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Stochastic Optimization through Nonlinear Uncertainty
Mapping: Application to Weak Stability Boundary Transfers

Alessandro Martinelli*, Carmine Buonagura*, Carmine Giordano¥, and Francesco Topputo§
Politecnico di Milano, 20156 Milan, Italy

The advent of CubeSats for space exploration has underscored the need for a more stochastic-
oriented mission analysis. Due to their limited orbital control authority and significant command
execution errors, CubeSat missions are more vulnerable to space flight uncertainty. As a result,
mission analysts are increasingly seeking optimal solutions from a stochastic perspective, by
embedding uncertainties into the optimization phase. In this work, uncertainties related to
initial conditions, maneuvers execution, and navigation are incorporated into a stochastic
trajectory optimization process. The proposed method leverages a novel implementation of
the unscented transformation, where a continuous propagation map avoids the simplification
associated with sigma points resampling. With this approach, the problem is formulated as a
nonlinear programming problem. In addition, an optimal guidance strategy is developed and
compared to traditional strategies. The method is applied to weak stability boundary transfers,
using the LUMIO CubeSat mission as the case study. This marks a novel and significant
application. Results show that stochastic optimization can generate new nominal trajectories
that require less fuel and are more robust, if compared to those obtained through deterministic

optimization only.

I. Introduction

1ss1oN analysis deals with space flight trajectory optimization by minimizing an objective function, such as
Mthe control effort or the time of flight, while satisfying a set of constraints. This optimization yields a nominal
trajectory to follow and the control commands to be executed throughout the space flight. However, real-life uncertainties
make it impossible to adhere to the nominal path. Uncertainties stem mainly from three sources of errors: actuation,
navigation, and dynamical modeling [[1]. Actuation errors represent the difference between the desired thrust action
and its real execution. As such, they affect the control of the spacecraft. Navigation errors represent, instead, the
difference between the real trajectory and its estimate. They affect the knowledge of the spacecraft trajectory. Errors in

the dynamical model are due to its difference with the real dynamics. They arise from model simplifications, unknown
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forces acting on the spacecraft, and the imperfect knowledge of the model parameters. Additionally, mission analysis
often deals with uncertain initial conditions. These are the results of the uncertainties of the launcher trajectory, which
produce errors in the orbital injection of the spacecraft.

In practice, mission analysis deals with uncertainties in a sequential approach [2]: first, a nominal trajectory is
produced as the result of a deterministic optimization process; afterward, the effect of the uncertainties is considered with
a navigation assessment. During the latter, both knowledge and dispersion analysis are carried out. Here, knowledge
and dispersion represent the stochastic distance of the real trajectory from the estimated and nominal ones, respectively.
Based on these two analyses, the navigation cost can be evaluated. The total cost of the mission, i.e., the AV, is given
by the sum of the deterministic cost of the nominal trajectory and the stochastic navigation cost. By definition, the
sequential approach is sub-optimal, as only the deterministic cost is optimized, while the stochastic one is simply
evaluated. This approach is appropriate for traditional space missions, characterized by generous propellant budgets and
a navigation cost constituting a minute fraction of the deterministic cost. The advent of miniaturized platforms for space
exploration, such as the interplanetary CubeSats [3], calls for a paradigm shift in space mission analysis. These systems
have skeletal propellant budgets, and are prone to large actuation and navigation uncertainties, mainly due to immature
technologies. These uncertainties expand further when CubeSats fly in highly perturbed environments [4]], where the
effects of dynamical model errors are more relevant. Example of these environments are the weak stability boundaries
(WSB) in the Earth—Moon system [3], libration-point orbits of the 3-body problem [6], and the orbits around small
celestial bodies [7]].

These novelties require a stochastic-oriented mission analysis, which elaborates on methods for space flight trajectory
optimization under uncertainty. The stochastic optimal control problem [8]] can be directly considered, by formulating it
through the Bellman equation for discrete-time problems [9], and the Hamilton—Jacobi—Bellman (HJB) equation for
continuous-time [10]. Numerical solutions of the HIB equation have been proposed in [11}[12], while locally expanding
the Bellman equation around a reference trajectory has brought to differential dynamic programming (DDP) [13], and its
generalization, named stochastic DDP [14]. Alternatively, it is possible to deal with the stochastic nature of the problem
by employing uncertainty propagation techniques [[15]. Although these techniques come from the field of navigation and
estimation, they can be used in a stochastic trajectory optimization problem. Indeed, with these techniques it is possible
to deterministically assess the uncertainties, thus transforming the stochastic optimization problem into a deterministic,
more conventional problem. These methods can be classified as linear, when they involve a linearization of the dynamics
with respect to a reference trajectory [16], or nonlinear methods, which are more computationally expensive, but can
produce more accurate predictions. In all these methods, unbounded distribution are often considered. However,
imposing hard constraints on unbounded stochastic states is not possible. Therefore, constraints are often reformulated
in probabilistic terms, by requiring the probability of meeting the constraints to exceed a specified threshold. This

approach is known as chance-constrained optimal control [17, [18]].



The methodologies for trajectory optimization under uncertainty have been applied in a diverse range of problems.
In [19]] linear covariance propagation has been used with maneuver execution errors and process noise to optimize the
number, location, and magnitude of impulsive correction maneuvers in a trajectory from LEO to a near rectilinear halo
orbit (NRHO). The unscented optimal control problem was first considered in [20], where the nonlinear propagation
technique of the unscented transformation (UT) [21]] was used to handle navigational uncertainties in an open-loop
framework. As a further development, the unscented transformation has been used in an hybrid multiple-shooting
approach [22] 23]], to optimize trajectories while controlling the covariance and abiding to chance-constraints on the
maximum thrust. This approach was applied to interplanetary transfers under the effect of navigation errors and
process noise in the dynamics. In other works the unscented transformation was combined with stochastic differential
dynamic programming for low-thrust trajectory optimization, defining the tube stochastic optimal control problem [24].
Additionally, an hybrid uncertainty propagation method, mixing the unscented transformation with linear covariance
methods, was developed in [25]], and applied to a small-body global-mapping scenario around asteroid 101955 Bennu,
while using chance-constraints to respect scientific requirements. Chance-constraints were also employed in [26], where
convex programming was used to solve low-thrust minimum-fuel trajectory optimization under covariance control. To
obtain higher order stochastic moments, the polynomial chaos expansion (PCE) [27] was used to develop a general
procedure for stochastic optimization under the uncertainty from the initial state and system parameters [28]. In [2], a
revised preliminary mission analysis approach, merging a complete navigation analysis inside the optimization phase,
was developed by combining PCE with an extension of UT, i.e, the conjugate unscented transformation [29]. The
procedure was applied to the optimization of an highly nonlinear transfer from the Moon to an halo orbit. A similarly
comprehensive approach, implementing a complete navigation assessment inside the optimization, was developed
in [30]], by defining the belief optimal control problem, in which the objective function and the constraints depend
directly on the uncertainty distributions, rather than the state realizations. This new approach was applied to the fly-by
trajectory of the Europa Clipper mission. The differential algebra approach [31]] was applied in [32]], to inexpensively
propagate the dynamics while solving an optimal control problem with uncertain boundary conditions. This approach
was also applied to the optimal station-keeping problem on NRHO and quasi-satellite orbits, using an high-order target
point approach [33]. A Gaussian mixture model [34] was used for spacecraft maneuver design in [33]], to approximate
chance-constraints on a non-normal distribution, while state transition tensors [36] were used for the uncertainty
propagation of each Gaussian mixand.

Although research on stochastic trajectory optimization has produced different methods to obtain optimal solutions,
usually a compromise between accuracy on uncertainty propagation and computational efficiency has to be made. Indeed,
linearized methods benefit from fast computations, but may generally lack accuracy for highly nonlinear dynamics
or long propagation times. On the contrary, nonlinear methods offer more precision in uncertainty propagation, but

require a great amount of samples to be propagated, or need higher-order dynamical expansions that may be complex to



obtain. For these reasons, only a subset of uncertainty sources inside the optimization are often considered, to reduce
the computational burden. A sweet spot between accuracy and computational efficiency may be held by the unscented
transformation, as it requires the minimum number of samples, called sigma points, to estimate the state mean and
covariance in a nonlinear propagation framework. However, the sampling of sigma points relies on the assumption
of Gaussian distribution, which may be an oversimplification for complex dynamical systems. The present work
proposes a new methodology to solve these issues. In particular, a new method for stochastic trajectory optimization
with impulsive guidance is developed. The method considers all the main sources of uncertainty, which are the initial
conditions, the maneuvers executions, and the navigation, while process noise in the dynamics is implemented after the
optimization. The costs of both open-loop nominal maneuvers and closed-loop correction maneuvers are minimized
together, while satisfying stochastic covariance constraints on the final target. The method relies on the unscented
transformation to propagate the uncertainties and transcribe the stochastic optimization problem into a deterministic
nonlinear programming (NLP) [37] problem, which can be solved through conventional gradient-based optimization
techniques. However, the implementation of the unscented transformation improves upon previous research [[22H25]]
by using a continuous propagation map, where trajectories and uncertainties are propagated together from the initial
to the final time. As a consequence, no resampling of the sigma points is needed during propagation, which avoids
the simplification of assuming a Gaussian distribution at each resampling time, and allows the nonlinear dynamics
to modify the distribution freely. Therefore, the use of a continuous nonlinear propagation map improves accuracy
while keeping the same number of sigma points. In addition, the focus of the method shifts from the propagation of
the first stochastic moments, i.e., the mean and covariance, to the direct propagation of the samples realizations. As a
consequence, the method allows propagating a nominal trajectory alongside true trajectories, where the effects of errors
are considered. Given the absence of any resampling, each one of these trajectories is continuous, which facilitates direct
post-processing applications. Additionally, conventional constraints can be directly imposed on the nominal trajectory,
eliminating the need for reformulation as required in the chance-constrained optimal control approach. Eventually, the
method allows implementing an optimal guidance strategy for correction maneuvers. This is achieved by letting the
guidance matrices be part of the set of optimization variables. This approach is compared to traditional strategies were
the guidance matrix is predetermined by a guidance law.

For the first time, a stochastic optimization method is applied to Earth—-Moon WSB transfers. These transfers are
characterized by a long time of flight, usually between 3 and 4 months, and thus require a computationally efficient
uncertainty propagation method. In addition, the highly nonlinear dynamics of these transfers marks a good test for the
accuracy of the propagation method. At last, the recent popularity of the WSB transfers for reaching the Moon, makes
them interesting candidates for stochastic optimization techniques. The LUMIO CubeSat mission [38,|39] is used as a
test case. This mission plans to use a WSB transfer to reach a quasi-halo orbit around the L, point, from which the

CubeSat will study the meteoroid flux impacting on the lunar far side. The dynamics around the target orbit further



increases the nonlinearity of the transfer, making this mission a good test case for the stochastic optimization method.
Moreover, the limited AV budget of the mission calls for further optimization of its transfer trajectory, which is achieved
through the proposed methodology. Indeed, results show that the new method yields both more fuel-efficient and robust
trajectories compared to the traditional sequential approach, where the stochastic analysis is implemented outside the
optimization phase. Eventually, results are validated with Monte Carlo simulations, to test the validity of the unscented
transformation with the proposed propagation map.

This paper is organized as follows. In Section [II| the assumptions for the problem are made, the unscented
transformation is implemented and the propagation map is defined, the guidance strategies are established, and the
final problem is formulated. In Section [[II|the LUMIO mission is introduced, the stochastic optimization problem is
implemented, and results are presented and validated with Monte Carlo analyses. In Section [[V|concluding remarks are

made.

I1. Methodology
In this section, the method for impulsive trajectory optimization under uncertainty is introduced. The objective is to
transform the stochastic problem into a nonlinear programming problem, owing to the unscented transformation. In this
way the optimization problem can be solved with conventional gradient-based optimization techniques. To propagate
trajectories alongside uncertainties, a continuous propagation map is defined. This shall contain both the propagation of
the equations of motion, and the effects of the errors on the trajectory. The objective function of the problem takes into
account both the deterministic AV, coming from the nominal trajectory, and the stochastic AV, given by correction

maneuvers. Nominal constraints are considered together with stochastic constraints on the trajectory dispersion.

A. Assumptions

Considering a generic space flight trajectory, the state x = [r,v] " collects the position, r, and velocity, v, vectors at
any time. This is discretized in n intervals, 7o, . . . , ,, corresponding to maneuvering epochs. At time ¢, initial conditions
are modeled as a Gaussian random variable, xo ~ N (X¢, Py), with mean X and covariance Py = %diag (0'3’01 3, 0'5,01 3),
where 0 ¢ and 0, ¢ are the initial position and velocity standard deviations, and I3 is the 3-dimensional identity matrix.
At time ty, for k = 1,.. ., n, an open-loop nominal maneuver, Av, and a closed-loop correction maneuver, Avg, can be
applied. Open-loop maneuvers are affected by execution errors, whereas correction maneuvers are affected by navigation
errors, through the closed-loop control, while execution errors are deemed negligible. Open-loop maneuvers occur only
at times where they are needed, while closed-loop maneuvers are executed at each time #g, fork =1,...,n— 1. An
example of a possible maneuver schedule is shown in Fig.[T] The set of indexes for which an open-loop maneuver is
planned is defined as

M= {m e [0,n] | 3 Av,} (1
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Fig. 1 Example of maneuvers schedule. Orange and red arrows are, respectively, open-loop and closed-loop
maneuvers.

An open-loop maneuver at time #,, is modeled as a Gaussian random variable, Av,, ~ N (Hm, PAvm), with mean Bm
equal to the nominal impulse, and covariance P,,,,. The covariance matrix is determined by a relative error on the
thrust magnitude, with standard deviation o, and an absolute error on the pointing angles, with standard deviation o.
In spherical coordinates the covariance is Py, = diag (O’ZV AV 12, o2, o-é), from which the covariance in Cartesian
coordinates, Py,,, , can be retrieved as

Py, = IuPy, T )

where J, is the Jacobian of the spherical to Cartesian transformation for the maneuver at time #,,,. Regarding navigation
errors, no explicit knowledge analysis is performed. Instead, for all maneuvering times a single orbit determination
(OD) error is implemented as a Gaussian random variable, eop ~ N (€op, Pop), with €gp = 0 and covariance

13,0'2

~onl 3), where 0. op and o, op are the standard deviations for the orbit determination

I .
Pop = gdlag (‘TrZ,OD
error, for position and velocity, respectively. Eventually, dynamical model errors are assumed to be negligible, and are
not considered inside the optimization. However, they are still considered in the Monte Carlo analyses for the validation

phase. Noise in the dynamics is modeled as a Gauss—Markov process [40], 77 (¢), obeying to the Langevin equation [41]:

1 (1) = =pn (1) +w (1) 3

where S is the inverse of the correlation time, and w is a driving white noise with zero mean and standard deviation
0. Operatively, the Gauss—Markov process is implemented in the equations of motion via a discrete random driving

sequence, with the so-called statistics-preserving model [42]:

-1

n(t) — noe—lﬁ&te—ﬁ(t—l[) +Z w;
i=0

1 “Bli-t; 1
ﬁ (1 —e=2B1)¢ B( t,+1)) _Hul\/ﬁ (1 — e 28-u)) 4)

where, independently of the previous time discretization, time has been divided in [ steps of duration d¢, so that for
each time interval [#;,7;41], the corresponding noise, w;, is assumed to be constant. With this formulation the standard
deviation of the driving noise can be computed as o, = \/2B80Gnm, With oG being the standard deviation of the

Gauss—Markov process itself.



B. Trajectory Propagation Under Uncertainty

All sources of uncertainty are collected inside a single N-dimensional vector of Gaussian variables, Xy, defined as

Xo~N (Ro, 7)0) = [x0, Avii, €0p] "
Xo = [EO,A_VM,EOD]T )

Po = diag (PO7PAVM’P0D)

where Avy indicates the vector containing each Av,,, and, similarly, Pay,, is the block-diagonal matrix of each
open-loop maneuver covariance matrix. From this initial distribution, a set of 2N + 1 initial sigma points is created:

Xé e{X A ¢ (2)N }, where the superscript j indicates the sigma point number. These are computed as [21]]

Xo forj=0

Xj=1 Xo+ [N+ Po|  forj=1-N ©

J
Xo - [\/(N+/1)P0] , forj=N+1-2N
-
where [-]; is the operator that extracts the i-th column vector of a matrix, and A is a scaling parameter that is assumed
zero in this work.
The propagation of the sigma points at later time #; is ensured by a nonlinear mapping, indicated with #. The
requirements on ¥ are the following:

]8]

1) The full sigma point vector, (\’i, should contain the sigma points for each uncertainty: Xi = xi, Avi€op

2) The sigma points of the state, xi, should be the result of the propagation of the initial conditions through the

equations of motion, and of the effects of the uncertain maneuvers.

. . J . . J
3) The sigma points of each open-loop maneuver, Av;,, and of the navigation error, &, ),

do not propagate as they
are constant in time. However, their effects shall be considered at each appropriate time.
4) The evolution of the central sigma point, x{;, should represent the nominal trajectory, which is clear of any error.
5) The propagation should be continuous between initial time, o, and final time, #,,, without any resampling of
sigma points at each maneuvering time, #x.
Considering the time interval between two consecutive maneuvers, [tx_1, fx ], the nonlinear mapping F : X ‘,’;_l — X ,’C
is composed of 3 sub-maps:
Fr (x;;_ 1)
X =7 (Xi) = |2 (] ™

7. (X[,



where 7, and I are the identity maps that simply output Avl{;,ﬂ and sé p at each time 7, while the sub-map ¥ is

recursively defined as

‘P(xi_latk—l,fk) lf]ZO/\k¢M
. AT
j ; So(x{{_l,fk—1,tk)+[0,Avi] ifj=0AkeM
©=Fe(xl )= , i ®)
<P(xfc_1,tk—1,tk)+[0,Avfc] ifj£0AkeM
. T T
¢(xi_1,lk—1,tk)+ [O,Avi] + [O,Avi] ifj0AkeM

where ¢ (x{;_l, th—1, tk) is the flow of the equations of motion, out of xi_l, and from ftr_; to t;. The correction
maneuver, Avi, related to the j-th sigma point at time 7, is computed with a closed-loop control (Section , and
following a prescribed guidance strategy (Section[[LD). As stated in the assumption, this maneuver is affected by the
navigation error, through its realization a'é p- The propagation map ¥ is defined recursively from 7 to 7541, but it is
continuously applied from 7o to #,,. A schematic representation of the propagation is shown in Fig.[2] It is important to
highlight that the evolution of the central sigma point represents the nominal trajectory. Indeed, x% derives from the
propagation of the nominal initial conditions, x8, and of the effects of the nominal open-loop maneuvers, AvY,, while no
closed-loop maneuvers, affected by the navigation error, are considered for correction. On the contrary, the evolution of
the external sigma points represent the frue dispersed trajectories, which contain all sources of errors and are a realistic

simulation of space flight under its uncertainties.

o ?P Ao e W
Av/ Av/ —» — AV

M

&)

oD

X} X X;

Fig.2 Propagation scheme for a generic sigma point.

Finally, the mean value and covariance matrix of the states at any time ¢, are computed with the unscented

transformation sample mean and covariance formulas [21]]:

2N
%=y wix] ©)
=0
2N . . T
Pe=) w (xi —fk) (xg —Ek) (10)
=0
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The procedure defined in this section to propagate the trajectory under uncertainty is similar, in principle, to other

where the weights are w for j=1— 2N.

methods relying on the unscented transformation, such as the ones in [22H25]]. However, the methodology developed
here introduces key innovations that offer practical advantages for mission analysis. Unlike previous approaches, where
sigma points were resampled at each time #; from the sample mean and covariance, the method developed in this work
continuously propagates sigma points with the map ¥ up to the final time ¢#,,, eliminating the need for intermediate
resampling. In other words, the procedure developed here directly works on the realizations of the trajectory, represented
by the sigma points, rather than focusing on the propagation of the stochastic moments of the trajectory, i.e., the mean
and covariance. This results in a less simplified and more accurate implementation of the uncertainty propagation.
Indeed, resampling sigma points assumes that the distribution remains normal [22H25]], which is a simplification. By
avoiding resampling, the nonlinear map ¥ is allowed to naturally evolve the distribution in a non-normal way. Then, at
each #4, the mean and covariance can still be estimated from the sample formulas in Egs. (9) and (I0). The advantage
of this implementation is that working with realizations instead of stochastic moments enables the computation of
continuous trajectories and provides a clear distinction between nominal and dispersed trajectories. The data coming
from these continuous trajectories can be directly used in post-processing applications, as for example creating a kernel
of the nominal trajectory. On the contrary, the mean trajectory would exhibit discontinuities due to sigma points

resampling, necessitating additional processing before further use.

C. Closed-Loop Control

As the effects of uncertainties accumulate in time, and as the dispersion increases through the nonlinear equations of
motion, control is needed to make the spacecraft achieve its final target. In this work, closed-loop control is used to
steer the dispersed trajectories towards the nominal one. In particular, closed-loop correction maneuvers are computed
following the Markov control policy [43], i.e., the control depends only on the current state, rather than its entire history.

Thus, each correction maneuver, Av{(, is given by the product of a guidance matrix, G, and a closed-loop error, A%?,

0

defined, for each sigma point, as the difference between the estimate of the true state, ﬁi, and the nominal one, x .

Therefore, the closed-loop maneuver is
M) = GyAR] = Gy (#] - x)) (1)

The matrix Gy is computed according to a selected guidance strategy; see Section The estimated state comes,
instead, from the orbit determination procedure. In particular, a cut-off (CO) time, Afco, is established before maneuvers,

so that the final time of the k-th orbit determination, fop k, 1S top k = tk — Atco. As indicated in the assumptions, the



. . . j
result of the orbit determination, x oDk

is given by the true state plus the navigation error:
xhp =@ (X1 otk to.k) + b (12)

Finally, the estimated state, fci is the propagation through the cut-off time of the orbit determination result, plus the

open-loop nominal maneuver, if any:

ﬁllc =9 (x{)D,k, fOD,k,tk) + [0, Av%]T ifkeM "

’ei = So(x]éD’k’tOD,k,tk) if k ¢ M

where the nominal maneuver, sz, is considered as it is the expected execution of the maneuver, which differs from its
real execution, Avi. This reflects the fact that the navigation process, which ends at time 7o p_«, has no information on
the real execution of the open-loop maneuver, which happens at time 7, after the cut-off period, Atco. In this way, the
closed-loop maneuver, Avi, does not correct the error due to the execution of the simultaneous open-loop maneuver,
Avi, which would be an unrealistic scenario. Instead, the execution error will be corrected by the following closed-loop
maneuvers, at later times.

To clarify the difference between the nominal, true, and estimated trajectories, and the computation of closed-loop
correction maneuvers, a schematic representation of the propagation process between #x_; and #x is shown in Fig.[3]
Here, the black line represents the nominal trajectory, obtained through the propagation of the central sigma point.
Similarly, the orange line is a possible true trajectory, represented by the propagation of the j-th sigma point, for j # 0.
The red trajectory is its estimate after the OD process, which is highlighted in gray. The black arrow is the nominal
open-loop maneuver, the orange one is the true open-loop maneuver, affected by the execution error, while the red one is
the closed-loop maneuver. It is important to highlight that the closed-loop maneuver is computed for the estimated
trajectory, as it is shown in Eq. (TT)), but it is executed on the true one. Lastly, the orange dots are the true states after the
execution of all maneuvers, while the red dot is the estimated state after the execution of the open-loop maneuver only,

which, as explained, is estimated to be the nominal one.

o i — G AR
av] (LY = GehT,
k-1 H xk

L 0
'/w.xk
0
Xj-1

Fig. 3 Trajectory propagation process of the nominal, true, and estimated trajectories.
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D. Guidance Strategy
To achieve the desired control, the matrix G in Eq. (TT)) should be computed with a proper guidance strategy. In
this work two different strategies are implemented: the differential guidance (DG) and the optimal guidance (OG).
The differential guidance [44] is a commonly used type of guidance for space flight applications. The main
idea behind this guidance is to compute correction maneuvers to linearly cancel future deviations from the reference

trajectory. To predict future deviations from the reference state x, the state transition matrix (STM) ®, defined as

d¢ (xo,t0,1)
6xo

6x (1), is linearly approximated as éx (¢) = @ (x, ty, 1) 6x¢9. Therefore, considering the time interval [tg, t;+1], the

D (xg,t0,1) = , is used. Considering an initial deviation from the reference, dx, the future deviation,

differential guidance is the 2-impulse solution of
(07 kst OVir1] T = @ (X, ks twt) {[07 %, 6Vi] T + [0, Ave] T} + [0, Avge]T =0 (14)

However, it is standard practice to neglect the second impulse, Avg.1, in Eq. (I4), as at 7, another maneuver can be
computed in a receding-horizon approach. Therefore, Eq. (I4) can be solved only for Avy, by minimizing the weighted
norm of the final deviation, |67 k41> + ¢l|0vk+1]|>, where ¢ is a weighting factor. This brings to the minimum solution
[44]

Avy = — (@], @, + g®], ®,,) " (O], ®,, +q®], ®,,)6r; — 6V (15)

where @,.,., ®,,,, D,,, and @, are the 3-by-3 STM sub-matrices defined by taking the rows and columns related to the
position, r, and the velocity, v. Finally, by applying the differential guidance on Eq. (TT)), with the reference trajectory as
the nominal one, ® = ® (x‘,l, tres treal ), and the initial deviation as ﬁ{( — x‘,l, the resulting differential guidance matrix,
Gy, is

Gr=- [((I);FV(I)N + qq);rvq)vv)_l ((D:—vq)rr + CI‘I’IV‘DW) g 13] (16)

Although the differential guidance works exactly only in linear dynamics, it can give good results even in nonlinear
environments, provided that the time between consecutive correction maneuvers is short. However, a more gradual
and predictive control could perform better than simply minimizing the future deviations sequentially. For this reason
an optimal guidance is considered, where the elements of G are left completely free to vary during an optimization
process. While the optimizer tries to minimize an objective function accounting for the cost of the correction maneuvers,
each guidance matrix should change accordingly. Of course, this type of guidance can be used only if a stochastic
optimization is to be performed, otherwise no knowledge on the elements of G can be attained. Moreover, there is no
guarantee that this type of guidance will work, and the solution may be application-dependent. Nonetheless, starting
from a good initial guess, such as the differential guidance itself, might ease the solution of the optimal guidance

problem.
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E. Statement of the Problem
The stochastic optimization problem is formulated as a NLP problem. The NLP vector, y, contains all the
optimization variables, which are the nominal initial condition, the open-loop maneuvers, the maneuvers times, and the

guidance matrices if the optimal guidance is considered. Thus:

[x0,Avie,t]T  if DG
[x0, Avis,g.t] " if OG

where g = [vect (G1),...,vect (G,_1)]" is the vector containing all the vectorized optimal guidance matrices, and
t=t,..., tn]T is the vector with all the maneuvering times. In the differential guidance case, no variables on the
closed-loop control are needed as the guidance matrices are completely defined by the nominal trajectory, as it can be
seen in Eq. @]) The objective function takes into account both the deterministic cost, AV, and the stochastic cost,

AVy,: their sum defines the total cost, AV,,;. Thus:
J (y) = AVtot = AVdet + AVsto (18)

In particular, AVy,; is defined as the sum of the norm of each nominal open-loop impulse, while AV, is defined as the

3-sigma value of the sum of the norm of each closed-loop impulse:

AVier = ) lIAvyl (19)
meM
AVyro = AU + 3040 (20)

where the mean value, E, and the standard deviation, oa,,, are computed with the weighted sample mean and covariance

formulas:
2N (n] .
Av = Z w (Z ||Av{<||) 1)
j=0 k=1

N (n-1 oV
O = wa(ZuAv{(u—Av) (22)

j=0 k=1
Eventually, constraints are implemented. By enabling the definition of a nominal trajectory, the method allows the
application of conventional mission constraints without requiring a chance-constrained approach. In particular, initial,

Y (xg, to), and final, ¥,, (x?l, tn), boundary constraints can be implemented. Boundary conditions are collected in the
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vector of equality constraints, ¢, defined as

Yo (xg, fo)

Coq (V) =9 W, (x0.1,) (=0 (23)

n*

c(y)

where ¢ indicates a generic set of additional constraints that are application-dependent. Similarly, nominal inequality
constraints depend on the specific optimization problem that is to be solved. They are generically collected in the vector
Cin, defined as

cin(y) <0 (24)

Additionally, some constraints of stochastic nature can be enforced as well. Indeed, without any stochastic constraints,
the minimization of the objective function would bring to small or null correction maneuvers, causing huge dispersion
on the trajectory. This should be avoided in mission analysis, because the aim is to reach the final target with high
probability. To achieve this, the final covariance matrix, P,, computed according to Eq. (T0), is constrained. In
particular, upper boundaries are imposed on the trace of the 3-by-3 sub-matrices, P, , and P,, ,, related to position

and velocity, respectively. Thus, the stochastic constraints, ¢, are defined as

0 (Prrn) — 52,
Csto (J’) = <0 (25)

 (Pyv.n) = 50

where tr (+) is the trace operator, and & ,, and &, ,, are the standard deviation upper boundaries for position and velocity.

All in all, the stochastic optimization problem is formulated as

Eq. 23)
min Eq. (I8) s.t. § Eq. @9) (26)

y
Eq. 23)

ITI. Case Study: LUMIO Weak Stability Boundary Transfers
LUMIO, which stands for LUnar Meteoroid Impacts Observer [38]], is a 12U CubeSat that is planned to fly on a
quasi-halo orbit around the Earth—-Moon L, point. From this position, LUMIO will observe, quantify, and characterize
the meteoroids flux on the lunar far side, by detecting their impact light flashes. Currently, the mission is expected to

launch in 2027. The operational orbit for the mission is a southern quasi-halo orbit around L;, stemming from an ideal
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halo with a Jacobi constant equal to 3.09 [45]]. To reach this target, an Earth—-Moon weak stability boundary transfer [3]]
is exploited. A comprehensive review of the methodologies and results of the WSB trajectory design and optimization
for the LUMIO mission can be found in [39], where the results of the mission analysis for phase B are shown. The
choice of this mission as a case study is motivated by the nonlinearity of the WSB transfer and target orbit, which makes
a good test of the effectiveness and accuracy of the proposed methodology. In addition, LUMIO is a CubeSat and its AV
budget is tight, which means that any possible saving in fuel may be relevant.

The LUMIO mission analysis has followed a sequential approach for the design of the WSB transfer trajectory:
first, a nominal trajectory is designed and optimized, and, then, a navigation assessment is performed. Along the
transfer, open-loop maneuvers consist in deep-space maneuvers (DSMs) for the intermediate impulses, and the halo
insertion maneuver (HIM) at final time. Their number, direction, magnitude, and placement in time is the result of the
deterministic optimization process. Closed-loop maneuvers are, instead, referred to as trajectory correction maneuvers
(TCMs). Following a navigation assessment, a TCM every 10 days is considered on average. The differential guidance
is used to compute each TCM direction and magnitude. A schematic representation of the LUMIO WSB transfer

trajectory, together with the operative orbit and end-of-life trajectory, is reported in Fig. ]

/ QUASI-HALO
ORBIT

DSM / TCM
WSB TRANSFER HIM

Fig.4 LUMIO trajectory scheme. The transfer trajectory and maneuvering times are in blue. The operative
orbit is in red, while the end-of-life trajectory is in yellow.

In this work, the results of the sequential approach for the optimization of the WSB transfer trajectory will be used

as initial guesses for the stochastic optimization problem. In particular, the general problem presented in Eq. (26) is
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implemented in the case of LUMIO as

min J (y) = AVges + AV sit. ’ (27)
y

2t + Atcom

ty > tr_1+ Aty fork=2-—->n

where: the final nominal state, x(,)l, is constrained to be on the quasi-halo target orbit, x 45, at final time #,,; the initial
time, fo, is constrained to be the epoch, 7y, of LUMIO release from the main spacecraft or final launcher stage, which
happens 12 hours after the launcher trans lunar injection (TLI) burn; the first maneuvering time, #1, shall happen after
the commissioning of the spacecraft, which lasts At.,,, = 6.5 days; the next maneuvering times, #, are at least Arps = 3
days apart from each other, to allow 1 day of orbit determination and 2 days of cut-off time. The time schedule during
the transfer is graphically reported in Fig.[5] for clarity. Additionally, no initial boundary constraint is implemented, as
the launching conditions for LUMIO are fixed and implicitly satisfied in the propagation map. For the same reason, the
NLP vector, y, defined according to Eq. , does not include the nominal initial state xg. The objective function, J, is
defined as per Eqs. (I8H22). All the relevant data on the uncertain variables are reported in Table[T] In particular, the
initial position and velocity dispersion are due to LUMIO release on the post-TLI trajectory. The errors on maneuvers
execution come from the choice of the propulsion system, while the navigation error is a representative value coming
from the knowledge analysis performed during the navigation assessment for phase B. Lastly, the final covariance
constraints are chosen as conventional values to limit the initial dispersion on the quasi-halo orbit, which results in lower
station-keeping costs.

RELEASE DSM, / TCM, DSM, / TCM,

TLI },COMMISSIONING > OD| CUT-OFF P P HIM

Iy ]

I Iy
Aty Aty

Fig.5 Time schedule during transfer. The orbit determination and cut-off time intervals are repeated before
each maneuver.

The dynamical model for LUMIO is the roto-pulsating restricted n-body problem (RPRnBP) [46]]. This is an
ephemeris-based model of the solar system, written as an extension of the circular restricted 3-body problem (CR3BP)
[47]. Similarly to the CR3BP, the reference frame in the RPRnBP rotates with the primaries, P; and P;, which, in this
case, are the Earth and the Moon. In addition, as the motion of the primaries is dictated by the ephemeris, a pulsation

affects the reference frame, due to the distance between the primaries changing periodically in time. The roto-pulsating
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Table 1 Data used for the stochastic optimization of LUMIO trajectories.

Name Symbol Value
Initial Position Dispersion 0.0 100 km
Initial Velocity Dispersion 070 Scm/s
Maneuver Magnitude Error TAy 2%
Maneuver Pointing Angle Error T 1.5 deg
Position Navigation Error Or.0D 0.1 km
Velocity Navigation Error or,op 0.5mm/s
Final Position Covariance Constraint Oron 1 km
Final Velocity Covariance Constraint Or.n 1cm/s

reference frame has the origin on the Earth—-Moon barycenter, the x-axis that goes from the Earth to the Moon, the
z-axis aligned with their angular momentum, and the y-axis that completes the right-hand frame. A time-dependent
conversion from the inertial frame [48] is used to build the roto-pulsating frame. Then, using the Lagrangian formalism

and a normalization similar to the CR3BP, the equations of motion can be obtained as [49]

7 S N B ) Y SR S
r Z—Z(%I:;'l-c C)r —n—z[(%l3+2zc c+C'C r+%C b
+ r—r r—r r—r 28)
miy+ny — I —rn ~ 7
+G———— (l—ﬂ) +u + Hj——= | + Asrp
e [T A Iy e

where: the symbols (’) and (") indicate derivatives with respect to the non-dimensional and dimensional time,
respectively; r, rq, r2, and r; are the position vectors of the spacecraft, the primaries, and the remaining j-th body of
the solar system, in the roto-pulsating frame; n is the mean motion of the primaries, whose value in the case of the
Earth-Moon system is 2.6653 - 1076 s~!; k is the instantaneous distance between the primaries; C is the rotation matrix
between the inertial frame centered on the solar system barycenter and the roto-pulsating frame; I3 is the 3-by-3 identity

matrix; b is the position vector of the primaries barycenter in the inertial frame; G is the gravitational constant; m; and

ny
mi+my

my are the masses of the primaries; u = is the mass fraction; [1; = asgp is the normalized acceleration

m;j .
mi+my°
due to solar radiation pressure (SRP). This is modeled using the cannonball model:

1 ¢, APyd} r—rs
kn>  m  d?*|r-rs|

asgrp = (29)

where ) is the normalization coefficient, ¢, = 1.3 is the reflectivity coefficient of the spacecraft, A = 0.23 m? is the
n

illuminated area of the spacecraft, m = 28.4 kg is the spacecraft mass, Py = 4.573 uPa is the constant reference pressure

at a distance dyp = 1 AU, while d is the current distance from the Sun, whose position vector in the roto-pulsating frame

is rs. When integrating the equations of motion, the position of the celestial bodies are given by the JPL ephemerides
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DE432 [50], which are retrieved with the SPICE toolkit [51,52]]. Similarly, the gravitational constant, G, and the mass,

m , of each body of the solar system are also provided by the SPICE toolkit.

A. Results

A step-by-step procedure is adopted to find the results: first, the stochastic optimization problem with the differential
guidance (DG) is considered, starting from the results of the sequential approach, performed during LUMIO phase B;
afterward, the optimal guidance (OG) problem is solved, using the DG solutions as initial guesses. In particular, results
for 5 different WSB trajectories are reported, in both guidance cases. These trajectories are a subset of the 52 weekly
WSB transfers computed in [39] for the year 2027. As such, trajectories are identified with the number of the week in
which the transfer sets off. In this work, trajectories with IDs #02, #11, #20, #43, and #48, are selected. This selection
assures that the transfers are distributed along the whole year, to filter out any possible epoch dependence on the results.
In addition, this selection considers the two possible types of WSB transfers, i.e., the transfers with the apogee in the
second or fourth quadrant of the Sun—Earth rotating frame [53]. Indeed, trajectory #02 and #48 belong to the fourth
quadrant family, while the others belong to the second. Trajectory #43 is shown in Fig.[6] This trajectory will be used as

reference in the discussion of the results.

@ ECI J2000 |—— WSB Trajectory #43
Moon Orbit

TLI

Release of LUMIO
1*t DSM

% 10° 27 DSM

% 34 DSM

<D

HIM

x10°

y [km]

Fig. 6 LUMIO weak stability boundary transfer trajectory #43.

Finally, to ease the solution of the stochastic optimization problem in Eq. (Z7), analytical derivatives are implemented.
The most relevant are reported in the appendix. The problem is solved with 2 different optimizers: MATLAB fmincon,
with the interior-point [54]] or active-set 55, 156] algorithms, and the sparse nonlinear optimizer (SNOPT) [57]. The
choice of the algorithm is based on the convergence property of the problem. Indeed, it is heuristically found that the

optimization with DG works better with the active-set algorithm, while for the OG problem SNOPT is preferred.
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1. Differential Guidance Results

In Table E], for each trajectory, the deterministic, stochastic, and total cost, AVe;, AV, and AV, are reported
together with the final position and velocity dispersion, o, and o, ,. Values are reported both for the sequential
approach, used as initial guess, and the stochastic optimization approach, together with the percentage variation obtained.
It is possible to see that the stochastic optimization process is able to significantly reduce the total AV for the transfer,
while also reducing the final transfer dispersion under the imposed limits. In particular, the reduction in AV,,, is due
to the decrease of AVy,,, while AV, slightly increases. This happens for each trajectory except number #11, where
the optimization produces a solution with similar AV;,; to the sequential approach result, but still reduces the final
dispersion. In general, evidence shows that the process is able to obtain less fuel-expensive and, at the same time, more
robust trajectories. To understand how the optimization achieves this, a maneuvers analysis is performed on trajectory
#43, which is used as a representative example. The analysis is shown in Table 3] which reports, for each maneuvering
event, the time of flight, the AV of the DSM, AVpsy, if present, and the AV of the TCM, AVrc s, computed as the 30
value. It can be seen that the optimization reduces the cost of the TCMs, which causes the significant reduction in AVy;,
seen in Table[2] It is important to note that the optimization does not directly act on AVrcjs, which is given by the
differential guidance, but it rather moves the maneuvers time, as it can be seen in the time of flight column, to indirectly
reduce the AV. In particular, for each trajectory, the first TCM is positioned as soon as possible, i.e., 6.5 days after
1o, to counteract the effects of the initial dispersion. The other TCMs can be anticipated or postponed with respect
to the sequential approach, suggesting that the optimizer is able to chose the optimal TCM times to minimize AV;,;.
Sometimes, the minimum maneuver distance, Az, is reached. This can happen after a DSM, so that the following
TCM is performed as soon as possible to counteract the increase in dispersion coming from the erroneous execution
of the DSM. This happens in trajectory #02, #20, and #48. These two behaviours concerning the TCMs timing are
reasonable and could have been expected even before the stochastic optimization was performed. On the other hand,
this proves the good performance of the optimization. Regarding the DSMs, instead, the optimizer is able to directly act
on both the maneuver magnitude, direction, and timing. With reference to trajectory #43 in Table 3] it can be seen
that the DSMs magnitudes are modified, while the times are slightly adjusted. Only the time of the deterministic halo
insertion maneuver is significantly modified. Indeed, the HIM is performed more than 6 days before the sequential
approach result, and its AV moves from 0.13 to 1.19 m/s. This behavior, which is common to all considered trajectories,
causes the increment on AV,,; seen in Table E} Moving the HIM time is expected to make the cost of the maneuver
increase, as the optimal HIM time had been already chosen in the sequential approach. Still, the optimizer decides to
always anticipate the maneuver.

To explain this behavior, a dispersion analysis is performed on each trajectory, both for the sequential approach and
the stochastic optimization results. In Fig.[7] the dispersion analysis on trajectory #43 is used as a representative example

of the general behavior. The trend of the dispersion is similar between the sequential approach and the stochastic
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Table 2 Results of the stochastic optimization problem with differential guidance.

AV e A sto A o r,n V,n
Trajectory ID Approach det Vs Vior or, T,

[m/s]  [m/s] [m/s] [km] [em/s]

Sequential 47.24 20.22 67.46 12.49 6.44

#02 Sto. Opt. w/ DG 49.64 9.44 59.08 1.00 0.58
Variation +5.09% -53.51% -12.42% -92.00% -90.92%

Sequential 9.66 10.05 19.72 7.18 3.02

#11 Sto. Opt. w/ DG 9.93 10.02 19.95 0.95 1.00
Variation +2.82%  -0.35%  +1.21% -86.81% -66.84%

Sequential 42.92 16.00 58.93 2.79 1.97

#20 Sto. Opt. w/ DG 43.41 9.17 52.58 1.00 0.41
Variation +1.12% -42.71% -10.78% -64.20% -79.13%

Sequential 29.96 13.07 43.03 6.64 291

#43 Sto. Opt. w/ DG 31.08 8.29 39.37 0.98 0.75
Variation +3.75% -36.60%  -8.51%  -85.29% -74.23%

Sequential 41.82 18.41 60.23 6.01 2.92

#48 Sto. Opt. w/ DG 43.84 9.06 52.90 0.93 0.76
Variation +4.82% -50.77% -12.17% -84.47% -73.91%

Table 3 Maneuvers analysis on trajectory #43 optimized with differential guidance.

Maneuver ID

Time of Flight [d]

AVpsy [m/s]

AVrcy (Bo) [m/s]

Seq. App. Sto. Opt. Seq. App. Sto. Opt. Seq. App. Sto. Opt.

#1 8.78 6.50 - - 7.91 5.55
#2 17.56 23.39 - - 2.86 0.83
#3 26.33 26.39 13.27 11.91 0.48 0.27
#4 35.26 35.27 15.53 16.69 243 227
#5 45.07 43.97 - - 3.47 2.79
#6 54.88 64.56 - - 1.42 0.65
#7 64.69 67.56 - - 0.17 0.16
#8 74.49 74.37 1.02 1.30 0.03 0.05
#9 83.05 87.77 - - 0.24 0.61
#10 91.61 94.59 - - 0.15 0.47
#11 100.17 98.99 - - 0.17 0.16
#12 108.73 102.31 0.13 1.19 - -
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optimization results, even though the placement of the TCMs, indicated with the empty dots, can be significantly
different. The two behaviours differ the most in the last part of the transfer. Indeed, after the dispersion increase due to
the erroneous execution of the last DSM (full dot), the stochastic optimization produces a sharp drop in the dispersion,
bringing it under the covariance constraint, represented with the dashed red line: this was not achieved before with the
sequential approach. In addition, by looking in particular at the position dispersion, it is possible to see that the HIM is
anticipated to facilitate the matching of the dispersion constraint. In other words, the optimization trades some of the

AV of the HIM by anticipating it, to respect the stochastic constraint, and, thus, to obtain a more robust transfer.

103 ; ‘ ; ‘ ‘ 10 ‘ ‘
Seq. App. Seq. App.
Sto. Opt. w/ DG Sto. Opt. w/ DG
m  Start m  Start
o TCM o TCM
® DSM & TCM ® DSM & TCM
102+ * HIM ] 100 b * HIM i
- -.End Constraint ({4 o/ N & N |m===- End Constraint
= 2
£ £
€ ¢ S
10} ® 10} E
10[) ____________________________________________ 102""'""""""""""""""""'\ """"
0 20 40 60 80 100 120 0 20 40 60 80 100 120
Time of Flight [d] Time of Flight [d]
(a) 1o Position Dispersion (b) 1o Velocity Dispersion

Fig. 7 Dispersion analysis on trajectory #43 optimized with differential guidance.

2. Optimal Guidance Results

The previous results are now used as initial guess for the stochastic optimization with the optimal guidance. As
a remainder, this means that the elements of the guidance matrix for each TCM are completely free to move during
the optimization, as they are added in the NLP vector (see Eq. (I7)). In Table[d] the optimization results are reported
and compared to those in Table[2] achieved with the differential guidance. The results show that optimizing also the
guidance matrices further reduces the total cost of the transfers. This time the reduction comes both from AV, and
AVg;,. For the former, the optimization with OG partially reverses the increase in AV, produced by the optimization
with DG. For example, AV, of trajectory #11 and #43 is similar to the the optimal one obtained with the sequential
approach, see Table 2] Regarding the stochastic contribution, this is further reduced with respect to the DG approach,
showing how OG can improve the stochastic control of the trajectory. In addition, it is interesting to notice that OG,
in most cases, drives the final dispersion closer to the constraint limit, slightly increasing the dispersion with respect
to the DG solution. This is probably correlated to the savings in the stochastic AV, as reducing the final dispersion

under the limits costs fuel. This happens because, with the DG strategy, the optimizer has not full control on the
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guidance matrices, which can only be tuned indirectly, by moving the TCM times. Instead, the OG strategy allows
direct modification of the guidance matrices, adding degrees of freedom, which are used to relax the final dispersion
and in turn save fuel. In the case of trajectory #20, this causes a final dispersion slightly above the limit. Even though
from a numerical perspective this solution is unfeasible, in practice it is deemed flyable. Indeed, the final dispersion
constraint is not driven by science requirements, as can be for other missions, but it is simply chosen to limit the initial

dispersion on the quasi-halo orbit. Thus, all the presented OG solutions are considered appropriate for LUMIO.

Table 4 Results of the stochastic optimization problem with optimal guidance.

A A A
Trajectory ID Approach Vaer Vsto Vior Trn Tvn
[m/s] [m/s] [m/s] [km] [cm/s]
Sto. Opt. w/ DG 49.64 9.44 59.08 1.00 0.58
#02 Sto. Opt. w/ OG  48.67 8.12 56.78 0.99 1.00
Variation -1.96% -14.03% -3.89% -1.37% +70.82%
Sto. Opt. w/ DG 9.93 10.02 19.95 0.95 1.00
#11 Sto. Opt. w/ OG 9.69 6.27 15.96 1.00 0.95
Variation 246% -37.45% -20.03% +5.14% -4.82%
Sto. Opt. w/ DG 43.41 9.17 52.58 1.00 0.41
#20 Sto. Opt. w/ OG 43.37 7.48 50.85 1.08 1.05
Variation -0.07% -18.48% -3.28%  +8.09% +154.05%
Sto. Opt. w/ DG 31.08 8.29 39.37 0.98 0.75
#43 Sto. Opt. w/ OG 29.88 6.24 36.11 0.97 0.74
Variation -3.88% -24.75%  -8.27% -0.43% -1.81%
Sto. Opt. w/ DG 43.84 9.06 52.90 0.93 0.76
#48 Sto. Opt. w/ OG  42.62 7.95 50.57 1.00 1.00
Variation 2.78% -12.28%  -4.41%  +7.16%  +31.20%

As done for the DG case, it is interesting to analyze the changes in each maneuver. This is done in Table 5] using
trajectory #43 as reference. The maneuvering times remain similar to the ones of the DG solution, confirming that
optimal times had been already obtained. Instead, the DSMs are further optimized; for instance, the third DSM
(maneuver #8 in Table[5) is driven to zero. This proves that considering uncertainties inside a stochastic optimization
has a direct effect also on the nominal trajectory. Indeed, the nominal trajectory output of the sequential approach was
optimal under a deterministic only perspective, while now the stochastic optimizations yield a solution that is optimal
from a global point of view, as both the deterministic and stochastic AV are considered. To get an idea of how much
the nominal trajectory can change, Fig. [§]shows the position distance between the nominal trajectory #43 for both DG
and OG results, and the one obtained previously in the sequential approach. Both the DG and OG results change the

nominal trajectory, but the OG solution further enhance this behavior. Moreover, the OG approach is also able to reduce
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the cost of the TCMs, as it can be noticed in Table E], which ultimately results in the reduction of the stochastic AV. This
is achieved by changing the elements of the guidance matrices, as it is shown in Table [] that reports, as an example, the

differences in the guidance matrix for maneuver #4 in trajectory #43.

Table 5 Maneuvers analysis on trajectory #43 with optimal guidance.

Maneuver ID Time of Flight [d] AVpsy [m/s]  AVyreuy 3o) [m/s]

DG oG DG OG DG oG
#1 6.50 6.50 - - 5.55 5.11
#2 23.39 23.39 - - 0.83 0.04
#3 26.39 26.40 1191 1138 0.27 0.11
#4 35.27 35.27 16.69 17.07 2.27 1.37
#5 43.97 43.83 - - 2.79 2.14
#6 64.56 64.59 - - 0.65 0.10
#7 67.56 67.59 - - 0.16 0.14
#8 74.37 74.37 1.30  0.00 0.05 0.36
#9 87.77 87.78 - - 0.61 0.11
#10 94.59 94.58 - - 0.47 0.03
#11 98.99 98.86 - - 0.16 0.03
#12 10231  101.86 1.19 1.43 - -
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Fig. 8 Trajectory #43 modification by stochastic optimization with respect to sequential approach.

Lastly, the effects of OG on the dispersion along the transfer are analyzed. The dispersion analysis on trajectory #43
is shown in Fig.[9] and compared with the DG results. The OG solution manages to achieve a more gradual decrease in
the dispersion. Indeed, the differential guidance, per its own construction, aims at minimizing the near-future deviation
from the nominal trajectory. However, after a DSM is performed, the execution errors cause the dispersion to suddenly
increase again, counteracting the effect of the previous TCMs. In other words, the AV of the first TCMs is wasted, as the

dispersion returns to values similar to the initial ones after the DSMs are executed (see the behavior of the blue line
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Table 6 Comparison between guidance matrices for maneuver #4 in trajectory #43.

[-0.4375  0.8339  —0.0016 —1.0000 0 0
DG Matrix = (-0.8484 -0.4232  0.0002 0 —-1.0000 0
|—0.0015  0.0008 -0.3911 0 0 —1.0000

[-0.2431  0.8033 —0.0057 —0.9786 —0.1361  0.0095 |
OG Matrix = |-0.9534 —-0.2720 0.0035 0.0993 -0.9032 -0.0062
| 0.0094 -0.0212 -0.0849 0.0032 -0.0127 -0.8754]

around day 40). On the contrary, the optimal guidance avoids this problem by limiting the dispersion reduction before
the DSMs. Thus, in the first part of the transfer, the dispersion is kept under control by only counteracting its increase
due to DSMs executions, while the main dispersion reduction happens only in the last part of the transfer, to satisfy the

final constraints. This mechanism allows minimizing the stochastic AV.
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Fig. 9 Dispersion analysis on trajectory #20 with optimal guidance.

Finally, the results in terms of AV of the 3 approaches (i.e., the sequential approach, the stochastic optimizations
with DG and OG) are visually compared in Fig.[I0] With respect to the sequential approach, the optimization with the
differential guidance saves on average 8.53% of the total AV, while the optimal guidance further increase the savings up

to an average of 16.14%. These results highlight the beneficial effects that trajectory optimization under uncertainty can

have for mission analysis.

B. Monte Carlo Validation

In this section, the results of the stochastic optimizations, both in terms of AV and dispersion analysis, are validated

with Monte Carlo simulations. The Monte Carlo analyses share the same quantitative data reported in Table[I] but
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Fig. 10 AV comparison between the sequential approach and the stochastic optimization with DG and OG.

implement each uncertainty by random extraction from its relative Gaussian distribution, which is done for each sample.
While this allows an analogous implementation to the unscented transformation methodology of the initial conditions
and DSM execution errors, it also enables the application of an independent navigation error for each TCM, increasing
the realism of the simulation. In addition, process noise is considered as a further source of uncertainty. Both solar
radiation pressure and the residual accelerations are modeled as Gauss—Markov processes (see Section [[I.A)); their
characteristics, in terms of standard deviation, o, and correlation time, 7, are listed in Tablem Finally, instead of using
the 30 value in the computation of the stochastic AV (Eq.[20), in the Monte Carlo simulations the 99.73 percentile is

implemented to further increase realism.

Table 7 Gauss—Markov Processes Characteristics.

Gauss—Markov Process loa T

Solar Radiation Pressure 5% in magnitude 1d
Residual Acceleration 10712 km/s? 1d

The simulations are run for each results of the stochastic optimization, both for the differential and optimal guidance,
with a population size of 10,000 samples. However, only results regarding OG are shown here for brevity, as they are
more significant due to the additional nonlinearity related to the optimal guidance matrices, which could cause, in
theory, a less accurate prediction by the unscented transformation. Results, reported in Table[8] show that the unscented
transformation is able to make a good prediction of the total AV and final position and velocity dispersion. Some

differences were expected, due to the high nonlinearity of the problem, and the additional accuracy of the Monte Carlo
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simulations. Nonetheless, the AV;,, predicted by the unscented transformation has, on average, a relative error of 0.94%
with respect to the Monte Carlo results, which are assumed as the truth. This is regarded as an excellent result, given
that the main aim is to minimize the AV, which, as a consequence, shall be predicted by the uncertainty propagation
method with high accuracy, which is the case. A small underestimation is, instead, seen on the unscented transformation
predictions for the final dispersion. The relative error with the Monte Carlo results is, on average, 32.21% and 17.31%,
for the final dispersion in position and velocity, respectively. The difference may seem relevant, but this is because a
relative error is considered on quantities that are constrained to be small. Indeed, by looking at the absolute error on the
dispersion analysis during the whole transfer, which is shown in Fig. [TT] with trajectory #43 as a representative example,
one can conclude that the unscented transformation prediction is quite accurate. Indeed, the maximum error is below 3
km for dispersion in position, and 1 cm/s in velocity, which are small values for mission analysis purposes. Moreover,

the error is maximum in the initial part of the transfer, before the first TCM is applied, and, then, it decreases towards 0.

Table 8 Results of the Monte Carlo simulations on the optimal guidance solutions. Monte Carlo analyses
additionally implement process noise and multiple navigation errors.

AVior [m/s] oy, [km] o, [cm/s]

T i . 1.
Trajectory #02 v S6.78 099 00
MC 57.70 1.56 1.12
uT 15.96 1.00 0.95
Trajectory #11
MC 16.18 1.14 0.99
uT 50.85 1.08 1.05
Trajectory #20
MC 51.12 1.47 1.32
T A1 . 74
Trajectory #43 v 36 097 0.7
MC 36.54 1.22 0.90
uUT 50.57 1.00 1.00
Trajectory #48
MC 50.55 2.79 1.49

To further validate the unscented transformation predictions, the final position distribution, relevant for the halo
insertion maneuver, is analyzed. In Fig.[I2] the distribution coming from the Monte Carlo simulation is shown alongside
the 30 ellipsoid predicted by the unscented transformation. The color scale represents the probability density function,
with darker colors indicating regions where the final position is more likely to occur. The shape and colors of the
distribution show that it remains similar to the normal one, with the majority of the points inside the 3o ellipsoid: for

this reason, the unscented transformation prediction is deemed a good estimate of the real final distribution.
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IV. Conclusion

This work introduces a method for stochastic trajectory optimization that accounts for uncertainties in initial
conditions, maneuvers, and navigation errors. A novel implementation of the unscented transformation leverages a
continuous propagation map to avoid resampling, which improves accuracy. The stochastic problem is reformulated as a
deterministic nonlinear programming problem, solvable with gradient-based optimization techniques. Tested on several
weak stability boundary transfers of the LUMIO mission, the method shows average fuel savings of 16.14% compared
to traditional approaches, while also improving robustness. This is achieved thanks to an optimal placement in time of
correction maneuvers, and a smarter dispersion control that avoids wasting fuel in the initial and final part of the transfer.
Validation through Monte Carlo analyses confirms the method’s accuracy.

The research presented in this paper highlights the beneficial effects of stochastic trajectory optimization for
mission analysis applications. An improved solution, with respect to the one obtainable with conventional deterministic
optimization, can be attained by considering uncertainty inside the optimization phase. The proposed methodology is
particularly suitable for transfer trajectories in nonlinear or perturbed dynamical environments. The minimum number
of samples required by the unscented transformation enables the solution of the stochastic optimization problem without
the need of huge computational power. At the same time, its novel implementation through a continuous propagation
map assures good accuracy in the predictions of the fuel cost and the stochastic moments of the state, despite the high
nonlinearity of the problem and the long propagation times. Finally, the benefits of this approach are particularly useful
for spacecraft with limited control authority and fuel budget, such as CubeSats, but are also applicable to other mission

scenarios.

Appendix: Relevant Analytical Derivatives
To solve the optimization problem reported in Eq. (27), analytical derivatives of the objective function and constraints
are needed. To compute them, the chain-rule is extensively used and the objective function and constraints are expressed

as function of the NLP variables. In this appendix, only the relevant analytical derivatives are shown.

A. Dynamical Derivatives

With reference to Eq. (28), the equations of motion are rewritten as x’ = f (x,7), where x = [r, r’] and the symbol

of (x,t) .
() indicates a derivative with respect to the non-dimensional time. The Jacobian, defined as A (f) = %, is
x

computed as [49]]

03 I;
m1+m26(VQ)+6aSRp —2(§I+CTC)

—— [ZT1+2=C"C+C"C|+G
ol PR YOG T or or n
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where the symbol ( *) indicates a derivative with respect to the dimensional time, and the gradient of the pseudo-potential,

+ r-rj
Qi VQ = G | (1 ) o + gl + 2 Ay |

r-r;|3

Considering a state x| at time 71, the flow ¢ of the equations of motion at time ¢, is defined as x (#2) = ¢ (x1, 11, 12).

The derivatives of the flow are computed as [58]]

0p (x1,t1,1)

: =® (x1,11,12) 2

x|

W @ (x1,11,12) f (x1,11) -
W =f(p(x1,11,0) 1) D

where the state transition matrix, @, is integrated alongside the equations of motion with @’ (x1,11,7) = A (¢) ® (x1,1,1).

The derivatives of the state transition matrix are

oD (x1,11,12)

3 =0 (x1,11,1) (A5)
X1

5‘1)(x1,t1,t2)_i(a‘ﬁ(xl,fl,lz))=i(5¢(x1,tl,l‘2))=3(—®(x1,tl,t2)f(x1,tl))=

ot ~on ox1 dxy at dx1 (A6)
=-0 (x1,t1,12) f(x1,11) =P (x1,11,12) A (11)
OB (x1,11,00) _ 0 (dp(xi,t1,00)\ _ 0 (dp(xi,t1,00)) _ Of (p(x1,11,0),12) _
ot ot 0x1 x| ot 0x1
_of(p(x1.11.1) . 12) B (x1. 11, 12) _ (A7)

A (x1,11,12) ox,
=A (1) ®(x1,11,12)

where O is a third order tensor, whose components are numerically computed with the second order central difference

0Pop  Pop (xy +&) = Pop (xy — &)

S} = A8
Py 0xy 2¢e (A8)
B. Differential Guidance Derivative
With reference to Eq. (T6)), a generic differential guidance matrix is rewritten as G = — [Q‘IR v 3]. Its derivative
with respect to a generic variable, G, is computed as
=-[007'R+Q7'0R,0;] = - [-Q7'9QQ 'R + Q" '3R, 03] (A9)
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where:

0Q = 0] ®,, + ®], dD,, +q (0] ®,, + D] ID,,) (A10)

OR = 00, ®,, + ®] 0D, +q (0D, D\, + ®,00,,) (A11)

C. Square Root Matrix Derivative

To compute the initial sigma points, as indicated in Eq. (6), the square root of the matrix (N + 1) Py is needed.
Since P depends on the nominal open-loop maneuvers, which are directly part of the NLP vector, the derivative of the
square root matrix is also needed. Considering a generic square matrix M, its square root matrix, VM, is such that

M = VM~M. The generic derivative of M, 0 M, is computed as
OM = ONMVM + VMovM (A12)
Following [2], it is possible to consider Eq. (AT2) as a special case of the Sylvester equation:
AX+XB=C (A13)
withA = B = 6\/M, C=0M,and X = VM. Equation (AT3) can be solved as [39]
(I®A+B" ®I)vec(X) =vec (C) (A14)

where I is the identity matrix, and vec (+) is the vectorization function. Applying to Eq. (AT4) the special case of the

square root matrix, and using the definition of the Kronecker sum, &, yields

vec (0VM ) = WTGB\/A_/I _lvec(aM) (A15)
(oh) = { )
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