (43b)

Pin(r) = c0 + c1r + c2r
2 + c3r

3 + c4r
4 (43c)

with a0 = −0.7253mN, a1 = 0.024 81mNW−1, a2 =
a3 = a4 = 0, b0 = 2652 s, b1 = −18.123 s W−1, b2 =
0.3887 s W−2, b3 = −0.001 74 s W−3, b4 = 0, and c0 =
840.11W, c1 = −1754.3 W AU−1, c2 = 1625.01 W AU−2,
c3 = −739.87 W AU−3, c4 = 134.45 W AU−4, and r in AU. For
Dionysus, we use a modified version of the model presented
in [15]:

Tmax(Pin) = ã0 + ã1Pin (44a)
Isp(Pin) = Isp,max (44b)

Pin(r) =
1

r2
(44c)

where ã0 = 0.1069N, ã1 = 3.9307 × 10−4 NW−1, and r in
AU.

A. Comparison With Conventional and Adaptive Homotopic
Approaches

In this subsection, the proposed homotopic approach is
compared with a conventional homotopy method and a re-
cently developed adaptive homotopy from the literature [22].
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Fig. 8: Flowchart of the homotopic approach.

In the conventional method, a fixed step size of the homotopic
parameter is employed. In the adaptive method, the step size is
updated based on the progress of the algorithm and previous
iterations. Details can be found in [22]. Moreover, different
trust-region methods are discussed and assessed for use in
the homotopic approach. Existing trust-region methods in the
literature often fail when applied without modifications in
the embedded approach due to the lack of expansion of the
feasible region. Therefore, we only consider different trust-
region methods in the adaptive homotopy that is compared
with the proposed approach. In particular, we consider an
adaptive hard-trust region method that has proven effective
for low-thrust trajectory optimization [39]. In hard trust-region
methods, the trust-region constraint is explicitly considered as
a constraint, and the size is updated based on some heuristic.

In contrast, the trust-region radius becomes an optimization
parameter in soft trust-region strategies and is penalized in
the objective function [48]. This makes such methods poten-
tially appealing for a homotopic approach because the solver
can choose the size, avoiding manual heuristic expansion of
the trust-region radius. For the comparison, we consider the
recently developed hybrid-order soft trust-region method in
[43]. Preliminary simulations were performed to find the best
parameters for each method.

Figure 9a compares the proposed homotopic approach with
the conventional homotopy using a hard trust region (TR), the
adaptive approach using a hard TR, and the adaptive approach
combined with a second-order soft TR for the asteroid 2000
SG344 transfer. In the conventional and adaptive homotopy
strategies with hard TRs, approximately twice as many itera-
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TABLE I: Simulation values for the transfers from SEL2 to the asteroids 2000 SG344 and Dionysus [18], [47].

Parameter SEL2 - 2000 SG344 SEL2 - Dionysus

Initial epoch 04-Feb-2024 12:00:00 UTC 23-Dec-2012 00:00:00 UTC

Initial position r0, AU
[−0.701 860 65, 0.706 232 44,

−3.511 15× 10−5]⊤
[−0.023 941 014, 0.993 253 72,

−3.027 63× 10−5]⊤

Initial velocity v0, VU
[−0.732 969 49, −0.715 904 85,

4.402 45× 10−5]⊤
[−1.026 373 47, −0.028 097 21,

1.985 38× 10−6]⊤
Initial mass m0, kg 22.6 4000

Final position rf , AU
[0.418 067 95, 0.828 971 14,

−0.001 433 82]⊤
[−2.040 617 82, 2.051 791 30,

0.554 288 95]⊤

Final velocity vf , VU
[−0.969 903 32, 0.436 302 20,

−0.001 233 81]⊤
[−0.142 319 32, −0.451 088 00,

0.018 946 90]⊤
Final mass m(tf ), kg free free
Min. input power Pin,min, W 90 62.5
Max. input power Pin,max, W 120 1000
Max. thrust Tmax, N 2.2519× 10−3 0.5
Max. specific impulse Isp,max, s 3067 3000
Spacecraft area ASC, m2 0.05 100
Reflectivity coefficient CR 1.3 1.3
Time of flight tf , days 700 3534

TABLE II: Parameters of the algorithms.

Parameter Value

Feasibility tol. εc 10−6

Optimality tol. εJ 10−4, 10−5

Max. iterations 1500, 3000
λν , λη 10.0, 10.0
rmin, AU 0.03
ϱ0, ϱ1, ϱ2 0.01, 0.25, 0.85
α, β 1.5, 1.5

TABLE III: Physical constants in all simulations.

Parameter Value

Gravitational const. µ 1.327 124 4× 1011 km3 s−2

Gravitational accel. g0 9.806 65× 10−3 km s−2

Length unit AU 1.495 978 707× 108 km

Velocity unit VU
√

µAU−1

Time unit TU AU VU−1

Acceleration unit ACU VU TU−1

Mass unit MU m0

TABLE IV: Homotopy parameters for the transfers from SEL2
to the asteroids 2000 SG344 and Dionysus.

Parameter SEL2 - 2000 SG344 SEL2 - Dionysus

δ 2.0
n,C0, C1, C2 3, 1.8186, 5.3518, 0.3974
γ 1.0
y1 0.7
∆εmin,1, ∆εmax,1 0.0, 0.025
∆εmin,2, ∆εmax,2 0.05, 0.10
∆Pmin, W 0 0
∆Pmax, W 180 1500
ρmin 10−4 10−4

ρmax 5.0 5.0
Pmax, W 250 2000

tions are typically needed to find an optimal solution compared
to our proposed approach. As the algorithm progresses, the
constraint violation decreases, enabling the homotopic param-
eter to be reduced more rapidly in our approach compared
to other methods. With regard to the soft TR, the number of
iterations is often similar to that obtained with the proposed
approach for the simple 2000 SG344 transfer. The main
advantage of the soft TR is that the solver can choose the
most appropriate value of the trust region, resulting in fewer
iterations than in the hard TR case. The parameters of our
approach are selected conservatively to enhance convergence,
which sometimes requires more iterations than the soft TR
approach. However, as a consequence, the success rate of the
proposed method is slightly higher.

Regarding the more complex transfer to asteroid Dionysus,
the soft TR often struggles to converge when the homotopic
parameter changes. It is therefore omitted in Fig. 9b. Although
the conventional and adaptive methods frequently find optimal
solutions, they require significantly more iterations than the
proposed approach (see Fig. 9b). This confirms the efficacy of
the embedded homotopy for complex low-thrust transfers.

B. Assessment of Homotopic Approach

Different numbers of nodes and optimality tolerances are
considered for GPOPS-II to account for potential discrepancies
in the performance if an inappropriate value is selected. The
problem is discretized using 5 and 10 nodes per segment
for each transfer. 30 and 15 segments are used for 2000
SG344, respectively, and 50 and 25 segments for Dionysus,
respectively. Hence, the total number of nodes is 150 (2000
SG344) and 250 (Dionysus), respectively. The same number of
points is chosen for the first-order-hold discretization method.
Two different methods are used to generate the initial guesses:

1) A simple perturbed cubic interpolation that results in
infeasible trajectories that neither satisfy the dynamical
nor the endpoint constraints [39]. The number of rev-
olutions of the initial guesses ranges from 1.6 to 2.6
for 2000 SG344, and 4 to 7 for Dionysus. Given a step
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Fig. 9: Typical evolution of the homotopic parameter ε for the proposed, conventional, and adaptive homotopic approaches in
transfers to 2000 SG344 and Dionysus.

size of 0.01, the total number of simulations is therefore
101 (2000 SG344) and 301 (Dionysus), respectively. The
controls are set to zero.

2) Propagation of the two-body dynamics without SRP and
with constant tangential thrust. The thrust magnitude for
each initial guess is varied from 0 to Tmax (2000 SG344)
and 0 to 0.5Tmax (Dionysus), respectively. This results
in dynamically feasible trajectories, but the endpoints
are far from the target positions.

The selected transfers to the asteroids 2000 SG344 (short time
of flight, few revolutions, small changes of orbital elements)
and Dionysus (long time of flight, several revolutions, large
changes of orbital elements), along with the the different initial
guesses and numbers of revolutions, cover a wide range of
cases. Therefore, we believe that our examples serve as a
good indicator of the performance of the proposed homotopic
approach for other transfers with similar characteristics. An
overview of the number of simulations and initial guesses is
given in Table V. The results are shown in Figs. 10 and 11.
SCP is the standard SCP method without homotopy, SCPH the
homotopic approach. The notation GPOPSk

i refers to the num-
ber of nodes i ∈ {5, 10} per segment, and k ∈ {10−4, 10−5}

TABLE V: Overview of simulations for each target and initial
guess.

Initial guess 2000 SG344 Dionysus

Cubic interpolation 101 301
Propagation 101 51

TABLE VI: Number of nodes and segments for GPOPS-II.

Target Nodes per segment Segments

2000 SG344 5 and 10 30 and 15
Dionysus 5 and 10 50 and 25

to the optimality tolerance for GPOPS-II. Even though we use
10−4 for SCP, selecting a smaller value would not change the
results as feasibility is the main factor for SCP.

With regard to the 2000 SG344 transfer, the benefit of a
homotopic approach becomes clear in Fig. 10a. When using
a cubic interpolation to generate the initial guess, the success
rate is only 39% if the nonlinear problem is solved directly
with a SCP method. GPOPS-II achieves a slightly lower rate
of approximately 31 – 36% regardless of the number of nodes
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TABLE VII: Number of iterations (median) for SCP and 
SCPH.

Method
Target SEL2 - 2000 SG344 SEL2 - Dionysus

cubic propagation cubic propagation

SCP 19 24 47 47
SCPH 33 28 105 102

and optimality tolerance. In contrast, SCPH converges in more
than 81% of the cases, thus doubling the success rate. As
the perturbing accelerations due to the n bodies and SRP are
small, the thrust continuation is often the most critical part for
convergence. However, there are cases where a continuation
of the dynamics is also required to achieve convergence.
This is especially true for poor initial guesses where the
initial constraint violation is large. Judging from Fig. 10a,
GPOPS-II benefits from an initial guess that satisfies the dy-
namics. Remarkably, considerably more simulations converge
successfully for SCP (67%) and GPOPS-II (50 – 56%) if the
propagation guess is used. In this case, the convergence of
SCPH increases only slightly to 70%. The reason is that the
initial guesses become very poor for larger thrust magnitudes,
and even a homotopic approach is not able to find feasible
solutions anymore.

According to Fig. 10b, the CPU times are lowest for the
propagation guess for all methods. The standard SCP algo-
rithm requires the least CPU time (median of approximately
9 s), followed by SCPH that requires a few more iterations
(see Table VII) with 15 – 26 s, and GPOPS-II (18 – 54 s).
As expected, increasing the number of nodes and decreas-
ing the optimality tolerance result in higher CPU times for
GPOPS-II. Remarkably, regardless of the parameters, the error
bars and thus variation of the results are substantially larger
for GPOPS-II. For example, there are cases where the NLP
solver requires more than 120 s to find an optimal solution.
Although the final masses are similar for all methods, the
solutions obtained with both SCP algorithms are more consis-
tent and closer to the optimal value compared to GPOPS-II.
Furthermore, all methods yield an excellent accuracy as the
propagation error (i.e., the difference between the optimized
final state and the state obtained when integrating the dynamics
with the obtained controls) is of the order 100 km (position)
and 10−7 km s−1 (velocity) only.

With regard to the Dionysus transfer, SCP converges in
only 33% (propagation guess) and 46% (cubic interpolation
guess) of the simulations, therefore performing worst among
all methods. Depending on the optimality threshold, GPOPS-II
achieves a success rate of 53 – 65% (εJ = 10−4) and
35 – 55% (εJ = 10−5). As opposed to the 2000 SG344
transfer, the cubic guess yields more converged simulations
than the propagation guess for GPOPS-II for the Dionysus
transfer. Again, the success rate can approximately be doubled
if the embedded homotopic approach is used, resulting in more
than 95% converged simulations. Remarkably, it is evident
from Fig. 11b that both SCP methods require up to one order
of magnitude fewer seconds to converge than GPOPS-II. Even
though the CPU time per iteration is similar for SCP and

SCPH, the latter requires twice as many iterations as shown in
Table VII, and therefore, also twice as much CPU time. The
CPU time of GPOPS-II can in general be reduced significantly
(sometimes up tp 50%) if the propagation guess is used. The
discrepancy in the final mass becomes more significant now as
shown in Fig. 11c. Especially if a larger optimality threshold
is chosen, the final masses obtained with GPOPS-II are con-
siderably lower compared to both SCP methods. Interestingly,
SCPH does not only improve convergence, but also finds more
optimal solutions than the standard SCP. The propagation
error is of the order 101 to 102 km (position) and 10−6 to
10−5 km s−1 (velocity), therefore again being very small.

Typical transfer trajectories and control profiles are shown in
Figs. 12 and 13. These plots confirm that SCP and GPOPS-II
find different solutions. Moreover, the controls obtained with
GPOPS-II are often jittery (see also, e.g., [49]). A much
smaller optimality threshold would be required to yield more
accurate bang-bang structures. With regard to the Dionysus
transfer, it is evident from Fig. 13b that the available maximum
thrust decreases considerably over time as the spacecraft gets
farther away from the Sun.

Even though a homotopic approach requires in general more
iterations, the simulations confirm that convergence can be im-
proved significantly by gradually increasing the complexity of
the dynamical model. Often, only a continuation from higher
thrust levels to the real thruster model is sufficient to achieve
convergence. The reason is that the additional accelerations
due to the perturbing bodies and SRP are small, and therefore,
a continuation of the dynamics may not be needed. Yet, for
large initial constraint violations (e.g., if the final target state of
the initial guess deviates considerably from the desired target
state), we observed that a continuation of the dynamics is also
required so that the algorithm converges successfully. Due to
the rapid speed of SCP, the additional iterations may not be
as relevant when compared to methods that usually require
more computational effort, such as nonlinear programming
solvers. Instead of using SCP only to generate a decent initial
guess for an indirect method that makes use of a continuation
technique [50], our approach embeds the homotopy directly
into SCP. Remarkably, the number of iterations can be reduced
considerably with an embedded approach compared to the
method in [28] where each optimization problem is solved
to full optimality. Our simulations show that methods based
on convex optimization can yield a high accuracy even if high-
fidelity models are considered.

C. Convergence Analysis

Clearly, a homotopic approach is beneficial when solving
more complex problems with convex optimization. Ideally, it
would be desirable to have some criterion that defines whether
a homotopy is needed, or if a standard SCP method suffices.
This way, the additional iterations required by SCPH could
be avoided. The complexity of the problem depends on the
problem itself (e.g., number of revolutions, dynamical system),
but also on the quality of the initial guess. For example, a
highly nonlinear problem can still be solved if a decent initial
guess is provided. Our simulations suggest that non-perturbed
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Fig. 10: Comparison of SCP, SCPH and GPOPS-II in terms of
success rate, CPU time, and final mass for the 2000 SG344
transfer. Median values are shown, and the error bars refer to
the 80th and 20th percentile of the corresponding quantity.
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transfer. Median values are shown, and the error bars refer to
the 80th and 20th percentile of the corresponding quantity.
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Fig. 12: Typical transfer and control trajectories for 2000
SG344 obtained with SCP and GPOPS-II.

initial guesses where the final boundary conditions are satisfied
and the constraint violations of the dynamics are not too
large, SCP is in general able to converge successfully even if
high-fidelity models are considered. Therefore, we define the
normalized maximum constraint violation c̄max and normalized
constraint violation c̄viol as follows:

c̄max =
∥cviol∥∞
∥x∥∞

(45)

c̄viol =
∥cviol∥1
∥x∥1

(46)

where cviol is a vector that contains all constraint violations,
and x is the solution vector. The normalization accounts for the
strong dependence on the initial and final boundary conditions
(e.g., larger values of the coordinates if the target is farther
away from the primary body). Figure 14 illustrates c̄max and
c̄viol for each cubic interpolation guess for SCP and SCPH. It
is apparent that the closer both values are to zero, the more
likely it is that SCP converges successfully (see Fig. 14a). Yet,
there is no unique pair of values that clearly defines success
or failure of the standard algorithm. For example, SCP fails if
(c̄max, c̄viol) = (0.9, 0.02), but converges again if c̄viol becomes
larger (e.g., 0.045 and 0.055). Still, c̄max ≥ 1.1 seems to be
the threshold where the standard SCP cannot find optimal
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Fig. 13: Typical transfer and control trajectories for Dionysus
obtained with SCP and GPOPS-II.

solutions anymore regardless of the normalized constraint
violation. As shown in Fig. 14b, this value increases to
approximately 1.4 if a homotopic approach is used. Moreover,
a much higher constraint violation is required so that SCPH
fails. Interestingly, the failure and success cases follow a more
regular pattern than in the non-homotopic case. In general, a
homotopic approach seems to be useful for a perturbed cubic
guess whenever c̄max ≥ 0.7∧ c̄viol ≥ 0.02. SCPH seems to fail
if c̄max ≥ 1.4 or c̄max ≥ 0.8 ∧ c̄viol ≥ 0.06.

With regard to the propagation guess in Fig. 15, only the
transfer to 2000 SG344 shows a pattern. If c̄max ≥ 1.5∧ c̄viol ≥
0.015, both algorithms seem to fail (even though there very
few other cases where SCP does not converge, see Fig. 15a).
For Dionysus, however, there does not seem to be a visible
correlation. It therefore may be beneficial to make use of a
homotopic approach whenever c̄max ≥ 0.5, even though SCPH
will fail at some point due to the large initial error on the final
boundary condition.

VI. CONCLUSION
This work combines the sequential convex programming

method with an embedded homotopic approach to solve the
low-thrust trajectory optimization problem for high-fidelity
models. The simulations show that increasing the complexity
of the dynamical model only step by step increases conver-
gence significantly. Moreover, considering the progress of the
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Fig. 14: Overview of the constraint violation of each initial
guess generated by cubic interpolation for SCP and SCPH.

algorithm to update the homotopic parameter and trust-region
radius dynamically can be an effective means to reduce the
overall number of iterations. Even though more iterations may
be required to reach convergence if a homotopic approach
is used, the rapid speed of the proposed method makes it
an excellent alternative to nonlinear programming solvers,
especially if more complex models are considered.

REFERENCES

[1] D. Morante, M. Sanjurjo Rivo, and M. Soler, “A survey on low-thrust
trajectory optimization approaches,” Aerospace, vol. 8, no. 3, 2021.

[2] P. Lu, “Introducing computational guidance and control,” J. Guid.
Control Dyn., vol. 40, no. 2, pp. 193–193, 2017.

[3] M. B. Quadrelli, L. J. Wood, J. E. Riedel, M. C. McHenry, M. Aung,
L. A. Cangahuala, R. A. Volpe, P. M. Beauchamp, and J. A. Cutts,
“Guidance, navigation, and control technology assessment for future
planetary science missions,” J. Guid. Control Dyn., vol. 38, no. 7, pp.
1165–1186, 2015.

[4] J. T. Betts, “Survey of numerical methods for trajectory optimization,”
J. Guid. Control Dyn., vol. 21, no. 2, pp. 193–207, 1998.

[5] B. A. Conway, “A survey of methods available for the numerical
optimization of continuous dynamic systems,” J. Optim. Theory Appl.,
vol. 152, no. 2, pp. 271–306, 2012.

[6] X. Liu, P. Lu, and B. Pan, “Survey of convex optimization for aerospace
applications,” Astrodyn., vol. 1, no. 1, pp. 23–40, 2017.

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2
·10−2

2̄max

2̄
vi

ol

Dionysus success
Dionysus fail
2000 SG344 success
2000 SG344 fail

(a) Standard SCP.

0 0.5 1 1.5 2 2.5 3
0

0.5

1

1.5

2
·10−2

2̄max

2̄
vi

ol

Dionysus success
Dionysus fail
2000 SG344 success
2000 SG344 fail

(b) SCP with homotopic approach.

Fig. 15: Overview of the constraint violation of each initial
guess generated by propagation for SCP and SCPH.
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