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Fig. 1. Wind tunnel experiment at Politecnico di Milano.

1. Introduction

We study the long-time dynamics of a coupled system describing the motion of a fluid
in a 2D channel with a rectangular obstacle. We aim at modeling the interaction between
the cross-section of the deck of a suspension bridge and the wind as in a wind tunnel
experiment where, at the inlet and outlet sections, the velocity field of the fluid has a
prescribed parabolic unidirectional profile, called Poiseuille flow. See Fig. 1 for a picture
taken during a wind tunnel experiment held at Politecnico di Milano. The asymmetry of
the flow vortices leeward generates a vertical solicitation (lift force) on the plate (deck)
[22].

Our analysis is performed on the two-dimensional fluid-structure interaction problem
introduced in [5] whose well-posedness has been later established in [44], with the excep-
tion that, in the present paper, the channel has finite length. The reason for this choice
is that we aim at modeling a wind tunnel (Fig. 1), where the long-time dynamics may
also be studied experimentally. The wind tunnel framework allows to introduce several
simplifications such as perfect symmetry of the air flow, of the cross-section of the deck,
and of the surrounding environment. At the price of much more technical assumptions
and proofs, our results may be extended to general asymmetric situations and to the
case of more degrees of freedom for the structure, such as torsional movements as in [5]
and horizontal translations.

The motion of the fluid is governed by the Navier-Stokes equations. We denote by

B =[~d,d] x [5,6]

the rectangular rigid body representing the 2D (scaled) cross-section of the deck of a
suspension bridge. In fact, also alternative symmetric shapes, such as ellipses, are allowed
without altering our results but a rectangular shape is more similar to the cross-section
of a bridge. However, the proofs would become much more delicate since the “collision
points”, that for B coincide with the two segments [—d,d] x {—d,0}, could have very
weird behavior (such as union of segments, points, Cantor sets...) and many parameters
(curvature, smoothness) would enter into the analysis, see [30,31,35]. Without loss of
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Fig. 2. Channel with the vertically moving obstacle Bj,, above at t = 0 (taking, e.g., ho = 0), below at ¢ > 0.

generality, we take d = 1 so that d becomes the reference length unit. Let I > d =1
and L > § with § < 1: in particular, the assumption that I > 1 allows the fluid
to “regularize” and recover some symmetry at the outlet section, quite similar to a
Poiseuille outflow as wind tunnel experiments seem to confirm. The rigid body is free to
move vertically inside the 2D channel (the section of a wind tunnel)

R =(—I,I) x (L, L),

driven by the action of both a smooth elastic restoring force and the fluid flow, see Fig. 2.
The upper and lower boundaries of such a channel are given by I' = (—I,I) x {—L, L},
whereas h denotes the vertical displacement of the barycenter of the rigid body from the
equilibrium line x5 = 0. Thus,

B,=B+héy Y|h|<L—6

tracks the position of the body after the vertical translation. In particular, when |h| =
L — § the obstacle collides with T". Due to the motion of the rigid body, the domain
occupied by the fluid is variable in time and is given by

Q, =R\ By, where h = h(t). (1.1)

For simplicity, in the sequel we will sometimes omit emphasizing the dependence on
t € (0,T) and, with an abuse of notation, we will denote through a Cartesian product
the space-time domain given by

Qp, x (0,7) :={(2,t) ER* xRy; 0 <t < T, x € QU = Q) }-

We denote by ¢y a stationary Poiseuille flow on the whole channel R with a prescribed
intensity A > 0, that is the vector field
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on(w2) = M(L? —23)e;  Vag € [-L,L)].

We observe that ¢y and the associated pressure m,(z1, x2) = —2ul x1, for every (z1,x2) €
R, satisfy the steady-state Navier-Stokes equations

—uAgy+ (gr-V)gr+Vm, =0,  divgy=0 in R,

since (gx - V)gx = 0 in R. If m > 0 is the mass of the body B, and if at the inlet
and outlet section of the channel the velocity field reproduces gy, the fluid-structure
interaction evolution problem on the time-interval is then described by

u=pAu—(u-V)u—Vp, divu=0 in Q x (0,7),
u=qx(xz) on IR x (0,T), u="hé ondB, x (0,T),

0= [ Tt 0

OB,

to which we associate the initial conditions h(0) = hg, h'(0) = ko, u(z,0) = up(z) in
Qhy = Quo)- Here w : Qp x (0,7) — R? and p : Q x (0,T) — R are, respectively,
the velocity vector field and the scalar pressure, while 7 denotes the outward normal
to 09y, thus directed towards the interior of 0By. For simplicity the fluid density is
normalized to unit, the constant p > 0 is the (fixed) fluid viscosity, while A > 0 in gy
measures the magnitude of the Poiseuille flow and its variations determine the variations
of the Reynolds number. It is understood that A belongs to a physical range, hence it
can not exceed some (possibly very large) value. Since A remains uniformly bounded, in
our estimates all the superlinear powers of A are controlled by A times a suitably large
constant. The motion of the body is governed by the ODE in (1.2), where f(h) is an
elastic smooth restoring force and T (u, p) is the strain tensor, namely,

T(u,p) = —pI+ 2uD(u) with D(u) = VU%VTU , (1.3)
being I the 2 x 2-identity matrix, so that the right hand side of the ODE is the lift force
exerted by the fluid on the body [28]. Further assumptions on f(h) are given in Section 2.

From a physical (and engineering) point of view, a crucial issue is to prevent structural
and areodynamic instabilities [1,2,4,7,10,23], which translates into predicting simple be-
haviors of the body-fluid system as time goes to infinity. In mathematical terms, this
is usually described by means of small (in a suitable sense) subsets of the phase space
able to confine the long-time dynamics, namely to substantially reduce the degrees of
freedom of the system. To this end, the most effective tool available in the theory of
infinite-dimensional dynamical systems is the notion of global attractor [13,15]. But since
the fluid domain (1.1) and the phase space for (u,h) are time dependent, for the prob-
lem (1.2), the very definition of such an object introduces a major difficulty: there is no
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way to describe the solutions in terms of a semigroup, and not even in terms of a process
in the sense of [13]. For this reason, while well-posedness issues have been abundantly
explored (see, e.g., [19,21,33,45]), the existence of a global attractor for the whole fluid-
structure interaction problem with a time-dependent fluid domain is extremely delicate,
and, to the best of our knowledge, only partial results are known. On the one hand, a part
of the literature is devoted to the study of the long-time dynamics of fluid-plate interac-
tion models, see, e.g., [16—18] with a fized fluid domain. On the other hand, the long-time
dynamics of the Navier-Stokes equations set on time-varying domains has been studied
only when the motion of the domain is prescribed and sufficiently smooth, see [46]; this
allows to reformulate the problem on a fixed domain by a coordinate transformation and
to apply the techniques for non-autonomous systems, see [11,12,39,42].

Accordingly, one of the main purposes of the present work is to extend the notion of
global attractor to cover the case of maps lacking the concatenation property (typical
of semigroups or processes), referred to in this paper as semiflows. This allows us to
circumvent the main obstruction, leading to a proper definition of global attractor apt
to describe the asymptotics of our fluid-structure interaction problem acting on a time-
dependent phase space. With this notion at hand, we are able to study the dissipativity
properties of (1.2), showing that in the long-time it indeed admits an attractor. As
we will see, this is a compact subset of the (variable-in-time) phase space to which all
the solutions (u,h) of (1.2) eventually approach. In this respect, the first step is to
characterize explicitly the attractor in some particular situation: we will show that if
the inflow ¢ is sufficiently small, then the attractor reduces to the unique stationary
solution of (1.2).

The symmetric model considered in the present paper illustrates the power of these
abstract tools. Not only we believe that our results may be extended to general asym-
metric frameworks, but also that semiflows and the related notion of attractor can be
used to tackle a much wider class of fluid-structure interaction models with different ap-
plications [25,38,43] and to further long-time dynamics evolution problems with variable
phase space.

1.1. Plan of the paper

The paper is organized as follows. In Section 2 we introduce the main tools for the
analysis of (1.2), and we recall some results about the well-posedness and the existence
and uniqueness of equilibrium solutions, the latter holding under smallness assumptions
on the flow. In Section 3 we explain why the classical approach does not apply and,
particularly, why the description of the dynamics of (1.2) in terms of semigroups or
processes seems to be out of reach. In Section 4 we show that, in case of uniqueness, the
equilibrium solution is stable. In Section 5 we define what we mean by semiflow, and we
introduce a time-dependent map which enables us to transform (1.2), which is set in the
time-dependent domain (1.1), into a different problem in a fized domain. In Section 6
we state and prove our final result on the existence of a global attractor for (1.2).
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2. Weak solutions and well-posedness

Let D C R? be an open bounded Lipschitz domain. We denote by L4(D),q > 1,
and H™(D),m > 0, respectively the usual Lebesgue and Hilbert spaces with associated
norms || - || za(py and || - || gm(py, under the convention that H°(D) = L?(D).

2.1. Assumptions on the restoring force f = f(h)

We assume that

feCH~L+06,L—05) satisfies f(0)=0 and f'(h)>0 VYhe (~L+93,L—9).
(2.1)
We point out that the boundary of the channel is somehow artificial in order to restrict to
a bounded domain so that our physical model breaks down in case of collision between
the obstacle and the boundary. In order to prevent collisions, we require that f be a
strong force, that is

1

dr>0 s.t. \h|1—l>r?—6 |f(h)] exp{ - m} = +o0. (2.2)

From a mathematical point of view, (2.2) may be probably weakened but it was used
in [44] as a sufficient condition to avoid collisions and obtain the well-posedness. In
any case, here it is not essential to determine the minimal growth condition for f as
|h| = L — 6. The simplest example of function f satisfying (2.2) is

1

f(h) = hexp m,

where ¢ > 0 (in this case r = ). Nevertheless, since the restoring force for the deck of a
bridge also involves gravity, the function f may not be odd. From (2.1), it follows that

f(R)h > 0 for all h # 0 and that there exists p such that f'(h) > p > 0 for all h. Hence,
if we put

h
F( = [ 1(s)ds, (23)
0
we obtain
F(hyh > F(h) > En. (2.4)
Then, we define the function M : [0,4+00) — (=L +6,L — 0) as

M((y) :=sup{|s| : F(s) < y}.
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Fig. 3. The smoothened rectangle A, .

Observe that M is a continuous increasing function with M (0) = 0. Moreover,
vC >0 F(h)<C = |h|<M(O). (2.5)
2.2. Definition of a solenoidal extension

In order to be able to capture the non-homogeneous boundary condition in (1.2),
we build a solenoidal extension for the Poiseuille flow, by combining some results from
[9,26,28,40]. We need an H2-solenoidal extension (and not merely H') because we need
some additional regularity to study the dissipativity properties of our system (1.2). Let
g0 € (0,L — §) and consider the “smoothened rectangle”

Ay = {($1,$2) € R2;|x2| < L—eo,|z1] <24 /(L —¢g0)* —x%}, (2.6)

so that A., € C3, see Fig. 3. Then, we take the non-simply connected domain
Y., =R\ A, OY., = ORUOIA,,, (2.7)
and we state

Lemma 2.1. For any n > 0, there exist £g = £9(n) and a solenoidal vector field s = s., =
Seo(n) such that

s€ H*(R)NL>™(R), s=0 in A, s=qx on OR, (2.8)

and

’/(u -V)s-udz| <n ||Vu||2L2(R) VYu e Hy(R), (2.9)
R

where Ag, is as in (2.6). Moreover, there exist ¢y, ca,c3,cq > 0 such that

2/eo 4/e0
) b

||S||L2(R) S Cl)\Eoe ||Vs||L2(’R,) S CQ)\Soe
(2.10)
6/e0 2/60.

|As||z2(r) < e3Aege 5]l Lo (r) < cadege
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Proof. For any gy € (0,L — §) to be fixed later, let T, be as in (2.7). Consider the
Stokes system

—Av+Vp=0 inT,,

dive =0 inY,,, (2.11)
v = gy ondR, '
v=20 ondA.,.

Defining weak solutions as in [26, Section IV.1], by [26, Theorem IV.1.1] there exists a
unique weak solution (v,q) € H'(Y.,) x L?(T.,) to (2.11) such that

[Vullzzcr.,) + 1PlL2er.,) < e,

for some ¢ depending on gg. Although 9., is not globally of class C? (it contains the
corners of R), since R is convex, we may proceed as in [28, Theorem 3.3] to infer that
the regularity of the solution can be improved to (v, q) € H?(Y.,) x H'(Y.,). Then, we
localize the solution of (2.11) in a neighborhood of OR. More precisely, let v = (vy, v2)
be the solution to (2.11), fix zg € Y., and let

x

g(x) = /(Ul dxy — vodxy) VreT,,

Zo

be the stream function associated to v (see e.g., [26, Lemma IX.4.1]). As a consequence,

99

_ 99
N 8%27

6.’51’

vy vy = g€ H3T.,). (2.12)

Let 0(x) := dist(x, OR), y(g0) := exp(—1/gp), and 1, € C=(T,,) be the cut-off func-
tion, introduced in [36] (see also [26, Lemma I11.6.2]), satisfying for all x € T,

e (2)] < 1, |Yeo ()] = 1if6(z) < k1v*(e0), Veo(z) = 0if6(x) > 279(e0),
Ve, (x)] < kago/d(x), | DY, ()| < kseo /8% () for |a| € {2,3}, (2.13)

with k1, ko, k3 > 0. We set

S:( 0 (gweo)v_ 0 (gw€0)> iHTSO, s=0 inR\TEO.

Oy omy

From (2.12), we see that s satisfies (2.8). Moreover, we can proceed as in [26, Lemma
IX.4.2] to fix g9 € (0, L — §) small enough so as to obtain (2.9). Finally, the estimates in
(2.13) imply that

[Vtey (2)] < k450€2/60§ |D2’(/)€0| < k560€4/60§ ‘D3w50 (z)] < legegeS/ =0 )
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for all  such that k;v2(go) < dist(z,R) < 2v(eo), for some constants ky, ks, kg > 0.
This gives (2.10). O

Remark 2.2. According to the situation, we might not need (2.9). In this case ¢ can be
chosen arbitrarily in the admissible set (0, L —¢). Except for (2.9), then s = s., satisfies
all other properties stated in Lemma 2.1.

2.8. Steady states

We denote by (ux, h.) the steady solutions to problem (1.2), namely the solutions to

— At (uy - Vus + Vpe =0, divu, =0 in Qp,,

(2.14)

Us =@y on IR, u, =0 on dBy,,

together with the static fluid-structure interaction condition
flhe) =—éo- / T (us, ps) - R do. (2.15)

OB,

Weak solutions (us,hs) € HY(Qn,) x (=L + 6, L — §) to (2.14)-(2.15), whose precise
definition is standard [26, Section IX.1], represent equilibrium positions of the body, for
a given flow regime of the fluid. In the following theorem we provide a well-posedness
result for (2.14)-(2.15).

Theorem 2.3. Assume that f satisfies (2.1)-(2.2). For any A > 0 the problem (2.14)-(2.15)
admits a weak solution. Furthermore, there exists A, > 0 such that if A < A, the problem
(2.14)-(2.15) admits a unique weak solution (u.,hi) € HY(Qp,) x (=L + 6, L — 6) given
by (ux,0), that is u., with h, = 0. Moreover, there exists C(X) > 0, with C(\) — 0 as
A — 0, such that

IVuxlz2(a0) < C(A).
Proof. For any 7 € (0, L — §), build the “smoothened rectangle”

A =(=2,2) x (=L +6+1,L)
U{(ml,:m)€R2|(x1—2)4+(x2,%7 (L -
O {(ervm2) € R (a1 +2)*+ (2 — & — )7 < (L=
U{(z1,22) ER*|(z1 —2—2L+5+7)" + (22— 5 — 3)
<(L-§-Pha 222> §+ 5}
U{(z1,22) ER*|(z1 +24+2L -6 —7)* + (32— § — 2)*

< (L—%—%)4,$1 < —2,29 >%+%}7

)4
)

<
2 <

[SIEESIE]
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and take the domain

T, =R\A;, 9T, =0T,1U0 ;5= (0R\0A,;)U(0A\{-2 <z1 <2Azy=L}).
(2.16)
By symmetry of the problem one can assume that By, entirely lies above the horizontal
line 9 = —L 4+ § + 7. Then, we can repeat the construction of Lemma 2.1, in which we
replace Y., with Y, as in (2.16) and obtain the existence of a function s = s, = s,(n)
satisfying (2.8)-(2.9), for any n > 0.
The proof of existence is similar to the proof of [5, Theorem 1], with some modifica-
tions; see also [27] and the revised version in [6]. We define

Usx = Uy + S.

Clearly u, will depend on the particular s chosen, but when we get rid of the solenoidal
extension by undoing the change of unknown, we go back to the solution to the original
problem u,. Then, we take as weak formulation of (2.14)-(2.15) the following identity

,th/* Vﬂ*~V¢da§+/(@*-V)ﬂ*-(bda:—i—/(%-V)S-(/bdl‘—&— /(5~V)ﬁ*-¢dx

hx Qe Qe

= /(3~V)s-¢dx+/VS-V¢dx, (2.17)

Qh* Qh*

for any solenoidal test function ¢ € C$°(R). By a standard Galerkin construction in this
context, an apriori bound on ||V ||z2(q, ) is sufficient to have the existence of a weak
solution of (2.14)-(2.15) (see for instance [26, Theorem IX.4.1]). Take ¢ = @, in (2.17).
After using the fact that

we obtain

uHVﬁ*Hsz(Qh’*) + / (g - V)$ - Qs dz = / (s-V)s- . dzx + / Vs Vi.dr. (2.18)
Q. Q. Q.

The terms on the right-hand side of (2.18) can then be bounded as

/ (5 V)s - i dz < |5l [1V5 22 el o)

Qh*

< Clisllzaan,)

IVsllL2(n ) IVl L2, )
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where C is the embedding constant for H(Q,,) C L*(Q,), and

/ Vs - V’IAL* dx S ||V$||L2(Qh*)

Qp

|Vl 2 (@, )-

*

Finally, by exploiting (2.9) and fixing 7 € (0, L — §) such that 7 is sufficiently small we
obtain the desired uniform bound on ||V ||z2(q, ), which guarantees existence of weak
solutions for any value of the parameter \.

Uniqueness of the solution of (2.17) and its specific form (u., hi) = (ux,0) follows by
[5, Theorem 1]. O

In [5, Theorem 1], the authors impose a bound both on the Poiseuille flow rate A
and on the Reynolds number Re = ¢V/u, where V is a reference speed and ¢ > 0 a
real constant. In the statement of Theorem 2.3, we joined those two bounds in a unique
condition on A by choosing as reference speed in the Reynolds number precisely the
velocity of the Poiseuille flow at the outlets of the channel. As expected, Theorem 2.3
guarantees that the equilibrium position is unique and symmetric, at least for small flow
rate of the incoming Poiseuille flow.

To develop our analysis in the subsequent sections, we rewrite problem (2.14)-(2.15)
in an equivalent form. For a given ¢q € (0, L — §), let

S =S¢, (2.19)

be the function obtained through Lemma 2.1. We emphasize that at this point we are not
interested in (2.9), thus we can choose ¢y arbitrarily in the admissible set (0, L —d) (see
Remark 2.2). The unique solution (uy, k) = (ux,0) to problem (2.14), may be rewritten
as

(s, Bi) = (un,0) = (A + s,0).
Denoting by
G:=ulAs—(s-V)s, (2.20)
we have that (., hs) = (@), 0) satisfies in a weak sense, for any A < A,

—p Al + (Gy - V) Ux+Vpr + (0 - V) s+ (s- V) by = g, divay, =0 in Qg,
iy =0 on IR, 1y =0 on dBy,
(2.21)

and

0= f(O) = —éy - / T(ﬁ)\ + S,p)\) -ndo. (222)

9By
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Finally, we prove a property of the function g in (2.20).

Lemma 2.4. Let § be as in (2.20), s = s., as in Lemma 2.1 for some g9 € (0,L — 9).
Then g € L*(,) and

19122 (n) < BllAS|| 200,y + (1824 V5] L4 (0n) < €A goed/c0 for some ¢ > 0.

Proof. Multiply § by ¢ € C°(R) and integrate over €j,. We obtain
/Q-(pdx:,u/As-apdx—/(5~V)s-<pdm.
Qp Qp Qn

We bound the two terms on the right-hand side through the Hélder inequality and we
get

‘/@-s&dw
Qp

which, combined with (2.10), proves the statement. O

< <MIIASIIL2<Qh) + ||8|L4<nh>IVS|L4<Qh>) lellzz@) Ve e CF(R)

2.4. Weak solutions to the evolution problem

Notation. The classical functional spaces from fluid mechanics are (see, e.g., [26,49]):

V(R)={ve C*(R)|divv=0inR},
H(R) = closure of V w.r.t. the norm || - 2=
V(R) = closure of V w.r.t. the norm ||V - [| 2.

We denote by (-,) the duality pairing between V and V’. We introduce the product
spaces

H(R) = H(R) xR,  V(R)=V(R)xR.

In order to define a weak solution to our problem, we also need to define, for every
h € (=L +§,L — ), the closed subspaces H, C H and H}, C V of compatible pairs

Hp={z = (u,]) e H(R) |up, =lé&},  Hj={z=(u,]) € V(R)|up, =lé},
(2.23)
endowed with the scalar products

<21722>’Hh = /U1 * U dx —l—ml1l2, <Zl,22>H}L S /Vu1 : VUQ dx +ml112, (224)
Qh Qh
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where z; = (u;,1;), and m is the mass of the body B. We call || - [, and || - [|; the
norms induced by the scalar products in (2.24), and we denote by 7-[,:1 the dual of H}.
The integral in the second formula in (2.24) can be defined on the whole channel R;
indeed, Vu; = Vuy = 0 on By, since any element of H}L corresponds to a purely vertical
rigid motion on By,. Recalling (1.3), for all uy,us € V, we have

/D u1) : D(ug dx—/Vul Vusg dz.

If h = h(t) is a function from [0,7] to (—L + ¢, L — §), we define the following spaces:

POTH ) = {10715 My st WMo, = [ 1701, @<+
0
for 1 < p < o0, and

L0, T Hnry) = {f 20, T] = Hagwy st [[fllze 0,730 = eSS{SI;I]) 1Oy < —|—oo}.
te|0,

With the notation at hand, we can move to the evolution problem (1.2). To this end, we
assume that

ho€[-L+d6+¢&L—06—¢ and (w0 — qx, ko) € Hhys

where € € (0, L — 0) is arbitrarily fixed. For a given ey € (0, L — 9), let s = s, be as in
Lemma 2.1. The (weak) solutions to the problem (1.2), in the sense of the forthcoming
Definition 2.5, have the form

u="1u+Ss.
Again, we point out that @ depends on the choice of the solenoidal extension s built
through Lemma 2.1, but, by undoing the change of variables, one recovers the solution
to the original problem. Hence,

the solution to the original problem (1.2) does not depend on the solenoidal extension.
(2.25)
Given § as in (2.20), @ solves the problem:

— AU+ (4-V)a+Vp+(4-V)s+(s-V)a=g, divi=0 inQy x (0,7),
=0 ondR x (0,7), @ ="heéy on dB, x (0,T), (2.26)
(x,0) = Gg(x) = ug(x) — sz(x) for a.e.z € Qp, .

According to (1.2), the vertical translation of the obstacle h responds to
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mh"” + f(h) = —é3 - / T(4+s,p)-ndo  in (0,7), (2.27)
OBy,
with some initial conditions h(0) = hg, h/(0) = ko. We observe that @g € L*(Q,) is such

that dg - 7 = koéa - N on OBy, . It is worthwhile to emphasize that the knowledge of h'(t)
allows to reconstruct the position of the body:

t
By = B+h(t)és,  with  h(t) = ho+ / K (7) dr. (2.28)
0

We can now define weak solutions to (2.26)-(2.27).

Definition 2.5. A pair (4, h) is called a weak solution of (2.26)-(2.27) on (0,7T) for all
T > 0 with initial data (@, ho, ko) if there exists eg = eo(%o, ho, ko, T) € (0, L — &) such
that, for s = s, as in Lemma 2.1,

h e Wh(0,T; [~L + 0 +eo, L — § — o)),
(@, h') € L2(0,T; Hppy) N L(0, T Hiry),
a € C([0,T); L*(R)),

(ﬁh h//) € L2(O’ Ta H;(lt))a

and the pair (4(t), h(t)) verifies, for any (¢(t),1(t)) € H,ll(t) and almost every t € (0,7,
(@ (t), (1)) +m B (B)I(E) + f(h(1) 1(2) +N/V”ft(t) :Vo(t) da
R

+ / (@(t) - V)a(t) - ¢(¢) do + / (@(t) - V)s - 6(t) dz + / (s-V)a(t) - o(t)dz (5 99,

Qp Qp Qp,

Qp
and @(0) = g, h(0) = ho, h'(0) = k.

Remark 2.6. The requirement h € W1°(0, T’; [~ L+d0+¢¢, L—5—&0]) makes Definition 2.5
consistent: it ensures that no collision occurs between the obstacle and the boundary of
the channel because there exists a separation strip of size g9 € (0, L — ¢§) for all times,
by which one is allowed to build the solenoidal extension s as in Lemma 2.1 precisely by
choosing such an eg. As the no-collision result is a non trivial issue, it will be recalled
explicitly in Corollary 2.9. Also, we point out that the test functions depend on time
and on the solution of the problem itself.
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Let us show that any classical solution to (2.26)-(2.27) is a weak solution according
to Definition 2.5. Incidentally, this also confirms (2.25).

Proposition 2.7. Let § be as in (2.20). If a pair (4, h) is a classical solution to (2.26)-(2.27)
such that |h(t)] < L — 6 —eg for allt € [0,T] for some €9 € (0,L — 0), then it satisfies
(2.29) for allt € [0,T] and for every pair of test functions (p(¢),1(t)) € Hh(t)

Proof. In order to obtain (2.29), we choose a test pair (¢(t),1(t)) € Hh(t We multiply
the first equation in (2.26) by ¢ and integrate by parts over €. All terms may be treated
in a standard manner (see, e.g., [24]). Though, a particular attention must be devoted
to the diffusive and pressure terms. Indeed

/(f,uAﬁJer)~¢dx:/div7'(ﬁ,p)~¢dx:— /(T.ﬁ).¢da+/7:v¢dm

Qh, Qh, th Qh/
= —léy - / (T(4,p)-n)do + /T(ﬁ,p) :Vodz
0By,
= (mh"” + f(h / :Vodx
— (mh" + f(h Vo da,

w\

where the last equality holds because V¢ = 0 on Bj,. Thus, we obtain the weak formu-
lation (2.29). O

2.5. Well-posedness of the evolution problem

We provide the following well-posedness result for (2.26)-(2.27).

Theorem 2.8. Let & € (0, L —0) be fized. For any initial data hg € [-L+6+&,L—06—£],
(Qig, ko) in the space Hp, and every T > 0, there exists a unique weak solution (G, h) to
(2.26)-(2.27), in the sense of Definition 2.5, for some ey = €o(ho, tig, ko, T) € (0,L — 9).
Moreover, it satisfies the following energy estimate, for everyt € [0,T],

t
N 2 "
a7z (@) T (€) +2F (h(t) +u [ Va(T) T2, AT
0 (2.30)

24L2
< llaolZ2(qy, ) +mko® +2F (ho)+ T 191172 (0t

Proof. Existence and uniqueness of a weak solution of (2.26)-(2.27) follows from [44],
where existence is obtained exploiting a penalization method, while uniqueness is based
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on the introduction of deformation mappings for the fluid domain allowing to define two
different weak solutions on the same domain (see also [19,32]). In order to prove (2.30),
we start formally taking (¢,1) = (@, h’) in (2.29). We obtain, by the Reynolds Transport
Theorem (see, e.g., [34]),

1d, . . PN . N
§%Hu||%2(ﬂh)—|—mh"h’—|—f(h)h’+,u||Vu||%2(Qh) :/g~udx—/(u~V)s~udx. (2.31)
Qn Qpn

We seek bounds for the two terms on the right-hand side. The first term is bounded
by Lemma 2.4, the Holder inequality, the Young inequality and the Poincaré inequality
(with constant 4L2/7?). This gives

’/g-ada:

Qp

1417 o Hioa2
< ;?Hgny(ﬂh) + ZHVUHL?(th

In order to bound the second term, by possibly taking ¢y smaller than ¢y =
go(ho, Go, ko, T) given in the first statement of the theorem, we exploit (2.9) with n = p/4
and we obtain

[
< Z||VU|\%2(Qh)-

‘/(Q-V)s-ﬁdx

Qp,

From (2.31) and the above bounds we deduce

d /.. 2 . 24172
gt e,y + i 4 20 0)) + Vil < 2

112
?HQHLZ(Q},,),
where F'(h) is defined as in (2.3). Integrating on (0,¢), we infer (2.30), at least at the
formal level. In order to obtain the strong continuity in time of the weak solution with
values in L?(R) and make the previous computations rigorous we can follow step by step

[8, Theorem 2.1]. O

In the sequel, we will use the following result, already implicitly stated in Theorem 2.8.
It reads as

Corollary 2.9. For all T > 0, there exists g = €o(ho, to, ko, T) € (0, L — §) such that
|h(t)| < L —40—¢g vVt e[0,T]. (2.32)

Moreover, ey decreases as |ho, ||to|| L2 (q,), [ko| and T increase. In particular, the solution
to (1.2) is global in time.
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Proof. To prove (2.32), we can proceed as in [44, Lemma 3.2]. By contradiction, if the
solution of (1.2) was not global in time, then a collision would occur at some finite time
t = T. But, according to (2.25), the collision is independent of the solenoidal extension
and we reach a contradiction by taking s = s, with g = €o(T) ensuring (2.32). O

3. Dissipativity of the solution operator

From Theorem 2.8 we learn that, for every & > 0 small and every hg € [-L + § +
€,L — ¢ — €], problem (2.26)-(2.27) generates an operator

U(t) : Hny — Hnw),
defined by the rule
20 = (Qo, ko) — U(t)z0 = (a(t), b’ (1)), (3.1)

where, reconstructing h as in (2.28), the pair (4(t), h(t)) is the unique weak solution at
time ¢ to problem (2.26)-(2.27) with initial data

a(0) = tig, h(0) =ho, K (0) = ko.

Remark 3.1. It is worth noting that, although not explicitly written so not to burden the
notation, the operator U(t) depends on the particular hy chosen. Besides, it acts between
different spaces; but this reflects the nature of the fluid-structure interaction problem
(2.26)-(2.27), where the functional framework is influenced by the evolution itself.

Let us introduce the proper notion of dissipativity for the dynamical system under
consideration. This definition makes sense because all the solutions of (2.26)-(2.27) are
global in view of Theorem 2.8 and Corollary 2.9.

Definition 3.2. We call Ry > 0 a zero-order absorbing radius if, for any R > 0 and € > 0,
there exists to = to(R, €), called entering time, such that, for every

ho €[-L+d+&L—06—¢ and llzoll#,, < R

it follows that

1
A~ 212
1U(t)z0ll%),,, = [”u(t)H%?(Qh(t)) +mh/'(t) } <Ry VitZ=to.

We call R; > 0 a first-order absorbing radius if, under the same assumptions, there exists
t1 = t1(R, €), such that

1

~ 212
1U@)z0llag,, = [IVEO1320, ) +mH O] <B1 - VEzh

h(t)
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Paralleling the classical definition, we may say that the solution operator is dissipative
if it admits a zero-order absorbing radius. We now address the dissipativity properties
of U(t) in terms of zero-order and first-order absorptions.

Theorem 3.3. There exists a universal constant Ry = Ro(\) > 0 with the following
property: for any R > 0 and any € € (0, L — §), there is an entering time tog = to(R, )
such that

HU(t)ZOHHh(t) < Ry Vi > to,
whenever
ho€[-L+d6+¢&L—06—¢ and 20|24, < R

In compliance with Definition 3.2, the constant Ry is a zero-order absorbing radius.
Moreover, Ry — 0 as A\ — 0.

Proof. Define a solenoidal vector field w € C*°(R) N H}(R) such that w(t) = h(t) éz in
B as

W) = W) |~ (@) 1), 5 (Gla) )| V(at) € R x (0,00),

where, for any € € (0, L — §), the function ¢ is a C*°-cut-off equal to 1 in the rectangle
[-2,2] x [L —e,—L + €] and equal to 0 outside a larger rectangle, both contained in R.
The following estimates hold

lw®)llz2r) < arlh@)],  [[Vw(B)llL2r) < azlh(t)],

(3.2)
[Vw(t)| oo r) < aslh(t)],  (lwe(@)]lL2r) < aalh/(t)],

where a1, as, az and a4 are constants depending on the cut-off (. We emphasize that this
cut-off function ¢ is well-defined due to Corollary 2.9, which guarantees the existence of
a separation strip of width €9 between the obstacle and the channel. Hence

w(z,t) = we, (2,1) . (3.3)
Given F as in (2.3), for w € (0,1) to be fixed later, we introduce the energy functionals:
. 2
E(t) = [a(t) a0,y + mh' (07 + 2F (h(2)),

Eo(t) = E(t) + 2mw h(t) W (t) + 2 / a(t) - ww(t) dz.

Qn(t)

From the Young inequality, we have
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omel b ()] + 20 / a(t) - w(t) de

h(t)

m
<
-2

1
W0 + (2me? +2030) (e + 360 220,
Hence, we obtain the bounds
C1 E S Ew S Co E, (34)

for some ¢y > ¢; > 0, provided that w is small enough. So far, we have used an arbitrary
g0 € (0,L —9) to build s = s., in Lemma 2.1, but in view of (2.25), 9 may be modified.
To this end, we claim that

deq :6‘1()\) >0 and tozto(R,é) s.t. |h(t)| <L-6—¢ Vi>tg. (35)
By contradiction, suppose that (3.5) does not hold. Then, by Corollary 2.9, this implies

that
limsuph(t) =L -4

t—o00
and/or similarly for liminf = —L + §. Then, since h € C(R), for all ¢ > 0 there exist
two sequences tending to infinity {t7'} and {4} such that

ht)>L-6—¢  vte |J[t,13].

n=1

By (2.2), we can take £ > 0 small enough so that there exists ¢ > 0 such that

h(t) L—6—¢ L—6—¢ ]
F(h(t)) = /f(s)ds > / f(s)ds > ¢ / exp mds
0 . L—0—2¢ L—-0—2¢ (36)

1 1
:c/expdeZCsexpm

€

whenever ¢t € U,[t],t5]. By (2.25), we can replace the solenoidal extension s = s., in
Lemma 2.1 to the solenoidal extension s = s. and w = w, in (3.3). Given a pair of test
functions (¢,1) = (@ + ww, ' + wh) € H}, we take the scalar product of (2.26) with ¢
and we apply the Reynolds Transport Theorem. By omitting (¢), we obtain

By — mwh + wf(h)h + pl| Vi3 q,)

t
:/g-ﬁdx—/(12~V)s-ﬁdx+/ﬁ~wwtdx (3.7)

Qp Qp Qp
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—,u/Vﬂ:wdex—l—/g-wwdac—/(ﬁ-V)s-wwda:

Qp Qp Qn
+/(ﬁ~wV)w-ﬁdm— /(S-V)ﬂ-wwdm‘.
Qp Qpn

We proceed to bound each term on the right-hand side of (3.7). The first term can be
controlled by exploiting the Holder inequality, Lemma 2.4 above, the Young inequality,
and the Poincaré inequality. This gives

A . . 5 4L?
/Q'Udfﬂ < 9llz2@mlltlrz ) < 5= 5 —5 131172, + 10||VUHL2(Qh)
o
Qp

Similarly for the fifth term

R . ,u4L
/g-wwdw < gl zzomllwllLz, < = 4

Qp

Hg||L2 @) T HWQHV“)HL?(R

Concerning the second term in the right-hand side, by possibly taking € smaller, we make
use of (2.9) with n = u/6, to get

. - P iva
—/(u-V)s-uda: < 1—0\|VU||2L2(Qh,)'

Qp,

For the third term, we make use of the Holder inequality, the Poincaré inequality and
the Young inequality. We deduce

. JU—, 5 412
/’LL s WWe dl’ S 1—0||VUH%2(Qh) —+ 2——2w

Qp

w72y -

The fourth term is bounded through the Hélder inequality and the Young inequality as

. [T )

2p
Qp

Again, for the sixth term, by possibly taking e smaller, we exploit (2.9) with n = 1, the
Holder inequality and the Young inequality. We obtain

. . I 5
- [ (@ Vs wwde < wnll Vil zz Vol < 2190, + 522 Vol
Qh

Finally, by similar methods, we estimate the last two terms as

N " 4L7 N
(@ eV ide <o [Vulm Vil
Qp
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and
_ /(s V)i wwdz < sl [Vall 22y @llwllzz )
Qpn

< SPllwllfary IVl 720,y + 1517 (@) -

|

At this point, by (3.2) and using the fact that |h| < L — §, we define v through

W 4172 1 4L?  a?
5 ~w o IVwllpe(r) — ZWQHwHQLQ(R) 2 p = aswlh|—5 — —1W2|h|2
4172 a% 9 9
>p—asw(L—9)— 3 4w(L—6)

=:3vr>0

if w is small enough. Inserting all the above inequalities in (3.7), and recalling (2.4), we

arrive at
d 2 . 10 + p2 4L2
i B = 2meh” + WF(h) + 30|Vl a(a,) <5 19, + 2lslE @)

12

+ —?|Vlli: (g
I

+——7T w?{|lw 72z -

We apply the following trace inequality, through which we extract a damping term for
the obstacle By:

IV 20, = cllh él|L2m,) = cldBul| ||,

for some positive constant c. Moreover we use (3.2) to deduce that

12 12
wF(h) — ;wQHVwHLQ r) = (w— a%;wz) h? > ch?,

where c is a positive constant, if w is small enough. Thus, using the last estimate in (3.2),
we infer

d 54L?
g —FE, + (cv|0B|? f2mwfai'u = )h’2+wF(h) +2V\|V’EL||2L2(Qh)
_ 1042417

2u

—5 19122 + 2lslli= @

where cv|0B|? — 2mw — aii“ w? > 0 if w is small enough. Finally, applying the

Poincaré inequality in the left-hand side, we find
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d 54L2 2 vT L R
Pt (cv|0Bw|* — 2mw — ai;?‘ﬂz)h' +wF(h) + m”uﬂizmh) + [Vl g,
_ 1042412
< —5 191720 +2ls 0
Defining
cv|0Bp|? — 2mw — aﬁ?"m;w w T
— i nom
ﬁ—mm{ -~ ' 5 4L2}>0’
we end up with
d »
EEM +6E+V||VUHL2(Q,1) S », (38)
where
_ 104 p?4L?
2 Hg||L2 (@) T 2lIs ||L°°(Qh) (3.9)

is independent of ¢ due to the very construction of § and s. Then, renaming §/cs as 3,
we infer from (3.4) that

d
YE, +BE, <
7 + 5 >

The Gronwall Lemma yields

E,(t) < E,(0)e P + %

Inequalities (3.4) imply that

Ve

E .

2

C _
[zl < B < 2 O + (3.10)

Therefore,

lims Ul(t 3.11
im s U (1)20] 7, <\ 5 (3.11)

Then, by using (3.6)-(3.10), Lemma 2.1 and Lemma 2.4, we deduce that there exists
c3 > 0 such that

1 CQ — Bt x Co —Bt 2 12
< < 2 =,
2ce exp o S 2F(h(t)) < E(t) < o E(0)e " + 5o S o E(0)e™"" + c3Ae” exp .
(3.12)

Choose € > 0 small enough in such a way that
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1 9 12
ce expw > c3)e exp? .

Then take to = to(R, €) such that

12
C—QE(O)e*Bt < czhe?exp — Vit >t
C1 g

With these two choices, we contradict (3.12) and we prove (3.5).

We modify once more the solenoidal extension s in Lemma 2.1 and the function w
in (3.3) by taking s = s.,, w = we,, with 1 given by (3.5). This is allowed thanks to
(2.25). With this choice (possibly taking 1 smaller), we reach again (3.11), which tells

. P23
R R::’/—
0~ Ber

is absorbing, namely, it captures the dynamics of (2.26)-(2.27) for ¢ large. This translates

us that any ball in ‘H;, of radius

into the existence of the zero-order absorbing radius Ry in the sense of Definition 3.2.
Summarizing, for any hg € [-L + 6 + & L — 6 — &], given zg = (dg, ho) such that
20|34, < R, we have

- AN L 1 . Co E(O)
[U®#)20lln, < VE(t) < R, Vit >ty =1to(R, €)= Blog (mm {17 aw}) :

(3.13)
The proof is finished once we observe that s — 0 as A — 0. Indeed, from Lemmas 2.1
and 2.4 both ||SHLoc(Qh) — 0 and ||gHL2(Qh) —0asA—0. O

Note that (3.5) improves Corollary 2.9 by emphasizing a separation strip between the
obstacle and the boundary of the channel. Accordingly, throughout the whole section,
we take s as in (2.19) by choosing the value €; given by (3.5), i.e. we take s = s,.
A consequence of Theorem 3.3 is the existence of a suitable dissipation integral for the
solution (4@, h) to problem (2.26)-(2.27).

Corollary 3.4. Let R > 0 and & > 0 small be arbitrarily given, to as in (3.13) and Ry as
in Theorem 3.5. Assume that ho € [-L+0+¢&,L—03—£] and ||20]|3,, < R. There exists
D = D(Ry) > 0 such that

t+1
/ IVa(r)2eq,,, dr <D Vit

t

Moreover, D — 0 as A\ — 0.

Proof. Integrating inequality (3.8) (recalling (3.9)) on the time-interval (¢,¢ + 1), and
exploiting (3.4), we get
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t+1

v / IV(r) 22,y dr < 56+ Bu(t) < 3¢+ 03 E(2).
t

Hence, in light of (3.13), for ¢ > ¢, we are led to

t+1
o 2 ” C2 o
[ IV, dr < 2+ 2R3
t
Since we know that s, Ry — 0 as A — 0, we are done. O

We have now all the ingredients to proceed to show the existence of the first-order
absorbing radius, ensuring dissipativity of higher-order.

Theorem 3.5. There exists a universal constant Ry = Ry(A\, L,0,d, m,p) > 0 with the
following property: for any R > 0, and any € > 0 small, it follows that

Uzl <R W=t +1,
whenever
ho€[-L+d6+¢&L—0—¢ and ||z0\|7{th <R,

where to is given by (3.13). In compliance with Definition 3.2, the constant Ry is a
first-order absorbing radius with entering time t1 = to + 1. Moreover, Ry — 0 as A — 0.

The proof of the theorem will make use of the uniform Gronwall lemma, that we recall
for the reader’s convenience (see [48, §III.2, Lemma 1.1])

Lemma 3.6. Let f1, fa, f3 be three positive locally integrable functions on (to, +00) such
that f4 is locally integrable on (to, +00), and which satisfy

o t+1 t+1 t+1
3
o S hifstfe /fl(s)dsﬁah /fz(s)dsﬁab /fs(s)dSS%
t t t
fO?”t Z th
where a1, as, a3 are positive constants. Then

f3(t+1) < (az+az)exp(ar)  Vt>to.

Proof of Theorem 3.5. We proceed similarly to [20] by starting to define some auxiliary
functions. Let ¢ € C*°(R%R) be a cut-off function with compact support such that
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¢ =1 in a neighborhood of By, and set

~

¢(z,t) = ((x1, 22 — h(t) + ho) Y (x,t) € R? x (0,00) .
We then define the solenoidal vector field V(z,t) : R? x Rt — R? by

0

V(z,t) =K (t) ~%0s

(C(z,t)zy), a%z(é(z,t)xl) V(z,t) € R? x (0,00) .

We notice that V(-,t) € C®(R2 R?) for all t > 0, V(x,) € L®(0,T;R?) for all z =
(71,22) € R?, and

IV (s t)llwrs @) < CIH(8))] (3.14)

for some C' > 0. At this stage, one proceeds formally (see [24,48]) and assumes that
@y € L2(€2p,). We multiply the first equation in (2.26) with the following function

w+(V-V)a—(a-V)V,

So as to obtain

+/(a-V)s- {ﬁt+(V~V)ﬁ—(ﬁ-V)f/}dx

+/(3-V)ﬁ~ [at+(f/~V)ﬁ—(a-V)V] dx+/§- [at+(v-vm—(a-v>f/} dz.
Qy, Qp

Arguing as in [20, Lemma 4.3], we find the identity

_ / AT (@, p) - [+ (V- V)i (0 V)] d

Qp
d ~112 "2 "
= 1 lIVillze,) +mh™ + f(h)h
+2ﬂ/(m): [(va) (V) ~ D((a- V)7 de.
Qn

Thus, by plugging the above equality into (3.15), we obtain
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d, . 2 . . N . N
IVl +m b 4 il = = [ - [(V-9)a= @ 9)V] do - fip”

Qp
—ZM/(DQ): [(Vﬂ)(VV)—D((a-V)V)] dx—/(ﬁ-V)a- [at+(V-V)a— (a-V)ﬂ dz
20 on (3.16)
_/(ﬁ.v)s. [+ (V- ¥)a = (2 9)7] dx—/(s.V)a~[at+(V~V)a—(a.V)V} dx
Qn Qp
+ [ - @t+(f/~V)ﬁ—(ﬁ-V)V dx.
Q{ | |

At this point, some estimates for the terms of the right-hand side of (3.16) are needed,
by exploiting in a suitable way the Holder, the Young and the Poincaré inequalities,
together with the properties of the solenoidal extension s. We have the two following
inequalities

1

Sl F (W),

" m, ;2
< —
f" < 5 "+ o

and

. . [ L.
<13l z2(en el 2oy < 7131520y + e,

Qp

Using the Ladyzhenskaya inequality [48, p.108, (2.16)],

’/(a-vm.at

Qp

~111/2 ~ ~ 113/2
< el o, IVl 2@l 2,

1. . .
< ﬁHutHQL?(Qh) +eallll7z o, VAl T2 (0,

where c¢; and co are strictly positive constants. For the remaining terms, we argue in a
similar manner, finding

'/(aOV)s-at
Qp

< |IVsllLaqum il 2y 1aell L2 p)

7 . 1.
< CZ||V5||2L4(Qh,)HVUH%z(Qh) + ;Hut||2L2(Qh)a

where C' > 0 depends on the constant describing the Sobolev embedding Hg () C
L4(Qy,). Exploiting again the Ladyzhenskaya inequality, we deduce

Qp,

1/2 A
< lIsll a1 Vall 2

. 13/2
el[z2 ()

. 1.
< eslsl 20 IV 720, + ﬁ”utH%ﬁ(Qh)v
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for some strictly positive constant ¢s > 0. For all terms involving the map ‘A/(xﬂf), we
exploit (3.14). Thus, we have

‘/at- [(V'V)a—(wV)f/} ‘
Qp
<V llwroe @ lliell 2 @) [Vl 2 ) + eallV w1l 22 o) [V 22 )

. . 2. 21w~ 2.
< allVIFe @l VallZzq,) + §||Ut||%2(gh) < ey W7\ Vi3, + ;HUtH%%Qh)v

where ¢4 > 0 changes from line to line, and it depends on the Poincaré constant. Then,

[0 [Fv9) - D@97 | < el Ve =ceny Ve,
Qp

< os|W[IVal7e g,

for some strictly positive constant c5 > 0. Let cg, c7, cs, Cg, c19 be some strictly positive
constant that might change from line to line. By the Holder inequality, the Poincaré
inequality and (3.14), we obtain

< N@- V)l 2@ IV - V)i — (@ V)V 20,

L. . - . - N
< 5”(“ : V)U||2L2(Qh) + ||V||%/V1»°°(Qh)”VUH%P(Qh) + CGHVH%/VLOO(Qh)Hvu”%?(ﬂh)

IN

1, . . .
5”(“ : V)“”%P(Qh) + CGHVUH%%Q;L) W2

Proceeding step by step as in [20, Theorem 1.2], taking into account for the extra terms,
we arrive to an estimate for the term (u- V)u:

1@ - V)ilF2(q,) <cr {||Va||2L2(Qh)(|VﬁHQL?(m) HIVslLe () + I8l (g,
+ ||a\|i2(9h) + ||a|\%2(9h)Hvaﬂizmh))

~ 2.
10l + ] + S0,

For what concerns the trilinear terms involving the solenoidal extension s, we have

@9y (79 @ 9)7) | <l 9luscan
Qp

Vllws @ IVallZ2 )

< esl| Vsl W1 Va2 g,
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and

< collsl Lo ) W1 Va]172(q, ) -

'/ V v)a (A.V)f/}

For what concerns the last term, we have

a7 @97 | < cltllgllizcon 19l

EN |

< <9172 ) + croh? IVal|Z2(q,)-

>~

Collecting all together, and dividing by p, we finally get

d R . co+cr . R C3 N
EHVUH%Z(QU < ||VU||2L2(Qh) <—H HuH%ﬂ(Qh)Hvu”%?(Qh) + EHSH%"‘(Qh)||Vu|\%2(gh)
2 2 c7 ~
HVSIIL4 (@) T — h’ Ih’l +— h’ IIWII%Q(Qh)

9 ~
+ EHVS”L“’(Q;L) + ZHSHLOO(Q;L) + ;HUHLQ(Q;I)

C
+ el Vsl ]+ sl ]+ 220 )
1
s ert Dl + et + o |

We are now in a position to apply Lemma 3.6 with the choice

co +c7

fi= a7 Qh)”VU”m(Qh) + 2 || HLZ(Qh)Hvu”LQ(Qh) + C ||vs||L4(Q,L
C4,,2  Cs Ce
+ Ehl + Elhl| + ;h/ ||VU||L2(Qh) +Z ||VS||L°°(Q;,) +Z || ST ()

C7 C9 10
+ Enun‘zzmh) o csll Vsl 0] + 2 Islecan 1]+ 7;1/2,

1 1
f2 = M(C7 + )H9||L2 () el + m|f(h)|2a
fs = IVall72(q,)-

Indeed, since t > to with ¢ as in (3.13), from (3.13) we have that 2F(h) < RZ, so that
by (2.5)

M (R5)

h| <
‘|7 27
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providing in turn a uniform bound for |f(h)|. Therefore, with reference to Lemma 3.6,
denoting by @ a generic increasing positive function, and exploiting (3.13) and Corol-
lary 3.4, we draw the estimates

t+1 t+1 t+1
/ fi(s)ds < ayq, / fa(s)ds < as, / f3(s)ds < as for t > to,
t t t

with

a1 = =R az + % |s]|72 g, a3 + CL CIVsllZaq,) + SRS+ S Ro+ SR + “Tas
+E Vsl ) + Ellsl T,y T FRE + 21 Vslna@u)Ro + Lllsll = (e, Ro
+ e Re,
as = +(cr + DI9ll7zq,) + QRo),
D(Ry).

The conclusion is
||Vu||L2 ) < (a3 + az) exp(ar) Vi >t + 1.

The last step is to add mh/ % to both sides of the inequality above, which allows us to
reconstruct the norm of the norm of the solution, to wit,

1U()z0llng,, < /(as +az)explar) + B3Vt > to+1.

Here, we leaned on the estimate mh'> < R2, coming from (3.13). By calling R; the
right-hand side, the proof is finished. O

Remark 3.7. Due to the compact embedding
H}lz(t) € Hn(),

which holds true for all ¢, the closed ball B;(t) of radius R; in H}L(t) is compact in Hp, ).
Theorem 3.5 tells that

UNBCBi(t) Vt>to+1,
where B is the ball of radius R in Hp,, for R > 0 arbitrarily given. This shows that the

solution operator U(t) defined by the rule (3.1) is not only dissipative in the sense of
Definition 3.2, but it has also a regularizing effect.
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4. Stability of the unique steady state

In this section, we investigate the convergence of the solutions of (1.2) to the unique
steady state, if A\ < \,, see Theorem 2.3. In particular, we study the convergence of the
solutions of (1.2) to those of (2.14)-(2.15), in terms of the convergence of the solutions
of (2.26)-(2.27) to the solution of (2.21)-(2.22).

Theorem 4.1. Let R > 0 be arbitrarily fired and A, as in Theorem 2.3. There exists \y =
M (R) € (0,\) such that if A < A1, the weak solution (G, h) of problem (2.26)-(2.27),
with initial position of the obstacle hg = 0 and initial velocities zy = (lg, ko) € Ho such
that ||zo]|2, < R, converges at an exponential rate to the solution (i, 0) of (2.21)-(2.22)

in Ho as t — oo.

Remark 4.2. Theorem 4.1 could be generalized to the case of small |hg| > 0 without much
effort. However, we state and prove it for Ay = 0 having in mind the straightforward
application of a bridge at its rest position suddenly being invested by a wind gust.

In order to prove Theorem 4.1, we need two preliminary results. We begin by stating
the following regularity property on a solution given by Theorem 2.8.

Lemma 4.3. Let (4, h) be the weak solution to (2.26)-(2.27), in the sense of Definition 2.5.
There holds

ta e Y30, Ty W3 (Qp 1)), toyi € LY3(0,T; LY* () »

(4.1)
tVp e LY3(0,T; L** () -

Proof. The proof of (4.1) follows the proof of [32, Proposition 3|, up to some slight
modification. We report here the main steps. We start by deducing, from a classical
interpolation argument [49, Chapter 3, Lemma 3.3] and suitable Sobolev embeddings,
that

@€ LY3(0,T; LY3( Q). (@ V)i e LY3(0,T; L3 () -

The second step to prove (4.1) implies introducing the following auxiliary linear system
with unknown (U, H):

oUu
E—MAU—i—VQ:f forz € Q) ,

divU =0  forz € Q)
U= H/ég forx € th(t) 5 (42)
U=0 forx € dl'w ,
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m H () = —é5 - / T(U,Q)ivdo +m fy
OB ()

where f and f; are given source terms, and ;) and By are prescribed and not
unknown. In particular, they are associated to (@, h). Following [32, Definition 2], we say
that, given f € L*3((0,T) x Qu), f1 € L*¥3(0,T;R) and &g € (0,L — §), then

(U, H) € [L*(0,T; Hy (1)) N L®(0,T; L*(Qp1)))] x C([0,T]; [~L+ 6 + 0, L — § — £0])

is a weak solution to (4.2), with vanishing initial data and source term f, fi, if U is
divergence free, U(0) =0, H(0) = 0 and

/aa—(t]gbderZu/DU:D¢dx+m(H”ff1)l¢: /f(bdm
R

Q1) Q1)

for all ¢ € C§°([0, T] x R;R?) such that ¢(-,t)|p,,, = ls(t)éa, with I(t) € R. The third
step implies showing that weak solutions to (4.2) in the sense given above are unique.
This can be done precisely as in [32, Lemma 8|, by taking the difference between two
weak solutions, which is allowed because the fluid domain is in this case prescribed, thus
identical for the two solutions. Then, by [32, Lemma 4] and [29, Theorem 4.1] we know
that problem (4.2) has a unique strong solution with vanishing initial data belonging to

Ue L0, ;W3 Q). U € LY3(0,T; LY* (),

(4.3)
H e W**30,T;R),  VQ € L¥3(0,T; L**(Q)))

and such that

U ars0,0sw24/3(@u 1)) T 10U | Lss0,m504/3 (@ ey + IV QI Lar3 0,1:04/3 (2 00
(4.4)
< C (Iflzororizon @y + IfillLosory)

where C' depends on the geometry of the rigid body and on R. Through some integration
by parts, it can be shown that any strong solution to (4.2) is also a weak solution to
(4.2). The last step implies showing that, given

U :=tia, H :=th, Q:=tp, (4.5)
then (td,th) is a weak solution to (4.2) in the sense given above, with source term

fr=a—ta-V)a—t(a-V)s—t(s- V)i +tg € LY*(0,T; LY3(Qn))

fi:=n +tf(h) e L*3(0,T;R).

m
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Fig. 4. The subsets O, A. C R.

Thus, since weak solutions to (4.2) are unique, the solution given by (4.5) must be strong,
thus it satisfies the regularly in (4.3) and the estimate in (4.4), which yields the desired
result. O

As a second preliminary result, we state and prove a basic proposition allowing to
define a change of variables associated to the rigid motion of the obstacle in problem
(2.26)-(2.27) in order to be able to compare different solutions; indeed since (2.26)-(2.27)
is set on a time-dependent fluid domain, different solutions are defined on different
domains. This change of variables depends on time ¢ through h; it was first introduced
by Takahashi ([47, Section 4.1]), inspired by Inoue and Wakimoto ([37]). We denote for
alle € (0,L —9)

0. ={z € R:dist(x,T) > 2e A |zq| < 2}, Ac = {z € R:dist(z,I') < eV |z1] > 2},

see Fig. 4 for a representation. Note that, choosing ¢ to build the function s = s. defined
in Lemma 2.1, then

s(z)=0 on R\ A.. (4.6)

Proposition 4.4. Consider a fived h € W1>°(0,T; (=L + 6, L — §)) with h(0) = hg. For
every t € [0,T) there exists a volume preserving diffeomorphism

Qll(t, ) : Qh(t) — Qho
satisfying, for all € > 0, the following properties:

Y(t,x1,x2) = (21,22 + h(t) — hg) Va = (x1,22) € O,
Y(t, 1, 22) = (1,22) V= (z1,22) € Ae.

Proof. Let ((x1,x2) be a smooth cutoff function equal to 0 in A, and equal to 1 in O..
Then, we define the solenoidal vector field V : RT x Q) — R? as

V(t,x) =V x {0,0, —((x1,x2)z1h'}.
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Notice that

0 inA.,
Vit,z) = e (4.7)
h/ég in Og,

and V(-,t) € C®°(R?,R?) for all t > 0, V(z,-) € L>(0,T;R?) for all z € R?. Then we
build the deformation mapping of Q) into Qp,, ¥ : RT X Q) — Qp,, as the flow
associated to (4.7):

{%ww) = V(t,¥(t, ),
Y(0,z) = x.

Since V -V = 0, v is volume preserving and det(gff )i,j =1 for all t > 0. The mapping

1 is a smooth function of V. In particular, for some C' > 0,

0000, ey < CIHI@] ¥ =0,1,9k =0,1,2, (1)
Notice that ¢ € W>(0,T; C’k(Qh(t))) forany k=0,1,2. O

Through Proposition 4.4, we define ¢ : RT x Q, — Qpe) by ¢ = 1~ in the space
variables to be the volume preserving diffeomorphism such that, for any y = (y1,y2) € O,

e(t,y1,y2) = (y1,y2 + ho — h(?))
and, for any y = (y1,¥2) € A<, ¢(t,y1,¥2) = (y1,¥2). There holds
18] (t, Mier () < CIPF (O] Vi=0,1,Vk=0,1,2.
Obviously ¢ € WH>(0,T;C*(Qy,)) for any k = 0,1,2. We can now give the
Proof of Theorem 4.1. Let £ > 0 be given by (3.5) and take s = s., from Lemma 2.1.

Multiply the fluid equation in (2.21) by a function ¢ € V(R) such that ¢|p, = é2 and
integrate over ()y. After integration by parts it comes

A oa ) o )
u/VuA:ngder /(fu aﬁ)\ +p*n)~¢d7+/(u,\~V)u,\oq§dy+/(u,\oV)s-¢dy
Qo Erons Qo Ao

o R

Qo Qo

Next, by the coupling condition in (2.22), we have that
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.
[ uG2 v odr = —a- [ (T(arpo)-wyar =0,

600 830

Consequently, we obtain that, for any ¢ € V(R) such that ¢|p, = éa,

p [ iniVody+ [ an-ody+ [(an- 95yt [(s-in-ody= [ g-6dy
Qo Qo Qo Qo Qo

(4.9)
Notice that (4.9) does not see the value of ¢ on By, thus we could have taken ¢|p, = cé,
with ¢ € R. Then, let (@, h) be the unique solution to problem (2.26)-(2.27) given by
Theorem 2.8, with hg = 0 and some initial velocities zp = (dg, ko) € Ho such that
lz0]l#o < R, for any arbitrary R > 0. In order to be able to subtract the weak formulation
satisfied by (@, h) and that satisfied by (@, hs) = (&r,0), we need to properly map
a(t) from Q) to Qo for every t > 0. We follow [32,44]. From (3.5), we infer that
h € WHe(0,T;[-L + 6 —e1,L — § — &1]). Thus, we can build v as in Proposition 4.4
with hg = 0 and € = £1; we also define ¢ = 1)~!. We introduce

v(y,t) = V(e(t,y),t) - ale(t,y),t)  y € Qo,

to be the pullback of @ by ¢, and we set q(t,y) = p(t, ¢(y,t)). We refer to [32, Section
3.2] (see also [44, Section 5]) for the explicit computation of the partial derivatives of v
in terms of those of #, so that the equation satisfied by v reads

(@ro(t),6) + mh"(O0) + FHENE) + [ Volt): Tody+ [(wle) - Dyete) -y

+/<v<t>~v>s-¢dy+/<s-v>v<t>-¢dy=/g-¢—/f<v<t>,h<t>,q<t>>-¢dy,
0 0 0 0 (4.10)

for any test pair (¢,1) € H§ where, using Einstein’s summation convention,

F' =+ (O’ — 6i1)00" + 0o O* (B30 + (OB’ oF + (830" (D) 0"
+ 0 0" (O’ — 0ik) + (00" )0'0" + Orq(0:0)" — 0ik) + 1 [ — 07" (000" O 00!
— (Orp" 0™ 0" = BinGjm 1) D" — B0’ Oy0* (9740")

0, (B8O — (RO — (a?kso">ajwlajwmamvk].
(4.11)

Then set w(t) = v(t) — 4y and subtract (4.9) from (4.10) to obtain:
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(Oyw(t), @) —|—mh”(t)l+f(h(t))l+u/Vw(t) : V¢dy+/(v(t)-V)w(t)-¢dy

Qo Qo
+/<w<t>-vm-¢dy+/<w<t>-v>s~¢dy+/<s-v>w<t>-¢dy
Qo Qo Qo
_ / Ho(t), h(t), q(t)) - ddy.
Qo

We follow the same reasoning of the proof of Theorem 3.3. We define

z(x,t) = h(t) {—aixz(((x) x1), %(C(x) x1) V(z,t) € R x (0,00),

where ( is a C'°° cut-off function equal to 1 in a small neighborhood of the obstacle By
and equal to 0 outside a larger neighborhood. We observe that, for all ¢ > 0,

2(t) € C®(R) N HY(R), divz(t) =0, 2(t) =h(t)é in By.
Moreover, the following estimates hold:
202 (r) <ar|n@)],  IV2(®)llL2r) < azlh(B)],  [2()l|z=(r) < as|h(t)]
IVz()llL=(r) < adlh(®)],  llze)llz2(r) < as|h'(B)],

where a1, a9, a3,a4 and a5 are constants depending on the cut-off function ¢. We intro-
duce, for w € (0,1) to be fixed later, the energy and its perturbation

E(t) = [w(t)|22 () +mh (1) + 2F(h(t)),

E,(t) = E(t) +2mwh(t) W (t) + 2 / w(t) - wz(t) dy.
Qo

Such functionals satisfy (3.4), provided that w is small enough. Then, choosing (¢,1) =
(w+ wz, ' + wh), we infer

By —mwh’™ +wf(h)h + p|| Vo2,

N =
SN

——Q[f(v,h,cn~wdy—/<w-V>aA-wdy—/(w'V>s-wdy+/w-w2tdy

Qo Qo Qo

—,u/Vw:szdy—/(w'V)s~wzdy+/(w~wV)z~wdy—/(s~V)w~wzdy
Qo Qo Qo Q,

—/(w~V)ﬁ>\-wzdy—/f(v,h,q)'wzdy.
Qo

Qo
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Next, we estimate the right-hand side. We start by the first term. Following [32], we
divide f into pieces

f=fi+f2+fs+fatis

with

fi :=(0k0ip" 0" + (071" (D" Y Z [ mlk@i)ajwlvk+(8l2k90i)ag2'jwlvk:|7

J

fo :=0kp D" (0)")
> 0507 (0 )00 00!+ B O 01) + (G 050y
(8zk</7 )L Wk, fa = Ulalvk(akwi — k),
=(Okp" — i) 00" + Opma(0i* — 6ik) = Y (Okp' P 050" — Gijumd;0) Dy,

J

— —h
ot w
[l

We have the following estimates, where we use (4.8).

e Concerning the first three terms:

[ 1wy < Cllollaa helzsnli] < Clolzzn (Il +mi?)
Qo

[ 12 wasl < €IVl 200 ] < CITUl200) (el +miv?)
Qo

/fs cwdy < CllolFagan 1wl 2@ '] < Cllvll2 @) V2l 220 (||w||%2(90) + mﬁd)
Qo

e For the fourth and fifth terms, following [32], thanks to Lemma 4.3, we have

1 i
/f4 rwdy < Cllvllpagao [t Vol oo 15 Ore" = dik) | o= (@0) llwll 22(00)
Qo

< Ol s It VUl La o) 17 Ilwll 2 00)

1/2 1/2 7
< ClIVo|l oty 011t It V0l o) 17 0] 2 e -

Next we notice that

bi() = Vol Dl o It VOl Ol sy € LHO,T),
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due to the Holder inequality with exponent p = 4 and ¢ = 4/3. Hence we obtain
~wdy < Cllvll g, b wlz gy +mh'
fa-wdy < UllL2(00)01 | 1WIIL2(00) T T
Qo

Next, we introduce

ba(t) ¢=||tatvk('»t)HLm(ﬁl(t)) + 10k (5 D)l pass @1 1)
60" )llwarsgan gy € L0,T).

We deduce that

/f5 cwdy < Choll||[wlLaay) -
Qo

Next, we apply the Young inequality twice as follows
2/3 4/3%
[ 1wy < 8wl + 000
Qo

4/3 4/3% |
< Cbz/ ||w\|%2(szo) + Cbz/ h'? + §HV1U||2L2(QO)a

where by ()43 € L'(0,T).

If we set

Dy (t) :=vllL=(0.7:L2(00)) (1 + [IVV(- )] L2(020))

12 s 1 (4.12)
+ HU||Loo(07T;L2(QO))b1(t) + b2(t) el (O,T),

we obtain then

[ 00.10.a(0) 0 dy < PO (RO + 0 + £ IO 0
Qo

Let @ be a positive and increasing function with respect to its variables. We observe
that by Lemma 4.3, in particular estimate (4.4), we infer that the function D; in (4.12)
is such that

Dl(t) = Q(”U(t)”Lz(Qo)a va(t)HLQ(Qo)a ||g||L°°(Qo)a ||S||L°°(Qo)7 ||VS||L°°(Q())) .

Analogous computations bring to the existence of a function

Dy(t) = QUIlv(®) | 22 (20): VV() | 226205 [191] o0 (520) 5 [18 ]| Lo (020 1V 8l £ow (20)) 5
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such that

/f(v(t), h(t),q(t)) - wz(t) dy < Da(t) mh' () + W ||V2()]1 720
Qo

For the second term and the third term, we exploit [28, (2.26)], the Poincaré inequality
and the properties of s defined as in Lemma 2.1. We obtain

/ (- V) - wdy < w2400 V8]l 220y
Qo

2

1/2
<(5) Vel ol Vi)

IA

I /9\3/2 ,
2 (2) 190l Vs lz2ca,

and
/(w Vs wdy < ||Vsl|aap llwlLae) [[wl| L2 (00)
Qo

2\ '/ 1/2 3/2
<(5) I9sllscan I 9l}Zha, ol

oI\ 3/2 7 9\ 1/4
<<_> (ﬁ) V5]l ) Vel 724

™

With the same arguments of those in Theorem 3.3, we estimate the terms involving the
function z as follows

44L2
/w werdy < 16||Vw||L2(R)+ W2 zell2 ()
Qo

" 4
—u/Vw rwVzdy < E”va%Q(R) + EW2||VZ||%2(R) ;
Qo

M 2
- /(w . V)s cwzdy < §||V1UH%2(R) + ;WZHVZH%?(R) ’
Qo
412 2
(w-wV)z- - wdy < W?HV'Z”L“(R)HVQ‘)HLQ(R) ;
Qo

~ [ V- wzdy < Isllmonll Vol el
Qo

u 2
g” sl 7 (Q0) ”vaL?(QO) + W ||Z||L2 (R)
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and, finally,

. 2L .
= [w Dy wrdy < 2 ITwl 20 IV 120l o)
Qo

4L2 2
< —va||L2(QO ||VU>\HL2(QU) + HZHLoo R)

Next, with the very same arguments used in Theorem 3.3, provided that w is small
enough we arrive at stating that there exists cg > 0 such that

d " 2
aEw(t) + wF(h(t)) + Zuvw(t)uizmg) + c3h/ (1) (4.13)
3/2 3/2 7/4
2L 2L
<22 (23) T 0BTl + 3 (2) T I9slsia Vol
4L 2
4 21)1(15)( IVw(®)]Z20,) + mh’(t)2> + 2D, (6)mh (1)

p L N
+ Z||5||2Lo<>(90)||Vw(t)||2L2(QO) + ?va(t)ll%?(ﬂo)”VUAH%Z(Qoy

From Theorem 2.3 we have that, if A\ < A, (the threshold for uniqueness of solutions for
the stationary problem), there exists C; = C1(\) > 0 such that C1(A) — 0 as A — 0 and

Vx| 220y < C1(N).
On the other hand, from Theorem 3.3 and Theorem 3.5,
Di(t),Da(t) = 0 as A—0 Vt>tog+1,
with tg as in (3.13). Thus, with ¢ sufficiently large, every term on the right-hand side

of (4.13) multiplying HVw(t)H%Q(QO) and 1/(t)” tends to 0 as A, — 0. As a consequence,
one can find Ay > 0 such that, if A < Ay, there exist ¢4, c5 > 0 such that

d
— By + wF(h) + callwl[32 (g, + csh' <0,

dt
where we have used implicitly the Poincaré inequality. Use (2.4) and the definition of E
to obtain
d E,+vE <0
at e TR =

2cs

with v = min{2w, 2c4, 52} > 0. Then, renaming v/cz as vy, we find from (3.4) that
%Ew +vE, <0, Which, together with (3.4), implies that c; E(t) < caE(0)e™ . Thus
there exists ¢ > 0 such that
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[o(t) = @l 72(,) + mh' ()% + 2F (h(t)) < ¢(|lao — |72 () + mko®)e™ ™, (4.14)

since F(0) = 0. From (4.14), the convergence of the solutions in H, is established as
t — oo, which proves the claim. O

5. The dynamical system approach
5.1. Semiflow vs semigroup

We now want to revisit the results of Section 3 within the framework of infinite-
dimensional dynamical systems, where the solution is viewed as a trajectory in a suitable
phase space. Let us begin with the abstract definition of a strongly continuous semiflow.

Definition 5.1. Let (X, d) be a complete metric space. A family of one-parameter maps
S(t) : X — X is called a (strongly continuous) semiflow on X if

(i) S(0) =idy (the identity map in X);
(ii) the map ¢t +— S(t)x is continuous for all z € X
(iii) the map x +— S(t)z is continuous for all ¢ > 0.

If in addition the concatenation property holds, that is, S(t + 7) = S(¢)S(r) for all
t,7 > 0, then S(¢) is called a strongly continuous semigroup (see, e.g., [48]).

Obviously, a semigroup would simplify the analysis of the dynamics but, as already
mentioned, the evolution maps S(¢t) of (2.26)-(2.27) do not satisfy the concatenation
property. The main reason relies on peculiarity of (2.26)-(2.27), where at each time step
the pair (a(t),h'(t)) belongs to a different functional space Hyy), for the domain of
fluid €244 depends itself on the solution. The key idea to overcome this difficulty, for a
given initial position hg of the obstacle, is to map at every time ¢ the cylindrical domain
Q) x (0,T) onto Qp, x (0,7'), via a suitable change of variables.

Throughout the whole section, let then

ho € (—L+9,L —9)
be fixed, and denote
H={z=(v,l) e H(R) |vp,, = lé2}, H' = {2 = (v,]) € V(R) |vB,, = léa},
to which we associate the norms

Hzniz/wﬁdﬁmﬁ, ||z||%1:/|vU|2dx+mz2,

Qg g
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where z = (v,1), and m is the mass of the body as in (2.27). The spaces H and H'
are exactly the ones defined in (2.23), where the dependence of hq is dropped, since the
position hg of the obstacle is now fixed. In particular, we have the compact embedding
H' € H. Given zy = (@, ko) € H, we consider the solution operator U(t) : H — Hps) of
Section 3, recalling that h(t) is the second component of the weak solution to (2.26)-(2.27)
with initial data (g, ho, ko). Hence,

Ul(t)zo = (a(t), 1'(t)).
Let g9 € (0, L — §) be such that

in dist(0B T) > eq. 5.1
in ist(0Bp1),I') > €0 (5.1)

The existence of such an ey comes from Corollary 2.9. For this h(t), we can build for
any t > 0 the map (¢, -) of Proposition 4.4, where we take ¢ = ¢, and define its inverse
with respect to the space variables, that we denote by ¢(t,-) = ¥~1(¢,-). In order to
recast our results in the semiflow language, the main ingredient is the introduction of
the family of maps, depending on h(t),

P, : Hh(t) — H,

given by

Dy(a(t), W' () = (Vo (p(t y),t) - ale(t,y), 1), I (),

whose properties will be described later in this section. Then, we define the one-parameter
family of operators

S(t):H—H,
acting by the rule
20 S(t)Zo = (I)t(U(t)Zo). (52)

Roughly speaking, what we do is to think the obstacle as fixed during the whole evolution.
Accordingly, the variable h loses its physical meaning, since it does not represent any
longer the position of the obstacle, but its effects appear inside the equation through the
map P,.

Theorem 5.2. The map S(t) fulfills the semiflow azioms (1)-(iil) of Definition 5.1 on the
complete metric space H, endowed with the distance induced by the norm || - ||3.

As it will be clear, it is however false that S(t) is a semigroup. The proof of Theorem 5.2
is carried out in the remaining of the section. In particular, in the next Subsection 5.2,
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we state and prove some preliminary results in order to properly characterize the action
of the map ®; on problem (2.26)-(2.27). The conclusion of the proof will be given in
Subsection 5.3, by verifying the semiflow properties of Definition 5.1.

5.2. Properties of the map ¥,

Recalling that hg € (=L + §,L — §) has been fixed once for all, throughout this
subsection, we consider a given ¢ € (0, L — §) and a given function

heWh®(0,T;[-L+d6+¢e,L—0—¢]) VYT >0 (5.3)

such that
h(0) =ho,  Bpy CO.  Vtel[0,T).

With this choice, let s = s. be a function obtained through Lemma 2.1. Moreover, we
can build the volume preserving diffeomorphism v of Proposition 4.4, along with its
inverse ¢ = ¢!, Then, we denote

09ROy 000wy a(Ogn Do Ogkg\ _ OV Dl
Jii Oyt Oyi’ g Oxk ok’ ki oy oyt oy Ox! Oykoyt’
(5.4)

where g;; defines a metric on R? since det(gi’; )i,; = 1. Call (now the space variable is y)
U(yv t) = Viﬁ(@(t y)v t) ’ a(@(t, y)v t) Y€ Qhov (55)

the pullback of @ by ¢, and set

q(y,t) = p(e(y,1),1).

We follow the procedure in [47, paragraph 4.2] to transform the Navier-Stokes equa-
tion (2.26) in the cylindrical domain Qp, x (0,7T). Thanks to (4.6), for each term involving
s, the maps ¥ and ¢ correspond to the identity. Thus, we obtain the (weak) problem with
variable coefficients in the new unknown v (at this stage, the function h(t) is prescribed)

vi+tMov—pLlv+Nv+(v-V)s+(s-V)v+Gg=3§ in Qp, x (0,7
dive =0 in Qp, x (0,7)

v=>0 onT x (0,7)

v="heé on OBy, x (0,T)

lim ’U(yl,yg) =0

ly1|—o0

’U(O) = ﬂo.
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The operators M, £, N appearing in (5.6) are defined here below (the exponent i stands
for the i-th component, and we use the Einstein notation).

(Mv)" =0 0’ + O (00" W* + Oxap' OF, " Oip o™,
(Lv)" =0, ;9™ (02,1" ) O 0,0 + 9;9™ 0% 0" 059" + O (92,401
+ O 0™ (D) 05 0" + O (D000 0"
+ Ok (D) 050! 0™ D ”,
(Nw)E =0l o’ + Optp™! (9F, 0" )0*,
(Gq)' =9"0;q.

Remark 5.3. Note that:

- (8¢ + M)v corresponds to the original time derivative 4y;
- Lv corresponds to Ad;

- Nv corresponds to (4 - V)i;

- Gq corresponds to Vp.

In particular, in A. these operators coincide with the original ones; the same is true in
O, except for

(0 + M)v = (9; — h'éy - V).
The first equation in (5.6) can be rewritten as
ve—pAv+ (v-VI)v+Vg+ (w-V)s+(s-V)v=3§+ F(v,h,q),
where
F(v,h,q) = pu(L — Ao — Mv— (Nv—(v-V)v) — (G —V)q.
Observe that

0 in A,
Flo,hq) =4 . -
h'és -Vuv in O,

thus F has compact support in ,. The introduction of the maps ¢ and ¢ allows to
remove the dependence on time from the fluid domain, with a consequent strengthening
of the coupling between the equations governing the motion of the fluid and the one
governing the motion of the obstacle. Such a strengthening appears in the fictitious force
F = F(v,h,q), where the dependence on h is hidden in 1 and ¢. This renders the
dynamics structurally non-autonomous, and this is the reason why we do not end up
with a semigroup.
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Remark 5.4. If h(t) is not just any prescribed function, but it is exactly the second
component of the weak solution to (2.26)-(2.27) with initial data (dg, ho, ko), and € = &g
with €g as in (5.1), we have the equivalence between (5.6) and the original equation (2.26),
in terms of strong solutions. This was proven in [47, Propositions 4.5, 4.6], which in turn
refers to [37, Theorem 2.5]

Here, we are interested in the construction of weak solutions. To this aim, leaning on
some ideas of [41], we introduce for any fixed ¢ > 0 the scalar products

(v1,02)1 = / 053 (4, )0k (1)l (4) dy.

Qh()
<ngla ng2>t = / 9ij (y7 t)gkl (y7 t)Vk’UiVl'Ug dya (58)
Qho
where
i v’ i
Vkv - 8—yk + ij’l}]7
and we denote by
o[} = (v,0);  and Do} = (Dyv, Dgv);

the induced (square) norms. We emphasize that the scalar products in (5.8) explicitly
depend on the choice of the function A in (5.3), that for the moment is understood to be
given. Under the change of variables induced by ¢, for any ¢ > 0 we have the equalities

<’l)1,’02>t = / ﬁl . 'l:lz d(E7 <Dg’L)1,Dg’l)2>t = / Vﬁl : Vﬁg dx.
Qh(t) Qh/(f«)

Moreover, since g;; is a positive definite invertible matrix and the spatial derivatives of
©(+, t) are bounded functions (see also [37, Section 3]), there exist Cy, Cy > 0 (depending
on T > 0), such that, for any fixed ¢ € [0, T7,

CrllvllL2 @) < vl < Callvllzz(@,y)- (5.9)
Analogously, there exist two positive constants C3 and Cy such that

Cs(IVullz2(0,,) < 1Dgvlle < Call VUl 22(0,,)- (5.10)

This allows us to introduce the norms on H and H!

2leae = /IvlF +miZ, 2lean =1/ DgvllF +mi?,
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equivalent to the original ones. Again, we point out that such an equivalence is uniform
for a fixed T' > 0. Now we give the rigorous definition of a weak solution to problem (5.6).

Definition 5.5. Let the given function h comply with (5.3). A function v is a weak solution
to (5.6), with initial value v(0) = 4y, if

(v,h') € L?(0,T; 1Y) N L>=(0,T; H), (O, W) € L*(0,T; H™Y),

and, for any pair (¢,1) € H' and almost every ¢ > 0,

(Du(t), B)t + (Mu(t), d)y + mh” () + f(h(t)) ] — u(Lo(t), d)s + (Nv(t), d)y
+ /(v(t)~V)s-¢3dy+ /(s-V)U(t).g;dy - /g.qzdy, (5.11)

Qhng Qng Qng

We are ready to prove the equivalence between problem (5.6) and the original problem
(2.26)-(2.27) in terms of weak solutions.

Proposition 5.6. Let (4, h) be the weak solution to problem (2.26)-(2.27) with initial data
(Gig, ho, ko), and let v be a weak solution to (5.6) with the same h and initial datum g,
in the sense of Definition 5.5. Then @ and v are related by (5.5), that is,

U('v t) = VW@(K ')’ t) : ﬂ((p(t, ')7 t)'

Proof. The proposition is proven by establishing a correspondence among each term in
(5.11) and in (2.29). The function h is now the second component of the weak solution
(@i, h) to problem (2.26)-(2.27) with initial data (g, ho, ko), and g¢ is as in (5.1). Then,
we can build the map v of Proposition 4.4, where we take ¢ = €¢, and define its inverse
with respect to the space variables, ¢ = 1 ~!. From (5.5), we obtain that

(z,t) = Vo((t,z),t) - vyt x),t). (5.12)

Concerning the test function ¢ and ¢ appearing in the two definitions of solution, ap-
plying the change of variable we produce a bijection ¢ <+ ¢ given by

¢('T>t) = V‘:D(w(tvx)?t) ’ q}(z/)(t,x)) (5'13)

Indeed, as ¢ and ¢ are volume preserving, we do not lose the divergence-free property
of the functions (see for instance [37, Proposition 2.4]). Thus, by plugging (5.12)-(5.13)
into (2.29), after integrating by parts and using the fact that y = ¢(t,x) € Qp,, we
obtain
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/ hVe(y,t) - vy, t)] - Veo(y,t) - dy) dy +m B ()I(t) + f(h(t)) I(t)

Qho

—u/A[@(yi)-v(y,t)]-Vw(y7t)~<?>(y) dy

Qho

+ [ 100 V)5 -6) + (5 D) (w.6)- dlw)] dy

Qng

+ /(Vso(yyt)-v(%t)-V) [Vo(y,t) - v(y,t)] - Ve(y, t) - dly) dy = /Q-iﬁ(y) dy.
K K (5.14)

We remark that in the equality above we have used the properties of a function s of
Lemma 2.1, which is nonzero whenever @, are the identity, together with the function
g of (2.20). From (5.7), we have that

[Vp(y,t) - v(y,t)] = O’ 0vF + O’ O 0! + (k0" )0F + 070 Opptu®
= ' 0" + O (M)’
Alp(y,t) - vy, t)] = 0;0™ (02,50 ) O™ 00" + Opp' 0,0 02, W 00" + O’ O™ (92,41
+ 059" (00" ) 00" + (") 050" + (Ofp") 05! 050 D 0
= Onyp' (Lv)',
(Vely, t) - vy, t) - V) [Vep(y, t) - v(y, t)] = dpp'v' 910" + o' (80 ) 0" = Ok’ (Nw)'.

Thus, through the definition of the scalar products in (5.8), we obtain that (5.14) is
equivalent to (5.11), which completes the proof. O

5.3. Proof of Theorem 5.2

On account of (5.5), we rewrite the map ®; as

O (at), B (1) = (v(t), W' (1),

where now v is defined by choosing the function A(t) to be the second component of the
weak solution to (2.26)-(2.27) with initial data (@, ho, ko), and € = &g, with g9 as in
(5.1). Then, point (i) of Definition 5.1 follows directly from the properties of 1 and ¢.
Point (ii) is a consequence of Theorem 2.8 and Proposition 5.6, from which we learn that
(v, h') is equal almost everywhere to a continuous function from [0, 7] to H with respect
to the norm | - |¢ %. By the equivalence relation between the norms given in (5.9), this
implies the continuity with respect to || - || as well. The next proposition proves point

(ii).
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Proposition 5.7. Let R > 0 be arbitrarily fized, and let n = 1,2. For any pair of initial
velocities

Zon = (lio,n, kon) € H  such that  ||zon|ln < R,

the estimate

15(t)20,1 = S(t)z0,2lln < Kll201 — 20,2/l
holds for every t € [0,T), for some positive constant K = K(R,T).

Proof. Let 2, = (tio,n, ko,n) € H be such that ||zo || < R. Setting further h,(0) = hg,
there exists a unique weak solution (4, h,) to problem (2.26)-(2.27). From Corollary 2.9,
there is €p, depending on R and 7', such that By, C O.,. Thus, through Lemma 2.1 we
can build s = s., as well as 9, as in Proposition 4.4 and ¢,, = !, where the subscript
n = 1,2 depends on whether we consider h; or ho. In order to estimate the distance
between S(t)zo,1 = (v1,h1) and S(t)zo2 = (v2,ha) in terms of the distance between
20,1 and zp 2, we exploit again the result and the procedure implemented in [44, Section
5], where it is proven the uniqueness for solutions to problem (2.26)-(2.27). The same
procedure has been used Section 4, and it can be recast here step-by-step, up to the
obvious changes. In order to make the proof of the theorem self-contained, let us briefly
describe the procedure: we introduce the two maps

F:RT x th(t) — Qh1(t) and G:R* x th(t) — th(t)v

defined as

F:<P1(t,¢2(tax)) and G :SDZ(tawl(tvx))'
This is possible since hy(0) = ha(0) = hg. Following [44, Section 5], let

ﬁQ(:Cat) = VF(G(Z‘),t) : ﬂg(G(l‘),t) T € th(t)
be the pullback of iy by G, and ga(z,t) = p2(G(z),t). Next, we call
w =1y — 1, h =hy — ha,

and we take the difference between the weak formulation satisfied by (41, k1) and that
satisfied by (lig, ha). We obtain

(Opw, @) + m B 1+ [f(h) —f(hg)]H-u/Vw :Vodr + /(ﬁ1~V)w-¢dx

R Qpy

+ [ (w-Vlig-ode+ [ (s-Vw-opdx+ [ (w-V)s-ddx= f-odx,
[Ty P .

th th th hq
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where the expression of § reads as in (4.11), once we substitute v with fiy, Qg with Q,,
© with G and ¢ with F. Then, we take (¢,1) = (w, ') and we get

h1

1d 2

5%('1””%2(%1) +mh’ +2/f(8) dé‘) +M\|Vw||i2(9hl)
hia

:—/(w-V)ﬁg-wdx— /(w-V)s-wdm (5.15)

th Qh]

+/f-¢dm.

th

Next, we estimate each term on the right-hand side. The first two terms can be bounded
by suitably exploiting the Holder inequality, [28, (2.26)], the Poincaré inequality and the
Young inequality. We obtain

’/(w-V)ﬁ2~wd:c

Qn,

< lwlZa, ) IVizlz2@,,)

IN

9\ /2
() ol 90l [ Vil o,

2 . %
%||VU2H%2(QM)||w||iz(9h1) + Zva”%?(th)’

IN

and

< HwH%‘l(th)||VS||L2(Q}11)

‘/(w-V)s-wdm

th

IN

9\ /2
() Mol Vul, 95,

IN

2 1%
%”vs”%Q(Q,Ll)”w”QL?(th)+Zva”2L2(Q,L1)'

For what concerns the last term, analogously to what we did in Section 4, we can proceed
step by step, up to the obvious changes, to obtain the existence of a function

Dy =Di(t)

= QU2 L2 (@n,) V2Bl 2@, ) 13l e (R) 18]l e () [ V5] Lo () € LH(0,T),
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the L'-bound depending only on R, such that

o0 M
[ 1 6dn <Dullulaga,, + mi) + G IVulia,

th

Then, calling
A _ 2 2 2 ~ 2
(t) = Du(t) + 3 IVsilzz(a,, () T 3 IVia(D)l22(q,, )

and by inserting all the above inequalities in (5.15), we get

1d

h1
2 2
§E<||w||2m(ghl) +mh’ +2/f(8) d5> < AlwlZeq,, ) +mh).
ho

Moreover, defining the functions

2
@(t) - ||’U)(£L',t)||%2(ﬂh1(t)) + mh’(t)

= l[a1(x,t) — VF(G(2),1) - 12(G(2), ) Z2(q,, ) + m(h1(t) — ha(1))?,
and observing that
©(0) = ||to,1 — ﬁog”iz(ﬂho) +m(koq — k072)27

we obtain
t
o) < () +/2A(T)@(T) dr Vie[0,T).
0
The Gronwall Lemma (integral form) then gives
O(t) < KO(0) vt e[0,T), (5.16)

having set K = exp [fOT 2 A(7) dr]. The final step is to rewrite (5.16) on €, by applying
the coordinate transformation = = ¢4 (¢,y). Given

vi(y,t) = Vi (pi(t,y), )1 (pi(t, y),t) and  wva(y,t) = Viba(pa(t, y),t)-da(pa(t,y), 1),

for all ¢ € [0,T] we obtain

IVer(t,y) - vi(y,t) — Vr(t,y) 'U2(yat)||2L2(Qh0)+ m (b (t) — hy(t))?

< K(H@o,l — 0222, ) + m(koa — ko,2)2>7
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which in turn can be rewritten as
lon(®) = v (Ol + m(R5(8) = W) < K (lldon = 0,230, + mko = ko2)?)-

Note that the norm || - ||; above is constructed by taking ¢ in (5.4). Therefore, recalling
the definition of the norm |- |; %, we arrive at

|S(t)Z()’1 - S(t)ZO’Q

1 < K201 — 202w Vte[0,T]
The desired conclusion follows by applying (5.9), up to redefining the constant K. 0O
6. The global attractor of the semiflow

The further step is to translate the dissipative features of our system in the semiflow
language. Let us begin by recalling some classical notions (see, e.g., [14,48,3]). In what
follows, S(t) is a strongly continuous semiflow acting on a complete metric space (X, d).

Definition 6.1. A set By C X is called an absorbing set for S(t) if for every bounded set
B C X there exists an entering time tg > 0 such that

SHBC By  Vt>tg

The existence of a bounded absorbing set witnesses the dissipative character of a
semiflow, since the dynamics is eventually confined in a bounded subset of the phase
space. And indeed, in the recent literature, the definition of a dissipative semiflow is
exactly the one of a semiflow possessing a bounded absorbing set. Nonetheless, in spite
of its boundedness, an absorbing set can be to some extent a very large object. For
instance, if X is a (closed) subset of a Banach space, an absorbing set might share
the same dimension of the whole space (think to a ball). For this reason, one would
like to exhibit a stronger form of dissipativity. The natural way to do that is to invoke
compactness, since this is the correct notion to translate the fact that the dynamics loses
degrees of freedom. Accordingly, the strategy is to look for the existence of compact sets,
hence meager in the space, able to attract (in a suitable sense) all the trajectories of the
semiflow in the long-time. This attraction property is expressed in terms of Hausdorff
semidistance in X: given two (nonempty) sets 5,C C X, their Hausdorff semidistance is
defined as

d(B,C) =supd(z,C) = sup inf d(z,y).
z€B zeBYEC

In a completely equivalent manner, we can write
8(B,C)=inf{e>0: BC O.(C)},

where O.(C) = U,ec {z € X: d(z,y) < e} is the e-neighborhood of C.
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Definition 6.2. A set K C X is called an attracting set for S(t) if, for every bounded set
BcX,

lim 8(S()B, K) = 0.

Whenever there exists a compact attracting set the semiflow is said to be asymptotically
compact.

Remark 6.3. Clearly, an absorbing set is in particular an attracting set. It is also apparent
that if the semiflow is asymptotically compact, then it is dissipative, in the sense that it
possesses a bounded absorbing set.

Once the existence of a compact absorbing set is established, one might ask if there
is the best possible one among those sets. This leads to our last definition.

Definition 6.4. The global attractor A of S(t) is the smallest compact attracting set.

In the literature, the notion of global attractor is usually given in the context of semi-
groups, and not just semiflows (see, e.g., [48,3]). In particular, with the only exception of
[14], the classical definition differs from the one given above since, besides the attraction
property, one requires also the invariance, that is, S(t)A = A for all ¢ > 0. Unfortu-
nately, when dealing with semiflows (and not semigroups), the invariance seems to be
out of reach. Nonetheless, our definition makes perfectly sense. The only problem is the
existence of such a set. To this aim, we state the following result.

Theorem 6.5. An asymptotically compact semiflow possesses the global attractor in the
sense of Definition 6.4.

Proof. The idea of the proof is somehow already contained in [14], although in that
paper S(t) is a semigroup. In fact, the theorem remains true if S(t) is a one-parameter
selfmap of X', without requiring any of the axioms (i)-(iii) of Definition 5.1. Consider the
family of sets

K= {IC C X : K is compact and attracting},

which, due to the hypothesis, is nonempty. Besides, let € be the collection of all possible
sequences of the form

Yn = S(tn)mnu

where x,, is a bounded sequence in X and t,, — oco. For any y,, € € we denote
£(yn) = {w € X : y,, — w up to a subsequence}.
Note that £(y,) # 0. Indeed, let K € K. Then there exists w,, € K such that

d(Yn,wn) — 0.
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Invoking the compactness of K, there is w € K and a subsequence wy,, converging to w.
Hence,

A(Yn;, w) < d(Yn;, Wn,) + d(wp,, w) — 0.
Finally, define the set
A= Llyn).
Yyn €C
We claim that A* is attracting: if not, there exist a bounded set B C X, a sequence
t, — oo and £ > 0 such that
6(S(tn)B, A*) > 2e.

From the definition of Hausdorff semidistance, this implies the existence of a sequence
T, € B, hence bounded, for which

d(S(tn)Tn, A*) > €.

But, as we saw, y, = S(t, )2, has limit points, which belong to A* by construction. This
yields the claim. It is also apparent that A* is contained in any closed attracting set.
Accordingly, the set

A=A* (closure in X)

is the smallest element of K. An equivalent way to define A is to put

A=K,

KeK

noting that the (compact) sets IC € K fulfill the finite intersection property, for they all
contain A*. 0O

We can now go back to our particular semiflow S(t) on H associated to problem
(2.26)-(2.27), and defined in (5.2). The main result of this section reads as follows.

Theorem 6.6. The semiflow S(t) : H — H possesses the global attractor.

Remark 6.7. In the situation of Theorem 4.1, the attractor reduces to the unique station-
ary point, and the convergence rate to the attractor is exponential. But in the general
case, as it happens for the simpler situation of semigroups, the structure of the attractor
might be very complicated, and the convergence rate is not predictable: in principle it
could be arbitrarily slow. An interesting issue would be to consider a different object,
relaxing the minimality condition characterizing the global attractor, which remains
compact and attracts the trajectories at an exponential rate. Paralleling the terminology
of the classical theory, this object would be an exponential attractor.

Before entering the details of the proof, let us recall once again that we are working
under the hypothesis that hg € (=L 4 0,L — §) is fixed. Theorem 6.6 makes use of
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the technical results of Section 5.2. In view of the definition of the semiflow S(t), the
function h(t) will always be the second component of the weak solution to (2.26)-(2.27)
with initial data (g, ho, ko). Our purpose is to investigate the long-time dynamics of
S(t)z0 as zg = (7, ko) is allowed to run in a bounded set of H. To this aim, we need to
improve (and make uniform) the equivalence relations between the norms given in (5.9)
and (5.10). This can be done by exploiting the dissipativity properties of the solution
operator U(t) of Section 3.

Proof of Theorem 6.6. In the light of Theorem 6.5, all we need to do is showing that S(t)
is asymptotically compact. In fact, we will obtain a stronger result, namely, the existence
of a compact absorbing set B; C H. Indeed, given a bounded set B C H, we know from
Theorem 3.3 and Theorem 3.5 that there exist two universal constants Ry, R > 0 and
two entering times

to = tO(B) and t1 = tl(B) = to +1

such that, for every zy € B,

102000 = \/laO 2@ + mH () < Ro V> to, (6.1)

and

1U®z0lle:,,, = \/HVﬁ(t)HLz(Qh(t)) +ml(0)? <R Vt>t. (6.2)

Inequality (6.1), together with (3.5), implies the existence of a constant C' = C'(Ry) such
that

HhHWI’OO(tO,oo;R) <C.

Thus, for every t > tg, relations (5.9)-(5.10) improve into

CillvllL2 @) < vl < Callvlizea(y,), (6-3)
Csl|VollL2(@uy) < I1Dgvlle < CalVollL2(04,) (6.4)

where now the constants Cy,Cs,C5,Cy depend only on Ry (and on tp). Invoking the
coordinate transformation ¢, we have the equality

V@)l L2(@0y) = 1Dgv(t)]]e-
Looking at (6.2) and to the definition of | - |; 31, this yields
|S(t)Bl31 = HU(t)BHH}L(t) <R Vit >t.

Hence, taking ¢ > t; > tp, from the (uniform) equivalence of the norms established
in (6.3) and (6.4), up to redefining the universal constant Ry, we conclude that

|S(t)Blsr < R1 Vit >t.
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This means that the ball B of H; of radius R, which is compact in H in view of the
compact embedding H! € H, is an absorbing set for S(¢). O
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