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a b s t r a c t

In this work we exhibit a class of examples that show that the characterization of purification of quantum trajectories in terms of ‘dark’ subspaces 
that was proved for finite dimensional systems (Infin. Dimens. Anal. Quantum Probab. Relat. Top., 06(02), 223-243, 2003 and IMS Lectures Notes-
Monograph Series, 48, 252-261, 2006) fails to hold in infinite dimensional ones. Moreover, we prove that the new phenomenon emerging in our class 
of models and preventing purification to happen is the only new possibility that appears in infinite dimensional systems. Our proof strategy points 
out that the presence of new phenomena in infinite dimensional systems is due to the fact that the set of orthogonal projections is not sequentially 
compact. Having in mind this insight, we are able to prove that the finite dimensional result extends to a class of infinite dimensional models.

1.  Introduction

Quantum trajectories are stochastic processes describing the evolution of quantum systems undergoing repeated indirect mea-
surements. They were first introduced in the description of continuously monitored quantum systems (see for instance [1–5]) and as 
useful tools for computations in open quantum systems (see [6] and references therein). Remarkably, quantum trajectories were also 
employed in the theoretical description of the experiments conducted by Serge Haroche’s group ([7,8]) and of the results obtained 
by David Wineland ([9,10]). In this work we will focus on quantum trajectories in discrete time, which can be seen as discretizations 
of continuous time models ([11]).

If the measurement is perfect, i.e. there is no information flowing into the system and all the information leaking from the system 
is observed, the set of pure states is a closed set for the dynamics: if the systems starts in a pure state, then it is in a pure state at every 
time. A natural question is under which conditions the set of pure states is also attractive, in the sense that the state of the system tends 
to ‘purify’ almost surely for long times and for every initial state; aside from its own interest, there are several motivations for studying 
purification: first of all, assuming that the system purifies almost surely and that it satisfies another irreducibility assumption is key 
in proving several results concerning quantum trajectories, such as uniqueness of the invariant measure, convergence to the unique 
invariant measure and limit theorems for empirical averages of a wide class of functionals (see [12–14]). Moreover, measurement 
driven purification is a promising way of preparing pure states and the study of the dependence of the purification time on the system 
size for different measurement strengths has been investigated in several recent works ([15,16] and references therein).

If the system has finitely many degrees of freedom, a characterization of purification was found in [17] (see [18] for the same 
result in continuous time and [12] for an alternative proof): purification occurs unless the dynamics hits upon a family of ‘dark’ 
subspaces, i.e. subspaces from which there is no leak of information. In this work we make a first step in trying to understand better 
purification in infinite dimensional systems; we present a class of models for which purification does not hold even if there are not any 
‘dark’ subspaces, showing that, in general, the characterization for finite dimensional systems does no longer hold in infinitely many 
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\begin {equation*}\rho _n=\gamma _n \ket {e_{n+1}}\bra {e_{n+1}}+\delta _{n}\ket {e_{n+2}}\bra {e_{n+2}}.\end {equation*}


$n+1$


$1$
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$n <p$


$g_k=0$


$k<0$


$m_n^p=0$


$n<p$


$\sum _{k=s}^{r}a_k=0$


$a_k$


$s>r$


$m_n^p$


$(({\cal F}_n)_{n \geq 0}, \PP _\rho )$


$p=1$


$h_k^p$


${\cal F}_{k-1}$


$p=1$


$h_k^p \geq 0$


$g_n$


$\underline {i}=(i_1,\dots , i_p) \in I^p$


\begin {equation*}a_{\underline {i}}^*a_{\underline {i}}:=a_{i_1}^* \cdots a_{i_p}^* a_{i_p} \cdots a_{i_1}, \quad \pi _{\underline {i},k}:=\tr (\rho _{k}a_{\underline {i}}^*a_{\underline {i}}), \quad \rho _{\underline {i},k}=\frac {a_{\underline {i}} \rho _{k}a_{\underline {i}}^*}{\tr (\rho _{k}a_{\underline {i}}^*a_{\underline {i}})}.\end {equation*}


\begin {equation*}\begin {split} h_k^p&=\sum _{\underline {i} \in I^p}\pi _{\underline {i},k-1}\tr (\rho _{\underline {i},k-1}^2)-\tr (\rho _{k-1}^2)\\ &=\sum _{\underline {i} \in I^p}(\pi _{\underline {i},k-1}\tr (\rho _{\underline {i},k-1}^2)-2\tr (\rho _{k-1}^2 a_{\underline {i}}^*a_{\underline {i}})+\pi _{\underline {i},k-1}\tr (\rho _{k-1}^2))\\ &=\sum _{i \in I^p}\pi _{\underline {i},k-1}\tr \left (\rho _{k-1} \left (\frac {a^*_{\underline {i}}a_{\underline {i}}}{\pi _{\underline {i},k-1}}-\mathbf {1}\right ) \rho _{k-1}\left (\frac {a^*_{\underline {i}}a_{\underline {i}}}{\pi _{\underline {i},k-1}}-\mathbf {1}\right ) \right )=\\ &=\sum _{\underline {i} \in I^p}\pi _{\underline {i},k-1}\tr \left ( \left (\sqrt {\rho _{k-1}}\left (\frac {a_{\underline {i}}^*a_{\underline {i}}}{\pi _{\underline {i},k-1}}-\mathbf {1}\right ) \sqrt {\rho _{k-1}}\right )^2 \right )\geq 0. \end {split}\end {equation*}


$0 \leq g_n\leq 1$


$\lim _{n \rightarrow +\infty }g_n=:g_\infty $


$\PP _\rho $


$L^1(\PP _\rho )$


$G_\infty :=\lim _{n\rightarrow +\infty }G_n=\mathbb {E}_\rho [g_\infty ]$


$g_\infty :=0$


$g_n$


\begin {equation*}G_n=\sum _{k=0}^{p-1}G_k-\sum _{k=1}^{p-1}G_{n-k}-\sum _{k=1}^{n}H^p_k, \text { where } H^p_k:=\mathbb {E}_\rho [h^p_k].\end {equation*}


$0 \leq G_n \leq 1$


$H^p_k \geq 0$


$|\sum _{k=0}^{p-1}G_k-\sum _{k=1}^{p-1}G_{n-k}| \leq 2p$


$\lim _{k\rightarrow +\infty }H^p_k=0.$


$k_j$


\begin {equation*}\lim _{j\rightarrow +\infty }h^p_{k_j}=0, \, \forall p \geq 1 \quad \PP _\rho \, a.s.\end {equation*}


$n_j:=k_j-1.$


$c$


$\PP _\rho (A_c)>0$


$A_c:=\{g_\infty \geq c>0\}$


$\omega \in A$


$b$


$c >1-b^2>0$


$\overline {n}(\omega )>0$


$n \geq \overline {n}(\omega )$


\begin {equation*}g_n(\omega )=1-\sum _{k=1}^{+\infty }\mu _k(\rho _n(\omega ))^2\geq 1-b^2.\end {equation*}


\begin {equation*}b^2 \geq \sum _{k=1}^{+\infty }\mu _k(\rho _n(\omega ))^2 \geq \mu _1(\rho _n(\omega ))^2,\end {equation*}


$\mu _1(\rho _n(\omega ))\leq b<1.$


$a^\prime $


$1-b>a^\prime >0$


$N$


\begin {equation*}\PP _\rho (\{S_\infty ^N\geq b+a^\prime \} \cap A_c)>0\end {equation*}


$A:=\{S_\infty ^N\geq b+a^\prime \} \cap A_c.$


$\omega \in A$


$a^{\prime \prime }$


$a^\prime >a^{\prime \prime } >0$


$K(\omega )\geq 0$


$n \geq K(\omega ),$


\begin {equation*}b+a^{\prime \prime } \leq S_n^N(\omega )=\mu _1(\rho _n(\omega ))+\sum _{k =2}^N\mu _k(\rho _n(\omega )) \leq b+\sum _{k =2}^N\mu _k(\rho _n(\omega ));\end {equation*}


\begin {equation*}\mu _2(\rho _n(\omega )) \geq \frac {1}{N-1}\sum _{k =2}^N\mu _k(\rho _n(\omega )) \geq \frac {a^{\prime \prime }}{N-1}=:a\end {equation*}


$\rho _n(\omega )$


$\omega \in A$


$\mu ^1_{j} \geq \mu _j^2$


$\rho _{n_j}(\omega )$


$\mu _1(\rho _{n_j}(\omega ))$


$\mu _2(\rho _{n_j}(\omega ))$


$q^1_j$


$q^2_j$


$\rho _{n_j}(\omega )q^i_{j}=\mu ^i_j q^i_j$


$i=1,2$


$p_j:=q^1_j+q^2_j$


$\underline {i}\in I^p$


$\pi _{\underline {i},n_j} \leq 1$


\begin {equation}\label {eq:decay} \lim _{j \rightarrow +\infty }\tr \left (\rho _{n_j}(\omega ) \left (a^*_{\underline {i}}a_{\underline {i}}-\pi _{\underline {i},n_j}(\omega )\mathbf {1}\right ) \rho _{n_j}(\omega )\left (a^*_{\underline {i}}a_{\underline {i}}-\pi _{\underline {i},n_j}(\omega )\mathbf {1}\right )\right )=0\end {equation}


$\widetilde {\rho }_{n_j}(\omega ):=p_j\rho _{n_j}(\omega ) p_j \leq \rho _{n_j}(\omega )$


$p_j$


$\rho _{n_j}(\omega )$


\begin {equation*}\begin {split}&\tr \left (\rho _{n_j}(\omega ) \left (a^*_{\underline {i}}a_{\underline {i}}-\pi _{\underline {i},n_j}(\omega )\mathbf {1}\right ) \rho _{n_j}(\omega )\left (a^*_{\underline {i}}a_{\underline {i}}-\pi _{\underline {i},n_j}(\omega )\mathbf {1}\right )\right )\\ &\geq \tr \left (\widetilde {\rho }_{n_j}(\omega ) \left (a^*_{\underline {i}}a_{\underline {i}}-\pi _{\underline {i},n_j}(\omega )\mathbf {1}\right ) \widetilde {\rho }_{n_j}(\omega )\left (a^*_{\underline {i}}a_{\underline {i}}-\pi _{\underline {i},n_j}(\omega )\mathbf {1}\right )\right )\\ &\geq (\mu _{j}^2)^2\|p_j(a^*_{\underline {i}}a_{\underline {i}}-\pi _{\underline {i},n_j}\mathbf {1} )p_j\|_2^2\geq (\mu _{j}^2)^2\|p_j(a^*_{\underline {i}}a_{\underline {i}}-\pi _{\underline {i},n_j}\mathbf {1} )p_j\|_\infty ^2\end {split}\end {equation*}


$\mu _j^2$


$2. \Rightarrow 1.$


$n,m \geq 0$


$0 \leq X_n^m \leq 1$


$(X^m_\infty )_{m \geq 0}$


\begin {equation*}\lim _{n \rightarrow +\infty } X_n^m=X_\infty ^m \quad \PP _\rho -\text {a.s.}\end {equation*}


$s_m \uparrow \mathbf {1}$


$X_n^m \uparrow 1$


$\PP _\rho $


$X_\infty ^m$


\begin {equation*}\PP _\rho \left ( B \right )=1, \text { where } B:=\{\forall \delta \in (0,1), \, \exists M_\delta , N_\delta \geq 1 : \, \forall n \geq N_\delta , \, X_n^M \geq 1-\delta \}\end {equation*}


$1. \Rightarrow 2.$


$\omega \in A \cap B$


$A$


$p$


$p_j \xrightarrow [j \rightarrow +\infty ]{\|\cdot \|_\infty }p$


$(q_j^1)_{j\geq 0}$


$(q_j^2)_{j \geq 0}$


${\rm w}^*$


$q^1$


$q^2$


$\delta $


$M_\delta :=M_\delta (\omega )$


$J_\delta (\omega )$


$j \geq J_\delta :=J_\delta (\omega )$


\begin {equation*}0 <a^\prime \leq \mu _j^2 \leq \mu _j^1 \leq b^\prime <1, \text { with } a^\prime <a \text { and } b^\prime >b\end {equation*}


\begin {equation*}\begin {split} \mu _j^1 \tr (q_j^1 s_{M_\delta })+\mu _2^1 \tr (q_j^2 s_{M_\delta })+1-\mu _j^1-\mu _j^2&\geq \mu _j^1 \tr (q_j^1 s_{M_\delta })+\mu _2^1 \tr (q_j^2 s_{M_\delta })+\tr ((\rho _{k_j}(\omega )-\widetilde {\rho }_{k_j}(\omega ) )s_{M_\delta })\\ &=\tr (\rho _{k_j}(\omega )s_{M_\delta })\geq 1-\delta . \end {split}\end {equation*}


$\gamma _j:=\mu _j^1/(\mu _j^1+\mu _j^2)$


\begin {equation*}\gamma _j \tr (q_j^1 s_{M_\delta })+(1-\gamma _j) \tr (q_j^2 s_{M_\delta }) \geq 1-\frac {\delta }{\mu _j^1+\mu _j^2} \geq 1-\frac {\delta }{2a^\prime }.\end {equation*}


$1 \geq \tr (q_j^1 s_{M_\delta }), \tr (q_j^2 s_{M_\delta })$


\begin {equation*}\min \{\gamma _j\tr (q_j^1 s_{M_\delta })+(1-\gamma _j),\gamma _j+(1-\gamma _j)\tr (q_j^2 s_{M_\delta })\} \geq \gamma _j \tr (q_j^1 s_{M_\delta })+(1-\gamma _j) \tr (q_j^2 s_{M_\delta })\geq 1-\frac {\delta }{2a^\prime }.\end {equation*}


\begin {equation*}\tr (q_j^1 s_{M_\delta })\geq 1-\frac {\delta }{2a^\prime \gamma _j}\geq 1-\frac {\delta \cdot b}{a^{\prime 2}}, \quad \tr (q_j^2 s_{M_\delta })\geq 1-\frac {\delta }{2a^{\prime }(1-\gamma _j)}\geq 1-\frac {\delta \cdot b}{a^{\prime 2}},\end {equation*}


$a \leq \mu _j^2 \leq \mu _j^1 \leq b.$


$\delta ^\prime \in (0,1)$


$M_{\delta ^\prime }:=M_{\delta ^\prime }(\omega ), \, J_{\delta ^\prime }:=J_{\delta ^\prime }(\omega ) \geq 1$


$j \geq J_{\delta ^\prime }$


\begin {equation*}\min \{\tr (q_j^1 s_{M_{\delta ^\prime }}), \tr (q_j^2 s_{M_{\delta ^\prime }})\} \geq 1-\delta ^\prime .\end {equation*}


$(q^{i}_j)_{j \geq 0}$


$i=1,2$


\begin {equation*}q_j^i \xrightarrow [j\rightarrow +\infty ]{ \|\cdot \|_1}q^i,\end {equation*}


$q^1$


$q^2$


$p:=q^1+q^2$


$p_j \xrightarrow [j \rightarrow +\infty ]{}p$
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dimensions. The rationale behind the class of examples is that the dynamics moves along a family of subspaces that become closer and 
closer to ‘dark’ subspaces. The main result of this work is showing that this is a necessary condition for purification to fail (Theorem 1); 
the proof makes use of the infinite dimensional version of Nielsen’s inequalities ([19]) and adapts the techniques employed in [18] to 
the infinite dimensional and discrete time case. As a side result, we provide an alternative proof of the characterization of purification 
in terms of ‘dark’ subspaces in discrete time with respect to the one in [17] (Corollary 1) and in [12] (Proposition 2.2). Moreover, in 
Proposition 2 we show that such a characterization still holds for a class of models with an increasing sequence of finite dimensional 
subspaces where trajectories ‘remain confined’.

We point out that our results are not the first ones regarding purification in infinite dimensional settings: in [20], the authors 
show that purification holds for a particular model describing an atom maser, building on the technique used in [12]. Moreover, [21] 
considers quantum trajectories satisfying a technical assumption regarding both the initial state and the measurement; adapting the 
techniques used in [17], the author shows that, under such assumptions, the failure of almost sure purification implies that there 
exists a non trivial ‘dark’ subspace.

The structure of the paper is the following: Section 2 introduces the notation and the problem studied, in Section 3 we present 
the class of examples showing that the characterization of purification in terms of ‘dark’ subspaces does not hold in the infinite 
dimensional case and we prove the main theorem (Theorem 1) concerning the necessary condition for the failure of purification 
of quantum trajectories. Finally, Section 4 shows how the finite dimensional result follows from Theorem 1 and provides a class of 
infinite dimensional models for which the characterization of purification in terms of ‘dark’ subspaces still holds true.

2.  Preliminaries and notation

Let us consider a quantum system described by a separable Hilbert space 𝔥. We will identify quantum states with their densities 
matrices, which are positive semidefinite trace class operators with unit trace.

Single measurement. We assume that the system interacts with an ancillary one, described by the separable Hilbert space 𝔥𝑎 and 
initially prepared in a given pure state |𝜒⟩ ⟨𝜒|, according to a certain unitary operator 𝑈 ∶ 𝔥⊗ 𝔥𝑎 → 𝔥⊗ 𝔥𝑎. After the interaction, 
the measurement corresponding to a certain orthonormal basis {|𝑖⟩}𝑖∈𝐼  is performed on the ancillary system. Therefore, according to 
Born’s rule, if the system is initially prepared in the state 𝜌, one observes the outcome 𝑖 with probability tr(𝜌𝑎∗𝑖 𝑎𝑖) and the state of the 
system conditional to such outcome is given by

𝑎𝑖𝜌𝑎∗𝑖
tr(𝜌𝑎∗𝑖 𝑎𝑖)

,

where 𝑎𝑖 ∶= ⟨𝑖|𝑈 |𝜒⟩ are called Kraus operators. Notice that ∑𝑖∈𝐼 𝑎
∗
𝑖 𝑎𝑖 = 𝟏, where the convergence of the series has to be intended in 

the strong operator topology. The described quantum measurement is said to be perfect because the measurement on the ancillary 
system is nondegenerate and because the ancilla is initially prepared in a pure state.

Repeated measurements. Let us assume to repeat the previous procedure infinitely many times, always considering a new ancilla at 
every step; the stochastic process describing the state of the system conditional to the sequence of outputs is called quantum trajectory 
and will be the central object in our investigation. Let us define the process formally: let Ω be the set of infinite sequences with entries 
in 𝐼 and let us consider cylinder sets, i.e. those sets of the form

Λ𝑖1 ,…,𝑖𝑚 ∶= {𝜔 = (𝜔1,… , 𝜔𝑛,…) ∈ Ω ∶ 𝜔𝑘 = 𝑖𝑘, 𝑘 = 1,… , 𝑚}, 𝑚 ∈ ℕ∗, 𝑖1,… , 𝑖𝑚 ∈ 𝐼.

We denote by 𝑚 the 𝜎-field generated by cylinder sets corresponding to outcomes sequences of length 𝑚 (0 ∶= {∅,Ω}) and by 
the 𝜎-field generated by all cylinder sets. For every initial state of the system 𝜌 there exists a unique probability measure ℙ𝜌 on (Ω, )
satisfying

ℙ𝜌(Λ𝑖1 ,…,𝑖𝑛 ) = tr(𝜌𝑎∗𝑖1 ⋯ 𝑎∗𝑖𝑛𝑎𝑖𝑛 ⋯ 𝑎𝑖1 ).

This can be seen via Kolmogoroff extension theorem. We will denote by 𝔼𝜌 the corresponding expected value. We are now ready to 
introduce the quantum trajectory (𝜌𝑛)𝑛≥0 as the adapted stochastic process on (Ω, (𝑛)𝑛≥0, ) given by

𝜌0(𝜔) ∶= 𝜌, 𝜌𝑛(𝜔) ∶=
𝑎𝜔𝑛 ⋯ 𝑎𝜔1𝜌𝑎

∗
𝜔1

⋯ 𝑎∗𝜔𝑛
tr(𝜌𝑎∗𝜔1 ⋯ 𝑎∗𝜔𝑛𝑎𝜔𝑛 ⋯ 𝑎𝜔1 )

.

We remark that the definition we give for 𝜌𝑛 only makes sense for those 𝜔 such that tr(𝜌𝑎∗𝜔1 ⋯ 𝑎∗𝜔𝑛𝑎𝜔𝑛 ⋯ 𝑎𝜔1 ) ≠ 0; however, this is 
not an issue because if tr(𝜌𝑎∗𝑖1 ⋯ 𝑎∗𝑖𝑛𝑎𝑖𝑛 ⋯ 𝑎𝑖1 ) = 0 for some collection of indices 𝑖1,… , 𝑖𝑛 ∈ 𝐼 , then ℙ𝜌(Λ𝑖1 ,…,𝑖𝑛 ) = 0 and, therefore, the 
definition of (𝜌𝑛)𝑛≥0 is meaningful ℙ𝜌-almost surely. Notice that (𝜌𝑛)𝑛≥0 is a Markov process with transitions governed by the following 
kernel:

𝜌𝑛+1 =
𝑎𝑖𝜌𝑛𝑎∗𝑖

tr(𝑎𝑖𝜌𝑛𝑎∗𝑖 )
 with probability 𝜋𝑖,𝑛 ∶= tr(𝜌𝑛𝑎∗𝑖 𝑎𝑖), 𝑖 ∈ 𝐼.
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Purification. A state 𝜌 is called pure if it is a rank one projector, i.e. if there exists a vector |𝜓⟩ ∈ 𝔥 such that 𝜌 = |𝜓⟩ ⟨𝜓|; pure states 
correspond to extremal elements of the set of states. Notice that perfect measurements preserve the set of pure states: indeed, if 
𝜌 = |𝜓⟩ ⟨𝜓|, then for ℙ𝜌-almost every 𝜔 ∈ Ω one has

𝜌𝑛(𝜔) =
|𝑎𝜔𝑛 ⋯ 𝑎𝜔1𝜓⟩ ⟨𝑎𝜔𝑛 ⋯ 𝑎𝜔1𝜓|

‖𝑎𝜔𝑛 ⋯ 𝑎𝜔1𝜓‖
2

.

As we already mentioned in the introduction, we want to study in more detail those cases in which not only the set of pure states 
is closed for the dynamics, but also the measurement tends to purify every initial state for long times. In order to give a mathematical 
definition of this phenomenon, we need to introduce a measure of how far a state is from being pure. We will use the linear entropy 
of a state, i.e. the quantity

𝑔(𝜌) ∶= tr(𝜌(𝟏 − 𝜌)) = 1 − tr(𝜌2).

𝟏 denotes the identity operator on 𝔥. One can easily see that for every state 0 ≤ 𝑔(𝜌) < 1 and that it is equal to 0 if and only if the 
state is pure. We are now ready to define precisely what we mean by purification of quantum trajectories due to the back-action of 
the measurement.
Definition 1  (Pur).  We say that the measurement asymptotically purifies the trajectories if for every initial state 𝜌 the following 
holds true:

lim
𝑛→+∞

𝑔(𝜌𝑛) = 0 ℙ𝜌 − 𝑎.𝑠. (1)

Notice that our definition is equivalent to the one in [17] due to the fact that Hölder inequality ensures that tr(𝜌2) ≤ tr(𝜌𝑚)1∕(𝑚−1)

for every 𝑚 ≥ 2.
If the Hilbert space 𝔥 is finite dimensional, the following equivalent characterization of (Pur) was found in [17, Corollary 4] (see 

[18, Theorem 2.1] for similar result in continuous time and [12, Proposition 2.2] for an alternative proof):

there does not exist any projection 𝑝 whose support has dimension bigger or equal than 2 and such that for all 𝑛 ∈ ℕ∗ and 𝑖1,… , 𝑖𝑛 ∈ 𝐼 there 
exists a nonnegative constant 𝜆𝑖1 ,…,𝑖𝑛  satisfying

𝑝𝑎∗𝑖𝑛 ⋯ 𝑎∗𝑖1𝑎𝑖1 ⋯ 𝑎𝑖𝑛𝑝 = 𝜆𝑖1 ,…,𝑖𝑛𝑝. (2)

The support of such a projection is usually referred to as a ‘dark’ subspace, since there is no information leaking into the ancillas. 
Indeed, any state supported on the support of 𝑝 produces the same outcome probability distribution and there is no way to discriminate 
two different states from the outcome sequence. Moreover, Eq. (2) means that every product of 𝑎𝑖’s acts as a multiple of an isometry 
when restricted to the support of 𝑝, therefore, if 𝜌0 = 𝑝𝜌0𝑝, then 𝜌0 and 𝜌𝑛 share the same eigenvalues for every time 𝑛 and there may 
be a change only in the eigenvectors: if 𝜌0 is not a pure state, the same holds for 𝜌𝑛 at every time.

3.  Counterexample and main result

In this section we exhibit a class of examples that shows that (Pur) fails to be equivalent to the condition in Eq. (2) for infinite 
dimensional systems. More precisely, we will show that such a class of models does not admit any ‘dark’ subspace; however, there 
exists a choice for the initial state that causes purification to fail almost surely. After identifying the new phenomenon appearing 
in infinite dimensional systems and causing the failure of purification, we show that this is the only possibility outside of the ones 
already observed in the finite dimensional setting.

Let us consider the Hilbert space 𝔥 = 𝓁2(ℕ∗) and let (|𝑒𝑘⟩)𝑘≥1 be the orthonormal basis given by |𝑒𝑘⟩ (𝑚) ∶= 𝛿𝑘𝑚. Consider the 
quantum trajectories associated to the following Kraus operators:

𝑎1 =
∑

𝑘≥1

√

𝛼(𝑘) |𝑒𝑘+1⟩ ⟨𝑒𝑘| , 𝑎2 =
∑

𝑘≥1

√

1 − 𝛼(𝑘) |𝑒𝑘+1⟩ ⟨𝑒𝑘|

where the function 𝛼 takes values in (0, 1).
Proposition 1. If

∀𝑘 ∈ ℕ, 𝛼(𝑘 + 1) > 𝛼(𝑘) and sup
𝑘≥1

𝛼(𝑘) =∶ 𝑐 < 1,

then, for every initial state of the form 𝜌 = 𝛾0 |𝑒1⟩ ⟨𝑒1| + 𝛿0 |𝑒2⟩ ⟨𝑒2|, with 𝛾0, 𝛿0 ∈ (0, 1) and 𝛾0 + 𝛿0 = 1, the following statement holds true:

ℙ𝜌
(

lim
𝑛→+∞

𝑔(𝜌𝑛) = 0
)

= 0.

Moreover, if 𝛼(𝑛) = 𝑐 − (𝑛 + 𝑧)−1 for some 𝑧 ∈ (𝑐−1 − 1,+∞), then there exists no orthogonal projection 𝑝 with support of dimension at 
least 2 such that for every 𝑛 ∈ ℕ∗ and collection of indices 𝑖1,… , 𝑖𝑛 ∈ {1, 2}, there exists a nonnegative number 𝜆𝑖1 ,…,𝑖𝑛  satisfying

𝑝𝑎∗𝑖1 ⋯ 𝑎∗𝑖𝑛𝑎𝑖𝑛 ⋯ 𝑎𝑖1𝑝 = 𝜆𝑖1 ,…,𝑖𝑛𝑝.
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The explanation of why any initial state of the form 𝛾0 |𝑒1⟩ ⟨𝑒1| + 𝛿0 |𝑒2⟩ ⟨𝑒2| does not purify, even if there are no ‘dark’ subspaces, 
is quite simple. Let us consider the sequence of orthogonal projections given by

𝑝𝑘 ∶= |𝑒𝑘⟩ ⟨𝑒𝑘| + |𝑒𝑘+1⟩ ⟨𝑒𝑘+1| , 𝑘 ≥ 1.

Notice that, for the class of initial states that we are considering, the support of 𝜌𝑛 is contained in the support of 𝑝𝑛. Thanks to the 
strict monotonicity of 𝛼, any product of Kraus operators 𝑎𝑖𝑚 ⋯ 𝑎𝑖1  does not act as a multiple of a partial isometry on the support of 
any 𝑝𝑘; however, this becomes true in the limit for 𝑛 → +∞ due to the fact that 𝛼(𝑘) ←←←←←←←←←←←←←←←←←←←←←←←←←←←→

𝑘→+∞
𝑐. This is a phenomenon that can only 

appear in infinite dimensional systems; moreover, the following result shows that this is the only cause for purification to fail.
Theorem 1. If (Pur) does not hold, then there exists a sequence of projections {𝑝𝑛}𝑛≥0 such that

1. the dimension of the support of each 𝑝𝑛 is at least 2,
2. for every 𝑚 ∈ ℕ∗ and 𝑖1,… , 𝑖𝑚 ∈ 𝐼 , there exists a sequence of positive numbers 𝜆𝑖1 ,…,𝑖𝑚 ,𝑛 satisfying

lim
𝑛→+∞

‖𝑝𝑛𝑎
∗
𝑖1
⋯ 𝑎∗𝑖𝑚𝑎𝑖𝑚 ⋯ 𝑎𝑖1𝑝𝑛 − 𝜆𝑖1 ,…,𝑖𝑚 ,𝑛𝑝𝑛‖∞ = 0.

The proof employs the ideas and tools of [18, Theorem 2.1], however facing some extra difficulties due to the infinite dimensional 
setting. For instance, one phenomenon that might take place in infinite dimensions and could prevent purification of quantum 
trajectories is the flattening of the spectral measure of the conditional state, i.e. the lack of tightness of the probability densities 
on ℕ∗ given by (𝜇𝑘(𝜌𝑛))𝑘≥1, where for every state 𝜌, we denote by (𝜇𝑘(𝜌))𝑘≥1 the sequence of its eigenvalues (with multiplicities) in 
non-decreasing order. However, the following Lemma contains some concentration inequalities that show that this scenario is not 
possible. The proof of the following Lemma is based on an extension of Eq. (28) in [19] to the infinite dimensional setting. We point 
out that Eq. (28) in [19] was also used in the proof of [17, Corollary 5] for different purposes.
Lemma 1. For every 𝑁 ≥ 1, let us define 𝑆𝑁𝑛 ∶=

∑𝑁
𝑘≥1 𝜇𝑘(𝜌𝑛); there exists a random variable 0 ≤ 𝑆𝑁∞ ≤ 1 such that

lim
𝑛→+∞

𝑆𝑁𝑛 = 𝑆𝑁∞ ℙ𝜌 − a.s..

Moreover, for every 𝜖 > 0, there exists 𝑁 ≥ 1 such that for every 𝛾 ∈ (0, 1)

ℙ𝜌
(

𝑆𝑁∞ < 𝛾
)

≤ 𝜖
1 − 𝛾

.

4.  Bringing ‘dark’ subspaces back

In the previous section we saw that the characterization of purification in terms of ‘dark’ subspaces given in Eq. (2) may fail due to 
the fact that in infinite dimensional models the supports of 𝑝𝑛’s can escape to infinity. This intuition is helpful in determining models 
for which this cannot happen: for instance, the proof of Theorem 2.1 in [18] and Theorem 1 [17] relied on the fact that if the system 
is finite dimensional the set of projections is sequentially compact and one can show that any projection which is a limit point of 
(𝑝𝑛)𝑛≥1 is the projection onto a ‘dark’ subspace. In this section we detail how the finite dimensional result follows from Theorem 1, 
we determine another class of models for which purification can be characterized in terms of ‘dark’ subspaces and we exhibit several 
examples that belong to such class.
Corollary 1  (Finite dimensional case). Let us assume that 𝔥 is finite dimensional. The following statements are equivalent:

1. (Pur) does not hold,
2. there exists a projection 𝑝 whose support has dimension bigger or equal than 2 and such that for all 𝑛 ∈ ℕ∗ and 𝑖1,… , 𝑖𝑛 ∈ 𝐼

𝑝𝑎∗𝑖𝑛 ⋯ 𝑎∗𝑖1𝑎𝑖1 ⋯ 𝑎𝑖𝑛𝑝 = 𝜆𝑖1 ,…,𝑖𝑛𝑝.

Proof.  The implication 2.⇒ 1. is trivial, since it is enough to take any mixed state 𝜌0 supported in 𝑝.

1. ⇒ 2. Let us consider a sequence of orthogonal projections as in the statement of Theorem 1; since the set of orthogonal projections 
is sequentially compact in finite dimensional Hilbert spaces, the sequence {𝑝𝑛}𝑛≥0 admits at least an accumulation point 𝑝 which 
satisfies the statement in Eq. (2). ∎
Proposition 2. Let us assume that there exists an increasing sequence of finite dimensional projections (𝑠𝑚)𝑚≥1 such that

1.
⋁

𝑚≥1 𝑠𝑚 = 𝟏,
2. for every 𝑚 ≥ 0 and for every initial state 𝜌, (𝑋𝑚

𝑛 ∶= tr(𝜌𝑛𝑠𝑚))𝑛≥0 is a ((𝑛)𝑛≥0,ℙ𝜌)-submartingale.

Then, the following statements are equivalent:

1. (Pur) does not hold,
2. there exists a projection 𝑝 whose support has dimension bigger or equal than 2 and such that for all 𝑛 ∈ ℕ∗ and 𝑖1,… , 𝑖𝑛 ∈ 𝐼 there exists 
a nonnegative constant 𝜆𝑖1 ,…,𝑖𝑛  satisfying

𝑝𝑎∗𝑖𝑛 ⋯ 𝑎∗𝑖1𝑎𝑖1 ⋯ 𝑎𝑖𝑛𝑝 = 𝜆𝑖1 ,…,𝑖𝑛𝑝.
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⋁

𝑚≥1 𝑠𝑚 denotes the smallest orthogonal projection 𝑠 such that 𝑠 ≥ 𝑠𝑚 for every 𝑚 ≥ 1. Item 2. in the hypotheses of Proposition 2 
might look quite abstract and hard to check; however, there is a simple criterion on Kraus operators that ensures it holds. Let us 
consider an increasing sequence of finite dimensional projections (𝑠𝑚)𝑚≥1 satisfying item 1. in Proposition 2 and assume that Kraus 
operators satisfy

𝑎𝑖𝑠𝑚 = 𝑠𝑚𝑎𝑖𝑠𝑚, ∀𝑚 ≥ 1, ∀𝑖 ∈ 𝐼. (3)

This means that Kraus operators are upper triangular in the decomposition of the Hilbert space induced by (𝑠𝑚)𝑚≥1, i.e. if we consider 
𝔥 =

⨁

𝑚≥1 𝔥𝑚 where 𝔥𝑚 is the range of 𝑠𝑚 − 𝑠𝑚−1 (𝑠0 ∶= 0), then the block structure of Kraus operators is of the form
⎛

⎜

⎜

⎜

⎝

* * …
0 * …
… … …

⎞

⎟

⎟

⎟

⎠

.

In this case, one can easily check that assumption 2. in Proposition 2 is satisfied: indeed, for every initial state 𝜌 one has

𝔼𝜌[𝑋𝑚
𝑛+1 −𝑋

𝑚
𝑛 |𝑛] =

∑

𝑖∈𝐼
tr
( 𝑎𝑖𝜌𝑛𝑎∗𝑖
tr(𝑎𝑖𝜌𝑛𝑎∗𝑖 )

𝑠𝑚

)

tr(𝑎𝑖𝜌𝑛𝑎∗𝑖 ) − tr(𝜌𝑛𝑠𝑚)

= tr

(

𝜌𝑛

(

∑

𝑖∈𝐼
𝑎∗𝑖 𝑠𝑚𝑎𝑖 − 𝑠𝑚

))

≥ 0,

where the last inequality follows from the fact that condition in Eq. (3) is equivalent to ∑𝑖∈𝐼 𝑎
∗
𝑖 𝑠𝑚𝑎𝑖 ≥ 𝑠𝑚 (see Remark 3.1 and 

Proposition 4.1 in [22]).

5.  Conclusion

The goal of this work is to take a first step in the understanding of purification of quantum trajectories in infinite dimensional 
systems. The main contributions of this investigation are showing that the characterization of purification in terms of ‘dark’ subspaces 
ceases to hold true in infinite dimension and identifying the only possible new phenomenon appearing in infinite dimensional systems 
that can prevent purification to happen, which is a sequence of subspaces connected by the dynamics and which become closer and 
closer to a ‘dark subspace. An interesting open problem is whether this is also a sufficient condition (possibly adding some further 
conditions). Finally, we proved that the characterization in terms of ‘dark’ subspaces keeps being true for a class of models even in 
infinite dimensional systems; we believe that this result can be improved, proving it for a wider set of physical systems.
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Appendix A.  Counterexample and main result

Proof.  Proof of Proposition 1 Failure of purification. Consider the state at time 𝑛:
𝜌𝑛 = 𝛾𝑛 |𝑒𝑛+1⟩ ⟨𝑒𝑛+1| + 𝛿𝑛 |𝑒𝑛+2⟩ ⟨𝑒𝑛+2| .

Let us assume that at time 𝑛 + 1 one observes the outcome 1, then
𝛾𝑛+1 ≤ 𝛾𝑛 and 𝛿𝑛+1 ≥ 𝛿𝑛. (A.1)

Indeed, we recall that in this case one has

𝜌𝑛+1 =
𝛼(𝑛 + 1)𝛾𝑛 |𝑒𝑛+2⟩ ⟨𝑒𝑛+2| + 𝛼(𝑛 + 2)𝛿𝑛 |𝑒𝑛+3⟩ ⟨𝑒𝑛+3|

𝛼(𝑛 + 1)𝛾𝑛 + 𝛼(𝑛 + 2)𝛿𝑛
.

Thus,

𝛾𝑛+1 − 𝛾𝑛 =
𝛼(𝑛 + 1)𝛾𝑛

𝛼(𝑛 + 1)𝛾𝑛 + 𝛼(𝑛 + 2)𝛿𝑛
− 𝛾𝑛 =

𝛼(𝑛 + 1)(𝛾𝑛 − 𝛾2𝑛 ) − 𝛼(𝑛 + 2)𝛿𝑛𝛾𝑛
𝛼(𝑛 + 1)𝛾𝑛 + 𝛼(𝑛 + 2)𝛿𝑛

=
𝛼(𝑛 + 1)𝛾𝑛𝛿𝑛 − 𝛼(𝑛 + 2)𝛿𝑛𝛾𝑛
𝛼(𝑛 + 1)𝛾𝑛 + 𝛼(𝑛 + 2)𝛿𝑛

=
(𝛼(𝑛 + 1) − 𝛼(𝑛 + 2))𝛾𝑛𝛿𝑛
𝛼(𝑛 + 1)𝛾𝑛 + 𝛼(𝑛 + 2)𝛿𝑛

≤ 0,

which proves the inequalities in (A.1) (the statement for 𝛿𝑛 and 𝛿𝑛+1 follows from the fact that 𝛿𝑛 = 1 − 𝛾𝑛 and 𝛿𝑛+1 = 1 − 𝛾𝑛+1).
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On the other hand, if at time 𝑛 + 1 one observes the outcome 2, then the reverse inequalities holds:
𝛾𝑛+1 ≥ 𝛾𝑛 and 𝛿𝑛+1 ≤ 𝛿𝑛. (A.2)

Indeed,

𝜌𝑛+1 =
(1 − 𝛼(𝑛 + 1))𝛾𝑛 |𝑒𝑛+2⟩ ⟨𝑒𝑛+2| + (1 − 𝛼(𝑛 + 2))𝛿𝑛 |𝑒𝑛+3⟩ ⟨𝑒𝑛+3|

(1 − 𝛼(𝑛 + 1))𝛾𝑛 + (1 − 𝛼(𝑛 + 2))𝛿𝑛
and

𝛾𝑛+1 − 𝛾𝑛 =
(1 − 𝛼(𝑛 + 1))𝛾𝑛

(1 − 𝛼(𝑛 + 1))𝛾𝑛 + (1 − 𝛼(𝑛 + 2))𝛿𝑛
− 𝛾𝑛

=
(1 − 𝛼(𝑛 + 1))𝛾𝑛𝛿𝑛 − (1 − 𝛼(𝑛 + 2))𝛾𝑛𝛿𝑛
(1 − 𝛼(𝑛 + 1))𝛾𝑛 + (1 − 𝛼(𝑛 + 2))𝛿𝑛

=
(𝛼(𝑛 + 2) − 𝛼(𝑛 + 1))𝛾𝑛𝛿𝑛

(1 − 𝛼(𝑛 + 1))𝛾𝑛 + (1 − 𝛼(𝑛 + 2))𝛿𝑛
≥ 0.

Therefore this proves the inequalities in (A.2).
Consider any measurement trajectory 𝜔 ∈ Ω; we will denote by 𝜔𝑛] its restriction to the first 𝑛-outcomes. Notice that

𝛾𝑛+1(𝜔)𝛿𝑛+1(𝜔) = 𝛾𝑛+1(𝜔𝑛+1])𝛿𝑛+1(𝜔𝑛+1]) ≥ 𝛾𝑛+1(𝜔𝑛], 1)𝛿𝑛+1(𝜔𝑛], 2) =

=
𝛼(𝑛 + 1)𝛾𝑛(𝜔)

𝛼(𝑛 + 1)𝛾𝑛(𝜔) + 𝛼(𝑛 + 2)𝛿𝑛(𝜔)
⋅

(1 − 𝛼(𝑛 + 2))𝛿𝑛(𝜔)
(1 − 𝛼(𝑛 + 1))𝛾𝑛(𝜔) + (1 − 𝛼(𝑛 + 2))𝛿𝑛(𝜔)

.
(A.3)

Now consider the denominator in (A.3):

(𝛼(𝑛 + 1)𝛾𝑛(𝜔) + 𝛼(𝑛 + 2)𝛿𝑛(𝜔)) ⋅ ((1 − 𝛼(𝑛 + 1))𝛾𝑛(𝜔) + (1 − 𝛼(𝑛 + 2))𝛿𝑛(𝜔)) ≤

𝛼(𝑛 + 2)(1 − 𝛼(𝑛 + 1)).

Therefore,

𝛾𝑛+1(𝜔)𝛿𝑛+1(𝜔) ≥
𝛼(𝑛 + 1)(1 − 𝛼(𝑛 + 2))
𝛼(𝑛 + 2)(1 − 𝛼(𝑛 + 1))

𝛾𝑛(𝜔)𝛿𝑛(𝜔).

Iterating this inequality yields:

𝛾𝑛+1(𝜔𝑛+1])𝛿𝑛+1(𝜔𝑛+1]) ≥
𝛼(1)(1 − 𝛼(𝑛 + 2))
𝛼(𝑛 + 2)(1 − 𝛼(1))

𝛾0𝛿0

and we get that for every 𝜔 ∈ Ω

lim inf
𝑛→+∞

𝛾𝑛+1(𝜔)𝛿𝑛+1(𝜔) ≥
𝛼(1)(1 − 𝑐)
𝑐(1 − 𝛼(1))

𝛾0𝛿0 > 0. (A.4)

The statement follows from the fact that
𝑔(𝜌𝑛) = 1 − 𝛾2𝑛 − 𝛿

2
𝑛 = 2𝛾𝑛𝛿𝑛.

Absence of ‘dark’ subspaces. We will prove the statement by contradiction. Let us assume that such a projection exists; then, there 
exist two orthonormal vectors 𝑣,𝑤 that satisfy the following conditions: for every 𝑛 ∈ ℕ∗ and collection of indices 𝑖1,… , 𝑖𝑛 ∈ {1, 2}

⟨𝑣, 𝑎∗𝑖1 ⋯ 𝑎∗𝑖𝑛𝑎𝑖𝑛 ⋯ 𝑎𝑖1𝑣⟩ = ⟨𝑤, 𝑎∗𝑖1 ⋯ 𝑎∗𝑖𝑛𝑎𝑖𝑛 ⋯ 𝑎𝑖1𝑤⟩, ⟨𝑣, 𝑎∗𝑖1 ⋯ 𝑎∗𝑖𝑛𝑎𝑖𝑛 ⋯ 𝑎𝑖1𝑤⟩ = 0. (A.5)

Let us rephrase the conditions in Eq. (A.5) in a more manageable way. Before doing that, we need to introduce some more notation; 
first of all, let us consider the following family of spaces of complex valued sequences:

𝓁𝑝(ℕ∗) ∶=

{

(𝑓 (𝑛))𝑛≥1 ∶
∑

𝑛≥1
|𝑓 (𝑛)|𝑝 < +∞

}

.

We denote by 𝑆 the right shift operator, i.e. 𝑆 maps the sequence (𝑓 (𝑛))𝑛≥1 ∈ 𝓁𝑝(ℕ∗) into the sequence

𝓁𝑝(ℕ∗) ∋ 𝑆𝑓 (𝑛) =

{

0 if 𝑛 = 1
𝑓 (𝑛 − 1) if 𝑛 ≥ 2

for every 𝑝 ∈ [1,+∞]. Moreover, we denote by 𝑆∗ the left shift, which maps the sequence (𝑓 (𝑛))𝑛≥1 ∈ 𝓁𝑝(ℕ∗) into the sequence 
(𝑓 (𝑛 + 1))𝑛≥1 ∈ 𝓁𝑝(ℕ∗) (we chose the notation 𝑆∗ to recall that 𝑆∗ is the adjoint of 𝑆). Given any bounded function 𝑔 ∶ ℕ∗ → ℝ, 
𝑔(𝑁) denotes the operator that maps (𝑓 (𝑛))𝑛≥1 ∈ 𝓁𝑝(ℕ∗) into the sequence (𝑔(𝑛) ⋅ 𝑓 (𝑛))𝑛≥1 ∈ 𝓁𝑝(ℕ∗) for every 𝑝 ∈ [1,+∞]; we remark 
that 𝑔(𝑁)𝑆 = 𝑆𝑔(𝑁 + 1), 𝑔(𝑁)∗ = 𝑔(𝑁) (where, again, ∗ denotes the adjoint) and 𝑔(𝑁)ℎ(𝑁) = ℎ(𝑁)𝑔(𝑁) for any other ℎ ∶ ℕ∗ → ℝ. 
Notice that

𝑎1 = 𝑆
√

𝛼(𝑁), 𝑎2 = 𝑆
√

1 − 𝛼(𝑁),
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therefore for every 𝑛 ∈ ℕ∗, 𝑖1,… , 𝑖𝑛 ∈ {1, 2} one has

𝑎∗𝑖1 ⋯ 𝑎∗𝑖𝑛𝑎𝑖𝑛 ⋯ 𝑎𝑖1 =
√

𝛽𝑖1 (𝑁)𝑆∗ ⋯
√

𝛽𝑖𝑛 (𝑁)𝑆∗𝑆
√

𝛽𝑖𝑛 (𝑁)⋯𝑆
√

𝛽𝑖1 (𝑁) = 𝛽𝑖1 (𝑁)⋯ 𝛽𝑖𝑛 (𝑁 + 𝑛),

where 𝛽1(𝑛) ∶= 𝛼(𝑛) and 𝛽2(𝑛) ∶= 1 − 𝛼(𝑛). Let us denote 𝛽𝑖1 ,…,𝑖𝑛 ∶= (𝛽𝑖1 ,…,𝑖𝑛 (𝑘) ∶= 𝛽𝑖1 (𝑘)⋯ 𝛽𝑖𝑛 (𝑘 + 𝑛))𝑘≥1 ∈ 𝓁∞(ℕ∗), then conditions in 
Eq. (A.5) can be rephrased as

∑

𝑘≥1
𝛽𝑖1 ,…,𝑖𝑛 (𝑘) ⋅ (|𝑣(𝑘)|

2 − |𝑤(𝑘)|2) = 0,
∑

𝑘≥1
𝛽𝑖1 ,…,𝑖𝑛 (𝑘) ⋅ 𝑣(𝑘) ⋅𝑤(𝑘) = 0.

Therefore 𝑑 ∶= (𝑑(𝑘) ∶= (|𝑣(𝑘)|2 − |𝑤(𝑘)|2))𝑘≥1 and 𝑓 ∶= (𝑓 (𝑘) ∶= 𝑣(𝑘) ⋅𝑤(𝑘))𝑘≥1 are vectors in 𝓁1(ℕ∗) which are annihilated by all 
continuous linear functionals in

 ∶= spanℂ{1, 𝛽𝑖1 ,…,𝑖𝑛 , 𝑖1,… , 𝑖𝑛 ∈ {1, 2}, 𝑛 ∈ ℕ∗} ⊆ 𝓁∞(ℕ∗),

where 1 denotes the sequence identically equal to 1.
If we show that the only element in 𝓁1(ℕ∗) which is in the kernel of all the elements in  is zero, we are done: indeed, this would 

imply that
𝑑 = 𝑓 = 0 or equivalently 𝑣 = 𝑤 = 0,

which is a contradiction because we assumed 𝑣 and 𝑤 to be orthonormal. First of all, notice that 1 and 𝑆∗𝑘𝛼 for every 𝑘 ≥ 1 belong 
to , where 𝛼 ∶= (𝛼(𝑛))𝑛≥1. Since 𝓁1(ℕ∗) ⊆ 𝓁2(ℕ∗), any nontrivial vector 𝑥 ∈ 𝓁1(ℕ∗) that is in the kernel of 1 and 𝑆∗𝑘𝛼 for every 𝑘 ≥ 1
is also in the kernel of the operator 𝐴 ∶ 𝓁2(ℕ∗) → 𝓁2(ℕ∗) determined by

⟨𝑘|𝐴 |𝑚⟩ = (𝑘 + 𝑚 + 𝑧)−1, 𝑘, 𝑚 ≥ 1.

Indeed, if we see 𝐴 as an infinite matrix, its 𝑘th row is given by 𝑐1 − 𝑆∗𝑘𝛼. However, Corollary 7.4 in [23] ensures that 𝐴 has trivial 
kernel and we are done. ∎
Proof.  Proof of Lemma 1. First of all, an extension of Equation (28) in [19] to the infinite dimensional setting shows that for every 
𝑁 ≥ 1, 𝑆𝑁𝑛 ∶=

∑𝑁
𝑘=1 𝜇𝑘(𝜌𝑛) is a ((𝑛)𝑛≥0,ℙ𝜌)-submartingale. The proof is based on Ky Fan’s maximum principle (Lemma II.15 in [24]) 

and can be found in [21] (see Proposition 8.14).
Therefore, Doob’s convergence theorem implies tha there exists a random variable 𝑆𝑁∞  such that

lim
𝑛→+∞

𝑆𝑁𝑛 = 𝑆𝑁∞ ℙ𝜌 − a.s..

We set 𝑆𝑁∞ ∶= 0 when the limits does not exist. Moreover, using the submartingale property and Markov inequality one has

ℙ𝜌
(

𝑆𝑁∞ < 𝛾
)

= ℙ𝜌
(

1 − 𝑆𝑁∞ > 1 − 𝛾
)

≤
1 − 𝔼𝜌

[

𝑆𝑁∞
]

1 − 𝛾

≤
1 − 𝔼𝜌[𝑆𝑁0 ]

1 − 𝛾
=

1 −
∑𝑁
𝑘=1 𝜇𝑘(𝜌)
1 − 𝛾

.

Since ∑+∞
𝑘=1 𝜇𝑘(𝜌) = 1, for every 𝜖 > 0, there exists 𝑁 ≥ 1 such that

1 −
𝑁
∑

𝑘=1
𝜇𝑘(𝜌) ≤ 𝜖

and we are done. ∎
Proof.  Proof of Theorem 1

First of all, we need to show a technical lemma, adapting the proof of Theorem 2.1 in [18] to the discrete time and infinite 
dimensional setting. We remark that the difference with the finite dimensional setting is that the statement

lim inf
𝑛→+∞

𝜇2(𝜌𝑛(𝜔)) ≥ 𝑎 > 0

in item 3. below does not follow from
lim sup
𝑛→+∞

𝜇1(𝜌𝑛(𝜔)) ≤ 𝑏 < 1 ∶

indeed, in the case of a probability measure on 𝑑 ≥ 2 atoms (𝜇1,… , 𝜇𝑑 ), where we assume that 𝜇1 ≥ 𝜇2 ≥ …𝜇𝑑 , if 𝜇1 ≤ 𝑏 for some 
𝑏 ∈ (0, 1), then

𝜇2 ≥
1

𝑑 − 1

𝑑
∑

𝑘=2
𝜇𝑘 =

1 − 𝜇1
𝑑 − 1

≥ 1 − 𝑏
𝑑 − 1

> 0.

However, this cannot be done in the case of probability measures on ℕ. This is where the concentration inequality in Lemma 1 comes 
in hand.
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Lemma 2. If there exists a state 𝜌 such that
ℙ𝜌

(

lim
𝑛→+∞

𝑔(𝜌𝑛) = 0
)

< 1,

then there exists an event 𝐴 ∈  such that

1. ℙ𝜌(𝐴) > 0,
2. there exists a constant 0 < 𝑐 ≤ 1 such that for every 𝜔 ∈ 𝐴 the following limit exists and it satisfies:

lim
𝑛→+∞

𝑔(𝜌𝑛(𝜔)) ≥ 𝑐,

3. there exist two constants 𝑎 and 𝑏 such that for every 𝜔 ∈ 𝐴 one has
0 < 𝑎 ≤ lim inf

𝑛→+∞
𝜇2(𝜌𝑛(𝜔)) ≤ lim sup

𝑛→+∞
𝜇1(𝜌𝑛(𝜔)) ≤ 𝑏 < 1,

4. there exists an increasing sequence of natural numbers (𝑛𝑗 )𝑗≥1 such that for every every 𝜔 ∈ 𝐴 one has

lim
𝑗→+∞

∑

𝑖∈𝐼𝑝
𝜋𝑖,𝑛𝑗 (𝜔)tr

⎛

⎜

⎜

⎝

(

√

𝜌𝑛𝑗 (𝜔)

( 𝑎∗𝑖 𝑎𝑖
𝜋𝑖,𝑛𝑗 (𝜔)

− 𝟏
)

√

𝜌𝑛𝑗 (𝜔)

)2
⎞

⎟

⎟

⎠

= 0, ∀𝑝 ≥ 1.

Proof.  Let 𝜌 be a state such that trajectories do not purify ℙ𝜌 a.s.. Let us consider the stochastic process given by the linear entropy 
and its mean, i.e.

𝑔𝑛 ∶= 𝑔(𝜌𝑛), 𝐺𝑛 ∶= 𝔼𝜌[𝑔𝑛].

For every 𝑝 ≥ 1 and 𝑛 ≥ 0, we can write

𝑔𝑛 =
𝑝−1
∑

𝑘=0
𝑔𝑘 −

𝑝−1
∑

𝑘=1
𝑔𝑛−𝑘 −

𝑛−𝑝+1
∑

𝑘=1
ℎ𝑝𝑘 + 𝑚

𝑝
𝑛, (A.6)

where

𝑚𝑝𝑛 ∶=
𝑛
∑

𝑘=𝑝
(𝑔𝑘 − 𝔼𝜌[𝑔𝑘|𝑘−𝑝])

and

ℎ𝑝𝑘 = 𝔼𝜌[𝑔𝑘−1 − 𝑔𝑘−1+𝑝|𝑘−1].

We remark that the expression in Eq. (A.6) makes sense even for 𝑛 < 𝑝 with the convention that 𝑔𝑘 = 0 for 𝑘 < 0, 𝑚𝑝𝑛 = 0 for 𝑛 < 𝑝
and ∑𝑟

𝑘=𝑠 𝑎𝑘 = 0 for every 𝑎𝑘 if 𝑠 > 𝑟.

Notice that 𝑚𝑝𝑛 is a centered random variable and it is a ((𝑛)𝑛≥0,ℙ𝜌)-martingale for 𝑝 = 1. Moreover, ℎ𝑝𝑘 is 𝑘−1-measurable, 
therefore the decomposition for 𝑝 = 1 is the Doob decomposition.

If we show that ℎ𝑝𝑘 ≥ 0 almost surely, we prove that 𝑔𝑛 is a supermartingale. Before doing that, let us introduce some notation: 
given any sequence of outcomes 𝑖 = (𝑖1,… , 𝑖𝑝) ∈ 𝐼𝑝, let us introduce the following notation:

𝑎∗𝑖 𝑎𝑖 ∶= 𝑎∗𝑖1 ⋯ 𝑎∗𝑖𝑝𝑎𝑖𝑝 ⋯ 𝑎𝑖1 , 𝜋𝑖,𝑘 ∶= tr(𝜌𝑘𝑎∗𝑖 𝑎𝑖), 𝜌𝑖,𝑘 =
𝑎𝑖𝜌𝑘𝑎∗𝑖

tr(𝜌𝑘𝑎∗𝑖 𝑎𝑖)
.

One has
ℎ𝑝𝑘 =

∑

𝑖∈𝐼𝑝
𝜋𝑖,𝑘−1tr(𝜌2𝑖,𝑘−1) − tr(𝜌2𝑘−1)

=
∑

𝑖∈𝐼𝑝
(𝜋𝑖,𝑘−1tr(𝜌2𝑖,𝑘−1) − 2tr(𝜌2𝑘−1𝑎

∗
𝑖 𝑎𝑖) + 𝜋𝑖,𝑘−1tr(𝜌

2
𝑘−1))

=
∑

𝑖∈𝐼𝑝
𝜋𝑖,𝑘−1tr

(

𝜌𝑘−1

( 𝑎∗𝑖 𝑎𝑖
𝜋𝑖,𝑘−1

− 𝟏
)

𝜌𝑘−1

( 𝑎∗𝑖 𝑎𝑖
𝜋𝑖,𝑘−1

− 𝟏
))

=

=
∑

𝑖∈𝐼𝑝
𝜋𝑖,𝑘−1tr

⎛

⎜

⎜

⎝

(

√

𝜌𝑘−1

( 𝑎∗𝑖 𝑎𝑖
𝜋𝑖,𝑘−1

− 𝟏
)

√

𝜌𝑘−1

)2
⎞

⎟

⎟

⎠

≥ 0.

Since 0 ≤ 𝑔𝑛 ≤ 1, Doob’s convergence theorem ensures that there exists lim𝑛→+∞ 𝑔𝑛 =∶ 𝑔∞ ℙ𝜌-a.s. and in 𝐿1(ℙ𝜌), therefore 𝐺∞ ∶=
lim𝑛→+∞ 𝐺𝑛 = 𝔼𝜌[𝑔∞]. We set 𝑔∞ ∶= 0 when the limit does not exists.

Using the decomposition of 𝑔𝑛 in Eq. (A.6), we can write

𝐺𝑛 =
𝑝−1
∑

𝑘=0
𝐺𝑘 −

𝑝−1
∑

𝑘=1
𝐺𝑛−𝑘 −

𝑛
∑

𝑘=1
𝐻𝑝
𝑘 ,  where 𝐻

𝑝
𝑘 ∶= 𝔼𝜌[ℎ

𝑝
𝑘].
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Since 0 ≤ 𝐺𝑛 ≤ 1, 𝐻𝑝
𝑘 ≥ 0 and |∑𝑝−1

𝑘=0 𝐺𝑘 −
∑𝑝−1
𝑘=1 𝐺𝑛−𝑘| ≤ 2𝑝, the following must hold true lim𝑘→+∞𝐻𝑝

𝑘 = 0. Therefore, modulo passing 
to a subsequence 𝑘𝑗 , one has

lim
𝑗→+∞

ℎ𝑝𝑘𝑗 = 0, ∀𝑝 ≥ 1 ℙ𝜌 𝑎.𝑠.

and item 4. follows denoting 𝑛𝑗 ∶= 𝑘𝑗 − 1.
Since the trajectory does not purify, there must exist a strictly positive constant 𝑐 such that ℙ𝜌(𝐴𝑐 ) > 0, where 𝐴𝑐 ∶= {𝑔∞ ≥ 𝑐 > 0}. 

Let us consider any 𝜔 ∈ 𝐴; for any 𝑏 such that 𝑐 > 1 − 𝑏2 > 0, there exists 𝑛(𝜔) > 0 such that for every 𝑛 ≥ 𝑛(𝜔) one has

𝑔𝑛(𝜔) = 1 −
+∞
∑

𝑘=1
𝜇𝑘(𝜌𝑛(𝜔))2 ≥ 1 − 𝑏2.

Notice that

𝑏2 ≥
+∞
∑

𝑘=1
𝜇𝑘(𝜌𝑛(𝜔))2 ≥ 𝜇1(𝜌𝑛(𝜔))2,

therefore 𝜇1(𝜌𝑛(𝜔)) ≤ 𝑏 < 1. Moreover, for every 𝑎′ such that 1 − 𝑏 > 𝑎′ > 0 consider 𝑁 such that
ℙ𝜌({𝑆𝑁∞ ≥ 𝑏 + 𝑎′} ∩ 𝐴𝑐 ) > 0

(this is possible thanks to Lemma 1) and define 𝐴 ∶= {𝑆𝑁∞ ≥ 𝑏 + 𝑎′} ∩ 𝐴𝑐 . For every 𝜔 ∈ 𝐴, one has that for every 𝑎′′ such that 
𝑎′ > 𝑎′′ > 0 there exists 𝐾(𝜔) ≥ 0 such that for every 𝑛 ≥ 𝐾(𝜔),

𝑏 + 𝑎′′ ≤ 𝑆𝑁𝑛 (𝜔) = 𝜇1(𝜌𝑛(𝜔)) +
𝑁
∑

𝑘=2
𝜇𝑘(𝜌𝑛(𝜔)) ≤ 𝑏 +

𝑁
∑

𝑘=2
𝜇𝑘(𝜌𝑛(𝜔));

therefore,

𝜇2(𝜌𝑛(𝜔)) ≥
1

𝑁 − 1

𝑁
∑

𝑘=2
𝜇𝑘(𝜌𝑛(𝜔)) ≥

𝑎′′

𝑁 − 1
=∶ 𝑎

and we are done. ∎
Let us consider a trajectory 𝜌𝑛(𝜔) for 𝜔 ∈ 𝐴 and let us denote by 𝜇1𝑗 ≥ 𝜇2𝑗  the two biggest eigenvalues of 𝜌𝑛𝑗 (𝜔), which we called 

𝜇1(𝜌𝑛𝑗 (𝜔)) and 𝜇2(𝜌𝑛𝑗 (𝜔)) so far; moreover, let 𝑞1𝑗 , 𝑞2𝑗  be two orthogonal one-dimensional projections such that 𝜌𝑛𝑗 (𝜔)𝑞𝑖𝑗 = 𝜇𝑖𝑗𝑞
𝑖
𝑗 for 

𝑖 = 1, 2. We introduce the notation 𝑝𝑗 ∶= 𝑞1𝑗 + 𝑞
2
𝑗 .

For every 𝑖 ∈ 𝐼𝑝, the fourth item in Lemma 2 together with the fact that 𝜋𝑖,𝑛𝑗 ≤ 1 implies that

lim
𝑗→+∞

tr
(

𝜌𝑛𝑗 (𝜔)
(

𝑎∗𝑖 𝑎𝑖 − 𝜋𝑖,𝑛𝑗 (𝜔)𝟏
)

𝜌𝑛𝑗 (𝜔)
(

𝑎∗𝑖 𝑎𝑖 − 𝜋𝑖,𝑛𝑗 (𝜔)𝟏
))

= 0 (A.7)

and, if we define ̃𝜌𝑛𝑗 (𝜔) ∶= 𝑝𝑗𝜌𝑛𝑗 (𝜔)𝑝𝑗 ≤ 𝜌𝑛𝑗 (𝜔) (the inequality follows from the fact that 𝑝𝑗 commutes with 𝜌𝑛𝑗 (𝜔)), one has

tr
(

𝜌𝑛𝑗 (𝜔)
(

𝑎∗𝑖 𝑎𝑖 − 𝜋𝑖,𝑛𝑗 (𝜔)𝟏
)

𝜌𝑛𝑗 (𝜔)
(

𝑎∗𝑖 𝑎𝑖 − 𝜋𝑖,𝑛𝑗 (𝜔)𝟏
))

≥ tr
(

𝜌𝑛𝑗 (𝜔)
(

𝑎∗𝑖 𝑎𝑖 − 𝜋𝑖,𝑛𝑗 (𝜔)𝟏
)

𝜌𝑛𝑗 (𝜔)
(

𝑎∗𝑖 𝑎𝑖 − 𝜋𝑖,𝑛𝑗 (𝜔)𝟏
))

≥ (𝜇2𝑗 )
2
‖𝑝𝑗 (𝑎∗𝑖 𝑎𝑖 − 𝜋𝑖,𝑛𝑗 𝟏)𝑝𝑗‖

2
2 ≥ (𝜇2𝑗 )

2
‖𝑝𝑗 (𝑎∗𝑖 𝑎𝑖 − 𝜋𝑖,𝑛𝑗 𝟏)𝑝𝑗‖

2
∞

and we are done using Eq. (A.7) and the eventual lower bound on 𝜇2𝑗  given in item 3. in Lemma 2.
 ∎

Appendix B.  Bringing ‘dark’ subspaces back

Proof.  Proof of Proposition 2 The implication 2. ⇒ 1. is trivial.

Notice that for every 𝑛, 𝑚 ≥ 0, one has 0 ≤ 𝑋𝑚
𝑛 ≤ 1, therefore by Doob’s convergence theorem there exists a sequence of random 

variables (𝑋𝑚
∞)𝑚≥0 such that

lim
𝑛→+∞

𝑋𝑚
𝑛 = 𝑋𝑚

∞ ℙ𝜌 − a.s.

Moreover, by the fact that 𝑠𝑚 ↑ 𝟏, one has that 𝑋𝑚
𝑛 ↑ 1 ℙ𝜌-a.s.; this convergence passes to 𝑋𝑚

∞ as well. Therefore
ℙ𝜌(𝐵) = 1,  where 𝐵 ∶= {∀𝛿 ∈ (0, 1), ∃𝑀𝛿 , 𝑁𝛿 ≥ 1 ∶ ∀𝑛 ≥ 𝑁𝛿 , 𝑋

𝑀
𝑛 ≥ 1 − 𝛿}

and we can repeat the proof of the implication 1.⇒ 2. of Theorem 1 considering a trajectory corresponding to 𝜔 ∈ 𝐴 ∩ 𝐵, where 𝐴 is 
the event appearing in the statement of Lemma 2.
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In order to conclude, it is enough to show that that there exists a projection 𝑝 such that 𝑝𝑗
‖⋅‖∞

←←←←←←←←←←←←←←←←←←←←←←←←←←→
𝑗→+∞

𝑝. We recall that the space of 
compact linear operators endowed with the uniform norm is a separable Banach space and that its dual is isometric to the space of 
trace class operators endowed with the trace norm. By Banach-Alaouglu’s theorem, without loss of generality, we can assume that 
(𝑞1𝑗 )𝑗≥0 and (𝑞2𝑗 )𝑗≥0 converge in the w∗-topology to two nonnegative trace class operators 𝑞1 and 𝑞2 (we can reduce to this situation 
passing to subsequences). Moreover, for every 𝛿, we can pick 𝑀𝛿 ∶=𝑀𝛿(𝜔) and 𝐽𝛿(𝜔) such that for every 𝑗 ≥ 𝐽𝛿 ∶= 𝐽𝛿(𝜔),

0 < 𝑎′ ≤ 𝜇2𝑗 ≤ 𝜇1𝑗 ≤ 𝑏′ < 1,  with 𝑎′ < 𝑎 and 𝑏′ > 𝑏
and

𝜇1𝑗 tr(𝑞
1
𝑗 𝑠𝑀𝛿

) + 𝜇12 tr(𝑞
2
𝑗 𝑠𝑀𝛿

) + 1 − 𝜇1𝑗 − 𝜇
2
𝑗 ≥ 𝜇1𝑗 tr(𝑞

1
𝑗 𝑠𝑀𝛿

) + 𝜇12 tr(𝑞
2
𝑗 𝑠𝑀𝛿

) + tr((𝜌𝑘𝑗 (𝜔) − 𝜌𝑘𝑗 (𝜔))𝑠𝑀𝛿
)

= tr(𝜌𝑘𝑗 (𝜔)𝑠𝑀𝛿
) ≥ 1 − 𝛿.

Therefore, if we define 𝛾𝑗 ∶= 𝜇1𝑗 ∕(𝜇
1
𝑗 + 𝜇

2
𝑗 ), we get that

𝛾𝑗 tr(𝑞1𝑗 𝑠𝑀𝛿
) + (1 − 𝛾𝑗 )tr(𝑞2𝑗 𝑠𝑀𝛿

) ≥ 1 − 𝛿
𝜇1𝑗 + 𝜇

2
𝑗

≥ 1 − 𝛿
2𝑎′

.

Since 1 ≥ tr(𝑞1𝑗 𝑠𝑀𝛿
), tr(𝑞2𝑗 𝑠𝑀𝛿

), one has

min{𝛾𝑗 tr(𝑞1𝑗 𝑠𝑀𝛿
) + (1 − 𝛾𝑗 ), 𝛾𝑗 + (1 − 𝛾𝑗 )tr(𝑞2𝑗 𝑠𝑀𝛿

)} ≥ 𝛾𝑗 tr(𝑞1𝑗 𝑠𝑀𝛿
) + (1 − 𝛾𝑗 )tr(𝑞2𝑗 𝑠𝑀𝛿

) ≥ 1 − 𝛿
2𝑎′

.

Therefore

tr(𝑞1𝑗 𝑠𝑀𝛿
) ≥ 1 − 𝛿

2𝑎′𝛾𝑗
≥ 1 − 𝛿 ⋅ 𝑏

𝑎′2
, tr(𝑞2𝑗 𝑠𝑀𝛿

) ≥ 1 − 𝛿
2𝑎′(1 − 𝛾𝑗 )

≥ 1 − 𝛿 ⋅ 𝑏
𝑎′2

,

where we used the fact that 𝑎 ≤ 𝜇2𝑗 ≤ 𝜇1𝑗 ≤ 𝑏.
Summing up and with a slight abuse of notation, we can state in the following way what we just deduced: for every 𝛿′ ∈ (0, 1), 

there exist 𝑀𝛿′ ∶=𝑀𝛿′ (𝜔), 𝐽𝛿′ ∶= 𝐽𝛿′ (𝜔) ≥ 1 such that for every 𝑗 ≥ 𝐽𝛿′ , one has
min{tr(𝑞1𝑗 𝑠𝑀𝛿′

), tr(𝑞2𝑗 𝑠𝑀𝛿′
)} ≥ 1 − 𝛿′.

The previous statement ensures a tightness property for the sequences (𝑞𝑖𝑗 )𝑗≥0, for 𝑖 = 1, 2, therefore one can easily see that

𝑞𝑖𝑗
‖⋅‖1

←←←←←←←←←←←←←←←←←←←←←←←←←←→
𝑗→+∞

𝑞𝑖,

where 𝑞1 and 𝑞2 are orthogonal rank one projections (we recall that the set of pure states is a closed set in the topology induced 
by the trace class norm). Therefore, 𝑝 ∶= 𝑞1 + 𝑞2 is a rank two projection and 𝑝𝑗 ←←←←←←←←←←←←←←←←←←←←←←←←←←→𝑗→+∞

𝑝 both in trace class and uniform norm and 
we are done. ∎
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