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An Incremental Input-to-State Stability Condition
for a Class of Recurrent Neural Networks

William D’Amico ©#, Alessio La Bella

Abstracit—This article proposes a novel sufficient con-
dition for the incremental input-to-state stability of a class
of recurrent neural networks (RNNs). The established con-
dition is compared with others available in the literature,
showing to be less conservative. Moreover, it can be ap-
plied for the design of incremental input-to-state stable
RNN-based control systems, resulting in a linear matrix
inequality constraint for some specific RNN architectures.
The formulation of nonlinear observers for the considered
system class, as well as the design of control schemes with
explicit integral action, are also investigated. The theoreti-
cal results are validated through simulation on a referenced
nonlinear system.

Index Terms—Linear matrix inequalities, neural networks
(NNs), nonlinear control systems, stability of nonlinear
systems.

[. INTRODUCTION

EURAL networks (NNs) have gained interest in many
N engineering fields, given the ever-growing availability of
large amounts of data, e.g., collected measurements from plants,
and their significant ability to reproduce nonlinear dynamics [1],
[2]. In particular, NNs have shown to be particularly suited for
control applications [3], [4], [5], [6], as they can be used not
only to identify unknown systems, but also to directly design
feedback controllers from data [7], [8]. Among existing NN
architectures, recurrent neural networks (RNNs) are typically
adopted for controlling dynamical systems, since they are in-
herently characterized by the presence of state variables [9].

Despite the increasing popularity of RNNs, their theoretical
properties have been rarely analyzed. As nonlinear dynamical
systems, it is in fact fundamental to characterize conditions that
guarantee the stability of their motions, especially when RNNs
are part of control systems [10], [11]. In this context incremental
input-to-state stability (§1SS) [12], [13] plays a crucial role.
This property entails that, asymptotically, the state trajectories
are solely determined by the applied inputs and not by their
initial conditions [14]. Thus, the dynamics of a §ISS RNN
is asymptotically independent of its initialization. The JISS
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property also enables the design of trivial observers for the RNN
states. The latter, indeed, can be asymptotically estimated just
exploiting the knowledge of the applied inputs. Finally, note that
the JISS implies other common stability properties, e.g., global
asymptotic stability (GAS) of the equilibria and input-to-state
stability (ISS) [12], [14].

Motivated by this, the article presents a novel JISS sufficient
condition for a class of RNN architectures. The proposed con-
dition is applicable to control systems, and in particular for the
analysis and design of RNNs-based feedback controllers and
feedforward compensators.

A. State of the Art and Contribution

Despite the large popularity and potentialities of RNN's in con-
trol applications, relatively few stability results have been dis-
cussed in the literature. Sufficient conditions ensuring stability-
related properties for RNNs were presented in [15] and in [16],
the latter focusing on a specific class of RNNs, i.e., gated
recurrent units. A stability condition for a class of RNNs was
discussed in [17], considering however the case with constant
inputs. Note that the abovementioned contributions address sta-
bility properties weaker than the §ISS (e.g., the GAS property),
which do not consider the effect of inputs [12]. This has moti-
vated other research studies to focus on conditions guaranteeing
0ISS. The latter, interestingly, can be directly enforced in the
data-based RNN training phase, e.g., as discussed in [18] and
[19]. Also, sufficient conditions guaranteeing alternative con-
traction properties were provided in [20] for echo state networks
(ESNs) and in [21] and [22] for more general RNNs. However,
these works focus on open-loop RNNs, and they do not address
the design of stabilizing RNN-based feedback controllers.

Regarding control systems, in [23] the stability was analyzed
in case of FeedForward NN (FFNN) controllers and assuming
a linear controlled system with uncertainties. Design conditions
for FFNN controllers were also provided in [24], considering
specific classes of second-order nonlinear systems under control.
Also, model predictive control (MPC) has been investigated as
a method for the design of efficient controllers applicable to
systems described by specific classes of RNNs. For instance,
the ISS of a MPC-controlled neural nonlinear autoregressive
exogenous (NNARX) system was discussed in [25]. Also, MPC
regulation strategies for other RNN architectures were presented
in [26] and [27], ensuring closed-loop stability if the RNN-based
model of the controlled system enjoys the JISS property.

© 2023 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see
http://creativecommons.org/licenses/by/4.0/
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In this work we first derive a novel §ISS condition for a
class of discrete-time nonlinear systems, which includes the one
analyzed in [28], as well as different common RNN classes, e.g.,
ESNs and NNARXSs. We prove that the proposed condition is less
conservative than existing ones established in the past years for
RNNs lying in the considered class (or in slightly more general
classes), e.g., [17], [18], [20], [21]. The established results turn
out to be particularly suited for the design of feedback controllers
and feedforward compensators. In particular, they allow us to
enforce the §ISS property on control systems, also in case the
controlled system does not enjoy the same property. Moreover,
we show that, if specific RNN-based control architectures are
considered, the design problem translates to a linear matrix in-
equality (LMI) problem, efficiently solvable by common solvers.

B. Article Outline

The rest of this article is organized as follows. In Section II,
the equations of the considered class of RNNs are introduced.
The novel JISS sufficient condition is stated in Section IIT and
it is compared with other existing conditions in the literature.
In Section 1V, the JISS properties of feedforward and feed-
back interconnected RNNs are investigated, whereas Section V
discusses in details the controller design with §ISS guarantees.
Section VI shows the application of the theoretical results in this
article to a simulation example. Finally, Section VII concludes
this article.

C. Notation and Basic Definitions

Given a matrix A, its transpose is AT the transpose of its
inverseis A=, itsinduced 2-normis || A||, and its largest singular
valueis @ (A). The entry in the ith row and jth column of a matrix
A is denoted as a;;. |A| denotes a matrix whose entries are
|a;;|, for all 4, j, where |a;;| is the absolute value of a;;. The ith
entry of a vector v is indicated as v;. Given a symmetric matrix
P,weuse P>0, P>0, P=<0, and P < 0 to indicate that
it is positive semidefinite, positive definite, negative semidefi-
nite, and negative definite, respectively. Amin(P) and Amax (P)
denote the minimum and maximum eigenvalues of a symmetric
matrix P, respectively. 0, ,, denotes a zero matrix with n
rows and m columns and [, is the identity matrix of dimen-
sion n. Given a sequence of square matrices A, Ay, ..., A,
D = diag(A;, Ay, ..., A,) is a block diagonal matrix having
Ay, As, ..., A, as submatrices on the main-diagonal blocks. D
denotes the set of diagonal matrices whose dimension is clear
from the context. Also, ||v|| = VvTv denotes the 2-norm of a
column vector v and |jv]|g = \/vTQu denotes the weighted
Euclidean norm of v, where @ is a positive definite matrix. Given
a sequence 4 = u(0),u(1),..., we define its infinity norm as
l@]]so = suppen llu(k)]|. Also, id,(-) denotes a column vector
of dimension n with all elements equal to the identity function
id(+). We introduce the following definition.

Definition 1 (see [29]): A real function g : R — R is called
globally Lipschitz continuous if there exists a constant L,, > 0
such that, for any z,y € R, it holds that

l9(z) = 9(y)| < Lyplz —yl.

The following property will be used later in the article.

Property 1: Given two vectors a,b € R", it holds that
a4 0|2 < (1+72)[|all* + (14 Z5)||b||* for any scalar T 0.

We now consider a general discrete-time nonlinear system
expressed as

z(k+1) = f(x(k), u(k)) (0
where f?:XxU—=X, XCR", UCR™, 0,; €X, and
0,1 € U. Moreover, f°(-) is such that f°(0y,1,0.,,1) = 05 1,
k € Z> is the discrete-time index, © € X is the state of the sys-
tem, and u € U is the exogenous variable. The set of admissible
input sequences @ is denoted by U. We indicate with z:(k, x¢, @)
the solution to the system (1) at time & starting from the initial
state o € X with input sequence u € U.

Now, we recall some useful notions for the following
(see [14]).

Definition 2 (K function [14]): A continuous function « :
Rs¢ — Rx is aclass K function if a(s) > 0 forall s > 0, it is
strictly increasing, and «a(0) = 0.

Definition 3 (K, function [14]): A continuous function « :
R>o — Rxgisaclass K function if it is a class K function and
a(s) — +oo for s — +o0.

Definition 4 (KL function [14]): A continuous function [ :
Rsg X Zsg — Rxg is a class KL function if 5(s, k) is a class
IC function with respect to s for all £, it is strictly decreasing in
Ekforall s > 0, and 8(s, k) — 0 as k — 4oc forall s > 0.

Definition 5 (0ISS [14]): System (1) is called incrementally
input-to-state stable if there exist a function g € KL and a
function v € K such that for any k € Z>(, any initial states
Zo1,To2 € X, and any couple of input sequences w1, Uz € U, it
holds that

|z(k, w1, U1) — x(k, 2oz, U2)|| < B([lzo1 — zo2ll, k)
+ (i1 — tal|)-
Definition 6 (Dissipation-form dISS Lyapunov function [13]):
Afunction V' : X x X — R is called a dissipation-form 61SS-
Lyapunov function for (1), if there exist functions &1,&2,& €

K+, and o € K such that, for all 21, x> € X and uy,us € U, it
holds that

§i(l|lrr — 22l]) < V(z1,22) < &o([lz1 — 22]]), (2)
V(f(w1,u1), f(w2,u2)) = V(z1,22) < — &(|lz1 — 22))

+ o([Jur — uz)).
(3)

Theorem I (see [13]): 1f system (1) admits a dissipation-form
0ISS Lyapunov function, then it is §ISS.

Il. PROBLEM STATEMENT

We consider the following class of nonlinear discrete-time
systems:

x(k+1) = f(Az(k) + Bu(k)), (4a)
y(k) = Cx(k) + Du(k) (4b)

where u € R™ is the exogenous variable, 3y € R! is the output
vector, z € R™ is the state vector, f(-) = [f1(*) ... fu()]T €
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R™ is a vector of scalar functions applied element-wise, A €
R™", B € R™™ (C € R>*", and D € R™*™. The exogenous
variable u takes different roles in the various setups considered
in this article. Namely, u can be the manipulable input variable in
case of open-loop systems, whereas it can be the output reference
or the exogenous disturbance in case of closed-loop control
systems. In this work, the function f () takes the particular form
specified in the following assumption.

Assumption 1: The functions f;(-), ¢ =1,...,n, are non-
linear globally Lipschitz continuous functions with Lipschitz
constant L,,; or the identity function id(-). O

Given a system in class (4), let us introduce the set

W= {ie{l,...,n}| fi() #id(-)}. (5)
Note that, under Assumption 1, system (4) is representative of
several RNN architectures. For instance, (4) includes the gen-
eral formulation of RNNs considered in [28], where D = 0 ,,
fit)=---=fu(-) =0y(-),and oy : R — Risaglobally Lip-
schitz function (e.g., rectified linear unit (ReLU), sigmoid, or
tanh). Also, as better clarified below, many other RNNs consid-
ered in the literature can be written in form (4), possibly under
some simplifications and/or minor reformulations.

Example 1. Echo state networks (ESNs):ESNs [30] are partic-
ular types of RNNs composed of a dynamical reservoir (hidden
layer) in which the connections between neurons are sparse and
random. If we consider the formulation proposed in [26], with v
neurons y € R”,inputu € R™,outputy € Rl,Lipschitz contin-
uous internal units output functions {(-) applied element-wise,
and linear output units output functions, the ESN equations are

x(k +1) = ((Wax(k) + Wyu(k) + Wyy(k)), (6a)

y(k) = Wout1 X(k) + Woutgu(k - 1) (6b)

where W, € RV, W, € RV™™ W, € RV, Wy, € RV,
and Wy, € R>™,

Note that model (6) can be reformulated as (4) by defining
z(k) = [x(B)T z(k)T]", where z(k) = u(k — 1), and by set-

ting
A= {Wz

Om,u

(7

B = [WE Im]Ta C= [Woutl WOUtQ]’ D= Ol,m’ and f() =
[C)T idy, () T)T, where W = W, + W, Wous, - O

Example 2. Shallow NNARX models: NNARX is a class of
nonlinear autoregressive exogenous models where a FFNN is
used as nonlinear regression function. As shown in [18], a
shallow (i.e., single-layer) NNARX, with input & € R™, output
y € R!, and v neurons, is a dynamical system defined by the
following equation:

y(k+1) = Wol(Wyo(k) + Wyu(k) +b)+by  (8)

where W, € RV by € R, the vector ¢ € RUH™N g defined
as

¢(k) =

Wy Wout2:|

Om,m

[a(k—N)" y(k—N +1)7, .. a(k—2)", y(k—1)7,

atk—1)7 y(k)"]" )

¢(-) e R” is a vector of Lipschitz continuous activation
functions applied element-wise, W,, € R"*™, b e R”, Wy =

Wo, Wy, W] € RV (MHON, Wy, € RV (M), Wy, €
RY*7 7 = (I +m)N — 2l — m, and Wy, € R"*..

Note that model (8) can be reformulated as (4). To do that, let
us introduce the following vectors:

o(k) = [a(k — N)T y(k = N + )T, .. La(k —2)7,

y(k— DT ak - 17"

v(k) == ((Wyo(k — 1) + Wyu(k — 1) +b).
It follows that

_ O'r,lJrﬁl IT . 07'71/
ok +1)= | Opipim Oz | @(k) + | Wo | v(k)
Om,i+m  Om,r O,
07’,771 07,1
+ [ Onm a(k)+ | bo
I 0.1
and
v(k+1)

= ((Wyo(k) + Wyu(k) +b)

=¢([War W, | B0+ W Wou )+ Wogbo-+ Wii(h)+b).
Consequently, by setting

~ T T
2(k) = [ 3007, v®)” ] wk) = [a)™ 1] (0)
and
O‘r}l+ﬁ’b I OT,U OT7ﬁL OT,l
Oni+m Oz Wo 01, bo
A= " ' B=|"7
O i+m Omr  Omp |’ I 0,1
W¢1 W¢2 W¢3 Wo W, b+ W¢3 bo
C= |0y Wo|, D=|om b, an
f6) =[idy_, ()T ¢()T)T, withn = v+ (I +m)N — 1, it is
evident that model (8) belongs to the class (4). O

Example 3. Class of RNN systems in [17]: In [17], a slightly
different RNN class was considered, i.e.,

x(k+1) = Ex(k) + f(Az(k) + s)

where A is a full matrix, E = diag(ey,...,e,), s=
[s1 ... sn]T isavector of constant inputs, with e;, s; € R, and
le;| < 1,V¥i=1,...,n.Moreover, f(-) = [f1(-) ... f.()]T,
where each f;(-) is a globally Lipschitz continuous and mono-
tone nondecreasing activation function with Lipschitz con-
stant L,;. Although (12) is slightly more general, to per-
form a comparison, we write system (12) in class (4a) by
setting &/ = 0,,,,. It is worth noting that the latter special
case of system (12) matches the RNN formulation addressed
in [28] or the ESN formulation in [20], in case of constant
inputs. O

Example 4. Class of contracting implicit RNNs (ci-RNNs)
in [21]: In [21], a slightly more general RNN class was taken
into account. In particular, in the single layer case, the following

12)
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contracting implicit RNN is considered
Ex(k+1) = O(Fa(k) + Ba(k) +b), (13a)
y(k) = Cx(k) + Du(k). (13b)
Also in this case, to perform a comparison, we write system
(13) in class (4) by setting £ = I,,, A=F,B=[B b,C =C,
D =[D 0;1],u(k) = [a(k)T 1]7,and f(-) = ®(-), where ®(-)
contains a nonlinear activation with Lipschitz constant L, = 1
(for simplicity, cf. [21, Section 2]). Il
Given the class of systems (4) under Assumption 1, a suf-

ficient condition ensuring the JISS property is established and
described in the following section.

[1l. A NOVEL SUFFICIENT CONDITION FOR INCREMENTAL
INPUT-TO-STATE STABILITY OF RNNS

Let us consider a generic system (4) fulfilling Assumption 1.
The following theorem provides a sufficient condition which
guarantees the 1SS for nonlinear systems lying in the class (4a).
We first define a diagonal matrix W := diag(Lp1, ..., Lpn) €
R"™*"™, where L,; = 1 forall ¢ W. We introduce the matrices
A:=WAand B :=WB.

Theorem 2: Let Assumption 1 hold. System (4a) is §ISS if
3P = PT » Osuchthatpij = Dji = OV’LGW,VJE{L Ce 711}
with j # 4, and

ATPA—P <. (14)

Proof: In order to prove the JISS of system (4a) we show
the existence of a dissipation-form §ISS Lyapunov function. We
consider, as candidate, V (z1(k), 22(k)) = ||z1(k) — 22(k)|%.

From now on, for notational simplicity, we drop the
dependence on k. If we consider the K, functions
Sz — 22])) = Amin(P)|lz1 — 22]* and &(|[z1 — 22f|) =
Amax (P)||z1 — 22||%, condition (2) is easily verified. To prove
that V' (x1, x2) satisfies also condition (3), we introduce the fol-
lowing notation: v; = Ay + Buy, o = f(v1), v2 = Azy +
Busg, v = f(v2), 0z = 11 — x2, 6T = 2] — 23, and du =
u1 — uy. We can write

6zt = f(v1) — f(v2)
=Wui — Wua + f(v1) = Wor — f(va) + Wos
= Adz + Béu + A (15)

where A = f(vy) — Wuy — f(v2) + Wos. From (15), we ob-
tain that

Vel xy) = V(e a)
= (62T Péx™ — 62 Péx
— (Adz + Bou)T P(Adx + Bou) + 2(Adz + Béu)T PA
+ ATPA — 62T Péx. (16)
Now, we can observe that
2(Adx + Béu)" PA + ATPA
= 2(W(v; — )T PA + ATPA
= (2Wu; — 2Wuy + A)TPA

—{"Pr (17)

where ¢, € R", with ¢ = Wy + f(vy) — Wog — f(v2) and
r = f(v1) — Wuy — f(va) + Wos. The elements of the vectors
q and r are

= fi(vis) — fi(vai) + Lpi(vi; — v2;) ifie W,
¢ 2’()11* — 2’()21‘ if ¢ ¢ W,
o= fi(vii) — fi(vai) — Lpi(vii — vai) ifte W,
=0 ifi¢W.

Therefore, by setting p;; = pj; =0Vie WandVje{l,...,n}
with j # i, we can compute from (17) that

q" Pr :Zpii ((fi(v1s) — fiv))? *Lgi(ﬂu — v9;)?) < 0.
€W (18)

Inequality (18) holds since, in view of Assumption 1, f;(-) are
globally Lipschitz continuous functions, forall¢ € W, and p;; >
0 Vi since P = PT 0.

As a result, by exploiting (18) and in view of Property 1, for
any 7 # 0, we can write that

V(vax;) - V(mla x2)
~ ~ T ~ ~
< (Aéx T Béu) P (A&v T Béu) — 62T Péa
< (1+72)(Asz)T PAsz + (1 + 12> (Bbu)" PBéu
T

—6z7 Pox
< —Amin(A9) |21 — z2l” + Aulur — ual?

forany Ay, > Amax(B*), where A* ::P—<1+T2)AVTPAV >~ Oby

)Lmin(P_ZTPAI) 1 . —
e (ATPA) with Apin (P

ATPA) > 0 in view of (14), and B* := (1 + T%)ETPE = 0.

Finally, note that o ||u1 — ua]|) = Ay llur — ual|? is a K func-
tion, whereas &(||z1 — 22||) = Amin(A%) |21 — 22 is a Ky
function. This concludes the proof. L)

In short, Theorem 2 ensures that system (4a) is 0ISS if A
is Schur stable and if there exists a matrix P with a specific
structure fulfilling the Lyapunov inequality (14). In particular,
P must have zero elements along all the rows and columns
(except for the diagonal element) corresponding to the rows of
(4a) whose activation function is nonlinear.

The §ISS condition in Theorem 2 is now compared with
other existing conditions for the RNN systems introduced in
Section II.

selecting a 7 such that 0 < 72 <

A. Comparison With the Condition in [20] for ESNs

In [20], [26], and [30] stability-related properties of ESN are
analyzed. First of all, in [30] the echo state property (ESP) was
defined. Let us consider (6a), where u and y are accounted
for as exogenous signals. In few words, system (6a) enjoys
the ESP if and only if limy_, 4o ||x(k) — x(k)|| = 0 for all
x(0),x(0) € R”, where x(k) and x(k) are the trajectories
obtained by feeding (6a) with the same input sequences u(k)
and y(k), k=0,1,... and using different initial conditions
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x(0) and x(0), respectively. In [30] it is shown that (6a) en-
joys ESP if 3(W,) < 1. The latter condition, interestingly, is
equivalent to the one required for §ISS provided in [26, Propo-
sition 2], which is more conservative than the /ISS condition
proposed in this work (cf. [31, Section II.A]). Furthermore,
in [20] the authors provide the following less conservative
condition for ESP of (6a), applied to the case where L,; = 1,
Vi=1,...,v.

Proposition I (see [20]): Let (;(-) be suchthat L,; = 1,Vi =
1,...,v.If

inf 7(DsW,D;') <1
Ay 7 DW= D5 <1,

then (6a) enjoys the ESP.

In the following proposition we show that the assumption
of Proposition 1 is equivalent to the assumption of Theorem 2
if applied to the same class of systems, i.e., (6a) with W =
{1,...,v} (definedin (5))and L,; = 1,Vi=1,...,v.

Proposition 2: Let W = {1,...,v} and (;() in (6a) have
L, =1,¥i=1,...,v. The condition of Proposition 1 holds, if
and only if there exists a matrix P fulfilling the assumptions of
Theorem 2.

Proof: See the Appendix. |

Note that the condition in Theorem 2 applies to a more general
class of models since we can have W # {1,...,v}and L,; # 1
forsomei € {1,...,v}.

B. Comparison With the Stability Condition in [18] for
Shallow NNARX Models

In case of shallow NNARXSs with nonlinear activation func-
tions, the assumptions of Theorem 2 require the existence of
a symmetric positive definite matrix P fulfilling (14) such
that p;; = pj; =0, VieWZ{n—y—f—l,...,n} and Vj €
{1,...,n} with j # i.

In [18, Th. 8] a sufficient condition for JISS of a deep (i.e.,
M -layered) NNARX is proposed. For comparison purposes, we
recall here the condition for a single-layer NNARX (8), as this
belongs to the class (4), where ((-) has activation functions with
Lipschitz constant L,,. Note also that, in [18], a slightly different
state-space formulation with respect to the one in this article is
considered.

Proposition 3 (see [18]): If [[Wo ||| We|| < ﬁ,

system (8)
in the state-space form in [18] is JISS.

Below we show that the assumptions of Theorem 2 are less
conservative than the one of Proposition 3 for a shallow NNARX.

Proposition 4: Let {(-) in system (8) be a vector of nonlinear
Lipschitz continuous functions with Lipschitz constant L,,. If
the condition of Proposition 3 holds, then there exists a matrix
P fulfilling the assumptions of Theorem 2.

Proof: See the Appendix. |

Here, we show an example in which the assumption of
Proposition 3 is not fulfilled whereas the assumptions of
Theorem 2 hold. Let =1, m=1, N=2, v=1, L,=1,
Wy =[-0.2130 —0.8657 —1.0431 —0.2701] and Wy =

0.6293. Then, ||[Wyl|||Wy| = 0.8801 > 0.7071 = %ﬁ With

the choice

0.8278 0.0095 0.1847 0
p_ 0.0095 1.2258 0.7531 0
~10.1847 0.7531 2.5870 0

0 0 0 0.8723

we have that the maximum eigenvalue of ATPA - Pis equal
to —0.239 and, thus, ATPA — P < 0.

C. Comparison With the Stability Condition in [17] for a
Class of RNN Systems

The work in [17] analyzes the stability properties of a slightly
different RNN class represented by (12). In [17, Corollary 1],
some sufficient conditions for global exponential stability were
proposed. Among them, the following condition has a similar
structure to the one of Theorem 2, and it is thus compared.

Proposition 5 (see [17]): System (12) is globally exponen-
tially stable for any input s if there exists a matrix P=P? =0
such that

MTPM ~P <0 (19)
where M = |E| + W|A|,and W = diag(Ly1, . .., Lpn).

For the sake of comparison, we now show that the as-
sumptions of Theorem 2 are less conservative than the one of
Proposition 5 for the simplified class of RNN systems (12) with
E = 0,,,,. Therefore, the following proposition is stated.

Proposition 6: Let E = 0, ,, in system (12). If the condition
of Proposition 5 holds, then there exists a matrix P fulfilling the
assumptions of Theorem 2.

Proof: See the Appendix. |

Here, we show an example in which the assumption of
Proposition 5 is not fulfilled whereas the ones of Theorem 2 hold.
Letn = 2,E:OQ’2,W:I2,W = {1,2}

4 [04178 —0.8544
~ 10.8199  0.3573 |

Hence, the spectral radius of M is equal to 1.225 and so (19) is
never fulfilled. With the choice

12122 0
P‘{ 0 1.2657]

we have that the maximum eigenvalue of ATPA — Pis equal
to —0.1135 and, thus, ATPA — P < 0.

D. Comparison With the Contraction Condition in [21] for
Shallow ci-RNNs

In [21, Eq. (10)] the following sufficient condition for the
contraction property (i.e., guaranteeing that, for any input signal,
initial conditions are forgotten exponentially) was proposed.

Proposition 7 (see [21]): System (13), with € = I,,, is con-
tracting if there exists a diagonal matrix P = PT = 0 such that

= 0. (20)

2I, —P FT
F P
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The following result shows that the assumptions of Theorem 2
are less conservative than the condition in Proposition 7.

Proposition 8: If the condition of Proposition 7 holds for
system (13), with & = I,, and Lipschitz constant L, = 1, then
there exists a matrix P fulfilling the assumptions of Theorem 2.

Proof: See the Appendix. |

Here, we show an example in which the assumption of Propo-
sition 7 is not fulfilled whereas the ones of Theorem 2 hold. Let
n = 2 and W = I5. By choosing

0.0264 —2.1459] P_[0.2919 0 }

A=7=101210 —0.2080 0  1.8481

we have that the maximum eigenvalue of ATPA—Pis equal
to —0.2427 and, thus, A PA — P < 0. On the other hand, no
diagonal matrix P > 0 such that (20) holds is found by the
solver.!

IV. 5ISS OF INTERCONNECTED RNNS

In this section, we consider the case where more systems in
the class defined by (4) are connected through different inter-
connection schemes (i.e., in series and in feedback). As a result,
we will show that the overall model of the composite system
lies itself in the class defined by (4), implying that its stability
properties can be established by resorting to Theorem 2. This
has the important implication that a system in the class defined
by (4) can be controlled through suitable feedback controllers
and feedforward compensators in class (4), and one can use
Theorem 2 to establish stability properties of the control scheme.
This will pave the way to the control design conditions discussed
in Section V.

A. Feedforward Interconnection

In this section, we investigate the 0ISS conditions of the series
of M systems lying in the class (4). Specifically, each system
is numbered in increasing order with respect to ¢ and is defined
by

zi(k +1) = fs, (Aizi(k) + Biui(k)),

where u; € R™, y; € R%, and x; € R™. Because of the se-
ries interconnection, it holds that u;(k) = y;—1(k), for all ¢ =
2,..., M, where m; = [;_1. We can state the following result.

Proposition 9: The series of M systems in the class (4) lies
in the class (4).

Proof: First, note that the input of the first subsystem is the
input of the overall series interconnection, i.e., u(k) = uy(k),
whereas the output of the last subsystem of the series is the
overall output, i.e., y(k) = yar. (k). Since y; (k) = u;—1(k), for
all i = 2,..., M, due to the series interconnection, the second
subsystem can be written as

1’2(]{} + 1) = f52 (AQiCQ(k) + BQCl.’El(k) + B2D1u(k)),
yg(k’) = CQ!EQ(k) + DgClxl (k’) + Dngu(k) (22)

21a)
21b)

'YALMIP [32] and MOSEK [33].

r + € Ug yS
C — S
Fig. 1. Feedback control scheme: C is the controller, S is the system

to be controlled, r is the reference signal, e is the tracking error, us is
the manipulated variable, and y; is the output of the system.

Following the same reasoning, for ¢ = 3, ..., M, it holds that
i-2 [i-h—2
zi(k+1)=fs, | Bi H D;_1_j | Chap(k)
h=1 \ j=0

i—2
+B; H Di 1 ;| u(k) |, (23a)
=0
i—1 i—h—1
yl(k) = Di,] Chfﬂh(k) + Cl.L'l(k)
h=1 7j=0
i—1
+ H Di ;| u(k). (23b)
=0

From (21), (22), and (23), by introducing the extended state
vector x(k) = [z, (k)T xa, ()T, it is possible to
construct the matrices A, B, C, D and the vector f(-) =
[fs, ()T fsar. (-)T]7 of the overall system in the form
(4). This concludes the proof. |

To guarantee the JISS of the series of M, systems in the
form (4), one way is to write the overall series system as
(4), and then to impose the sufficient condition for JISS in
Theorem 2 to the overall system. Alternatively, we can im-
pose the sufficient condition for JISS in Theorem 2 to each
subsystem. In [12, Proposition 4.7], a theoretical result proved
that the series interconnection of two JISS continuous-time
systems is 0ISS. The same property can be extended to discrete-
time systems. In the following Proposition 10 we show that,
given a series of discrete-time systems, each one satisfying the
assumptions of Theorem 2 for JISS, their series interconnection
satisfies the same assumptions.

Proposition 10: Let us consider a series of systems
in the class (4), each one fulfilling the assumptions of
Theorem 2. The series of these systems satisfies the assumptions
of Theorem 2.

Proof: See the Appendix. |

B. Feedback Interconnection

In this section, we investigate the /ISS conditions of the
feedback of two systems lying in the class (4). The baseline
feedback control scheme is depicted in Fig. 1, where r is
the reference signal, and e is the tracking error. We define the
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equations of the controller C as
(kb +1) = fe(Acxe(k) + Beue(k)), (24a)
Ye(k) = Cexe(k) + Deoue(k) (24b)

where u, € R, 3. € Rle, and z. € R™. We consider the
case in which the system is strictly proper to avoid algebraic
loops. Thus, we define the equations of the (possibly identified)
controlled system S as

xS(k + 1) = fs(Asxs(k) + Bsus(k))v (25a)
ys(k) = Cszs(k) (25b)

where u, € R™, y, € R, and =, € R™. Let also my = [,
and m, = l,. We can state the following result.

Proposition 11: The feedback interconnection in Fig. 1 of the
systems (24) and (25) in the class (4) lies in the class (4).

Proof: First, note from Fig. | that r is overall input to
the feedback interconnection, i.e., u(k) = r(k), whereas ys is
the overall output, i.e., y(k) = ys(k). Since u.(k) =e(k) =
r(k) —ys(k) = r(k) — Cszs(k) due to the negative feedback
interconnection, and us (k) = y.(k) = Cex(k) + Douc(k), we
can write the equations of the overall closed-loop system in the
formulation (4) through the following definitions:

A, —-B.C; B,
A= |:BSCC As - BsDcCs:| ’ b= |:BsDc:| ’

C= o G| D=0i0, 26)
(k) = [we(k) s (k)17  and £() = [f()T £:()T]F. =

It is possible to show that the previous result holds also for
the case in which the controller is strictly proper and the system
isnot(i.e., y.(k) = Cex.(k) andys (k) = Cszs(k) + Dsus(k))
by defining

Ac - BchOc _BCCS Bc
A= |: Bscc As :| ’ B = |:0n5,l3:| ’
C= [DSCC Cs]’ D= Ols,ls7 QC(]C) - [xc(k)T xs(k)T}T’ and
FO) =1fe(O)T £

In view of Proposition 11 and Theorem 2, it is possible to
analyze or enforce (through the tuning of the parameters of C)
the §1ISS property to the feedback control scheme in Fig. 1, where
both the controller and the system are in the class (4).

V. CONTROLLER DESIGN WITH §ISS GUARANTEES

This section discusses the design of controllers that confer
0ISS guarantees to the control system. In this article, we will
not focus on the performances of the control system, which will
be a matter of future research [34].

In general, the 4ISS condition (14) in Theorem 2 corresponds
to a nonlinear constraint in control design, due to the product
between A in (26) and P, both containing decision variables.
However, it can be handled by common nonlinear solvers.2 On
the other hand, there are some particular cases in which it can
be reformulated as an LMI constraint, as shown in the following
section.

2It can be enforced by the MATLAB function fmincon or, in Python, by
adding in the loss function a term which penalizes the violation of the constraint
as done in [19, Section 5.2].

A. LMI-Based Control Design

We consider a control system whose overall equations
are in the class (4). In this section we show that, in some
particular cases, the matrix A of the closed-loop system can be
written as A = F+ GJ,or as A = ' + JG, where F and G
are known matrices depending on the system to be controlled,
and J is a matrix to be tuned taking the role of the control
gain. The objective is to tune .J so that the closed-loop system
enjoys the JISS property. The following results hold (potentially
applicable to both closed-loop or open-loop systems).

Proposition 12: Letus consider a system with equations in the
class (4), where A= F + GJ. Let F':= WF and G := WG,
where W = diag(Ly1, . .., Lpy) is the diagonal matrix defined
in Section III. If 3P = PT, having the structure required by
Theorem 2, and 3H such that

T
P (FP+GH) ]}0 o7
FP+GH P
then, if we set J = HP~!, the system (4) is 6ISS.

Proof: First, note that from (27) it follows that P > 0 and
P~ = 0.Second, by resorting to the Schur complement, it holds
that

P— (ﬁP n C?*H)T p! (ﬁP + éH) = 0.
Since H = J P, then we can write
P (15 n c?*J)TJf1 (F n éJ) P—PP P <0,
P ((ﬁ+ éJ)Tpfl(ﬁjLéJ) - Pl) P <0,

ATplA—p1t<o (28)

where A = F + G.J. Note that P~' = P~T = 0 is a matrix
with the same structure of P. From (28), the assumptions of
Theorem 2 hold, concluding the proof. |

Proposition 13: Let us consider a system with equations in
the class (4), where A = F' + JG. Let F = WF, where W =
diag(Lp1, . .., Lpp) is the diagonal matrix defined in Section III
and L,; > 0Vi. If 3P = PT having the structure required by
Theorem 2, and 3H such that

P—FTPF - GTHTF — FTHG GTHT
HG P
then, if we set J = W—'P~1 H, the system (4) is JISS.

Proof: First, note that from (29) it follows that P >~ 0. Sec-
ond, by resorting to the Schur complement, it holds that

P—F'PF—G"H'F - F"HG - G"H"P'HG 0.

=0 (29)

Since H = Pj, where J := W.J , then we can write
FTPE+GTJTPF + FTPJG +GTJTPJG — P <0,

ATPA-P <0 (30)

where A = F + JG. From (30), the assumptions of Theorem 2
hold, concluding the proof. |

Note that the feasibility problem, which consists of finding
P with the required structure and H such that (27) or (29)
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D=0
Up Us Ys | -
> S A — ch + WyCWoutlc _Wecs B _ We
_|_ BsWoutlc A ’ Ons’ls
U T y(k) = ys(k) is the overall output, and u(k) = r(k) is the over-
K S all input. Since the system matrices are known and the matrices
of the controller in the state equation are randomly generated,
— the only unknown matrix is W, . Hence, it is possible to write
A=F+GJ,where J = [Wour,, 01, n,]
er _Wecs Wyc
Fig. 2. State-feedback control scheme: K is the state-feedback gain F= 0 ) A , G= B K
matrix, S is the system to be controlled, y is the output of the system, Ts)Te s s

x is the state of the system, wg is the feedforward term, uyx = Kxs,
and u is the manipulated variable.

is fulfilled, can be easily solved, e.g., via YALMIP [32] and
MOSEK [33].

Now, we will show some examples of control design problems
which can be solved using the results in Propositions 12 and 13.
Note that, if J is a full matrix whose elements are the controller
parameters, then H is a full matrix as well. However, if J
is a block matrix containing some zero blocks, then further
constraints on the structure of the matrices 4 and P must be
considered, as we will see in some of the following examples.

Example 5. Static linear state-feedback controller: We con-
sider the problem of designing a state-feedback gain matrix K
such that the control system in Fig. 2 enjoys dISS. The equations
of the system are defined as in (25). In this example, the equation
of the controller is

us(k) = Kas(k) + uo(k) (31

where K € R™=*"s 9 € R™= is a suitable feedforward term
possibly depending upon the reference signal, and the state s €
R™ is measurable or can be estimated by a suitable observer.
Note that the state is certainly known in case it depends only
on current and past input and output samples, e.g., a shallow
NNARX, where W}, and b are a priori selected and W}, is square
and invertible. In [26], in case of ESNs, a possible observer was
proposed. More generally, some insights about the design of
suitable observers for generic systems in class (4) are provided
in Section V-B.

Hence, the closed-loop system has equations in the class (4),
where A = A, + BsK has the structure required by Proposi-
tion 12 with ' = A,, G = B, and J = K. O

Example 6. Echo state dynamic output-feedback controller:
We consider the problem of designing an output-feedback con-
troller for the control scheme in Fig. 1, where the system lies
in the class (25) and the controller is described by an ESN. We
define the equations of the controller as

ze(k +1) = C(Wy,we(k) + Wee(k) + Wy, ye(k)), (32a)
Ye(k) = Wout,, xc(k) (32b)

where the direct dependence of the input in the output equation
is omitted, i.e., Wous,, = O1.,m,.. By recalling that u,(k) =
ye(k) and e(k) = r(k) — ys(k), the equations of the over-

all closed-loop system are in the class (4), where x(k) =

[ze(B)" 2 (R)T]T, () = [C()T ()T C = [0, n, Cil,

Therefore, it is possible to apply the result in Proposition 12.
However, in order to obtain a J with the required structure, it is
necessary to further constrain~1) the structure of the matrix H,
ie, H=[H 0y, ,.], where H € R'<*" is a free variable; and
2) the structure of the matrix P, i.e., P = PT = diag(P;, P»),
where P; € R"<*"™e and P, € R™*"s have the structure re-
quired by Theorem 2. O

Example 7. Shallow NNARX dynamic output-feedback con-
troller: We consider the problem of designing an output-
feedback controller for the control scheme in Fig. 1, where
the system lies in the class (25) and the controller is described
by a shallow NNARX (8). We use the subscript ¢ to denote
the matrices and dimensions of the controller. For simplic-
ity, we set b. = 0,_,1 and by, = 0, 1, which is reasonable in
case normalized data are considered. We also assume that Wj,_
is a priori selected, whereas Wy = [Wy, Wy, Wy, ] and
W,,. are the controller unknown matrices to be tuned. Note that
the controller can be written in the state-space representation
(24), where z.(k) is defined as in (10), A, as in (11), B, =
0% me Ofeme Fme Wi, Co =[O mev. Wols De=
Opimes fe() = [idn, v, ()T C()T]7, and uc(k) = e(k) =
r(k) — ys(k). By recalling that u, (k) = y.(k), the equations of
the overall closed-loop system are in the class (4), where (k) =

[2s (k)T ze(R)T1T, f() = [fs()T fe()T]T. C =1Cs O ..

D=0,
o As BSCC _ O’ﬂs’ls
A=, ) =)

y(k) = ys(k) is the overall output, and u(k) = r(k) is the
overall input. Hence, it is possible to write A = F' + JG, where

J = fte o
W, W,
A BsC.
OTC Ng Ochlc+mc ITc OTc’Vc
F=110n, Ot tetme Orere Woo | |
—Cs O tetme Oigre Org,
Ouc,ns _Ouc,lc+mC ch,r(, Oz/c Ve
705 Olsvnc
G= I v, Ono—ve,ve
Onj,zfls,nS
L Olcync_’/c WOC

nj, = g+ ne — Ve, and nj, = (me + I.)N; + m,. Therefore,
it is possible to apply the result in Proposition 13. However, in
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order to obtain a J with the required structure, it is necessary
to further cgnstrain 1) the structure of the matrix H, i.e., H =
[ 5:‘1)% HT)T, where H € R¥<*"2 is a free variable; and
2) the structure of the matrix P, i.e., P = PT = diag(Py, P»),
where, in turn, P; € R™1 %™ and P, € RY<*¥e are matrices
with the structure required by Theorem 2. ]

B. Observer Design

In general, if the state is not measurable, the application of
state-feedback control schemes (e.g., the one in Fig. 2) requires
the availability of a state estimate. For a system in class (4), the
following observer is proposed to provide a reliable estimate &
of the state x, based on the input-output measures u and y:

ik +1) = J(A2(k) + Bu(k) + Ly(k) - (k) (33a)

(k) = Ci(k) + Du(k) (33b)
where L is the observer gain to be designed according to the
following result.

Proposition 14: Let us consider a system with equations in
the class (4) under Assumption 1. Let us define the diagonal
matrix W = diag(Lya, ..., Lyy) as specified in Section IIL. If
the observer (33) is employed, with L such that

=0 (34)
A—LC I,

then Z(k) — x(k) as k — +oo.

Proof: First, note that the dynamics of the estimation error is
defined as é(k) := (k) — @(k). By jointly considering (4) and
(33), the 2-norm of the estimation error at time instant k + 1 can
be written as

ek +1)[| = || f(Az (k) + Bu(k)) — f(AZ(k) + Bu(k)
+ L(Cx(k) + Du(k) — (Ca(k) + Du(k))) .

According to Assumption 1 and to the definition of W, we can
write

lle(k + 1)|| < Amax(W)||Az(k) + Bu(k) — (Az(k)
+ Bu(k) + L(Cxz(k) — C&(k))||
= Amax(W)[[(A = LO)(x(k) — 2(k))||
Amax (W)[|A = LC|[|e(R)]-

A

Thus, the condition

Amax (W) A = LC| < 1 (35)

guarantees that the estimation error converges to 0, i.e.,
lle(B)|l — 0 and &(k) — x(k) as k — +o0. Note that (35) is
equivalent to the following condition:

1 T

T (V)2 I,—(A-LC)' I, (A-LC) >0

which can be recast as (34) in view of the Schur complement.ll
The study of the convergence rate of the observer as well as

the analysis of the case in which a nonmeasurable disturbance

acts on the system state and/or output will be matter of future

research.

Ys

r+__e T U+ Usg S >
_ + T,
UK
(@)
r+__e (% u
| e Cc P S >
(b)
C Ye
r o+ (& s &
i ‘w S Ys o
— +
(©
Fig. 3. Closed-loop control schemes with explicit integral action, where

f is the discrete-time integrator, and S the system to be controlled.

(a) Static state-feedback controller with gain K. (b) Integrator in series
to the controller C. (c) Integrator in parallel to the controller C.

C. Control Schemes With Zero Steady-State Error

In this section, the possibility to guarantee zero steady-state
error in case of tracking of piecewise constant reference signals
for systems in the class (4) is investigated. This can be guaran-
teed, e.g., using the control schemes in Fig. 3, where the system
S is in the class (25), the controller C is in the class (24), and
the block [ denotes a discrete-time integrator with equation

n(k +1) = n(k) + e(k), (36a)
v(k) = M(n(k) + e(k)) (36b)

where 17 € R!s is the state of the integrator, and M € R%*! is
its gain matrix. In the following proposition we will prove that
all the control schemes depicted in Fig. 3 lead to a common
general model of type:

x(k+1) = fi(Ayx(k) + Agn(k) + Byr(k)),  (37a)
n(k+1) = = Cyx(k) +n(k) +r(k), (37b)
ys(k) = Cyx(k) (37¢)

where € R's is the reference input, y, € R's is the output of the
system, x € R™x is a vector of states, fx(') € R™x is a vector of
scalar functions, A, € R™>*"x, A, € R7x s B, € R7x*ls
and C, € R'**"x. We can state the following result.

Proposition 15: Let the controller C be in the class (24) and
the system S be in the class (25). The equations of the closed-
loop systems in Fig. 3 lie in the class (37). Moreover, the set of
systems in the class (37) is a subset of the set of systems in the
class (4).

Proof: See the Appendix. |
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Given an equilibrium point, provided that the control schemes
in Fig. 3 are 1SS, the zero steady-state error is ensured by the
explicit integral action, since such an equilibrium is globally
asymptotically stable according to Definition 5. However, there
are some cases in which the §ISS property cannot be enforced to
the control schemes in Fig. 3, e.g., if the output y, of the system
is bounded. This is the case of some RNN architectures where
all the activation functions are bounded, e.g., the hyperbolic
tangent or the sigmoid function. Some examples are ESNs where
Wout, = 01, m, and ((-) = tanh(-) [8] or shallow NNARXs
where ((-) = tanh(-). In this regard, the following result holds.

Proposition 16: Let us consider a control system with equa-
tions in the class (37). Let at least one output of the system be
bounded, i.e., ¥s; (k) > Ymin and/or ys; (k) < ymax for all &, and

for at least one i = 1,...,ls, where ymax, Ymin € R. Then, the
control system (37) cannot enjoy the §ISS property.
Proof: See the Appendix. |

Hence, if we consider the system (37), where f, (-) is com-
posed of bounded nonlinear globally Lipschitz continuous func-
tions, we have that the assumptions of Theorem 2 can never
be fulfilled, as a consequence of the result in Proposition 16.
Nevertheless, if we consider a system structure where at least
a state equation in (37a) is linear, and the latter state directly
affects the output in (37¢), then y, may be unbounded, and the
condition in Theorem 2, as well as §ISS, can be enforced. The
following example corroborates the statement in Proposition 16
and our remark.

Example 8. State-feedback control with explicit integrator:
We consider a SISO system in the class (25) with two states,
where f4(+) = [tanh(-) f2()]T.Letus consider a state-feedback
control law and an explicit integral action (36) as in Fig.
3(a), i.e., us(k) = Kxs(k) + M(n(k) + e(k)), where e(k) =
r(k) — Cszs(k). As stated in Proposition 15, the closed-loop
system is in the class (37), and by extension also in the class (4).
The matrix A of the closed-loop system is

A [4s+BEK - BMC, BM
- —C, 1

and can be rewritten as A = F' + GJ, where

_ As 02,1 _ Bs
r=e e[

and J = [K — MC, M] takes the role of the control gain. Note

I 0
that[K M]=JE ', where E=| > >
-Cy, 1
—0.4 1. 4 701
Let us choose A, = 0.4686 098 , B, = 0.7015 ,
0 1.15 —2.0518

Cs = [—0.3538 — 0.8236], and fo(-) = id(-).

According to Theorem 2, matrix P must have the following
structure: P = diag(p;, P2), where p; € R and P, € R?*2, A
feasible solution is returned by solving (27) (where W = I3)
with YALMIP and MOSEK, ensuring that the closed-loop
system enjoys the §ISS property according to Proposition 12.
The following matrices and parameters are obtained: P =
[2.1317 0 0

0 0588  —0.5283|, H = [0.1694 0.2875 — 0.1088],
0 -0.5283  1.3569

Output

0 5 10 15 20
Time [s]

Fig. 4. Output trajectory of the closed-loop discrete-time system with
state-feedback and explicit integral action. Black dashed line: Reference
signal trajectory; blue line: Output signal trajectory.

K =1]0.0196 0.5016], and M = 0.1694. In Fig. 4, the reference
tracking results of the closed-loop system are depicted, where
we can see that the closed-loop system enjoys JISS and its
equilibria are asymptotically stable even if the open-loop system
displays unstable dynamics, as we can see from the second
(linear) state equation of the open-loop system. Furthermore,
due to the explicit integral action, a zero steady-state error is
achieved.

On the other hand, if we take f3(-) = tanh(-), matrix P
is constrained to have the following structure, on the basis
of Theorem 2: P = diag(p1, p2, p3), where p1,p2,p3 € R. An
unfeasible solution is returned by solving (27) (where W = I3),
corroborating the statement in Proposition 16. U

If the control schemes in Fig. 3 cannot be used to achieve
zero steady-state error while ensuring JISS for the closed-loop
system, a possible solution to improve the static performance
could be the use of a JISS feedforward compensator in the
class (4). Since it is dynamic, this compensator can be used
to enhance both static and dynamic performances. Moreover,
provided that the closed-loop system is JISS, the addition of a
OISS feedforward compensator preserves the JISS of the overall
control system. This fact follows straightforwardly from the
result in Proposition 10, since such a component is placed in
series to the closed-loop system. Future research will address
methods for the design of feedforward compensators, as well as
the analysis of the dynamic performances of the control system.

VI. SIMULATION RESULTS

In order to validate the theoretical results in the previous
sections we propose here a simulation example. The case study
consists of the control of the following ESN-based nonlinear
SISO system with ng = 8 states:

zs(k+1) =Wy, zs(k) + Wy, us (k) + Wy, ys(k)), (38a)
ys(k):Woutls ms(k) (38b)

where the direct dependence of the input in the output equation
is absent, i.e., Wous,, = 0, and (s, () = id(-) fori =1,...,5,
whereas (g, () = tanh(-) for ¢ = 6,7, 8. The structure of the
state equations, both nonlinear and linear, is such that the output
can take unbounded values, paving the way to the possible
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Fig. 5. Control scheme with explicit integral action and ESN in series: ---
f is the discrete-time integrator, ES N the echo state dynamic controller,
and S the system to be controlled.
0 5000 10000 15000

inclusion of an explicit integral action (according to Proposi-
tion 16), and to more freedom in the control design (e.g., see
Theorem 2).

The model (38) is identified using a noiseless dataset con-
taining 1400 normalized input—output data collected with a
sampling time 75 = 25 s from a simulated pH neutralization
process (see [26], [35], and [36] for a detailed description of the
system model). The pH process is a nonlinear SISO dynamical
system where the input is the alkaline flowrate, and the output
is the pH concentration. The training input data consist of a
multilevel pseudorandom signal [35], whose amplitude is in the
range [12, 16] mL/s. The training is carried out according to the
“ESN training algorithm” (see [26] for an accurate description).
Basically, W, ., W,,_,and W, are randomly generated, whereas
Wout,, 1s obtained by solving a least squares problem based
on the available dataset, where the initial 100 data points are
discarded to accommodate the effect of the initial transient. To
test the identification performance, the following fitting index
is calculated over a validation dataset composed of 600 new
normalized input—output data:

FITy = 100 - (1 - ”yfy_> € (—00,100]  (39)
17—l

where 3/ is the real system output sequence, s is the output

sequence obtained with (38), and ¥ is a vector with all the

elements equal to the mean value of the real output sequence

7. A satisfactory fitting F 1Ty, = 90.2995% is achieved.

The control objective in this example is the achievement of
perfect asymptotic tracking of constant reference signals. To
this aim, the control architecture in Fig. 5 is taken into account,
where an explicit integral action is also embedded. In particular,
S is the system (38) to be controlled, whose state is assumed
measurable, “ [ is defined as in (36) by setting M = 1, and
“ESN” is a non-strictly proper ESN controller with n, =5
states, whose input vector contains the integrator output v jointly
to the system state vector x,. Overall, the controller equations
are the following:

Te(k+1) = Cc(Wa,ze(k) + Wa uc(k) + Wy, ye(k)), (40a)

n(k +1) =n(k) + e(k), (40b)
yc(k) = Woutlcxc(k) + I/Vothn uc(k) (400)
where (., (-) =tanh(-) for all i=1,...,5, wu.(k)=
[v(k) zs(k)T])T, and v(k) = n(k)+ e(k). Let us define

I/VuC = [Vvuw Wum]’ and I/Voutgc = [Woutzw Woutgw},Where
Wucv S Rn“, Wum S Rncxns’ Woutzw S R, and WOUtzcm €
R, Also, let us introduce (k) = [x.(k)T n(k) xs(k)*]T,

and f(-)=[¢()T dd(-) ¢()T)F. By recalling that

Time [s]

Fig. 6. Denormalized output trajectories of the closed-loop discrete-
time system starting from different initial conditions, with zoom of the
initial transient. Black dashed line: Reference trajectory; colored lines:
Output trajectories for 20 different initial conditions.

us(k) = yo(k) and e(k) =r(k) —ys(k), we can write the
closed-loop system equations in the class (4), where the matrix
A is defined as

ch + I/VyC Woutlc Wucv + Wyc Woutzw A13
A: 0177% 1 _I/VoutlS
Wub. VVoutlC Wus Woutgw A33
where A13 = Wucz _Wucv I/VoutlS +Wyc (VVothCI _Woutgcv

Woutls)’ and A33 = Wzs + VVyS ‘/VoutlS + Wub (Woutzcz -
Wouts,, Wout,, ). Since W, W, , and W, are known
randomly generated matrices, we can rewrite A as F' + GJ,
where

Wee Wuey Waey = W, Wour,, Wy,
F= 01,77,C 1 _Woutls 5 G= 0
Ons,nc Ons’l st + Wys WOUtls Wus

and J = [WOUtlc WothCU WOUt?cm - Woutgcv Woutls} takes
the role of the control gain. Note that the unknown controller

parameters can be computed as [Wou,, Wour,. ] = JEL,
where
Inc Onc,l Onmns
E=|01n 1 W,
0”57”(‘. OnsJ Ins

According to Proposition 12, the matrix P must have the fol-
lowing structure: P = diag(Pp, , Pr, Pp,), where Pp, € R>*®
and Pp, € R3*3 are diagonal matrices, whereas Pr € R6*6isa
full symmetric matrix. A feasible solution is returned by solving
27)(where W = I,,_,_+1) with YALMIP and MOSEK, ensur-
ing that the closed-loop system enjoys the JISS property due to
Proposition 12.

In Fig. 6, the reference tracking results of the closed-loop
system starting from 20 different random initial conditions
are depicted, where we can see that the equilibria are asymp-
totically stable and the output trajectories converge to each
other in view of the JISS property. Moreover, due to the
explicit integral action, a zero steady-state error is achieved.
In Fig. 7, the corresponding control input trajectories are
shown.

The previously tuned controller is also tested on the pH
process physics-based simulator. To this aim, some remarks
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Fig. 7. Denormalized control input trajectories of the closed-loop  Fig. 9. Control input trajectories of the closed-loop system using the

discrete-time system starting from different initial conditions, with zoom
of the initial transient. Colored lines: Input trajectories for 20 different
initial conditions.

7.5 o ___ ]
Y =Y
7b-1— A
6.5 \ : { “TT
LY I‘/"/"‘
1 \ ”’r
6 -z
0 5000 10000 15000
Time [s]
Fig. 8. Output trajectories of the closed-loop system using the simu-

lated pH process and starting from different initial conditions, with zoom
of the initial transient. Black dashed line: Reference trajectory; colored
lines: Output trajectories for 20 different initial conditions.

are due. First, in the control scheme, a denormalization of the
control variable u4 and a normalization of the output y, are per-
formed upstream and downstream of the process, respectively.
A normalization of the reference signal is also carried out. The
same normalization parameters applied in the identification are
employed.

The second issue to be considered concerns the fact that the
state measurements of the system (38), necessary for the state-
feedback, are not available in this second case. Hence, a suitable
observer is required. As suggested in Section V-B, the following
observer is tuned:

(k+1) = CS((WHES + W, Woutls)f5<k) + WuSUS(k)
+ L(ys(k) — 9s(k))), (41a)
Qs(k) = Woutls-%s(k) (41b)

where the observer gain L is designed using the result in
Proposition 14.

In Fig. 8, the reference tracking results of the closed-loop
system using the simulated pH process and starting from 20
different random initial conditions are represented, where we
can see that the equilibria are asymptotically stable and, due
to the explicit integral action, a zero steady-state error is also

simulated pH process and starting from different initial conditions, with
zoom of the initial transient. Colored lines: Input trajectories for 20
different initial conditions.

achieved. In Fig. 9, the corresponding control input trajectories
are depicted.

VIl. CONCLUSION

In this article, we have proposed a novel LMI-based condition
that guarantees JISS for a class of RNNs. The reduced conser-
vativeness of this condition with respect to other conditions in
the literature has been proven. Since this condition is based on
LMIs, it is computationally lightweight and can be used for both
analysis and control system design. More specifically, we have
shown that it is efficiently applicable for the design of dedicated
control systems including feedback regulators (in the form, e.g.,
of static state-feedback controllers, echo state-based, or neural
NARX-based output feedback dynamic controllers). The design
of observers and the possible inclusion of integrators in the
control scheme have been also investigated. Simulation results
have corroborated the effectiveness of the theoretical results.

Future work will tackle a number of issues remained open in
this work. First, we will address a possible extension to alterna-
tive conditions in order to include other classes of RNNs (e.g.,
multilayers NNARX or long short-term memory networks), as
well as a deeper comparison and the extension to control design
of the contraction conditions in [22]. Second, the development of
a (possibly data-based) cost function which takes into account
the desired dynamic performances of the control system will
be investigated [34]. Then, we will address the design of a
suitable JISS feedforward compensator to be used to achieve
static precision in case an explicit integral action cannot be
embedded in the control scheme. Furthermore, the convergence
rate of the observer together with the analysis of the case in
which a nonmeasurable disturbance acts on the system will be
studied. Finally, the application of the theoretical results in this
article to an experimental apparatus will be carried out.

APPENDIX

A. Proof of Proposition 2

First, note that Ds must be invertible in view of
Proposition 1. Also, the condition inf p,ep E(D(;Wngl) <1
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is equivalent to require the existence of Ds € D such that
7(DsW,D;') = |DsW,Ds'| < 1, or equivalently
D;TWrID{DsW,Ds' — 1, <0,

wIDI'DsW, — DI'D;s < 0. (42)

Now, let us define P = D6TD5. Note that P > 0 diagonal, if
and only if there exists Dy diagonal and invertible such that
P = D:{D(;. Thus, condition (42) (and, in turn, the condition in
Proposition 1) is equivalent to require the existence of a diagonal
matrix P > 0 such that

WIPw,—-P <0 (43)
which coincides with the condition in Theorem 2 for system
(6a) in case all the activation functions are strictly nonlinear,
ie., W= {1,...,v}, and the Lipschitz constants are L,; = 1,
Vi =1,...,v. This concludes the proof. |

B. Proof of Proposition 4

The objective is to prove that the fulfilment of the assumption
of Proposition 3 implies the fulfilment of the assumptions of
Theorem 2. The latter, for a single-layer NNARX, require the
existence of a matrix P = P” ~ 0 such that

ATPA-P <0
OT,H-HL I, 07‘,1/
where A = WA, A = Orivem  Our Wo ,
m,l+m 0771,7— Oiﬁ,u
Wd)l W¢2 W¢'3 WO
I, ., Op—vv ﬁ 0.
= ’ P = n—v,v
" |:Ol/,nu Lle, :| ’ |:Ol/,nu PD :|

P e R(n=v)x(n=v) and Pp € R is a diagonal matrix. For
notational clarity, we recall that n — v = 7 + [ + m. Moreover,
we can write A = A, W)y, by defining
O'r,l+n~1 I, OT,l
Ay = Ori4+m  Oir I ,

Om,+m  Omr Omy
W¢1 W¢2 W¢3
and
. Iiym o Opmr Oipmg
Wo = OT,l-‘rﬁ’L I, O'r,u
01i4m  Oir Wo
Furthermore, we can define 1% =WAy = [ Q }, where
LPW¢

W¢: W¢1 W¢2 W¢3}

and
Ori4m I Ony
Q= |04m Our I
Omrm Omr Omy

Therefore, the assumptions of Theorem 2 can be rewritten as
follows:

W ATPAW, — P <0,
WT(QTPQ + L2WI PpWy)Wo — P < 0,

W QTPQW, — P+ L2WI W] PoWsWy < 0. (44)

Now, let us choose a block diagonal ]5, i.e., P = ﬁf =
digg(?l,P27P3), where P; € R™*7, Py € Rle, and P; €
R™*™_ With this choice, we can compute

Ovmit+m Oipmr O
0‘r,l

Ol,T P2

WEQTPQWy =W | 0riia Py Wo

01,14+

ﬁO On;u,v
Ol/,n—y W(?PQWO

_ Orie i Oroe
where P, = [ L+m,l+m ltm’T} . Thus, we have that
0T,l+77l Pl

B p

Ou,n—u

Onfu,z/

WEP,Wy — Pp

WIQTPQW, — P =

Then, let us choose
) (N - 2)Il+77l7 (N - 1)I’n~’7,)

ﬁg =a(N -1I, 133 = aNI, for any scalar o > 0, and
Pp = g1, for any scalar 3 > 0. Hence, according to the previ-
ous choices, we can rewrite (44) as

—al,_, On—u,y
Ovn- a(N— 1)WOTW0 — BI,

Py = a - diag(Tiym, 2 s, - -

By adding and subtracting {WOT WO, for any scalar v > 0, the
condition (44) becomes

_alnfu O’I’L*I/,V fpmgetly (gl
[ Oy (N —D)WIW, — /31,,} +Wo Wo
+ W BLEWI Wy — Yl mn)Wo < 0. (45)
Now, note that if both
('Y - a)Infu OTL*IJ,I/
|: 0u7n71/ (Oé(N - 1) + ’Y)W(,)TWO - BIV =0 (46)

BLIWE Wy —vgmyn <0 (47)

are fulfilled, then (45) certainly holds. Therefore, we want to
prove that there exist « > 0, 5 > 0, and v > 0 such that (46)
and (47) hold provided that the assumption of Proposition 3 is
fulfilled. First, note that (46) holds, if and only if

v < a, (48)
IWol® = A (WEWD) < —— 2 (49)
a(N —1)+~
Second, (47) holds if and only if
IWoll? = hmas (W W) < =1z (50)
BL,

Furthermore, if (48) holds, we have that (49) is certainly fulfilled
if

B

Wol? < —

IWoll? < =

holds. Hence, if conditions (48), (50), and (51) are satisfied, we
have that (45) holds, implying the fulfilment of the assumptions

of Theorem 2. Finally, to have (48), (50), and (51) fulfilled, we

(D
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have to prove the existence of positive a, 3, and -y such that
¥ 1

B [Woll> N
In particular, in view of the assumption of Proposition 3,

ie., |[Woll|[Wsll < ﬁ,itfellowsthat\\w(bu?j:i < W

Thus, it is always possible to find positive real numbers «, f3,
and + such that (52) holds thanks to the completeness axiom of
real numbers. This concludes the proof. ]

(0%
IWell’Ly < 5 < 5 < (52)

C. Proof of Proposition 6

First, if £ = 0,, ,,, we have that M = W|A|. Accordingly, the
assumption of Proposition 5 requires the existence of a matrix
P = PT » 0 such that

A" WTPW |A| — P <0. (53)
This condition represents also the stability condition for
Z(k+1) =W |A|z(k) (54)

which is a discrete-time linear positive system. Hence, as stated
in [37, Th. 15], system (54) is asymptotically stable, if and only
if there exists a diagonal P > 0 fulfilling condition (53).
Therefore, let us consider a matrix P = diag(p1,...,pn) €
R™*™, with p; > 0. For any generic vector v € R", v # 0, 1,
condition (53) implies that
o (A" WTPW |A| = P)v <0

which becomes
n n 2 n
0 Yomy( L) - Ywni<o
j=1 i=1 j=1

On the other hand, following the same reasoning, forall v € R",
¥ # 0,1, condition (14) in Theorem 2 with a diagonal P is
equivalent to

n n 2 n
(i) ijL;j<Zaﬁ@) - Sy <o
=1 i=1 j=1

We want to show now that, if (i) holds for any v € R", v #
0y,.1, it follows that (47) holds for any © € R™, ¥ # 0,, 1.

Let us consider a generic © € R™, ¥ # 0,, 1. It follows that
v = |0| satisfies (¢) by assumption. Also, note that

n n n
> ajib =Y lagl ol = lagilvi
=1 =1 =1

which implies that

n n 2 n n 2
Sty (SCanti) < St Slaslv) -
=1 i=1 j=1 i=1

n

<y

i=1

i Vg

(55)
Moreover, note that
(56)

n n n

~2 s 2 2
E :pjvj = § :p]\vj| = § :pJ”j'
i=1 i=1 i=1

Equations (55) and (56) imply that, since v = |0| verifies (i),
then ¢ will satisfy (4¢). This means that (i) = (i7), which
concludes the proof.

D. Proof of Proposition 8

If (20) holds, then we can multiply it on the left by [Ofn 0}2"’]
and on the right by its transpose, so as to obtain

2P —p3 (FP)T
[ P D = 0. (57)
Hence, we can rewrite (57) as
2P2 —P3 =P Opn P (FP)T
{ O On,n:| + [J—"P P = 0. (58)
Pa Ps

Note that 2P? — P3 — P =P3([ - P) - P - P) = (P? —
P)YI —P)=—(I—P)'P(I —P) = 0. It follows that P, <
0, and so it must hold Pg > 0. By applying very similar steps
to the ones in the proof of Proposition 12 to Pg > 0, we get
ATPA— P <0, where A= WF, W =1I,,and P=P ' »
0 is a diagonal matrix. So, the assumptions of Theorem 2 are
fulfilled. This concludes the proof. |

E. Proof of Proposition 10

The proof is carried out with reference to the series of two
systems (4), since the generalization to a generic number of
systems follows straightforwardly by iterating the procedure.

Let us consider two systems in the class (4), using the
subscripts 1 (system upstream) and 2 (system downstream) to
denote the corresponding matrices, respectively. According to
Proposition 9, the series of the two systems is in the class (4),

where
Aq 0, 371(]4}) fé ()
A: ni,n2 , k/’ — , ) — 1
[32 L O ] (k) Lﬁ wl FO=150
for the overall series system. Accordingly, we have that
1 _ Wl Onl,ng Al Onlmg
A=WA= |:On2,n1 Wa ByCy Ao
_ WlAl Onl,nz _ gl On}v,ng
WoByCr WAy Asy As

By assumption, the two systems fulfill the assumptions of
Theorem 2, i.e., 3P, = PlT = 0 and 4P, = P2T > 0 with the
required structures such that

ATP A — P <0, (59)

ATPy Ay — Py < 0. (60)
Now, we want to prove that 3P = PT = 0 with the required
structure such that AT PA — P < 0. First, we take

pP 1 0n1 no
2 =0
O’I’LQ s P2
which has the structure required by Theorem 2 on the basis of
system nonlinearities, where p > 0. Then

ATpA—P

PPT[

A'{pplgl j Zglfgggl — pP1 _ 12[’%1152;{2
AgPQAgl AgPQAQ — P2

We define a generic vector v = [v] 1|7, where v; € R™

and vy € R™2. Therefore, we want to prove that 3p > 0 such
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that v7(ATPA — P)v < 0 for any v # 0y, 4.1, with P = (k) =7(k), f(-) = [fx ()T idi, (-)T]", C = [Cy 01,11,
diag(pPy, P»). Hence . [ Ay An] . [Bx]
UT (ATPAfp) ’U:’U? (A?pP1A1+Ag}P2A217pP1) (% _CX Ils Ils
and D = 0y, ;.. This concludes the proof. |

+ Ug(ggpggg — PQ)UQ
-+ 2U§Z§P212[21U1.
In view of Property 1, for any 7 # 0, we have that

vl (ZTPE — P) v < vlT <Z1TpP1Z1 —pP
1\ ~p o~
+ 1 —+ ﬁ A21P2A21 U1
T 2\ AT A
+U2 ((1+T ) Ag PQAQ—PQ) Vo.

Note that, in view of (60), by selecting a 7 such that

Amin (P2 — AL Py A - =
0<1?< W, where Apin(Py — AY Py Ay) > 0,
max 2

it follows that (1 + 72)AYP,A; — P, < 0. Moreover,
Af = (14 25) AT Py Ayt < humax (A2) 1., Where Age (A%) >0.
Furthermore, ATpPyA; — pPi = phma(AD)L,,, where
At = AT P Ay — Pp and Ay (A%) < 0 from (59). Hence, by

Amax (A7)
m, it holds that

UT@ZTPZ — P)v < 0] (hmax(A7) + phimax (A7) I, 01

setting p > —

+ 0l (1 + 1) AY P Ay — Pa)va < 0

for any v # Oy, 41,15 SINCE Amax (AL) + pAmax(A]) < 0. This
concludes the proof. |

F. Proof of Proposition 15

From Fig. 3(a), by jointly considering (25), (36), e(k) =
r(k) — Cszs(k), and wugs(k) = Kxs(k) +v(k), we obtain
that the equations of the control system are in the class
(37), where X(k) = xs(k)9 fx() = fs(')’ AX = A, + B, K —
B.MCs, Ay = BsM, B, = A, and C, = C.

From Fig. 3(b), by jointly considering (24), (25), (36), e(k) =
r(k) — Cszs(k), uc(k) = v(k), and us(k) = y.(k), we obtain
that the equations of the control system are in the class (37),
where (k) = [z (k)T 2, ()T, £ () = [f-00T £.()T]T,
By = Ay, Cx = 01, 0. Cil,

A, —B.MCj B.M
A= [BSCC Ay — BSDCMCS]  and 4, = [BSDCM] '

From Fig. 3(c), by jointly considering (24), (25), (36),
e(k) =r(k) — Cszs(k), uc(k) =e(k), and us(k) =v(k) +
ye(k), we obtain that the equations of the control system are
in the class (37), where x(k) = [z.(k)T 5(k)T]T, f (1) =
[fC(')T fS(‘)T]T’ Cx = [0n. Csl,

A — |: A, -B.C, ] A = |:0ncal.:|

X |BsC. As—BsMCs—BsD.Cs|’ 7" |BsM|’

and B, = [BI' (BsM + B;D.)"]".
Finally, we can easily see that all the systems (37) are in
the class (4), where x(k) = [x(k)" n(k)"]", y(k) = ys(k).

G. Proof of Proposition 16

Recall that 0ISS implies ISS (see [14]), and that ISS implies
the bounded-input bounded-state property (see [38]). In case
Ysi(k) < ymax for all k, if we take a constant 7; (k) = 7 > Ymax
for all k, we have from (37b) that the state n;(k) — +oo for
k — 400, since y,; (k) = Cy, x(k) < Ymax for all k, where C,
is the ith row of C, . It follows that the bounded-input bounded-
state property does not hold, which is necessary for §ISS. The
same result holds for the case in which y; (k) > Ymin Vk, since
n; (k) = —oo for k — 400 by setting r; (k) =7 < ymin Vk. This
concludes the proof. |
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