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In this work, we study the statistical properties of the off-policy estimation problem, i.e., estimating 
expectations under a target policy using samples collected from a different policy. We begin 
by presenting a novel minimax concentration lower bound that highlights the fundamental 
limits of off-policy estimation. We then analyze two well-known importance weighting (IW) 
techniques: vanilla IW and self-normalized importance weighting (SN). For both methods, we 
derive concentration and anti-concentration results, showing that their concentration rates are 
provably suboptimal compared to our lower bound. Observing that this undesired behavior arises 
from the heavy-tailed nature of the IW and SN estimators, we propose a new class of parametric 
estimators based on a transformation using the power mean (PM), which is no longer heavy

tailed. We study the theoretical properties of the PM estimator in terms of bias and variance. We 
show that, with suitable (possibly data-driven) tuning of its parameters, the PM estimator satisfies 
two key properties under certain conditions: (𝑖) it achieves a subgaussian concentration rate that 
matches our lower bound and (𝑖𝑖) it maintains differentiability with respect to the target policy. 
Finally, we validate our approach through numerical simulations on both synthetic datasets and 
contextual bandits, comparing it against standard off-policy evaluation and learning baselines.1

1. Introduction

The technological and digital evolution of recent decades has increasingly emphasized the importance of data, which now appear 
in large volumes and in various forms, ranging from raw to more structured information. Extracting the knowledge contained in 
this data can help solve a wide range of real-world decision-making problems in domains such as health and care (e.g., [23,77]), 
industrial robot control (e.g., [33,32]), personalized advertising (e.g., [5,68]), and finance (e.g., [50]). Many of these problems can be 
addressed using off-policy techniques. We distinguish between (𝑖) off-policy evaluation, where data collected with a behavioral policy 
is used to evaluate a different target policy and (𝑖𝑖) off-policy learning, where the available data is used to improve the performance of 
a different target policy. These techniques have been extensively applied in various frameworks, including the well-known contextual 
multi-armed bandit (CMAB, [36]).

Among the various techniques used to address these problems, a common approach is to adopt an importance weighting (IW, 
[53]) estimator, whose basic idea is to weight each sample proportionally to the probability of it being generated by the target policy. 
Vanilla IW has the advantage of being unbiased, but it may suffer from very high variance, particularly when the target and behavioral 
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distributions are significantly different [14]. Indeed, IW tends to enlarge the range of the estimator according to the values taken 
by the ratio of the associated density functions. This range is finite for discrete distributions but is likely unbounded for continuous 
ones, potentially resulting in infinite variance. This behavior depends on its heavy-tailed properties [43], preventing the use of bounds 
stricter than polynomial ones (e.g., Chebyshev’s inequality).

Over the years, many works have attempted to mitigate this issue, and several corrections to the importance weights have been 
proposed. Among the most popular are weight truncation (TR, [29,54]), which employs a clipping threshold 𝑀 to prevent weight 
explosion, and the self-normalization (SN, [12]) technique, which bounds the weights by introducing interdependence among samples. 
While these transformations are general-purpose, other methods, such as the doubly robust (DR, [18]) estimator, are specifically 
designed for the CMAB setting. The DR estimator combines a direct method (DM), where the reward is estimated from historical data 
using regression, with an IW-based term used as a control variate.

Intuitively, IW corrections should be designed to effectively control the variance, while accepting the introduction of some bias 
compared to vanilla IW. However, evaluating the performance of such estimators using the mean squared error (MSE), i.e., the sum of 
the variance and the squared bias, may not be an appropriate performance index. As highlighted in several works [43,42], the MSE is 
a weak metric when heavy-tailed distributions are involved, especially when such estimators are intended for decision-making pur

poses [8]. Instead, high-probability concentration bounds are preferable, as they are stronger than MSE bounds and implicitly control all 
moments of the estimator. As noted in [43], an ideal estimator should satisfy subgaussian concentration, i.e., a particular instance of 
exponential concentration analogous to that of the sample mean of independent Gaussian random variables (e.g., Hoeffding’s inequal

ity). However, in striving for subgaussianity, an estimator may sacrifice other desirable properties such as differentiability, as is the 
case with the TR estimator [54], which can be particularly important when (gradient-based) learning methods are employed. Finally, 
existing estimators usually require setting parameters based on the desired confidence level and the properties of the behavioral and 
target distributions [8,54,47], which are typically characterized by some form of divergence (or dissimilarity index). Determining 
such parameters in a fully data-driven manner while maintaining theoretical guarantees remains largely an open question.

Original contributions. In this paper, we make a step towards understanding the statistical properties of off-policy estimation and, 
specifically, importance sampling and relative corrections. The contributions of this work are summarized as follows:

• We provide the first minimax concentration lower bound for off-policy estimation. This result establishes the minimum error that 
any estimator must suffer having fixed a confidence level, a number of samples, and a dissimilarity index between behavioral and 
target distributions. This shows how subgaussian concentration can be achieved at the price of a dependence on a dissimilarity 
index between the behavioral and target distribution (Section 3).

• We analyze the statistical properties of the vanilla importance weighting (IW) and self-normalized importance weighting (SN) 
estimators. Specifically, for both estimators, we provide polynomial concentration bounds and polynomial anti-concentration bounds, 
illustrating how these estimators are unable to match the minimax concentration rate (Section 4).

• We propose the power-mean correction (PM) importance weight estimator, a variant of standard IW. It uses two correction parameters 
(𝜆, 𝑠) that interpolate between the vanilla importance weights and 1, by performing a generalized mean with power 𝑠. This estimator 
is differentiable in the target policy and achieves exponential concentration. Under the knowledge of confidence level and of the 
dissimilarity index between the behavioral and target distributions, (𝜆, 𝑠) can be set to achieve subgaussian concentration, matching 
our minimax lower bound for a sufficiently large number of samples (Section 5).

• We devise a data-driven approach that allows setting (𝜆, 𝑠) based on the collected data. The approach requires solving a rootfinding 
problem and, under the existence of a higher-order dissimilarity index, allows matching the minimax lower bound for a sufficiently 
large number of samples (Section 6).

• We critically compare the existing importance weighting corrections, highlighting their properties in terms of bias, variance, con

centration, and differentiability (Section 7).

• We provide a numerical validation comparing our approach with traditional and modern off-policy baselines on synthetic domains 
and in the CMAB framework (Section 8).

Compared to the conference version of NeurIPS 2021 [48], the novel contributions of this paper are: the minimax concentration 
lower bound (Section 3); the anti-concentration bound for the SN estimator (Section 4); the analysis of the PM estimator for a general 
value of the parameter 𝑠 (Section 5); and the data-driven approach extended to general order of the dissimilarity and value of the 
parameter 𝑠 (Section 6). The proofs of all the results presented in the paper are reported in Appendix A.

2. Preliminaries

In this section, we provide the necessary background to understand the content of the paper. We focus on estimator concentration 
(Section 2.1), importance weighting (Section 2.2), the CMABs (Section 2.3), and off-policy evaluation and learning (Section 2.4).

2.1. Estimator concentration

Let  be a set and 𝔉 be a 𝜎-algebra over  , we denote with Δ the set of probability measures over the measurable space 
( ,𝔉 ). Let 𝑃 ∈ Δ be a probability measure and 𝑓 ∶  → ℝ be a measurable function. Let 𝜇𝑛 be an estimator for the expected 
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value of function 𝑓 under measure 𝑃 , i.e., 𝜇 = 𝔼𝑦∼𝑃 [𝑓 (𝑦)], obtained with 𝑛 ∈ℕ i.i.d. samples.2 Suppose that, for every 𝛿 ∈ (0, 𝛿max), 
with probability 1 − 𝛿 it holds that:

||𝜇𝑛 − 𝜇|| ≤ 𝑔(𝑛, 𝛿). (1)

We allow 𝜇𝑛 to explicitly depend on the number of samples 𝑛 and on the confidence parameter 𝛿. For 𝛽1, 𝛽2 > 0, we say that 𝜇𝑛

admits: (𝑖) polynomial concentration if 𝑔(𝑛, 𝛿) =( 1 
𝑛𝛽1 𝛿𝛽2

)
, this case corresponds to Chebyshev’s inequality when 𝛽1 = 𝛽2 = 1∕2; (𝑖𝑖) 

exponential concentration if 𝑔(𝑛, 𝛿) = 
((

log
(
1 
𝛿

))𝛽2
𝑛𝛽1

)
; (𝑖𝑖𝑖) subgaussian concentration if (𝑖𝑖) holds with 𝛽1 = 𝛽2 = 1∕2 [43], this case 

corresponds to Hoeffding’s inequality.

2.2. Importance weighting

Let 𝑃 ,𝑄 ∈ Δ be two probability measures, admitting 𝑝 and 𝑞 as density functions w.r.t. a reference measure. If 𝑃 ≪𝑄, i.e., 𝑃
is absolutely continuous w.r.t. 𝑄, for any 𝛼 ∈ (1,2], we introduce the integral:

𝐼𝛼(𝑃‖𝑄) = ∫


𝑝(𝑦)𝛼𝑞(𝑦)1−𝛼d𝑦. (2)

If 𝑃 = 𝑄 a.s. (almost surely) then 𝐼𝛼(𝑃‖𝑄) = 1. 𝐼𝛼(𝑃‖𝑄) allows defining several commonly used divergences, like Rényi diver

gence [59]: (𝛼 − 1)−1 log𝐼𝛼(𝑃‖𝑄) and Tsallis divergence [70]: (𝛼 − 1)−1
(
𝐼𝛼(𝑃‖𝑄) − 1

)
.

Let 𝑓 ∶ →ℝ be a measurable function, (vanilla) importance weighting (IW, [53]) allows estimating the expected value of 𝑓 under 
the target distribution 𝑃 , i.e., 𝜇 = 𝔼𝑦∼𝑃 [𝑓 (𝑦)], using i.i.d. samples {𝑦𝑖}𝑖∈⟦𝑛⟧ collected with the behavioral distribution 𝑄. The estimator 
𝜇𝑛 is obtained by reweighing each sample by the likelihood ratio 𝜔(𝑦) = 𝑝(𝑦) 

𝑞(𝑦) for all 𝑦 ∈ , also called importance weight:

𝜇𝑛 =
1
𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)𝑓 (𝑦𝑖). (3)

It is well-known that 𝜇𝑛 is unbiased, i.e., 𝔼𝑦𝑖∼𝑄[𝜇𝑛] = 𝜇 [53]. If 𝑓 is bounded, the variance of the estimator can be upper-bounded 
as 𝕍ar𝑦𝑖∼𝑄[𝜇𝑛] ≤ 1

𝑛 ‖𝑓‖∞𝐼2(𝑃‖𝑄) [45]. More generally, the integral 𝐼𝛼(𝑃‖𝑄) defines the 𝛼-moment of the importance weight 𝜔(𝑦)
under the distribution 𝑄.

A common approach to mitigate the variance of IW is to resort to self-normalization (SN, [53]). The estimator 𝜇𝑛 is obtained by 
rescaling each weight 𝜔(𝑦) by the sum of the weights of all collected samples:

𝜇𝑛 =
∑

𝑖∈⟦𝑛⟧ 𝜔(𝑦𝑖)𝑓 (𝑦𝑖)∑
𝑖∈⟦𝑛⟧ 𝜔(𝑦𝑖) 

. (4)

The SN estimator 𝜇𝑛 has the desirable property of being bounded by ‖𝑓‖∞. However, since the division by the sum of the weights 
makes all the samples interdependent, it is no longer unbiased, while preserving consistency [53].

2.3. Contextual bandits

A contextual multi-armed bandit (CMAB, [36]) is represented by the tuple  = ( ,, 𝜌, 𝑝), where  is a measurable set of contexts, 
 is a measurable set of actions (or arms), 𝜌 ∈Δ is the context distribution, and 𝑝 ∶  ×→Δℝ is the reward distribution. A policy 
𝜋 ∶  → Δ characterizes the agent’s behavior by mapping each context to a probability distribution over actions. At each round 
𝑡 ∈ ℕ, the agent observes a context 𝑥𝑡 ∼ 𝜌, chooses an action 𝑎𝑡 ∼ 𝜋(⋅|𝑥𝑡), gets the reward 𝑟𝑡 ∼ 𝑝(⋅|𝑥𝑡, 𝑎𝑡), and the system moves on to 
the next round. The value of a policy 𝜋 is given by:

𝑣(𝜋) ∶= ∫


𝜌(𝑥)∫
 

𝜋(𝑎|𝑥)∫
ℝ

𝑝(𝑟|𝑥, 𝑎)𝑟 d𝑟d𝑎d𝑥. (5)

We denote with 𝑟(𝑥, 𝑎) ∶= ∫ℝ 𝑝(𝑟|𝑥, 𝑎)𝑟d𝑟 the reward function. If a policy 𝜋∗ maximizes the value function, i.e., 𝜋∗ ∈ arg max𝜋∈Π 𝑣(𝜋), 
with Π= {𝜋 ∶  →Δ} being the set of all policies, then the policy is optimal.

2.4. Off-policy evaluation and learning

Let  = {(𝑥𝑡, 𝑎𝑡, 𝑟𝑡)}𝑡∈⟦𝑛⟧ be a dataset of samples collected in a CMAB with a behavioral policy 𝜋𝑏 ∈Π. The off-policy evaluation (Off

PE, [27]) problem consists in estimating the value function 𝑣(𝜋𝑒) of a target policy 𝜋𝑒 ∈ Π using the samples in . Differently, the 
off-policy learning (Off-PL, [18]) problem consists in estimating an optimal policy 𝜋∗ ∈ Π using the samples in . The simplest approach 

2 We denote with ⟦𝑛⟧ ∶= {1,… , 𝑛}.
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to address the Off-PE/Off-PL problem is to learn from  an estimate ̂𝑟(𝑥, 𝑎) of the reward function 𝑟(𝑥, 𝑎) via regression. This approach 
is known as direct method (DM) and its properties heavily depend on the quality of the estimate ̂𝑟. A different approach involves simply 
applying IW to reweight the samples of , leading to the inverse propensity scoring (IW, [23]) estimator. The doubly-robust (DR, [18]) 
estimator combines the two presented approaches. The DM estimate is corrected with an IW control variate to reduce the variance 
using the estimated reward ̂𝑟 (see also Table 12 in Appendix D).

3. Minimax concentration lower bound for off-policy estimation

In this section, we derive a minimax lower bound for the concentration rate that any off-policy estimator suffers. The following re

sult highlights the main challenges of the off-policy estimation problem, showing, in particular, that a dependence on the dissimilarity 
index 𝐼𝛼(𝑃‖𝑄) is unavoidable.

Theorem 3.1 (Minimax Lower Bound). Let 𝜇𝑛 be an estimator for 𝜇 = 𝔼𝑥∼𝑃 [𝑓 (𝑥)] using samples {𝑦𝑖}𝑖∈⟦𝑛⟧ i.i.d. collected from 𝑄. There 
exist 𝑃 ,𝑄 ∈ Δ two probability measures such that 𝑃 ≪ 𝑄 and such that for some 𝛼 ∈ (1,2], it holds that 𝐼𝛼(𝑃‖𝑄) < +∞, and bounded 

measurable function 𝑓 ∶ →ℝ such that, if 𝛿 ∈ (0,1∕4), 𝐼𝛼(𝑃‖𝑄) ≥ 3, and 𝑛≥ log
(
1 
𝛿

)
2
(
1−2

1 
1−𝛼

) , with probability at least 𝛿 it holds that:

||𝜇𝑛 − 𝜇|| ≥ ‖𝑓‖∞√
6

⎛⎜⎜⎜⎝
log
(
1 
𝛿

)
𝑛 

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼 . (6)

Proof. We provide an explicit construction of 𝑃 and 𝑄. Let 𝑃 and 𝑄 be two discrete distributions defined over the support  = {𝐴,𝐵}
such that, for 𝑝, 𝑞 ∈ [0,1], we have:

𝑃 ({𝐴}) = 𝑝 and 𝑃 ({𝐵}) = 1 − 𝑝, (P.1)

𝑄({𝐴}) = 𝑞 and 𝑄({𝐵}) = 1 − 𝑞. (P.2)

We consider two instances of the function 𝑓𝑠 with 𝑠 ∈ {−1,1}, defined as follows:

𝑓𝑠(𝑦) =

{
𝑠𝜖
𝑝 if 𝑦 =𝐴

0 otherwise
, (P.3)

where 𝜖 > 0 will be specified later. Furthermore, we have that 𝜇𝑠 ∶= 𝔼𝑦∼𝑃 [𝑓𝑠(𝑦)] = 𝑠𝜖 and 𝑝 = 𝜖‖𝑓‖∞ . Consider now the event that 
all samples {𝑦𝑖}𝑖∈⟦𝑛⟧ sampled independently from 𝑄 are all equal to 𝐵, i.e.,  ∶= {∀𝑖 ∈ ⟦𝑛⟧ ∶ 𝑦𝑖 = 𝐵}, that holds with probability 
ℙ𝑦𝑖∼𝑄() = (1 − 𝑞)𝑛 since all samples are independent. Thus, we have:

2 max 
𝑠∈{−1,1}

ℙ 
𝑦𝑖∼𝑄

(|𝜇𝑛 − 𝜇𝑠| ≥ 𝜖
) ≥ 2 max 

𝑠∈{−1,1}
ℙ 

𝑦𝑖∼𝑄

(|𝜇𝑛 − 𝜇𝑠| ≥ 𝜖 ∧ ) (P.4)

≥ ∑
𝑠∈{−1,1}

ℙ 
𝑦𝑖∼𝑄

(|𝜇𝑛 − 𝜇𝑠| ≥ 𝜖 ∧ ) (P.5)

≥ ℙ 
𝑦𝑖∼𝑄

(
max 

𝑠∈{−1,1}
|𝜇𝑛 − 𝜇𝑠| ≥ 𝜖 ∧ 

)
(P.6)

≥ ℙ 
𝑦𝑖∼𝑄

(
min
𝑧∈ℝ max 

𝑠∈{−1,1}
|𝑧− 𝑠𝜖| ≥ 𝜖 ∧ 

)
(P.7)

≥ ℙ 
𝑦𝑖∼𝑄

() = (1 − 𝑞)𝑛, (P.8)

where line (P.5) follows from bounding the maximum with the average, line (P.6) follows from a union bound, line (P.7) is obtained 
by considering the best choice of estimator 𝜇𝑛, and line (P.8) is obtained from observing that min𝑧∈ℝmax𝑠∈{−1,1} |𝑧− 𝑠𝜖| = 𝜖 attained 
by 𝑧 = 0. By setting the last expression equal to 2𝛿 with 𝛿 ∈ (0,1∕4), we obtain:

(1 − 𝑞)𝑛 = 2𝛿 ⟹ log
(

1 
1 − 𝑞

)
= 1

𝑛 
log
( 1 
2𝛿

)
⟹ 𝑞 ≥ 1

𝑛 
log
( 1 
2𝛿

) ≥ 1 
2𝑛

log
(1 
𝛿

)
, (P.9)

having exploited the bound log 1 
1−𝑞

≥ 𝑞 for 𝑞 ∈ [0,1] and exploited 𝛿 ≤ 1
4 to bound log

(
1 
2𝛿

) ≥ 1
2 log

(
1 
𝛿

)
. Let us now compute the 

dissimilarity index between 𝑃 and 𝑄, recalling that 𝑝 = 𝜖‖𝑓‖∞ :

𝐼𝛼(𝑃‖𝑄) = 𝑝𝛼𝑞1−𝛼 + (1 − 𝑝)𝛼(1 − 𝑞)1−𝛼 ⟹ 𝜖 = ‖𝑓‖∞𝑞
𝛼−1
𝛼
(
𝐼𝛼(𝑃‖𝑄) − (1 − 𝑝)𝛼(1 − 𝑞)1−𝛼

) 1 
𝛼 . (P.10)
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By enforcing (1 − 𝑞)1−𝛼 ≤ 2 ⟹ 𝑞 ≤ 1 − 2
1 

1−𝛼 , exploiting Equation (P.9) and 𝐼𝛼(𝑃‖𝑄) ≥ 3 ⟹ 𝐼𝛼(𝑃‖𝑄) − 2 ≥ 𝐼𝛼(𝑃‖𝑄)∕3, we have:

𝜖 = ‖𝑓‖∞𝑞
𝛼−1
𝛼
(
𝐼𝛼(𝑃‖𝑄) − (1 − 𝑝)𝛼(1 − 𝑞)1−𝛼

) 1 
𝛼 (P.11)

≥ ‖𝑓‖∞ ( 1 
2𝑛

log
(1 
𝛿

)) 𝛼−1
𝛼 (

𝐼𝛼(𝑃‖𝑄) − 2
) 1 

𝛼 (P.12)

≥ 1
2

(2
3

) 1 
𝛼 ‖𝑓‖∞ (1𝑛 log(1 𝛿))

𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼 (P.13)

≥ ‖𝑓‖∞√
6

(1
𝑛 
log
(1 
𝛿

)) 𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼 . (P.14)

Finally, to ensure that 𝑞 ≤ 1 − 2
1 

1−𝛼 and 𝑞 ≥ 1 
2𝑛 log

(
1 
𝛿

)
are compatible, we enforce:

1 
2𝑛

log
(1 
𝛿

) ≤ 1 − 2
1 

1−𝛼 ⟹ 𝑛 ≥ log
(
1 
𝛿

)
2
(
1 − 2

1 
1−𝛼

) . □ (P.15)

The result of Theorem 3.1 provides a regime, for a sufficiently large number of samples 𝑛, and divergence term 𝐼𝛼(𝑃‖𝑄), and small 

error probability 𝛿, under which the concentration rate is of order Ω
⎛⎜⎜⎝
(

log
(
1 
𝛿

)
𝑛 

) 𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼

⎞⎟⎟⎠. It is worth noting that if the variance 

of the importance weight exists finite, i.e., 𝐼2(𝑃‖𝑄) < +∞, the rate reduces to the typical subgaussian one Ω
⎛⎜⎜⎝
√

𝐼2(𝑃‖𝑄) log
(
1 
𝛿

)
𝑛 

⎞⎟⎟⎠.3
To the best of our knowledge, Theorem 3.1 represents the first minimax concentration lower bound for off-policy estimation that 

clearly highlights the dependence on a dissimilarity index between the behavioral and the target distributions. As a consequence, we 
cannot aim to derive estimators whose concentration rate does not depend on the dissimilarity index 𝐼𝛼(𝑃‖𝑄) and, consequently, 
assuming the finiteness of 𝐼𝛼(𝑃‖𝑄) for some 𝛼 ∈ (1,2] is necessary to obtain a meaningful concentration, at least in the considered 
regime. Existing lower bounds in the literature [39,74] differ from ours in several perspectives. First, they are limited to the CMAB 
setting, which, in particular, restricts to the case in which the number of actions is finite. Second, they restrict to the case in which the 
variance of the vanilla importance weight exists finite, i.e., analogous to our 𝐼2(𝑃‖𝑄). Third, they focus on a different performance 
index, i.e., the mean squared error (MSE), rather than a concentration rate. In this sense, they represent bounds in expectation and 
not in probability as ours. It is worth noting that a high-probability bound can always be translated into an MSE one. We show this 
for the general case in Proposition A.3, that if applied to Theorem 3.1, leads to the MSE bound:

𝔼 
𝑦𝑖∼𝑄

[(
𝜇𝑛 − 𝜇

)2] ≥ sup 
𝛿∈(0,1∕4)

𝛿
‖𝑓‖2∞
6 

⎛⎜⎜⎜⎝
log
(
1 
𝛿

)
𝑛 

⎞⎟⎟⎟⎠
2(𝛼−1)

𝛼

𝐼𝛼(𝑃‖𝑄)
2 
𝛼 ≥ ‖𝑓‖2∞

48 

(
log8
𝑛 

) 2(𝛼−1)
𝛼

𝐼𝛼(𝑃‖𝑄)
2 
𝛼 , (7)

which takes form ( 𝐼2(𝑃‖𝑄)
𝑛 

)
for 𝛼 = 2.

4. Polynomial concentration of common importance weighting estimators

In this section, we study the intrinsic limits of importance weighting, providing concentration and anti-concentration bounds for the 
vanilla importance weight (IW) estimator 𝜇𝑛 (Section 4.1) and the self-normalized importance weight (SN) estimator 𝜇𝑛 (Section 4.2), 
showing that the polynomial concentration is tight.

4.1. Vanilla importance weighting estimator

Previous works have shown that the vanilla IW estimator 𝜇𝑛 admits polynomial concentration, under the assumption that the 
divergence 𝐼2(𝑃‖𝑄), connected to the variance of the importance weight, is bounded [46]. The original result [46, Theorem 2] was 
based on Cantelli’s inequality, which approaches Chebyshev’s when the probability 𝛿 → 0. In the following, we derive a more general 
statement proving a Chebyshev-like inequality, under the assumption that for some 𝛼 ∈ (1,2], the divergence 𝐼𝛼(𝑃‖𝑄) is finite and 
𝑓 is bounded.4

3 We use the asymptotic notations Ω and  to retain dependences on log
(

1 
𝛿

)
, 𝑛, and 𝐼𝛼(𝑃‖𝑄) only.

4 Theorem 4.1 and Theorem 4.3 correct the constant in the bound compared to the one present in the original paper [48].
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Theorem 4.1 (Polynomial Concentration of IW Estimator). Let 𝑃 ,𝑄∈Δ be two probability measures such that 𝑃 ≪𝑄 and such that for 
some 𝛼 ∈ (1,2], it holds that 𝐼𝛼(𝑃‖𝑄) < +∞, and let 𝑓 ∶ →ℝ be a bounded measurable function. Let {𝑦𝑖}𝑖∈⟦𝑛⟧ be sampled independently 
from 𝑄, then for every 𝛿 ∈ (0,1), with probability at least 1 − 𝛿 it holds that:

||𝜇𝑛 − 𝜇|| ≤ 4‖𝑓‖∞(𝐼𝛼(𝑃‖𝑄)
𝛿𝑛𝛼−1

) 1 
𝛼

. (8)

Proof. We first derive the following inequality concerning the 𝛼-absolute central moment of the estimator 𝜇𝑛 :

𝔼 
𝑦𝑖∼𝑄

[||𝜇𝑛 − 𝜇||𝛼] ≤ (3 − 𝛼) 𝔼 
𝑦𝑖∼𝑄

[||𝜇𝑛
||𝛼] (P.16)

= (3 − 𝛼) 1 
𝑛𝛼

𝔼 
𝑦𝑖∼𝑄

[||||||
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)𝑓 (𝑦𝑖)
||||||
𝛼]

(P.17)

≤ (3 − 𝛼)22−𝛼

𝑛𝛼−1
𝔼 

𝑦∼𝑄

[|𝜔(𝑦)𝑓 (𝑦)|𝛼] (P.18)

≤ (3 − 𝛼)22−𝛼

𝑛𝛼−1
‖𝑓‖𝛼∞𝐼𝛼(𝑃‖𝑄), (P.19)

where line (P.16) derives from applying Lemma A.9 to bound the 𝛼-absolute central moment with the 𝛼-absolute raw moment, 
line (P.18) follows from bounding the 𝛼-absolute moment of the sum with the 𝛼-absolute moment of each addendum as in Equation 
(1.11) of Pinelis et al. [57] using as constant 𝑊𝛼 = 22−𝛼 of Proposition 1.8 of Pinelis et al. [57], and line (P.19) derives from applying 
Hölder’s inequality and the definition of 𝐼𝛼 . Now, we can derive the concentration inequality:

ℙ 
𝑦𝑖∼𝑄

(||𝜇𝑛 − 𝜇|| ≥ 𝜖
)
= ℙ 

𝑦𝑖∼𝑄

(||𝜇𝑛 − 𝜇||𝛼 ≥ 𝜖𝛼
)

(P.20)

≤ 𝔼𝑦𝑖∼𝑄

[||𝜇𝑛 − 𝜇||𝛼]
𝜖𝛼

(P.21)

≤ (3 − 𝛼)22−𝛼

𝑛𝛼−1𝜖𝛼
‖𝑓‖𝛼∞𝐼𝛼(𝑃‖𝑄), (P.22)

where line (P.21) derives from Markov’s inequality. By setting the right-hand side of the last equation equal to 𝛿 and bounding 
(22−𝛼(3 − 𝛼))1∕𝛼 ≤ 4, we get the result. □

Thus, according to the definition given in Section 2.1, Theorem 4.1 provides a polynomial concentration with 𝛽1 = 1 − 1∕𝛼 and 
𝛽2 = 1∕𝛼. In particular, for 𝛼 = 2, we obtain the usual Chebyshev’s inequality.

Remark 4.1 (High-Probability vs Mean-Squared-Error Bounds). As already mentioned, a different approach, often employed in the 
literature, consists in proving lower bounds expressed in MSE 𝔼𝑦𝑖∼𝑄[(𝜇𝑛 − 𝜇)2]. As noted in [42], when the estimator is not well

concentrated around its mean (e.g., in the presence of heavy tails), the MSE is not adequate to capture the error, and high-probability 
bounds are more advisable. Indeed, by looking at Equation (P.19), setting 𝛼 = 2, we immediately observe that the IW estimator enjoys 
the following MSE bound:

𝔼 
𝑦𝑖∼𝑄

[(
𝜇𝑛 − 𝜇

)2] ≤ ‖𝑓‖2∞ 𝐼2(𝑃‖𝑄)
𝑛 

. (9)

This matches the MSE minimax lower bound of Equation (7) up to multiplicative constant terms. Conversely, looking at the high

probability results, comparing the minimax lower bound of Theorem 3.1 and the upper bound of Theorem 4.1, we realize that they 
do not match in the dependence on 𝛿, which is subgaussian in the former and polynomial in the latter. This further justifies the need 
for focusing on high-probability results rather than expectation ones when heavy-tailed distributions are concerned.

We now show that the concentration rate provided in Theorem 4.1 is tight, by deriving an anti-concentration bound for the 
difference ||𝜇𝑛 − 𝜇||. Intuitively, we aim at proving the existence of two probability measures 𝑃 ,𝑄 ∈ Δ , having fixed a divergence 
𝐼𝛼(𝑃‖𝑄), for which the polynomial concentration rate of Theorem 4.1 is attained, up to constant factors.

Theorem 4.2 (Anti-concentration of IW Estimator). There exist two distributions 𝑃 ,𝑄∈Δ with 𝑃 ≪𝑄 and a bounded measurable function 

𝑓 ∶ →ℝ such that for every 𝛼 ∈ (1,2] and 𝛿 ∈ (0, 𝑒−1) if 𝑛 ≥ 𝛿𝑒max
{
1,
(
𝐼𝛼(𝑃‖𝑄) − 1

) 1 
𝛼−1

}
, with probability at least 𝛿 it holds that:

||𝜇𝑛 − 𝜇|| ≥ ‖𝑓‖∞(𝐼𝛼(𝑃‖𝑄) − 1
𝑒𝛿𝑛𝛼−1

) 1 
𝛼

. (10)
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Proof Sketch. We construct a function 𝑓 and two probability measures 𝑃 and 𝑄 that fulfill the inequality. Let ‖𝑓‖∞ =∶ 𝑎 > 0, we 
consider  = {−𝑎,0, 𝑎} and 𝑓 (𝑦) = 𝑦. We now define the probability distributions as follows:

𝑃 ({−𝑎}) = 𝑃 ({𝑎}) = 𝑝 
2

and 𝑃 ({0}) = 1 − 𝑝, (P.23)

𝑄({−𝑎}) =𝑄({𝑎}) = 𝑞

2
and 𝑄({0}) = 1 − 𝑞, (P.24)

where 𝑝 =
(

𝑎 
𝑛𝜖

)𝛼−1
(𝐼𝛼(𝑃‖𝑄) − 1) and 𝑞 =

(
𝑎 
𝑛𝜖

)𝛼
(𝐼𝛼(𝑃‖𝑄) − 1), so that the divergence between 𝑃 and 𝑄 is indeed 𝐼𝛼(𝑃‖𝑄). Let us 

consider the vanilla IW estimator 𝜇𝑛 , whose expectation is 𝜇 = 0, and observe that ℙ𝑦𝑖∼𝑄

(||𝜇𝑛 − 𝜇|| ≥ 𝜖
)
= 2ℙ𝑦𝑖∼𝑄

(
𝜇𝑛 − 𝜇 ≥ 𝜖

)
. We 

now consider the event  under which among the 𝑛 samples, one is 𝑎 and the remaining are 0:

 ∶=
{|||{𝑖 ∈ ⟦𝑛⟧ ∶ 𝑦𝑖 = 0

}||| = 𝑛− 1 ∧ |||{𝑖 ∈ ⟦𝑛⟧ ∶ 𝑦𝑖 = 𝑎
}||| = 1

}
. (P.25)

It is immediate to verify that, if event  occurs, we have that 𝜇𝑛 =
𝑝𝑎 
𝑞𝑛

= 𝜖 and, consequently, 𝜇𝑛 − 𝜇 ≥ 𝜖. Thus, we now lower bound 
the probability:

ℙ 
𝑦𝑖∼𝑄

(
𝜇𝑛 − 𝜇 ≥ 𝜖

) ≥ ℙ 
𝑦𝑖∼𝑄

() = 𝑛
𝑞

2
(1 − 𝑞)𝑛−1 . (P.26)

At this point, we set the right-hand side to 𝛿 and solve for 𝜖. Further mild conditions are to be enforced in order to ensure that all 
quantities are well-defined. The full proof is reported in Appendix A.1. □

Some observations are in order. First of all, we note that the anti-concentration bound in Theorem 4.2 displays the same order 
dependence on 𝑛 and 𝛿 as the upper bound in Theorem 4.1. It is worth noting that the lower bound is vacuous when 𝐼𝛼 (𝑃‖𝑄) = 1, 
i.e., when 𝑃 =𝑄 a.s., since in an on-distribution setting and, being the function 𝑓 bounded, subgaussian concentration bounds, like 

Hoeffding’s inequality, hold. In particular, for 𝛼 = 2, 𝑛 and 𝐼2(𝑃‖𝑄) sufficiently large, the bound has order 
(√

𝐼2(𝑃‖𝑄)
𝛿𝑛 

)
, matching 

Chebyshev’s and the existing concentration inequalities for vanilla IW [45,46].

4.2. Self-normalized importance weighting estimator

We now move to the self-normalized importance weighting (SN) estimator. The literature has studied the concentration of this 
estimator by either providing polynomial concentration inequalities [45, Proposition D.3] or almost-exponential concentration in

equalities [35] based on Efron-Stein arguments, still dependent on some unknown quantities that might compromise the concentration 
rate. We start by deriving a concentration bound for 𝜇𝑛 under the assumption that for some 𝛼 ∈ (1,2] the divergence 𝐼𝛼(𝑃‖𝑄) and 𝑓
are bounded.

Theorem 4.3 (Polynomial Concentration of SN Estimator). Let 𝑃 ,𝑄∈Δ be two probability measures such that 𝑃 ≪𝑄 and such that for 
some 𝛼 ∈ (1,2], it holds that 𝐼𝛼(𝑃‖𝑄) < +∞, and let 𝑓 ∶ →ℝ be a bounded measurable function. Let {𝑦𝑖}𝑖∈⟦𝑛⟧ be sampled independently 
from 𝑄, then for every 𝛿 ∈ (0,1), with probability at least 1 − 𝛿 it holds that:

||𝜇𝑛 − 𝜇|| ≤ 2‖𝑓‖∞min
⎧⎪⎨⎪⎩1,2

(
𝐼𝛼(𝑃‖𝑄)
𝛿𝑛𝛼−1

) 1 
𝛼

⎫⎪⎬⎪⎭ . (11)

Proof. We reduce the concentration of the SN estimator 𝜇𝑛 to the concentration of the vanilla estimator 𝜇𝑛 :

𝜇𝑛 − 𝜇 = 𝜇𝑛 − 𝜇 ± 𝜇𝑛 = 𝜇𝑛

(
1 − 1

𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)

)
+

(
1
𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)𝑓 (𝑦𝑖) − 𝜇

)
. (P.27)

We first derive the following inequality concerning the 𝛼-absolute central moment of the estimator 𝜇𝑛 :

𝔼 
𝑦𝑖∼𝑄

[||𝜇𝑛 − 𝜇||𝛼] = 𝔼 
𝑦𝑖∼𝑄

[||||||𝜇𝑛

(
1 − 1

𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)

)
+

(
1
𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)𝑓 (𝑦𝑖) − 𝜇

)||||||
𝛼]

(P.28)

≤ 2𝛼−1 𝔼 
𝑦𝑖∼𝑄

[||𝜇𝑛
||𝛼 ||||||1 − 1

𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)
||||||
𝛼

+
||||||1𝑛 

∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)𝑓 (𝑦𝑖) − 𝜇

||||||
𝛼]

(P.29)

≤ 2𝛼−1‖𝑓‖𝛼∞ 𝔼 
𝑦𝑖∼𝑄

[||||||1 − 1
𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)
||||||
𝛼]

+ 2𝛼−1 𝔼 
𝑦𝑖∼𝑄

[||||||1𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)𝑓 (𝑦𝑖) − 𝜇

||||||
𝛼]

(P.30)
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≤ 2𝛼−1(3 − 𝛼)‖𝑓‖𝛼∞ 𝔼 
𝑦𝑖∼𝑄

[||||||1𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)
||||||
𝛼]

+ 2𝛼−1(3 − 𝛼) 𝔼 
𝑦𝑖∼𝑄

[||||||1𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)𝑓 (𝑦𝑖)
||||||
𝛼]

(P.31)

≤ 2(3 − 𝛼)
𝑛𝛼−1

‖𝑓‖𝛼∞𝐼𝛼(𝑃‖𝑄), (P.32)

where line (P.29) derives from observing that |𝑎 + 𝑏|𝛼 ≤ 2𝛼−1(|𝑎|𝛼 + |𝑏|𝛼) (Lemma A.7), line (P.30) follows from observing that |𝜇𝑛| ≤ ‖𝑓‖∞, line (P.31) is obtained from bounding the 𝛼-absolute central moments with Lemma A.9, and line (P.32) is an application 
of Equation (1.11) of Pinelis et al. [57] using as constant 𝑊𝛼 = 22−𝛼 of Proposition 1.8 of Pinelis et al. [57] and based on the definition 
of 𝐼𝛼 . Now we can derive the concentration inequality:

ℙ 
𝑦𝑖∼𝑄

(||𝜇𝑛 − 𝜇|| ≥ 𝜖
)
= ℙ 

𝑦𝑖∼𝑄

(||𝜇𝑛 − 𝜇||𝛼 ≥ 𝜖𝛼
)

(P.33)

≤ 𝔼𝑦𝑖∼𝑄

[||𝜇𝑛 − 𝜇||𝛼]
𝜖𝛼

(P.34)

≤ 2(3 − 𝛼)
𝜖𝛼𝑛𝛼−1

‖𝑓‖𝛼∞𝐼𝛼(𝑃‖𝑄), (P.35)

where line (P.34) derives from Markov’s inequality. By setting the right-hand side of the last equation equal to 𝛿, recalling hat 
(2(3 − 𝛼))1∕𝛼 ≤ 4, and observing that ||𝜇𝑛 − 𝜇|| ≤ 2‖𝑓‖∞, we get the result. □

Compared to the upper bound of Theorem 4.1, we have the same dependence on 𝛿, 𝐼𝛼(𝑃‖𝑄) and 𝑛. However, the bound of 
Theorem 4.3 is tighter for large values of 𝐼𝛼(𝑃‖𝑄) or for small values of 𝛿 and 𝑛 thanks to the presence of the minimum, which 
accounts for the boundedness of the SN estimator 𝜇𝑛.

We now show that, apart from multiplicative constants, the polynomial concentration in Theorem 4.3 is tight for the SN estimator 
by deriving the following anti-concentration bound.

Theorem 4.4 (Anti-concentration of SN Estimator). There exist two distributions 𝑃 ,𝑄∈Δ with 𝑃 ≪𝑄 and a bounded measurable function 

𝑓 ∶  → ℝ such that for every 𝛼 ∈ (1,2] and 𝛿 ∈ (0, 𝑒−1) if 𝑛 ≥max

{
𝛿𝑒 

𝐼𝛼 (𝑃‖𝑄)−1 ,
(

𝐼𝛼 (𝑃‖𝑄)−1
𝛿

) 1 
𝛼−1

}
, with probability at least 𝛿 it holds 

that:

||𝜇𝑛 − 𝜇|| ≥ ‖𝑓‖∞
2 

(
𝐼𝛼(𝑃‖𝑄) − 1

𝑒𝛿𝑛𝛼−1

) 1 
𝛼

. (12)

Thus, Theorem 4.4 illustrates that the SN estimator is characterized by the same anti-concentration rate as the vanilla IW estimator, 
at least for a specific regime of number of samples 𝑛. The proof relies on a similar construction of the distributions as in Theorem 4.2. 
The next section will show how a general transformation of the importance weights allows overcoming this undesirable concentration 
rate.

5. Power-mean correction of importance weighting

In this section, motivated by the negative results of Theorem 4.2 and Theorem 4.4, we devise a weight correction able to achieve 
subgaussian concentration. We start by introducing a class of corrections based on the notion of power mean [9] (Section 5.1) and 
study its properties in terms of concentration (Section 5.2) and differentiability (Section 5.3).

5.1. Power mean importance weight

Let us start with the following definition that introduces the notion of power mean importance weight (PM), which will be employed 
in the following analyses.

Definition 5.1 (Power Mean Importance Weight). Let 𝑃 ,𝑄 ∈ Δ be two probability distributions such that 𝑃 ≪ 𝑄, for every 𝑠 ∈
[−∞,∞] and 𝜆 ∈ [0,1], let 𝜔(𝑦) = 𝑝(𝑦) 

𝑞(𝑦) , then the (𝜆, 𝑠)-corrected power mean importance weight is defined as:

𝜔𝜆,𝑠(𝑦) ∶=
(
(1 − 𝜆)𝜔(𝑦)𝑠 + 𝜆

) 1
𝑠 
, ∀𝑦 ∈ . (13)

The correction can be seen as the weighted power mean with exponent 𝑠 between the vanilla importance weight 𝜔(𝑦) and 1 with 
weights 1 − 𝜆 and 𝜆 respectively.5 This transformation can be seen as a generalization of IW, as, regardless of the value of 𝑠, for 

5 For 𝑠∈ {−∞,0,∞} the power mean is defined as a limit.
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Table 1
Some notable choices of 𝑠 for the (𝜆, 𝑠)-corrected importance weight of Definition 5.1.

𝑠 −∞ (minimum) −1 (harmonic) 0 (geometric) 1 (arithmetic) 

𝜔𝑠,𝜆(𝑦) min{𝜔(𝑦),1} 𝜔(𝑦) 
1 − 𝜆+ 𝜆𝜔(𝑦)

𝜔(𝑦)1−𝜆 (1 − 𝜆)𝜔(𝑦) + 𝜆

Fig. 1. Examples of importance weight corrections of Definition 5.1 for fixed 𝜆 (left) and fixed 𝑠 (right). 

𝜆 = 0, we reduce to the vanilla importance weight 𝜔0,𝑠(𝑦) = 𝜔(𝑦). By setting, instead, 𝜆 = 1, we have identically 𝜔1,𝑠(𝑦) = 1. Another 
key property is the unbiasedness of the correction when 𝑃 =𝑄 a.s. regardless 𝑠 and 𝜆. Thus, the correction ``smoothly interpolates'' 
between the vanilla weight 𝜔(𝑦) and its mean under 𝑄, i.e., 1. The parameters 𝑠 and 𝜆 govern the ``intensity'' of the correction in a 
continuous way. We note that the intensity of the correction increases as the value of 𝜆 moves towards 1 and the value of 𝑠 moves 
away from 1. The smoothness of the transformation leads to a differentiable weight, unlike the truncation [29]. Some specific choices 
of 𝑠 and 𝜆 are reported in Table 1 and in Fig. 1. The following result provides a preliminary characterization of the correction, 
independent of the properties of the two distributions.

Lemma 5.1. Let 𝑃 ,𝑄 ∈Δ be two probability distributions with 𝑃 ≪𝑄, then for every 𝜆∈ [0,1] and 𝑦∈ it holds that:

(i) if 𝑠 ≤ 𝑠′ then 𝜔𝜆,𝑠(𝑦) ≤ 𝜔𝜆,𝑠′ (𝑦);

(ii) if 𝑠 < 0 then 𝜔𝜆,𝑠(𝑦) ≤ 𝜆
1
𝑠 , otherwise if 𝑠 > 0 then 𝜔𝜆,𝑠(𝑦) ≥ 𝜆

1
𝑠 ;

(iii) if 𝑠 < 1 then 𝔼𝑦∼𝑄[𝜔𝜆,𝑠(𝑦)] ≤ 1, otherwise if 𝑠 > 1 then 𝔼𝑦∼𝑄[𝜔𝜆,𝑠(𝑦)] ≥ 1.

From point (𝑖𝑖) we observe that the corrected weight is bounded from below when 𝑠 > 0 and bounded from above when 𝑠 < 0. 
It is well-known that the inconvenient behavior of IW derives from the heavy-tailed properties [45]. Thus, the arithmetic correction 
(𝑠 = 1) performs just a convex combination between the vanilla weight and 1, having no effect on the tail properties. Any correction 
with 𝑠 > 1 increases the weight value, making the tail even heavier. Therefore, if we are looking for subgaussianity, we should restrict 
our attention to 𝑠 < 0, which leads to lighter tails or even bounded weights. Specifically, in the rest of the paper, we focus on the 
sub-case 𝑠 ≤ −1, leading to a well-behaved and analytically convenient form of the corrected weight.

5.2. Concentration properties

In this section, we study the class of PM importance weight estimators defined for 𝜆 ∈ [0,1] and 𝑠 ≤ 0, that we abbreviate as PM 
estimator:

𝜇𝑛,𝜆,𝑠 ∶=
1
𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔𝜆,𝑠(𝑦𝑖)𝑓 (𝑦𝑖), (14)

where {𝑦𝑖}𝑖∈⟦𝑛⟧ are collected independently from 𝑄. Then, we provide an exponential concentration inequality that, under certain 
circumstances, leads to subgaussian concentration. We start by providing an analysis of the bias and variance of the PM estimators 
(Section 5.2.1) and, then, we apply these results to obtain the desired concentration inequalities (Section 5.2.2).

5.2.1. Bias and variance analysis

Let us start by presenting the bias bound, holding under the assumption that the importance weight admits a finite moment of 
order 𝛼 ∈ (1,2].
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Lemma 5.2. Let 𝑃 ,𝑄 ∈ Δ be two probability distributions with 𝑃 ≪ 𝑄. For every 𝜆 ∈ [0,1] and 𝑠 ∈ [−∞,−1], the (𝜆, 𝑠)-corrected 
importance weight induces a bias that is bounded for every 𝛼 ∈ (1,2] as:|||| 𝔼 

𝑦𝑖∼𝑄

[
𝜇𝑛,𝜆,𝑠

]
− 𝜇

|||| ≤ ‖𝑓‖∞𝜆
1−𝛼
𝑠 (3 − 𝛼)

1 
𝛼 𝐼𝛼(𝑃‖𝑄). (15)

Proof. Let us consider the following derivation:|||| 𝔼 
𝑦𝑖∼𝑄

[
𝜇𝑛,𝜆,𝑠

]
− 𝜇

|||| = |||| 𝔼 
𝑦𝑖∼𝑄

[
𝜇𝑛,𝜆,𝑠 − 𝜇𝑛

]|||| (P.36)

≤ 𝔼 
𝑦𝑖∼𝑄

[||𝜇𝑛,𝜆,𝑠 − 𝜇𝑛
||] (P.37)

≤ ‖𝑓‖∞ 𝔼 
𝑦∼𝑄

[|𝜔𝜆,𝑠(𝑦) −𝜔(𝑦)|] , (P.38)

where we applied Jensen’s and Hölder’s inequalities. Exploiting the definition of the (𝜆, 𝑠)-corrected importance weight and using 
the symbol 𝑧 = −𝑠 > 0 for clarity of derivation, we have:

𝔼 
𝑦∼𝑄

[|𝜔𝜆,𝑠(𝑦) −𝜔(𝑦)|] = 𝔼 
𝑦∼𝑄

[||||((1 − 𝜆)𝜔(𝑦)𝑠 + 𝜆)
1
𝑠 −𝜔(𝑦)

||||
]

(P.39)

= 𝔼 
𝑦∼𝑄

⎡⎢⎢⎢⎢⎣
|||||||||

1 (
1−𝜆 
𝜔(𝑦)𝑧 + 𝜆

) 1
𝑧 
−𝜔(𝑦)

|||||||||
⎤⎥⎥⎥⎥⎦

(P.40)

= 𝔼 
𝑦∼𝑄

⎡⎢⎢⎢⎢⎣
|||||||||
1 − (1 + 𝜆(𝜔(𝑦)𝑧 − 1))

1
𝑧 (

1−𝜆 
𝜔(𝑦)𝑧 + 𝜆

) 1
𝑧 

|||||||||
⎤⎥⎥⎥⎥⎦

(P.41)

≤ sup
𝑣≥0 

⎛⎜⎜⎝ 1 
1−𝜆
𝑣𝑧

+ 𝜆

⎞⎟⎟⎠
2−𝛼
𝑧 

𝔼 
𝑦∼𝑄

⎡⎢⎢⎢⎣
||||1 − (1 + 𝜆(𝜔(𝑦)𝑧 − 1))

1
𝑧 
||||
⎛⎜⎜⎝ 1 

1−𝜆 
𝜔(𝑦)𝑧 + 𝜆

⎞⎟⎟⎠
𝛼−1
𝑧 ⎤⎥⎥⎥⎦ (P.42)

≤ 1 

𝜆
2−𝛼
𝑧 

𝔼 
𝑦∼𝑄

[||||1 − (1 + 𝜆(𝜔(𝑦)𝑧 − 1))
1
𝑧 ||||𝛼
] 1 

𝛼

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(a) 

𝔼 
𝑦∼𝑄

⎡⎢⎢⎢⎣
⎛⎜⎜⎝ 1 

1−𝜆 
𝜔(𝑦)𝑧 + 𝜆

⎞⎟⎟⎠
𝛼
𝑧 ⎤⎥⎥⎥⎦

𝛼−1
𝛼

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(b) 

, (P.43)

where line (P.42) follows from factorizing the denominator expression as (⋅) = (⋅)2−𝛼(⋅)𝛼−1 and maximizing the first factor over 
𝑣 = 𝜔(𝑦), line (P.43) is obtained from Hölder’s inequality with 𝑝 = 𝛼 and 𝑞 = 𝛼

𝛼−1 and by observing that since 𝑧 > 0, function 1 
1−𝜆
𝑣𝑧

+𝜆

is monotonically increasing in 𝑣 and, consequently:

sup
𝑣≥0 

⎛⎜⎜⎝ 1 
1−𝜆
𝑣𝑧

+ 𝜆

⎞⎟⎟⎠
2−𝛼
𝑧 

= lim 
𝑣→∞

⎛⎜⎜⎝ 1 
1−𝜆
𝑣𝑧

+ 𝜆

⎞⎟⎟⎠
2−𝛼
𝑧 

= 1 

𝜆
2−𝛼
𝑧 

. (P.44)

We now proceed with terms (a) and (b). Let us consider the term inside the expectation of (a) that can be bounded thanks to 
Lemma A.10:||||1 − (1 + 𝜆(𝜔(𝑦)𝑧 − 1))

1
𝑧 
|||| ≤ 𝜆

1
𝑧 |𝜔(𝑦) − 1| . (P.45)

Thus, term (a) becomes:

𝔼 
𝑦∼𝑄

[||||1 − (1 + 𝜆(𝜔(𝑦)𝑧 − 1))
1
𝑧 
||||𝛼
]
≤ 𝜆

𝛼
𝑧 𝔼 

𝑦∼𝑄

[|𝜔(𝑦) − 1|𝛼] (P.46)

≤ 𝜆
𝛼
𝑧 (3 − 𝛼) 𝔼 

𝑦∼𝑄

[
𝜔(𝑦)𝛼

]
− 𝜆

𝛼
𝑧 (𝛼 − 1) (P.47)

≤ 𝜆
𝛼
𝑧 (3 − 𝛼) 𝔼 

𝑦∼𝑄

[
𝜔(𝑦)𝛼

]
, (P.48)

where we exploited Lemma A.9 in line (P.47). Let us consider term (b), we proceed as follows:
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𝔼 
𝑦∼𝑄

⎡⎢⎢⎢⎣
⎛⎜⎜⎝ 1 

1−𝜆 
𝜔(𝑦)𝑧 + 𝜆

⎞⎟⎟⎠
𝛼
𝑧 ⎤⎥⎥⎥⎦ ≤ 𝔼 

𝑦∼𝑄

[
((1 − 𝜆)𝜔(𝑦) + 𝜆)𝛼

]
(P.49)

≤ 𝔼 
𝑦∼𝑄

[
(1 − 𝜆)𝜔(𝑦)𝛼 + 𝜆

]
(P.50)

= (1 − 𝜆)𝐼𝛼(𝑃‖𝑄) + 𝜆 (P.51)

≤ 𝐼𝛼(𝑃‖𝑄), (P.52)

where line (P.49) is obtained from the power mean inequality [9] by bounding the mean of order 𝑠 < 0 with the arithmetic mean and 
line (P.50) is obtained from Jensen’s inequality recalling that 𝛼 > 1. By combining everything, we obtain the result. □

As expected, the estimator presents zero bias for 𝜆 = 0 and it increases with 𝜆 (note that the exponent 1−𝛼
𝑠 is non-negative) and 

with the divergence term 𝐼𝛼(𝑃‖𝑄). For the specific case of 𝑃 =𝑄 a.s., we already observed that the bias is null as the weight is always 
unitary. This phenomenon is not captured by our bound, which does not vanish when 𝑃 =𝑄 because of a bound performed in the 
derivation (see Equation (P.47)). However, as we shall see, this feature does not have a significant effect on the overall concentration 
properties of the estimator. In particular, for 𝛼 = 2, the bound becomes ‖𝑓‖∞𝜆−

1
𝑠 𝐼2(𝑃‖𝑄). Let us turn to the bound on the variance.

Lemma 5.3. Let 𝑃 ,𝑄 ∈Δ be two probability distributions with 𝑃 ≪𝑄. For every 𝜆∈ [0,1] and 𝑠 ∈ [−∞,0), the (𝜆, 𝑠)-corrected importance 
weight induces a variance that is bounded for every 𝛼 ∈ (1,2] as:

𝕍ar
𝑦𝑖∼𝑄

[
𝜇𝑛,𝜆,𝑠

] ≤ ‖𝑓‖2∞
𝜆

𝛼−2
𝑠 𝑛 

𝐼𝛼(𝑃‖𝑄). (16)

Proof. Let us consider the following derivation:

𝕍ar
𝑦𝑖∼𝑄

[
𝜇𝑛,𝜆,𝑠

]
= 1

𝑛 
𝕍ar
𝑦∼𝑄 

[
𝜔𝜆,𝑠(𝑦)𝑓 (𝑦)

] ≤ 1
𝑛 

𝔼 
𝑦∼𝑄

[
𝜔𝜆,𝑠(𝑦)2𝑓 (𝑦)2

] ≤ 1
𝑛 
‖𝑓‖2∞ 𝔼 

𝑦∼𝑄

[
𝜔𝜆,𝑠(𝑦)2

]
. (P.53)

Exploiting the definition of the (𝜆, 𝑠)-corrected importance weight and using the symbol 𝑧 = −𝑠 > 0 for clarity of derivation, we have:

𝔼 
𝑦∼𝑄

[
𝜔𝜆,𝑠(𝑦)2

]
= 𝔼 

𝑦∼𝑄

[
((1 − 𝜆)𝜔(𝑦)𝑠 + 𝜆)

2
𝑠 
]

(P.54)

= 𝔼 
𝑦∼𝑄

⎡⎢⎢⎢⎣
⎛⎜⎜⎝ 1 

1−𝜆 
𝜔(𝑦)𝑧 + 𝜆

⎞⎟⎟⎠
2
𝑧 ⎤⎥⎥⎥⎦ (P.55)

= 𝔼 
𝑦∼𝑄

⎡⎢⎢⎢⎣
⎛⎜⎜⎝ 1 

1−𝜆 
𝜔(𝑦)𝑧 + 𝜆

⎞⎟⎟⎠
𝛼
𝑧 ⎛⎜⎜⎝ 1 

1−𝜆 
𝜔(𝑦)𝑧 + 𝜆

⎞⎟⎟⎠
2−𝛼
𝑧 ⎤⎥⎥⎥⎦ (P.56)

≤ sup
𝑣≥0 

⎛⎜⎜⎝ 1 
1−𝜆
𝑣𝑧

+ 𝜆

⎞⎟⎟⎠
2−𝛼
𝑧 

𝔼 
𝑦∼𝑄

⎡⎢⎢⎢⎣
⎛⎜⎜⎝ 1 

1−𝜆 
𝜔(𝑦)𝑧 + 𝜆

⎞⎟⎟⎠
𝛼
𝑧 ⎤⎥⎥⎥⎦ (P.57)

≤ 1 

𝜆
2−𝛼
𝑧 

𝔼 
𝑦∼𝑄

[
((1 − 𝜆) + 𝜆𝜔(𝑦))𝛼

]
(P.58)

≤ 1 

𝜆
2−𝛼
𝑧 

𝔼 
𝑦∼𝑄

[
(1 − 𝜆) + 𝜆𝜔(𝑦)𝛼

]
(P.59)

= 1 

𝜆
2−𝛼
𝑧 

[
(1 − 𝜆) + 𝜆𝐼𝛼(𝑃‖𝑄)

]
(P.60)

≤ 1 

𝜆
2−𝛼
𝑧 

𝐼𝛼(𝑃‖𝑄), (P.61)

where line (P.58) is obtained from solving the maximization having observed that 𝑧 > 0 and by bounding the generalized mean of 
order 𝑠 with the arithmetic mean, line (P.59) is obtained from Jensen’s inequality since 𝛼 ≥ 1, line (P.60) follows from the definition 
of 𝐼𝛼(𝑃‖𝑄), and for line (P.61) we simply observe that 𝐼𝛼(𝑃‖𝑄) ≥ 1. □

Different from the bias, the variance bound decreases in 𝜆 (note that the exponent 𝛼−2
𝑠 is non-negative) and increases with the 

divergence 𝐼𝛼(𝑃‖𝑄). For 𝛼 = 2, we obtain the bound 1
𝑛 ‖𝑓‖2∞𝐼2(𝑃‖𝑄). Note that when 𝑃 = 𝑄 a.s., we recover 1

𝑛 ‖𝑓‖2∞, which is 

Artiϧcial Intelligence 348 (2025) 104419 

11 



A.M. Metelli, A. Russo and M. Restelli 

the Popoviciu’s inequality for the variance [58]. From the derived results, we can see that our weight correction allows controlling 
bias and variance even for 𝐼2(𝑃‖𝑄) = +∞, i.e., when the vanilla IW estimator might have infinite variance. Indeed, our transformed 
estimator has finite variance provided that there exists 𝛼 ∈ (1,2) so that 𝐼𝛼(𝑃‖𝑄) < +∞.

5.2.2. Concentration inequality

We are now ready to derive the core theoretical result. We prove an exponential concentration inequality for the (𝜆, 𝑠)-corrected 
PM importance weighting estimator, and we show that, if 𝐼2(𝑃‖𝑄) is finite, we are able to achieve subgaussian concentration.6 We 
start by providing a concentration inequality that holds for every 𝑠 ∈ [−∞,−1] and 𝜆 ∈ [0,1].

Lemma 5.4. Let 𝑃 ,𝑄 ∈ Δ be two probability distributions such that 𝑃 ≪ 𝑄. Let {𝑦𝑖}𝑖∈⟦𝑛⟧ be sampled independently from 𝑄. For every 
𝛼 ∈ (1,2], 𝑠 ∈ [−∞,−1], 𝜆∈ [0,1], and 𝛿 ∈ (0,1), with probability at least 1 − 𝛿, it holds that:

𝜇𝑛,𝜆,𝑠 − 𝜇 ≤ ‖𝑓‖∞
√√√√√2 log

(
1 
𝛿

)
𝑛𝜆

𝛼−2
𝑠 

𝐼𝛼(𝑃‖𝑄) +
2‖𝑓‖∞𝜆

1
𝑠 log

(
1 
𝛿

)
3𝑛 

+ ‖𝑓‖∞(3 − 𝛼)
1 
𝛼 𝜆

1−𝛼
𝑠 𝐼𝛼(𝑃‖𝑄). (17)

Proof. The proof is a straightforward application of Bernstein’s inequality [6] together with Lemma 5.2 and Lemma 5.3. First of all, 
we highlight the bias in the following decomposition:

𝜇𝑛,𝜆,𝑠 − 𝜇 = 𝜇𝑛,𝜆,𝑠 − 𝔼 
𝑦𝑖∼𝑄

[𝜇𝑛,𝜆,𝑠]
⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

concentration 

+ 𝔼 
𝑦𝑖∼𝑄

[𝜇𝑛,𝜆,𝑠] − 𝜇

⏟ ⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏟
bias 

. (P.62)

The bias term is bounded by using Lemma 5.2, while, for the concentration term, we apply Bernstein’s inequality. Let 𝛿 ∈ (0,1), with 
probability at least 1 − 𝛿 it holds that:

𝜇𝑛,𝜆,𝑠 − 𝔼 
𝑦𝑖∼𝑄

[𝜇𝑛,𝜆,𝑠] ≤
√

2 𝕍ar
𝑦𝑖∼𝑄

[𝜇𝑛,𝜆,𝑠] log
(1 
𝛿

)
+

2sup{𝑦𝑖}𝑦∈⟦𝑛⟧
|𝜇𝑛,𝜆,𝑠| log( 1 

𝛿

)
3𝑛 

(P.63)

≤ ‖𝑓‖∞
√√√√√2 log

(
1 
𝛿

)
𝑛𝜆

𝛼−2
𝑠 

𝐼𝛼(𝑃‖𝑄) +
2‖𝑓‖∞𝜆

1
𝑠 log

(
1 
𝛿

)
3𝑛 

, (P.64)

where the last line is obtained by bounding the variance with Lemma 5.3 and recalling that 𝜔𝜆,𝑠(𝑦𝑖)𝑓 (𝑦𝑖) ≤ ‖𝑓‖∞𝜆
1
𝑠 for every 

𝑖 ∈ ⟦𝑛⟧. □

Given the general result provided by Lemma 5.4, we can now optimize over the pair (𝜆, 𝑠) in order to achieve a tighter bound.

Theorem 5.1. Let 𝑃 ,𝑄 ∈ Δ be two probability distributions such that 𝑃 ≪𝑄. Let {𝑦𝑖}𝑖∈⟦𝑛⟧ be sampled independently from 𝑄. For every 
𝛼 ∈ (1,2] and 𝛿 ∈ (0,1) if:

𝑛 ≥ 2 log
(
1 
𝛿

)
(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)

, (18)

then, with probability at least 1 − 𝛿, it holds that:

𝜇𝑛,𝜆∗𝛼 ,𝑠
∗
𝛼
− 𝜇 ≤ 7‖𝑓‖∞

3 

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼 , (19)

having selected (𝜆∗𝛼, 𝑠
∗
𝛼) such that:

𝜆∗𝛼 =
⎛⎜⎜⎜⎝

2 log
(
1 
𝛿

)
𝑛(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)

⎞⎟⎟⎟⎠
− 𝑠∗𝛼

𝛼

. (20)

6 We introduce our concentration inequalities as one-sided bounds just for simplicity, but they actually hold in both directions. Indeed, by replacing function 𝑓
with function −𝑓 , we obtain the reversed one-sided bound.
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Proof Sketch. The proof is obtained by minimizing the bound provided in Lemma 5.4 over the variable 𝜆
1
𝑠 . Since the function is 

convex in the variable 𝜆
1
𝑠 , this can be done by vanishing the derivative. The complete proof is reported in Appendix A.2. □

Some observations are in order. First, we notice that the dependence on the confidence level 𝛿 is the one typical of exponential 
concentration for every 𝛼 ∈ (1,2] and matches the minimax lower bound of Theorem 3.1 up to multiplicative constants. Second, 
we note that the exponential concentration bound provided in Theorem 5.1 holds for a sufficiently large number of samples 𝑛 only 
(Equation 18). Indeed, for a too small number of samples, the optimal value of (𝜆∗𝛼 , 𝑠

∗
𝛼) requires setting 𝜆∗𝛼 = 1, leading to the following 

bound:

𝜇𝑛,1,𝑠 − 𝜇 ≤ ‖𝑓‖∞
√√√√2 log

(
1 
𝛿

)
𝑛 

𝐼𝛼(𝑃‖𝑄) +
2‖𝑓‖∞ log

(
1 
𝛿

)
3𝑛 

+ ‖𝑓‖∞(3 − 𝛼)
1 
𝛼 𝐼𝛼(𝑃‖𝑄). (21)

Third, the choices of 𝜆∗𝛼 and 𝑠∗𝛼 are related. Indeed, one can fix 𝑠∗𝛼 and derive the corresponding 𝜆∗𝛼 , or vice versa.7 In other words, it 
is possible to obtain exponential concentration for every choice of 𝑠∗𝛼 ∈ (−∞,−1]. Fourth, we observe that the bound is subgaussian 
when 𝛼 = 2, requiring that 𝐼2(𝑃‖𝑄) < +∞. Recalling that 𝐼2(𝑃‖𝑄) governs the variance of the estimator, this result is in line 
with the general theory of estimators for which the existence of the variance is an unavoidable requirement to achieve subgaussian 
concentration [16]. Specifically, for 𝛼 = 2, with an optimal choice of (𝜆∗2 , 𝑠

∗
2), we obtain the bound:

𝜆∗2 =
⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝐼2(𝑃‖𝑄)𝑛

⎞⎟⎟⎟⎠
−

𝑠∗2
2 

⟹ 𝜇𝑛,𝜆∗2 ,𝑠
∗
2
− 𝜇 ≤ 7‖𝑓‖∞

3 

√√√√2𝐼2(𝑃‖𝑄) log
(
1 
𝛿

)
𝑛 

. (22)

Finally, from our high-probability bound, we can obtain an MSE upper bound by applying the general results of Proposition A.4 to 
Theorem 5.1, leading to the bound:

𝔼 
𝑦𝑖∼𝑄

[(
𝜇𝑛,𝜆∗𝛼 ,𝑠

∗
𝛼
− 𝜇

)2] ≤ 49
9 
‖𝑓‖2∞(2𝐼𝛼(𝑃‖𝑄)

𝑛𝛼−1

) 2 
𝛼

1 

∫
𝛿=0

(
log
(1 
𝛿

)) 2(𝛼−1)
𝛼 d𝛿 ≤ 98

9 
‖𝑓‖2∞(𝐼𝛼(𝑃‖𝑄)

𝑛𝛼−1

) 2 
𝛼

. (23)

In particular, for 𝛼 = 2, we obtain an upper bound of order ( 𝐼2(𝑃‖𝑄)
𝑛 

)
, which matches Equation (7), as expected.

5.3. Differentiability

As we have already observed, our weight correction, differently from truncation, is smooth and, thus, differentiable in the target 
policy. This property is particularly important for learning approaches that focus on differentiable parametric policies and update the 
parameters through gradient ascent or descent [66]. Furthermore, having a bounded gradient allows for more convenient theoretical 
analysis (e.g., convergence). Thus, we focus on the properties of the gradient of the (𝜆, 𝑠)-corrected estimator and, to this purpose, 
we constrain the target distribution to belong to a parametric space of differentiable distributions Θ = {𝑃𝜽 ∈ Δ ∶ 𝜽 ∈ Θ}, where 
Θ ⊆ℝ𝑑 . The gradient of the corrected weight 𝜔𝜆,𝑠 w.r.t. the target policy parameters 𝜽 is given by:

∇𝜽𝜔𝜆,𝑠(𝑦) =
(1 − 𝜆)𝜔(𝑦)𝑠

((1 − 𝜆)𝜔(𝑦)𝑠 + 𝜆)1−
1
𝑠 
∇𝜽 log𝑝𝜽(𝑦), ∀𝑦 ∈ . (24)

In particular, the following inequality involving the 𝐿∞-norm of the gradient, for every 𝑠 < 0 and 𝜆 ∈ [0,1] holds (Proposition A.1):

‖‖∇𝜽𝜔𝜆,𝑠(𝑦)‖‖∞ ≤ −𝑠 

𝜆−
1
𝑠 (1 − 𝑠)1+

1
𝑠 
‖‖∇𝜽 log𝑝𝜽(𝑦)‖‖∞ , ∀𝑦 ∈ . (25)

Thus, if the score ∇𝜽 log𝑝𝜽 is bounded, the gradient will be bounded whenever 𝜆 > 0. This property is advisable for gradient opti

mization, and it is not guaranteed, for example, for vanilla IW (𝜆 = 0). Thus, we can also interpret 𝜆 as a regularization parameter 
for the gradient magnitude.

Furthermore, by using the optimal value of (𝜆, 𝑠), as prescribed by Theorem 5.1, we obtain the following bound on the 𝐿∞ -norm 
of the gradient of the corrected importance weight:

‖‖∇𝜽𝜔𝜆,𝑠(𝑦)‖‖∞ ≤ −𝑠 

(1 − 𝑠)1+
1
𝑠 

⎛⎜⎜⎜⎝
𝑛(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)

2 log
(
1 
𝛿

) ⎞⎟⎟⎟⎠
1 
𝛼 ‖‖∇𝜽 log𝑝𝜽(𝑦)‖‖∞ , ∀𝑦 ∈ . (26)

7 A proposal for limiting this degree of freedom is provided in Appendix C.
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As expected, the bound enlarges as the number of samples 𝑛 increases, since, in such a scenario, the regularization enforced by 𝜆 gets 
reduced.

6. Data-driven tuning of (𝝀, 𝒔)

As shown in Section 5.2, the computation of the optimal correction pair (𝜆∗𝛼 , 𝑠
∗
𝛼) requires the knowledge of the divergence 𝐼𝛼(𝑃‖𝑄), 

which, in turn, requires access to the form of 𝑃 and 𝑄. In this section, we first briefly present some basic approaches to overcome 
this limitation (Section 6.1) and, then, we focus on a novel adaptive approach that we discuss in detail (Section 6.2).

6.1. Basic approaches

In principle, we may perform a choice of (𝜆𝛼, 𝑠𝛼) independent of 𝐼𝛼(𝑃‖𝑄) that leads to a sub-optimal dependence on 𝐼𝛼(𝑃‖𝑄) in 
the concentration bound, as shown in Proposition A.2:

𝜆‡𝛼 =
⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
(𝛼 − 1)2

⎞⎟⎟⎟⎠
− 𝑠‡𝛼

𝛼

⟹ 𝜇
𝑛,𝜆‡𝛼 ,𝑠

‡
𝛼
− 𝜇 ≤ 7‖𝑓‖∞

3 

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄), (27)

Even when 𝑃 and 𝑄 are known, computing the 𝐼𝛼(𝑃‖𝑄) can be challenging, especially for continuous distributions, since it involves 
the evaluation of a complex integral, as in Equation (2).8 In principle, we could estimate the divergence 𝐼𝛼(𝑃‖𝑄) from samples as the 
empirical moment of order 𝛼 of the vanilla importance weights 1

𝑛 
∑

𝑖∈⟦𝑛⟧ 𝜔(𝑦𝑖)𝛼 , as done, for the case 𝛼 = 2, in previous works [45]. 
However, although possibly well-performing in practice [45], this approach would prevent any subgaussian concentration, as the 
behavior of the non-corrected 𝜔(𝑦)𝛼 will be surely heavy-tailed whenever 𝜔(𝑦) is. A general-purpose approach to avoid the divergence 
estimation is the Lepski’s adaptation method [38], which requires knowing a lower bound and an upper bound (that might not be 
available) on 𝐼𝛼(𝑃‖𝑄). Furthermore, this method is known to be computationally intensive.

6.2. Adaptive approach

In this section, we follow a different path inspired by the recent work of [76]. If a choice of the pair (𝜆, 𝑠) corrects the weight 𝜔𝜆,𝑠

leading to an ideal estimator 𝜇𝑛,𝜆,𝑠, for the mean 𝜇, we may expect that the empirical moment of order 𝛼 of the corrected weights 
𝜔𝜆,𝑠 will provide a reasonable estimate of 𝐼𝛼 (𝑃‖𝑄). Since, as observed in Section 5.2, for every choice of 𝑠 ∈ [−∞,−1], there exists 
an optimal value of 𝜆, we restrict the search to the problem of learning the optimal value of 𝜆. Specifically, we propose to choose 𝜆
by solving the following equation, parametric in 𝛽 ∈ [0,1∕𝛼] whose value will be discussed later, in the variable 𝜆 ∈ (0, 𝑛−𝛽 ):

ℎ̂𝛼,𝑠(𝜆) ∶= 𝜆−
𝛼
𝑠 1
𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔𝜆𝑛𝛽 ,𝑠(𝑦𝑖)𝛼

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
empirical moment

of order 𝛼

=
2 log

(
1 
𝛿

)
(𝛼 − 1)2𝑛 

. (28)

The intuition behind this approach can be stated as follows. If the empirical 𝛼-moment is close to the divergence, i.e., 
1
𝑛 
∑

𝑖∈⟦𝑛⟧ 𝜔𝜆𝑛𝛽 ,𝑠(𝑦𝑖)𝛼 ≃ 𝐼𝛼(𝑃‖𝑄), having fixed 𝑠 ∈ [−∞,−1], the solution 𝜆𝛼 of Equation (28) approaches the optimal parameters, 
i.e., 𝜆𝛼 ≈ 𝜆∗𝛼 . The role of 𝛽 ∈ [0,1∕𝛼] allows, as we shall see later, to ensure that the solution of Equation (28) approaches 𝜆∗𝛼 with a 
fast-enough rate. The following result provides a sufficient condition under which, in high probability, Equation (28) admits a unique 
solution.

Lemma 6.1. Let 𝛼 ∈ (1,2], 𝑠 ∈ [−∞,−1], and 𝛿 ∈ (0,1). If

𝑛 ≥
⎛⎜⎜⎜⎝
6𝐼𝛼(𝑃‖𝑄)

1 
𝛼−1 log

(
1 
𝛿

)
(𝛼 − 1)2

⎞⎟⎟⎟⎠
1 

1+ 𝛼𝛽
𝑠 

, (29)

then, with probability at least 1 − 𝛿, Equation (28) admits exactly one solution.

If Equation (28) admits a unique solution 𝜆𝛼 , it is possible to relate it with the optimal solution 𝜆∗𝛼 prescribed by Theorem 5.1.

Lemma 6.2. Let 𝛼 ∈ (1,2], 𝑠 ∈ [−∞,−1], and 𝛿 ∈ (0,1). Suppose that Equation (28) admits a unique solution, denoted by 𝜆𝛼 . Then, if 
𝐼𝛼−𝑠(𝑃‖𝑄) is finite, for every 𝜖1, 𝜖2 ∈ (0,1), with probability at least 1 − 2𝛿 it holds that:

8 For some specific classes of distributions, including Gaussians, the integral can be computed in closed form [22].
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Algorithm 1 Root finding for Equation (28).

Input: function ̂ℎ𝛼,𝑠(⋅), threshold 𝜖3 > 0
1: 𝑘← 1, 𝜆(1)− ← 0, 𝜆(1)+ ← 𝑛−𝛽 ⊳ Initialization

2: while 𝜆(𝑘)+

𝜆(𝑘)−
> 1 + 𝜖3 do 

3: 𝜆(𝑘) ←
𝜆(𝑘)+ +𝜆(𝑘)−

2 ⊳ Compute candidate root

4: if ℎ̂𝛼,𝑠(𝜆(𝑘)) = 0 then

5: return 𝜆(𝑘)

6: end if

7: if sign(ℎ̂𝛼,𝑠(𝜆(𝑘))) = sign(ℎ̂𝛼,𝑠(𝜆(𝑘)− )) then 
8: 𝜆(𝑘+1)− ← 𝜆(𝑘)

9: else

10: 𝜆(𝑘+1)+ ← 𝜆(𝑘)

11: end if

12: 𝑘← 𝑘+ 1
13: end while

14: return 𝜆(𝑘−1)

1 − 𝜖2 ≤ 𝜆𝛼

𝜆∗𝛼
≤ (1 + 𝜖1)(1 + 𝜖2), (30)

under the condition that:

𝑛 ≥max

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎜⎜⎝
16 
3𝜖1

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
(𝛼 − 1)2

⎞⎟⎟⎟⎠
− 𝑠 

𝛼

𝐼𝛼−𝑠(𝑃‖𝑄) − 𝐼𝛼(𝑃‖𝑄)

𝐼𝛼(𝑃‖𝑄)1−
𝑠 
𝛼

⎞⎟⎟⎟⎟⎠

1 
− 𝑠 

𝛼 −𝛽

,

(
(𝛼 − 1)2

𝜖22
⋅ 2

1−2𝑠+𝛼
𝛼−1 𝐼𝛼(𝑃‖𝑄)

2(𝛼−𝑠)
𝛼−1 

)− 𝑠 
𝛼𝛽

⎫⎪⎪⎬⎪⎪⎭
. (31)

Proof. The result follows by combining Lemma A.6 and A.3. □

Some observations are in order. First of all, Lemma 6.2 ensures that, with high probability, the solution of the empirical Equa

tion (28) 𝜆𝛼 is close to the optimal parameter 𝜆∗𝛼 up to multiplicative factors. This requires, nevertheless, the finiteness of a higher-order 
dissimilarity index 𝐼𝛼−𝑠(𝑃‖𝑄).9 The discrepancy between 𝜆𝛼 and 𝜆∗𝛼 depends on two variables 𝜖1, 𝜖2 ∈ (0,1) that can be arbitrarily 
tuned and affect the minimum number of samples 𝑛 to ensure that inequality in Equation (30) holds. In particular, Lemma 6.2 accounts 
for two sources of errors. First, approximation error, due to the fact that, even by replacing the sample mean with the expectation 
in Equation (28), the root of the equation is different from 𝜆∗𝛼 . Indeed, such a solution is always an overestimation of 𝜆∗𝛼 , although 
it approaches it as 𝑛→ +∞, leading to the first argument of the maximum in Equation (31) (Lemma A.6). Second, estimation error, 
due to the fact that Equation (28) is constructed as a sample mean that is close to the expectation for a sufficiently large number 
of samples. It is worth mentioning that the analysis of the concentration properties of function ℎ̂𝛼,𝑠 leverages arguments based on 
the self-bounding functions [6] and leads to the second argument of the maximum in Equation (31) (Lemma A.3). The condition on 
the minimum number of samples of Equation (31) allows appreciating the role of the hyperparameter 𝛽. Indeed, it appears at the 
exponent of both arguments of the maximum with opposite roles.

Equation (28) does not admit a closed-form, in general. In Algorithm 1, we provide a bisection-based method to numerically find 
the root of Equation (28). After initializing the iteration counter 𝑘 and the extremes of the search interval [𝜆(1)− , 𝜆(1)+ ] = [0, 𝑛−𝛽 ] (line 1), 

the algorithm checks whether the extremes satisfy the condition 𝜆
(𝑘)
+

𝜆(𝑘)−
> 1 + 𝜖3, where 𝜖3 ∈ (0,1) is a threshold parameter. As we shall 

see, this condition ensures that the proposed solution is sufficiently close to the true one (line 2). Then, a candidate solution 𝜆(𝑘) is 
computed and evaluated (lines 3-6). If the candidate solution is not a root, based on the sign of the function ̂ℎ𝛼,𝑠(𝜆(𝑘)), the extremes 
of the interval are updated (lines 7-11). The following result provides a minimum number of iterations for the Algorithm 1 to stop.

Lemma 6.3. Let 𝛼 ∈ (1,2], 𝑠 ∈ [−∞,−1], and 𝛿 ∈ (0,1). Suppose that Equation (28) admits a unique solution 𝜆𝛼 . Then, for every 𝜖3 ∈ (0,1), 
it holds that:

1 − 𝜖3 ≤ 𝜆(𝑘)

𝜆𝛼

≤ 1 + 𝜖3, (32)

for a number of iterations 𝑘≥
⌈
log2

(
𝑛−𝛽

𝜆𝛼𝜖3

)⌉
.

9 We are currently unsure whether this additional requirement is an artifact of the analysis or an intrinsic phenomenon due to the choice of the PM correction.
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It is worth noting that in Lemma 6.3 the number of iterations depends inversely on 𝜆𝛼 that, from Lemma 6.2, can be bounded by 
a fraction of 𝜆∗𝛼 . This allows obtaining the following final concentration bound.

Theorem 6.1. Let 𝑃 ,𝑄 ∈Δ be two probability distributions such that 𝑃 ≪𝑄. Let 𝜆𝛼 be the solution of Equation (28), then, if 𝐼𝛼−𝑠(𝑃‖𝑄)
is finite, for every 𝛿 ∈ (0,1), with probability at least 1 − 4𝛿, it holds that:

𝜇𝑛,𝜆(𝑘) ,𝑠 − 𝜇 ≤ 14‖𝑓‖∞
3 

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼 , (33)

under the conditions that:

𝑛 ≥max

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎜⎜⎝
19
⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
(𝛼 − 1)2

⎞⎟⎟⎟⎠
− 𝑠 

𝛼

𝐼𝛼−𝑠(𝑃‖𝑄) − 𝐼𝛼(𝑃‖𝑄)

𝐼𝛼(𝑃‖𝑄)1−
𝑠 
𝛼

⎞⎟⎟⎟⎟⎠

1 
− 𝑠 

𝛼 −𝛽

,

(
26(𝛼 − 1)22

1−2𝑠+𝛼
𝛼−1 𝐼𝛼(𝑃‖𝑄)

2(𝛼−𝑠)
𝛼−1 

)− 𝑠 
𝛼𝛽

, (34)

⎛⎜⎜⎜⎝
6𝐼𝛼(𝑃‖𝑄)

1 
𝛼−1 log

(
1 
𝛿

)
(𝛼 − 1)2

⎞⎟⎟⎟⎠
1 

1+ 𝛼𝛽
𝑠 
⎫⎪⎪⎬⎪⎪⎭
, (35)

𝑘 ≥ 4 +
(
−𝛽 − 𝑠 

𝛼

)
log2 𝑛−

𝑠 
𝛼
log2

(1 − 𝛼)2𝐼𝛼(𝑃‖𝑄)

2 log
(
1 
𝛿

) . (36)

Compared to Theorem 5.1, this result is weakened in three aspects. First, the inequality holds with a smaller probability 1 − 4𝛿
since multiple estimation processes with the same samples are needed, i.e., the computation of 𝜆𝛼 and the corrected estimator 
𝜇𝑛,𝜆𝛼 ,𝑠

. Second, and most important, the result holds for a number of samples 𝑛, which is larger than that of Theorem 5.1. Third, the 
multiplicative constant in the error bound is twice that of Theorem 5.1.

To visualize a more explicit result, let us instantiate the minimum number of samples 𝑛 of Theorem 5.1 with 𝛼 = 2:

𝑛 ≥Ω
⎛⎜⎜⎜⎝max

⎧⎪⎨⎪⎩
(
(𝐼3(𝑃‖𝑄) − 𝐼2(𝑃‖𝑄))2

𝐼2(𝑃‖𝑄)3
log
(1 
𝛿

)) 1 
1−2𝛽

, 𝐼2(𝑃‖𝑄)
3 
𝛽 ,
(
𝐼2(𝑃‖𝑄) log

(1 
𝛿

)) 1 
1−2𝛽

⎫⎪⎬⎪⎭
⎞⎟⎟⎟⎠ . (37)

Now, we clearly see the effect of choosing 𝛽 ∈ [0,1∕2]. Indeed, by increasing 𝛽, we enlarge the exponent of the first and last argument 
of the maximum, while decreasing the exponent of the middle one. Thus, a reasonable choice is 𝛽 = 3∕7, making all the exponents 
equal.

7. Related works

Importance weighting (IW) is a widely used statistical tool with a long-standing role in Monte Carlo simulation, where it serves as a 
powerful method for variance reduction in rare events scenarios and for conducting what-if analyses [31,63,12,26,60]. In the machine 
learning (ML) field, this method has been predominantly employed for off-policy evaluation and learning tasks (e.g., [14,44,69]), 
besides few exceptions (e.g., [11,24,49,55]).

7.1. Importance weighting and heavy tails

In the ML context, it is well-established that IW can have inconvenient behavior depending on the dissimilarity between the 
behavioral 𝑄 and the target 𝑃 distributions [75,45,46]. In particular, the range of values taken by the IW estimators can scale up to 
ess sup𝑦∼𝑄 𝑝(𝑦)∕𝑞(𝑦). For discrete distributions (if 𝑃 ≪𝑄), this term is finite. However, when considering the continuous case, it can 
easily become unbounded [14]. Furthermore, in the continuous case, the standard IW estimator may have infinite variance and exhibit 
a heavy-tailed behavior [45,46]. In order to address this problem, some approaches have been proposed based on robust statistics, 
typically employed for mean estimation under heavy-tailed distributions [43]. Methods in this class include the trimmed mean [71,28], 
the median of means [51,30], and the Catoni’s estimator [10]. For all of them, subgaussian guarantees were provided [43]. These 
techniques have also been successfully employed for regret minimization in finite [8,21] and continuous arm spaces [42]. In principle, 
these methods could be employed as-is in conjunction with IW, but, being general-purpose, they might overlook the peculiarities of 
the setting.
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7.2. Importance weighting transformations

Different approaches have been developed to address this problematic IW behavior. An example is represented by the self

normalization (SN, [53]): 𝜔̃(𝑦𝑖) = 𝜔(𝑦𝑖)∕
∑

𝑗∈⟦𝑛⟧ 𝜔(𝑦𝑗 ) technique. The advantage of this approach lies in bounding the range of the 
produced estimator. However, this comes at the cost of generating interdependence among samples, thus introducing bias in the esti

mator. Although consistency is guaranteed [25,67], its finite-sample analysis is more challenging. In [45], a polynomial concentration 
inequality was provided and, more recently, exponential bounds based on Efron-Stein inequalities have been proposed [34,35]. Nev

ertheless, the resulting inequality is not guaranteed to decrease with (1∕√𝑛) for general distributions, and it is difficult to formally 
relate its concentration rate to the tail properties of the involved distributions [35]. Another widely used strategy is the weight trunca

tion (or clipping) (TR, [29,5]): 𝜔TR
𝑀
(𝑦) = min{𝜔(𝑦),𝑀}, with 𝑀 > 0 being the clipping threshold. The selection of the proper threshold 

has either been done using some empirical approaches [13,37], or by using theoretically principled techniques [4,74,54,40,19]. In 
particular, [54] derive a subgaussian deviation bound by suitably adapting the truncation threshold as a function of the number of 
samples 𝑛 and the confidence parameter 𝛿. However, because of the truncation itself, which involves the computation of a minimum, 
the resulting estimator is not differentiable. Another non-differentiable clipping transformation is the one proposed in [41], where 
the weight is transformed as 𝜔TR2

𝜏 (𝑦) = 𝑝(𝑦)∕max{𝜏, 𝑞(𝑦)} in order to avoid the weight exploding.

Another interesting approach, designed for CMABs, is the switch estimator (DR-SW, [74]) that selects between DM and IW (or 
DR), based on the importance weight value, by also providing guarantees in MSE. Finally, a restricted body of works explores less 
crude transformations than truncation, called smoothing [73]. They typically take into account the tail behavior of the estimator [56], 
also providing asymptotic guarantees. Some transformations based on weight shrinkage were proposed. They are based on the min

imization of different bounds on the MSE, in the CMABs [65] setting. In particular, the optimistic shrinkage (OS, [65]) leads to a 
transformation similar to ours 𝜔OS

𝜏 (𝑦) = 𝜏𝜔(𝑦)∕(𝜔(𝑦)2 + 𝜏). In Appendix E, by providing a more careful analysis than that of [48], we 
show that, when 𝑃 and 𝑄 are known and 𝜏 is set adaptively, OS achieves subgaussian concentration but remains biased when 𝑃 =𝑄
almost surely. More recently, exponential smoothing (ES) was proposed in [1] based on transformations of the form 𝜔̂ES

𝛼 (𝑦) = 𝑝(𝑦)∕𝑞(𝑦)𝛼
or 𝜔̃ES

𝛽
(𝑦) = (𝑝(𝑦)∕𝑞(𝑦))𝛽 for 𝛼, 𝛽 > 0. Bias, variance, and PAC Bayes generalization bounds are proposed, but no optimal values of 𝛼

and 𝛽 are computed, restricting to an empirical approach to set them.

An approach similar to our PM estimator is that of [52,20,2], where the implicit exploration (IX) estimator is employed: 𝜔IX
𝛾 (𝑦) =

𝑝(𝑦)∕(𝑞(𝑦) + 𝛾) for some 𝛾 > 0. Although these works do not provide an explicit bias-variance analysis, this estimator is not unbiased 
when 𝑃 = 𝑄 almost surely and is affected by a bias that depends on the volume of the decision space (Appendix F for details). 
Furthermore, an analysis of a general class of estimators is proposed in [62], suggesting, then, a logarithmically smoothed (LS) estimator 
of the form 𝜔LS

𝜆
(𝑦)𝑓 (𝑦) = − log(1 − 𝜆𝜔(𝑦)𝑓 (𝑦)). This estimator considers function 𝑓 inside the transformation and shares similar 

properties with our PM one, when 𝜆 is selected optimally, but remains biased when 𝑃 = 𝑄 almost surely and works only when 
𝑓 (𝑦) ≤ 0. A similar idea of applying log-sum-exp to the product 𝜔(𝑦)𝑓 (𝑦) is proposed in [3].

For a summary comparison of the most important estimators, we refer to Table 2.

8. Numerical simulations

In this section, we present numerical simulations for off-policy evaluation (Section 8.1) and learning (Section 8.2). Our objective 
is to demonstrate that the proposed estimators are competitive with traditional (e.g., vanilla IW and self-normalization) and modern 
baselines (e.g., truncation, optimistic shrinkage), while enjoying desirable theoretical properties. In the following experiments, we 
restricted our analysis to the harmonic correction obtained by setting 𝑠 = −1 (see Table 1) and 𝛼 = 2, apart from the experiment in 
Table 4. The complete results of the experiments are reported in Appendix B.10

8.1. Off-policy evaluation

We present two off-policy evaluation experiments. The first one is a synthetic example involving Gaussian distributions, while the 
second set of experiments considers the CMAB setting.

8.1.1. Synthetic experiment

In this numerical simulation, we compare our corrected estimators with importance weighting baselines in a continuous-distribution 
off-policy estimation problem. Specifically, we consider a Gaussian behavioral policy 𝑄 = (𝜇𝑄,𝜎2

𝑄
) and a Gaussian target policy 

𝑃 = (𝜇𝑃 , 𝜎
2
𝑃
). We generate 𝑛 i.i.d. samples from 𝑄 and we estimate the expectation of function 𝑓 (𝑦) = 100cos(2𝜋𝑦) under 𝑃 . We 

select 𝜇𝑄 = 0, 𝜇𝑃 = 0.5, 𝜎2
𝑄
= 1 and 𝜎2

𝑃
= 1.9, leading to a divergence 𝐼2(𝑃‖𝑄) ≃ 27.9. The results with different choices of the 𝜎2

𝑃
are reported in Appendix B.1.1.

Estimators comparison. Table 3 reports the absolute error between the estimated and the true mean for the different importance 
sampling estimators. For our correction, we report the results obtained with the optimal value of 𝜆 according to Theorem 5.1 with 
𝛼 = 2 and 𝑠 = −1 (PM-𝜆∗) and the value estimated from samples as in Section 6 with 𝛽 = 1∕2 (PM-𝜆). We compare these estimators 
with vanilla importance weighting (IW), self-normalized importance weighting (SN), weight truncation (TR) with optimal threshold 

10 The code is provided at https://github.com/albertometelli/subgaussian-is.
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Table 2
Comparison between several IW estimators assuming ‖𝑓‖∞ = 1, 𝑠= −1, and for 𝛼 = 2 w.r.t. several indexes. For the SN estimator, 𝑉 SN is the Efron-Stein estimate of the variance and 𝐵SN is the bias. 𝑉 SN and 𝐵SN converge to 0 
as 𝑛→∞, but no convergence rate is provided in [35]. vol() represents the volume of the decision space.

Estimator Maximum Variance Bias Correction 
(order )

Concentration 
(order )

Is 
subgaussian?

Is unbiased 
when 𝑃 =𝑄?

Is 
differentiable?

IW 
[53,45]

ess sup 𝑝 
𝑞

𝐼2(𝑃‖𝑄)
𝑛 0 -

√
𝐼2(𝑃‖𝑄)

𝛿𝑛 ✗ (poly) ✓ ✓ 
SN 
[53,35]

1 𝑉 SN 𝐵SN - 𝐵SN +
√

𝑉 ES log 1 
𝛿

✗ (exp) ✓ ✓ 
TR(𝑀) 
[29,54]

𝑀
𝐼2(𝑃‖𝑄)

𝑛 
𝐼2 (𝑃‖𝑄)

𝑀

√
𝑛𝐼2(𝑃‖𝑄)
log 1 

𝛿

√
𝐼2 (𝑃‖𝑄) log 1 

𝛿

𝑛 ✓ ✗ ✗ 

OS(𝜏) 
[65]

√
𝜏

2 
𝐼2 (𝑃‖𝑄)

𝑛 
𝐼2 (𝑃‖𝑄)√

𝜏

𝑛𝐼2 (𝑃‖𝑄)
log 1 

𝛿

√
𝐼2 (𝑃‖𝑄) log 1 

𝛿

𝑛 ✓ ✗ ✓ 

IX(𝛾) 
[52]

ess sup𝑦∼𝑃 𝑝(𝑦)
𝛾

𝐼2(𝑃‖𝑄)
𝑛 

√
𝛾𝐼2(𝑃‖𝑄)vol()

( (
ess sup𝑦∼𝑃 𝑝(𝑦)

)2(log 1 
𝛿

)2
𝐼2 (𝑃‖𝑄)vol()𝑛2

) 1
3

max 
𝛽∈{2,3}

𝛽

√
𝐼2 (𝑃‖𝑄)(ess sup𝑦∼𝑃 𝑝(𝑦)vol())𝛽−2 log 1 

𝛿

𝑛 ✗ (exp) ✗ ✓ 

LS(𝜆)(a)

[62]
+∞ 𝐼2(𝑃‖𝑄)

𝑛 𝜆𝐼2(𝑃‖𝑄)
√

log 1 
𝛿

𝐼2(𝑃‖𝑄)𝑛

√
𝐼2 (𝑃‖𝑄) log 1 

𝛿

𝑛 ✓ ✗ ✓ 

PM(𝜆)(b)

(ours)

1 
𝜆

𝐼2(𝑃‖𝑄)
𝑛 𝜆𝐼2(𝑃‖𝑄)

√
log 1 

𝛿

𝐼2(𝑃‖𝑄)𝑛

√
𝐼2 (𝑃‖𝑄) log 1 

𝛿

𝑛 ✓ ✓ ✓ 

(a) only when 𝑓 (𝑦)≤ 0. (b) for sufficiently large 𝑛.
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Table 3
Absolute error in the illustrative example varying the number of samples 𝑛 for the different estimators (mean ± std, 60 runs). 
For each column, the estimator with the smallest absolute error and the ones not statistically significantly different from that one 
(Welch’s t-test with 𝑝 < 0.02) are in bold.

Estimator / 𝑛 10 20 50 100 200 500 1000

IW 𝟐𝟕.𝟒𝟑± 𝟏𝟑.𝟑𝟑 𝟏𝟓.𝟕𝟎± 𝟒.𝟖𝟑 10.89 ± 1.81 9.26 ± 0.92 12.41 ± 1.88 9.42 ± 0.68 5.84 ± 0.27
SN 𝟐𝟑.𝟖𝟗± 𝟓.𝟕𝟕 15.62 ± 2.62 10.96 ± 1.18 9.53 ± 0.74 8.82 ± 0.62 7.48 ± 0.37 5.14 ± 0.20
TR 𝟐𝟑.𝟒𝟕± 𝟕.𝟓𝟐 𝟏𝟒.𝟎𝟑± 𝟐.𝟕𝟓 10.32 ± 1.47 8.89 ± 0.79 7.68 ± 0.46 6.21 ± 0.28 4.22 ± 0.15
OS 𝟏𝟗.𝟐𝟓± 𝟖.𝟔𝟖 𝟏𝟎.𝟗𝟑± 𝟑.𝟐𝟗 𝟖.𝟑𝟕± 𝟏.𝟑𝟓 𝟕.𝟎𝟔± 𝟎.𝟔𝟏 𝟖.𝟔𝟗± 𝟏.𝟒𝟒 6.65 ± 0.47 3.97 ± 0.16
PM-𝜆∗ 𝟐𝟏.𝟕𝟓± 𝟔.𝟑𝟔 𝟏𝟑.𝟏𝟕± 𝟐.𝟒𝟓 𝟗.𝟐𝟔± 𝟏.𝟏𝟗 7.76 ± 0.62 6.53 ± 0.38 5.29 ± 0.23 3.52 ± 0.12
PM-𝜆 𝟏𝟖.𝟏𝟗± 𝟑.𝟗𝟑 𝟏𝟎.𝟐𝟕± 𝟏.𝟔𝟒 𝟕.𝟎𝟑± 𝟎.𝟕𝟓 𝟓.𝟕𝟗± 𝟎.𝟑𝟖 𝟑.𝟖𝟓± 𝟎.𝟐𝟏 𝟐.𝟗𝟎± 𝟎.𝟏𝟎 𝟐.𝟎𝟔± 𝟎.𝟎𝟓

Table 4
Absolute error in the illustrative example varying the parameter 𝑠 of 
the corrected weight when 𝑛 = 500 (mean ± std, 60 runs). The esti

mator with the smallest absolute error and the ones not statistically 
significantly different from that one (Welch’s t-test with 𝑝 < 0.02) are 
in bold.

𝑠 / 𝜆 0 0.1 0.2 0.5

−∞ 3.12 ± 0.29 3.12 ± 0.29 3.12 ± 0.29 3.12 ± 0.29
−5 6.73 ± 1.21 𝟐.𝟕𝟎± 𝟎.𝟑𝟎 2.77 ± 0.30 2.57 ± 0.31
−2 6.73 ± 1.21 𝟐.𝟒𝟓± 𝟎.𝟑𝟒 𝟐.𝟒𝟐± 𝟎.𝟑𝟐 𝟐.𝟐𝟖± 𝟎.𝟑𝟐
−1 6.73 ± 1.21 𝟐.𝟕𝟐± 𝟎.𝟒𝟕 𝟐.𝟒𝟕± 𝟎.𝟑𝟕 𝟐.𝟏𝟖± 𝟎,𝟑𝟐
−0.5 6.73 ± 1.21 3.44 ± 0.64 𝟐.𝟕𝟏± 𝟎.𝟒𝟕 𝟐.𝟐𝟎± 𝟎.𝟑𝟒
0 6.73 ± 1.21 4.83 ± 0.89 3.66 ± 0.68 𝟐.𝟑𝟖± 𝟎.𝟑𝟖
0.5 6.73 ± 1.21 5.69 ± 1.05 4.85 ± 0.89 3.03 ± 0.52

selected as in [54], and IW with optimistic shrinkage (OS), where 𝜏 is computed by minimizing an MSE bound as in [65]. We 
notice that our estimators consistently outperform the traditional ones (IW and SN) and overall suffer smaller errors than TR and OS. 
Interestingly, the minimum error is often obtained by PM-𝜆, which uses an estimated value 𝜆 that tends to get a higher value than 
𝜆∗. In this way, the correction is more intense, which, in this specific example, turns out to be beneficial.

Comparison of different values of 𝑠. We empirically test different values of the parameter 𝑠 employed in Definition 5.1, in the same 
setting of Table 3 with 𝑛 = 500 for the estimator PM-𝜆∗ for different values of 𝜆. The results are reported in Table 4. We can see that 
the best results are obtained with 𝑠 ∈ {−1,−2}.

8.1.2. Contextual bandits

In this section, we report the experiments about off-policy evaluation in CMABs.

Setting. We follow the well-established setting of [18,74,64,65]. We consider 11 UCI [17] multi-class classification datasets (see 
Table 9 in Appendix B.1.2). Each dataset ∗ = {(𝑥𝑖, 𝑎

∗
𝑖 )}𝑖∈[𝑛∗] is mapped to a CMAB problem with action set  = ⟦𝐾⟧. Every sample 

(𝑥𝑖, 𝑎) leads to a reward given by 1{𝑎 = 𝑎∗𝑖 }. To model noise, the reward is switched with probability 𝜈 ∈ [0,1]. Each dataset is split 
into a training set train and an evaluation eval with proportions 30% and 70%. A multi-class classifier 𝙲 is trained on train. The 
behavioral policy is obtained as: 𝜋𝑏(𝑎|𝑥) = 𝛼𝑏 +

1−𝛼𝑏
𝐾

if 𝑎 = 𝙲(𝑥) and 𝜋𝑏(𝑎|𝑥) = 1−𝛼𝑏
𝐾

otherwise, where 𝛼𝑏 ∈ [0,1]. The target policy 𝜋𝑒

is obtained as the behavioral one by training another classifier on train and using 𝛼𝑒 ∈ [0,1]. We employ 𝜋𝑏 to generate a dataset 
 = {(𝑥𝑖, 𝑎𝑖, 𝑟𝑖)}𝑖∈⟦𝑛⟧ sampling 𝑥𝑖 from eval where 𝑎𝑖 ∼ 𝜋𝑏(⋅|𝑥𝑖) and 𝑟𝑖 is computed as described before. The ground truth value 
function is computed as 𝑣(𝜋𝑒) =

1
𝑛 
∑

𝑥∈eval

∑
𝑎∈ 𝜋𝑒(𝑎|𝑥)𝑟(𝑥, 𝑎). For DM and DR, we employ a regressor to learn the reward with a 

crossfitting procedure on the full .

Estimators comparison. We consider several settings that vary the values of 𝛼𝑏 and 𝛼𝑒 across all the 11 datasets, generating 110 com

binations and a reward noise of 𝜈 = 0.25. Details and results for the noiseless case are reported in Appendix B.1.2. To summarize the 
results, following the approach of [74], we plot in Fig. 2 the cumulative distribution function (CDF) of the absolute error normalized 
by the error of IW. A lower error corresponds to a CDF curve towards the upper-left corner. We distinguish between the approaches 
that do not make use of the reward estimate 𝑟̂ (model-free, left) and the ones that do (model-based, right). As for the model-free 
ones, we note that the performance of our estimator PM-𝜆∗ is very close to that of SN. This is likely because we are dealing with dis

crete distributions (actions are finite), which implicitly mitigates the degeneracy of the importance weight. Differently, the advantage 
w.r.t. the optimistic shrinkage (OS) is quite significant. Instead, for the model-based estimators, we observe that our weight correction 
combined with the DR estimator (DR-𝜆∗ and DR-𝜆) outperforms the standard DR and its combinations with SN (SN-DR), truncation 
(DR-TR), and optimistic shrinkage (DR-OS). Instead, the switch estimator (DR-SW) displays a performance similar to ours. Overall, 
we observe that our estimators, although not radically outperforming the baselines, succeed in consistently displaying competitive 
performance.
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Fig. 2. CDF of the absolute error normalized by IW error for stochastic rewards with noise 0.25, across 110 conditions. 

Table 5
Absolute error (multiplied by 100) in the letter dataset varying the number of samples 𝑛 for the different estimators, when 𝛼𝑏 = 0.5 and 𝛼𝑒 = 0.9 (mean 
± std, 10 runs). For each column, the estimator with the smallest absolute error and the ones not statistically significantly different from that one 
(Welch’s t-test with 𝑝 < 0.05) are in bold.

Estimator / 𝑛 100 200 500 1000 2000 5000 10000 20000

IW 𝟏𝟕.𝟑𝟖± 𝟏.𝟐𝟕 𝟐𝟐.𝟐𝟔± 𝟐.𝟎𝟎 15.98 ± 0.82 8.36 ± 0.21 𝟒.𝟔𝟕± 𝟎.𝟎𝟕 2.68 ± 0.03 2.15 ± 0.02 1.10 ± 0.00
SN 𝟐𝟑.𝟗𝟓± 𝟏.𝟔𝟖 𝟏𝟗.𝟑𝟗± 𝟏.𝟑𝟎 17.94 ± 0.50 11.43 ± 0.22 7.10 ± 0.13 2.54 ± 0.03 𝟏.𝟔𝟏± 𝟎.𝟎𝟏 1.10 ± 0.00
TR 𝟏𝟕.𝟑𝟖± 𝟏.𝟐𝟕 𝟏𝟖.𝟗𝟐± 𝟏.𝟑𝟔 15.88 ± 0.82 8.36 ± 0.21 𝟒.𝟔𝟕± 𝟎.𝟎𝟕 2.68 ± 0.03 2.15 ± 0.02 1.10 ± 0.00
OS 24.91 ± 1.45 31.93 ± 1.15 15.38 ± 0.56 17.25 ± 0.45 16.41 ± 0.37 30.63 ± 0.15 33.95 ± 0.02 33.61 ± 0.01
PM-𝜆∗ 𝟏𝟕.𝟐𝟐± 𝟏.𝟑𝟓 𝟏𝟕.𝟏𝟎± 𝟏.𝟎𝟑 11.57 ± 0.45 𝟓.𝟔𝟔± 𝟎.𝟏𝟕 4.86 ± 0.06 2.73 ± 0.02 2.47 ± 0.02 1.27 ± 0.01
PM-𝜆 𝟏𝟖.𝟏𝟔± 𝟏.𝟒𝟗 𝟏𝟔.𝟓𝟐± 𝟎.𝟖𝟓 11.23 ± 0.29 𝟔.𝟒𝟖± 𝟎.𝟏𝟓 5.85 ± 0.07 3.01 ± 0.03 2.89 ± 0.02 1.50 ± 0.01

DM 𝟐𝟎.𝟓𝟐± 𝟏.𝟏𝟖 25.28 ± 0.97 36.19 ± 0.31 36.04 ± 0.08 36.95 ± 0.06 41.99 ± 0.01 42.70 ± 0.01 42.71 ± 0.00
DR 𝟐𝟑.𝟎𝟎± 𝟏.𝟖𝟖 𝟐𝟓.𝟕𝟗± 𝟐.𝟑𝟖 20.02 ± 0.92 8.30 ± 0.17 𝟒.𝟑𝟕± 𝟎.𝟎𝟖 2.16 ± 0.02 𝟏.𝟑𝟖± 𝟎.𝟎𝟏 𝟎.𝟔𝟒± 𝟎.𝟎𝟎
SN-DR 𝟐𝟎.𝟖𝟗± 𝟏.𝟒𝟓 𝟐𝟑.𝟑𝟖± 𝟏.𝟗𝟏 20.79 ± 0.74 10.99 ± 0.17 6.48 ± 0.11 2.54 ± 0.02 𝟏.𝟓𝟐± 𝟎.𝟎𝟏 0.99 ± 0.00
DR-TR 𝟏𝟖.𝟒𝟖± 𝟏.𝟏𝟑 𝟏𝟓.𝟗𝟔± 𝟎.𝟕𝟐 18.58 ± 0.23 15.52 ± 0.09 15.45 ± 0.07 20.33 ± 0.01 21.05 ± 0.01 20.78 ± 0.00
DR-OS 𝟏𝟖.𝟒𝟕± 𝟏.𝟏𝟕 𝟏𝟖.𝟖𝟒± 𝟎.𝟔𝟎 17.10 ± 0.39 12.19 ± 0.22 8.86 ± 0.11 17.52 ± 0.06 18.40 ± 0.02 19.04 ± 0.02
DR-SW 𝟐𝟐.𝟖𝟑± 𝟏.𝟐𝟓 𝟏𝟔.𝟖𝟏± 𝟏.𝟏𝟒 𝟒.𝟓𝟗± 𝟎.𝟏𝟖 𝟒.𝟕𝟎± 𝟎.𝟎𝟗 4.86 ± 0.06 𝟎.𝟕𝟕± 𝟎.𝟎𝟏 𝟏.𝟑𝟖± 𝟎.𝟎𝟏 𝟎.𝟕𝟖± 𝟎.𝟎𝟎
DR-𝜆∗ 𝟐𝟎.𝟎𝟑± 𝟏.𝟐𝟓 𝟏𝟖.𝟕𝟎± 𝟏.𝟑𝟑 13.04 ± 0.61 𝟔.𝟐𝟐± 𝟎.𝟏𝟑 𝟑.𝟖𝟐± 𝟎.𝟎𝟕 1.79 ± 0.02 𝟏.𝟑𝟕± 𝟎.𝟎𝟏 𝟎.𝟔𝟏± 𝟎.𝟎𝟎
DR-𝜆 𝟏𝟖.𝟓𝟑± 𝟏.𝟐𝟏 𝟏𝟒.𝟗𝟐± 𝟎.𝟗𝟖 9.18 ± 0.44 𝟒.𝟗𝟏± 𝟎.𝟏𝟎 𝟑.𝟑𝟗± 𝟎.𝟎𝟔 1.61 ± 0.02 𝟏.𝟒𝟎± 𝟎.𝟎𝟏 𝟎.𝟔𝟓± 𝟎.𝟎𝟎

Table 6
Complementary cumulative distribution of the absolute error (multiplied by 100) ℙ(𝐸 > 𝜉) in 
the glass dataset varying the number of samples 𝑛 for the different estimators, when 𝛼𝑏 = 0.9
and 𝛼𝑒 = 0.9999 (5000 runs).

Estimator / 𝜉 10 20 50 100 200 500 1000

IW 0.6742 0.5414 0.1754 0.0326 0.0326 0.0198 0.0014
PM-𝜆∗ 0.686 0.5416 0.176 0.0228 0.056 0 0

DR 0.6522 0.4094 0.117 0.0484 0.0378 0.0218 0.0022
DR-𝜆∗ 0.65 0.4046 0.1088 0.03262 0.009 0 0

For the specific case of the letter dataset, we report in Table 5 the results obtained by setting 𝛼𝑏 = 0.5 and 𝛼𝑒 = 0.9 for different 
numbers of samples 𝑛. We notice essentially two behaviors. When the number of samples is very low (e.g., 100, 200), all estimators 
perform similarly, with poor performance. As 𝑛 increases, the benefits of the DR-like estimators become more visible. In particular, 
the DR-SW and our corrected estimators (DR-𝜆∗ and DR-𝜆) overall dominate the other baselines.

Tail behavior experiment. We run 5000 estimation processes using the glass dataset, 𝑛 = 30, 𝛼𝑒 = 0.9999, and 𝛼𝑏 = 0.9. To compare the 
tail behavior between vanilla weights and our correction (for both model-free and model-based estimators), we consider the absolute 
error random variable 𝐸 multiplied by 100 (as in Table 5) and we estimate the complementary cumulative distribution ℙ(𝐸 > 𝜉). Thus, 
for large values of 𝜉, the larger ℙ(𝐸 > 𝜉), the heavier the tail, since a larger amount of probability mass accumulates on the right of 
𝜉. Table 6 reports the results for both model-based and model-free estimators. We observe that our corrected estimators consistently 
display a significantly lighter tail compared to the vanilla ones.
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Fig. 3. Evaluation reward for four different datasets after 1000 iterations (4000 iterations for letter) of gradient ascent with a Boltzmann policy for the model-free 
estimators (mean ± std, 10 runs).

Fig. 4. Evaluation reward for the letter dataset comparing the learning curve of different estimators (mean ± std, 10 runs). 

8.2. Off-policy learning

Finally, we provide an experiment in which we employ the off-policy methods to improve a baseline policy in the CMAB framework. 
We refer to the same setting of Section 8.1 with a uniform behavioral policy (𝛼𝑏 = 0). For the target policy, we consider a Boltzmann 
policy in some featurization of the context 𝜋𝜽(𝑎|𝑥) ∝ exp

(
𝜽𝑇
𝑎 𝝓(𝑥)

)
. We optimize the estimated value function in the parameters 𝜽

via gradient ascent. Further details and experiments with regularized objectives are reported in Appendix B.2. We perform Off-PL 
on four datasets and the results for the model-free estimators are reported in Fig. 3. We observe that our weight corrections (PM-𝜆∗

and PM-𝜆) outperform the considered baselines (IW, SN, and OS) on ecoli and letter datasets, whereas SN emerges in the glass and 
kropt datasets. For the letter dataset, we report in Fig. 4 the learning curve, distinguishing between model-free (left) and model-based 
(right) estimators.11 For the model-free ones, we observe the dominance of our estimators over the SN estimator, while the optimistic 
shrinkage estimator (OS) behaves similarly to ours. Interestingly, for the model-based estimators, plain DR beats the other estimators, 
including self-normalization that performs almost identically with our DR-𝜆∗ , and OS that fails completely to learn the task.

9. Discussion and conclusions

In this paper, we have deepened the study of the importance sampling technique for off-policy evaluation and learning. We con

ceived a novel minimax lower bound for off-policy estimation, showing that exponential concentration is possible. Then, we derived 
an anti-concentration bound for the vanilla IW and SN estimators, proving polynomial concentration is tight for this setting. Then, we 
introduced and analyzed a class of importance weight corrections based on the intuition of smoothly shrinking the weight towards 
one. Assuming that the second moment of the importance weight exists, we have introduced the first transformation that achieves 
subgaussian concentration and maintains the differentiability of the estimator in the target policy parameters, for a sufficiently large 
number of samples. Moreover, we introduced a data-driven approach that, under slightly more demanding assumptions, allows ob

taining a similar concentration. The experimental evaluation has shown that our theoretically grounded transformation is competitive 
with the traditional and modern importance weighting baselines (including self-normalization, truncation, and optimistic shrinkage) 
in the CMAB framework for both evaluation and learning. The advantages of our correction are more visible in the case of continuous 
distributions, where the degeneracy of importance sampling is amplified. Future works include the extension of these corrections to 
the more challenging RL setting with continuous actions.

11 Clearly, the truncated (TR) and the switch (DR-SW) estimators cannot be directly employed in this setting, being non-differentiable.
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Appendix A. Proofs and derivations

In this section, we report the proofs of the results that are reported in the main paper.

A.1. Proofs of Section 4

Theorem 4.2 (Anti-concentration of IW Estimator). There exist two distributions 𝑃 ,𝑄 ∈ Δ with 𝑃 ≪ 𝑄 and a bounded measurable 

function 𝑓 ∶  → ℝ such that for every 𝛼 ∈ (1,2] and 𝛿 ∈ (0, 𝑒−1) if 𝑛 ≥ 𝛿𝑒max
{
1,
(
𝐼𝛼(𝑃‖𝑄) − 1

) 1 
𝛼−1

}
, with probability at least 𝛿 it 

holds that:

||𝜇𝑛 − 𝜇|| ≥ ‖𝑓‖∞(𝐼𝛼(𝑃‖𝑄) − 1
𝑒𝛿𝑛𝛼−1

) 1 
𝛼

. (10)

Proof. The proof is inspired by that of Proposition 6.2 of [10]. We construct a function 𝑓 and two probability measures 𝑃 and 𝑄
that fulfill the inequality. Let 𝑎 > 0, we consider  = {−𝑎,0, 𝑎} and 𝑓 (𝑦) = 𝑦. First of all, we observe that 𝑎 = ‖𝑓‖∞. We now define 
the probability distributions as follows, for 𝑝, 𝑞 ∈ [0,1]:

𝑃 ({−𝑎}) = 𝑃 ({𝑎}) = 𝑝 
2

and 𝑃 ({0}) = 1 − 𝑝, (P.65)

𝑄({−𝑎}) =𝑄({𝑎}) = 𝑞

2
and 𝑄({0}) = 1 − 𝑞. (P.66)

We immediately observe that 𝔼𝑦∼𝑃 [𝑓 (𝑦)] = 𝔼𝑦∼𝑄[𝑓 (𝑦)] = 0. We select the values 𝑝 and 𝑞 as follows, for any 𝛼 ∈ (1,2]:

𝑞 =
(

𝑎 
𝑛𝜖

)𝛼
𝜉, 𝑝 =

(
𝑎 
𝑛𝜖

)𝛼−1
𝜉, (P.67)

where 𝜉 > 0 will be specified later. First of all, we note that to make these probabilities valid, we need to enforce:

𝑝 ≤ 1 ⟹ 𝑛 ≥ 𝑎
𝜖
𝜉

1 
𝛼 , 𝑞 ≤ 1 ⟹ 𝑛≥ 𝑎

𝜖
𝜉

1 
𝛼−1 . (P.68)

This choice of 𝑝 and 𝑞 ensures that 𝑎 𝑝 
𝑞
= 𝑛𝜖. Let us now compute the divergence:

𝐼𝛼(𝑃‖𝑄) = 2
(𝑝 
2

)𝛼 ( 𝑞
2

)1−𝛼
+ (1 − 𝑝)𝛼(1 − 𝑞)1−𝛼 (P.69)

= 𝑝𝛼𝑞1−𝛼 + (1 − 𝑝)𝛼(1 − 𝑞)1−𝛼 (P.70)

= 𝜉 +
(
1 − 𝜉

(
𝑎 
𝑛𝜖

)𝛼−1
)𝛼 (

1 − 𝜉
(

𝑎 
𝑛𝜖

)𝛼)1−𝛼 ≤ 𝜉 + 1, (P.71)

where the last inequality is obtained by upper bounding the second addendum under the assumption that 𝑛 ≥ 𝑎
𝜖
𝜉

1 
𝛼−1 :(

1 − 𝜉
(

𝑎 
𝑛𝜖

)𝛼−1
)𝛼 (

1 − 𝜉
(

𝑎 
𝑛𝜖

)𝛼)1−𝛼 ≤
(
1 − 𝜉

(
𝑎 
𝑛𝜖

)𝛼−1
)𝛼 (

1 − 𝜉
(

𝑎 
𝑛𝜖

)𝛼−1
)1−𝛼

(P.72)

= 1 − 𝜉
(

𝑎 
𝑛𝜖

)𝛼−1 ≤ 1. (P.73)
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Thus, we select 𝜉 = 𝐼𝛼(𝑃‖𝑄) − 1. Let us now consider the vanilla IW estimator 𝜇𝑛 , whose expectation is 𝜇 = 0, and the following 
derivation:

ℙ 
𝑦𝑖∼𝑄

(||𝜇𝑛 − 𝜇|| ≥ 𝜖
)
= ℙ 

𝑦𝑖∼𝑄

({
𝜇𝑛 − 𝜇 ≤ −𝜖

}
∪
{
𝜇𝑛 − 𝜇 ≥ 𝜖

})
(P.74)

= ℙ 
𝑦𝑖∼𝑄

(
𝜇𝑛 − 𝜇 ≤ −𝜖

)
+ ℙ 

𝑦𝑖∼𝑄

(
𝜇𝑛 − 𝜇 ≥ 𝜖

)
(P.75)

= 2 ℙ 
𝑦𝑖∼𝑄

(
𝜇𝑛 − 𝜇 ≥ 𝜖

)
, (P.76)

where line (P.75) is obtained by observing that the two events are disjoint and line (P.76) comes from the symmetry of the events, 
given the construction of function 𝑓 . We now consider the event  under which among the 𝑛 samples, one is 𝑎 and the remaining 
are 0:

 ∶=
{|||{𝑖 ∈ ⟦𝑛⟧ ∶ 𝑦𝑖 = 0

}||| = 𝑛− 1 ∧ |||{𝑖 ∈ ⟦𝑛⟧ ∶ 𝑦𝑖 = 𝑎
}||| = 1

}
. (P.77)

It is immediate to verify that if event  occurs we have that 𝜇𝑛 =
𝑝𝑎 
𝑞𝑛

= 𝜖, and, consequently, 𝜇𝑛 − 𝜇 ≥ 𝜖. Thus, we now lower bound 
the probability:

ℙ 
𝑦𝑖∼𝑄

(
𝜇𝑛 − 𝜇 ≥ 𝜖

) ≥ ℙ 
𝑦𝑖∼𝑄

() (P.78)

= 𝑛
𝑞

2
(1 − 𝑞)𝑛−1 (P.79)

= 1
2

(
𝑎
𝜖

)𝛼
𝑛1−𝛼𝜉

(
1 −

(
𝑎 
𝑛𝜖

)𝛼
𝜉
)𝑛−1

. (P.80)

Now, we derive a value of 𝜖 > 0 such that the inequality holds with probability at least 𝛿. We enforce the condition:

1
2

(
𝑎
𝜖

)𝛼
𝑛1−𝛼𝜉

(
1 −

(
𝑎 
𝑛𝜖

)𝛼
𝜉
)𝑛−1 ≤ 𝛿 ⟹ 𝜖 ≥ 𝑎

(
𝜉

𝛿𝑛𝛼−1

) 1 
𝛼 (

1 −
(

𝑎 
𝑛𝜖

)𝛼
𝜉
) 𝑛−1

𝛼
. (P.81)

We claim that, for 𝛿 ∈ (0, 𝑒−1), any value of 𝜖 fulfilling condition (P.81) must be 𝜖 ≤ 𝜖⋆:

𝜖⋆ = 𝑎

(
𝜉

𝛿𝑛𝛼−1

) 1 
𝛼 (

1 − 𝑒𝛿
𝑛 

) 𝑛−1
𝛼

. (P.82)

Indeed, we have:

𝑎

(
𝜉

𝛿𝑛𝛼−1

) 1 
𝛼 (

1 −
(

𝑎 
𝑛𝜖⋆

)𝛼
𝜉
) 𝑛−1

𝛼
(P.83)

= 𝑎

(
𝜉

𝛿𝑛𝛼−1

) 1 
𝛼
⎛⎜⎜⎝1 −

(
𝑎
𝑛 

)𝛼 ⎛⎜⎜⎝𝑎
(

𝜉

𝛿𝑛𝛼−1

) 1 
𝛼 (

1 − 𝑒𝛿
𝑛 

) 𝑛−1
𝛼
⎞⎟⎟⎠
−𝛼

𝜉
⎞⎟⎟⎠

𝑛−1
𝛼

(P.84)

= 𝑎

(
𝜉

𝛿𝑛𝛼−1

) 1 
𝛼
(
1 − 𝛿

𝑛 

(
1 − 𝑒𝛿

𝑛 

)−(𝑛−1)) 𝑛−1
𝛼

(P.85)

≥ 𝑎

(
𝜉

𝛿𝑛𝛼−1

) 1 
𝛼 (

1 − 𝛿𝑒
𝑛 

) 𝑛−1
𝛼 = 𝜖⋆, (P.86)

where the last inequality derives from observing that 
(
1 − 𝑒𝛿

𝑛 
)−(𝑛−1) ≤ 𝑒 if 𝛿 ∈ (0, 𝑒−1). Finally, we rephrase conditions (P.68):

𝑛 ≥ 𝑎 
𝜖⋆

𝜉
1 
𝛼 ⟹ 𝑛 ≥ 𝑛1−

1 
𝛼 𝛿

1 
𝛼

(
1 − 𝑒𝛿

𝑛 

)− 𝑛−1
𝛼 ⟹ 𝑛 ≥ 𝛿𝑒, (P.87)

𝑛 ≥ 𝑎 
𝜖⋆

𝜉
1 

𝛼−1 ⟹ 𝑛 ≥ 𝑛1−
1 
𝛼 𝛿

1 
𝛼 𝜉

1 
𝛼(𝛼−1)

(
1 − 𝑒𝛿

𝑛 

)− 𝑛−1
𝛼 ⟹ 𝑛 ≥ 𝛿𝑒𝜉

1 
𝛼−1 , (P.88)

having observed, again, that 
(
1 − 𝑒𝛿

𝑛 
)− 𝑛−1

𝛼 ≤ 𝑒
1 
𝛼 . Thus, we should enforce the condition 𝑛 ≥ 𝛿𝑒max

{
1, 𝜉

1 
𝛼−1
}

. To make the statement 

more readable, we bound 
(
1 − 𝑒𝛿

𝑛 
) 𝑛−1

𝛼 ≥ 𝑒−
1 
𝛼 . □
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Theorem 4.4 (Anti-concentration of SN Estimator). There exist two distributions 𝑃 ,𝑄 ∈ Δ with 𝑃 ≪ 𝑄 and a bounded measurable 

function 𝑓 ∶ →ℝ such that for every 𝛼 ∈ (1,2] and 𝛿 ∈ (0, 𝑒−1) if 𝑛 ≥max

{
𝛿𝑒 

𝐼𝛼 (𝑃‖𝑄)−1 ,
(

𝐼𝛼 (𝑃‖𝑄)−1
𝛿

) 1 
𝛼−1

}
, with probability at least 𝛿 it 

holds that:

||𝜇𝑛 − 𝜇|| ≥ ‖𝑓‖∞
2 

(
𝐼𝛼(𝑃‖𝑄) − 1

𝑒𝛿𝑛𝛼−1

) 1 
𝛼

. (12)

Proof. The proof follows the same steps of that of Theorem 4.2, with the same construction of function 𝑓 and probability measures 
𝑃 and 𝑄. We proceed under the conditions 𝑝 > 𝑞 and 𝜖 ≤ 𝑎 that we enforce later in the proof. Thus, under event  , then 𝜇𝑛 − 𝜇 ≥ 𝜖

2 , 
as proven in the following:

𝜇𝑛 − 𝜇 = 𝜇𝑛 (P.89)

=
𝑝 
𝑞
𝑎 

(𝑛− 1) 1−𝑝 
1−𝑞

+ 𝑝 
𝑞

≥
𝑝 
𝑞
𝑎 

(𝑛− 1) + 𝑝 
𝑞

(P.90)

= 𝑛𝜖 
(𝑛− 1) + 𝑛 𝜖

𝑎

(P.91)

≥ 𝜖

1 + 𝜖
𝑎

≥ 𝜖
2
, (P.92)

where line (P.89) is obtained by observing that 𝜇 = 0, line (P.90) follows from the definition of the SN estimator, line (P.91) derives 
from 𝑝 ≥ 𝑞, consequently, 1−𝑝 

1−𝑞
≤ 1 and from 𝑝 

𝑞
= 𝑛𝜖

𝑎 , and line (P.92) is obtained from simple manipulation and enforcing 𝜖
𝑎
≤ 1. By 

exploiting the 𝜖 expression of Theorem 4.2, we have:

|𝜇𝑛 − 𝜇| ≥ 𝑎
2 

(
𝜉

𝛿𝑛𝛼−1

) 1 
𝛼 (

1 − 𝛿𝑒
𝑛 

) 𝑛−1
𝛼

. (P.93)

In addition to the conditions enforced by Theorem 4.2, we need to require 𝑝 ≥ 𝑞 and 𝜖 ≤ 𝑎. To this end, we recall the conditions 

1 − 𝛿𝑒
𝑛 ≤ 1 and 

(
1 − 𝑒𝛿

𝑛 
)−(𝑛−1) ≤ 𝑒 if 𝛿 ∈ (0, 𝑒−1):

𝜖 ≤ 𝑎 ⟹ 
(

𝜉

𝛿𝑛𝛼−1

) 1 
𝛼 (

1 − 𝛿𝑒
𝑛 

) 𝑛−1
𝛼 ≤ 1 satisfied for 𝑛 ≥

(
𝜉

𝛿

) 1 
𝛼−1

, (P.94)

𝑝 > 𝑞 ⟹ 𝑛 >
𝑎
𝜖

⟹ 𝑛
(

𝜉

𝛿𝑛𝛼−1

) 1 
𝛼 (

1 − 𝛿𝑒
𝑛 

) 𝑛−1
𝛼 ≥ 1 satisfied for 𝑛 ≥ 𝑒𝛿

𝜉
. (P.95)

Thus, collecting also the conditions of Theorem 4.2, we enforce 𝑛 ≥ 𝛿𝑒max
{
1, 1

𝜉
, 𝜉

1 
𝛼−1 , 𝜉

1 
𝛼−1
(
1 
𝛿

) 𝛼
𝛼−1 1

𝑒 

}
, that can be simplified, 

although by loosing some tightness, into 𝑛 ≥max

{
𝛿𝑒
𝜉
,
(

𝜉
𝛿

) 1 
𝛼−1

}
. □

A.2. Proofs of Section 5

Lemma 5.1. Let 𝑃 ,𝑄 ∈Δ be two probability distributions with 𝑃 ≪𝑄, then for every 𝜆∈ [0,1] and 𝑦∈ it holds that:

(i) if 𝑠 ≤ 𝑠′ then 𝜔𝜆,𝑠(𝑦) ≤ 𝜔𝜆,𝑠′ (𝑦);

(ii) if 𝑠 < 0 then 𝜔𝜆,𝑠(𝑦) ≤ 𝜆
1
𝑠 , otherwise if 𝑠 > 0 then 𝜔𝜆,𝑠(𝑦) ≥ 𝜆

1
𝑠 ;

(iii) if 𝑠 < 1 then 𝔼𝑦∼𝑄[𝜔𝜆,𝑠(𝑦)] ≤ 1, otherwise if 𝑠 > 1 then 𝔼𝑦∼𝑄[𝜔𝜆,𝑠(𝑦)] ≥ 1.

Proof. Recall that 𝜔𝑠,𝜆(𝑦) is the power mean of exponent 𝑠 between 𝜔(𝑦) and 1 and weights (1−𝜆,𝜆). Consequently, (𝑖) follows from 
the generalized mean inequality [9]. Let us move to (𝑖𝑖), if 𝑠 < 0, we have:

𝜔𝜆,𝑠(𝑦) =
(
(1 − 𝜆)𝜔(𝑦)𝑠 + 𝜆

) 1
𝑠 = 1 (

1−𝜆 
𝜔(𝑦)−𝑠 + 𝜆

) 1 
−𝑠

≤ 𝜆
1
𝑠 . (P.96)

Instead for 𝑠 > 0, we have:

𝜔𝜆,𝑠(𝑦) =
(
(1 − 𝜆)𝜔(𝑦)𝑠 + 𝜆

) 1
𝑠 ≥ 𝜆

1
𝑠 . (P.97)
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Concerning (𝑖𝑖𝑖), let us first observe that for every 𝜆 ∈ [0,1] and 𝑠 = 1, it holds that 𝔼𝑦∼𝑄[𝜔𝜆,1(𝑦)] = 1. Following from (𝑖) and from 
the monotonicity of the expectation, we have that for 𝑠 < 1:

𝜔𝜆,𝑠(𝑦) ≤ 𝜔𝜆,1(𝑦) ⟹ 𝔼 
𝑦∼𝑄

[𝜔𝜆,𝑠(𝑦)] ≤ 𝔼 
𝑦∼𝑄

[𝜔𝜆,1(𝑦)] = 1. (P.98)

Symmetrically, for 𝑠 > 1 we have:

𝜔𝜆,𝑠(𝑦) ≥ 𝜔𝜆,1(𝑦) ⟹ 𝔼 
𝑦∼𝑄

[𝜔𝜆,𝑠(𝑦)] ≥ 𝔼 
𝑦∼𝑄

[𝜔𝜆,1(𝑦)] = 1. □ (P.99)

Theorem 5.1. Let 𝑃 ,𝑄 ∈ Δ be two probability distributions such that 𝑃 ≪𝑄. Let {𝑦𝑖}𝑖∈⟦𝑛⟧ be sampled independently from 𝑄. For every 
𝛼 ∈ (1,2] and 𝛿 ∈ (0,1) if:

𝑛 ≥ 2 log
(
1 
𝛿

)
(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)

, (18)

then, with probability at least 1 − 𝛿, it holds that:

𝜇𝑛,𝜆∗𝛼 ,𝑠
∗
𝛼
− 𝜇 ≤ 7‖𝑓‖∞

3 

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼 , (19)

having selected (𝜆∗𝛼, 𝑠
∗
𝛼) such that:

𝜆∗𝛼 =
⎛⎜⎜⎜⎝

2 log
(
1 
𝛿

)
𝑛(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)

⎞⎟⎟⎟⎠
− 𝑠∗𝛼

𝛼

. (20)

Proof. We start from the expression of the bound in Lemma 5.4 and highlight the dependence on 𝜆 and 𝑠:

‖𝑓‖∞
√√√√2 log

(
1 
𝛿

)
𝑛 

𝐼𝛼(𝑃‖𝑄)
⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝑎 

𝜆−
𝛼−2
2𝑠 +

2‖𝑓‖∞ log
(
1 
𝛿

)
3𝑛 

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝑏 

𝜆
1
𝑠 + ‖𝑓‖∞(3 − 𝛼)

1 
𝛼 𝐼𝛼(𝑃‖𝑄)

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
=∶𝑐 

𝜆
1−𝛼
𝑠 . (P.100)

For notational convenience, we rename 𝜂 ∶= 𝜆
1
𝑠 . Thus, we need to minimize over 𝜂 ∈ [0,1] the function:

ℎ(𝜂) ∶= 𝑎𝜂−
𝛼−2
2 + 𝑏𝜂 + 𝑐𝜂1−𝛼. (P.101)

Since ℎ is a continuously differentiable function in (0,1], we vanish the derivative:

𝜕ℎ
𝜕𝜂 

(𝜂) = 1
2
(2 − 𝛼)𝑎𝜂−

𝛼
2 + 𝑏+ (1 − 𝛼)𝑐𝜂−𝛼 = 0. (P.102)

By setting 𝜉2 = 𝜂−𝛼 , we obtain the second degree equation 12 (2 − 𝛼)𝑎𝜉 + 𝑏+ (1− 𝛼)𝑐𝜉2 = 0, leading to the only non-negative solution:

𝜆−
𝛼
2𝑠 =

(2 − 𝛼)𝑎+ 2
√
4𝑏𝑐(𝛼 − 1) + 𝑎2(1 − 𝛼∕2)2

4𝑐(𝛼 − 1) 
. (P.103)

By substituting the values of 𝑎, 𝑏, and 𝑐, we obtain:

𝜆−
𝛼
2𝑠 =

√√√√√ 2 log
(
1 
𝛿

)
𝑛(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)

⋅

(
(2 − 𝛼) + 2

√
8
3 (3 − 𝛼)

1 
𝛼 (𝛼 − 1) + 2(1 − 𝛼∕2)2

)
4(3 − 𝛼)

1 
𝛼

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
≤√2

. (P.104)

For analytical convenience and at the price of paying just a constant term, we make use of the following approximation of the optimal 
𝜆:
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𝜆∗𝛼 =
⎛⎜⎜⎜⎝

2 log
(
1 
𝛿

)
𝑛(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)

⎞⎟⎟⎟⎠
− 𝑠∗𝛼

𝛼

. (P.105)

By substituting this term into the bound, we obtain:

𝜇𝑛,𝜆∗𝛼 ,𝑠
∗
𝛼
− 𝜇 ≤ ‖𝑓‖∞ ⎛⎜⎜⎜⎝

2 log
(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼

(
(𝛼 − 1) + (𝛼 − 1)2

3 
+ (3 − 𝛼)

1 
𝛼

)
⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≤7∕3 

(P.106)

≤ 7‖𝑓‖∞
3 

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼 , (P.107)

where the last inequality is obtained by bounding the last factor over 𝛼. The condition on 𝑛 is enforced so that 𝜆∗𝛼 ≤ 1. □

Proposition A.1. Let 𝜆∈ [0,1]. For every 𝑦∈ , let 𝜔(𝑦) = 𝑝𝜽(𝑦)
𝑞(𝑦) , for a target distribution 𝑝𝜽 differentiable in 𝜽. Then, it holds that:

‖‖∇𝜽𝜔𝜆(𝑦)‖‖∞ ≤ −𝑠 

𝜆−
1
𝑠 (1 − 𝑠)1+

1
𝑠 
‖‖∇𝜽 log𝑝𝜽(𝑦)‖‖∞ . (38)

Proof. Let us first compute the gradient explicitly, having set 𝑧 = −𝑠 > 0:

∇𝜽𝜔𝜆,𝑠(𝑦) =
𝜕𝜔𝜆,𝑠

𝜕𝜔 
(𝑦)∇𝜽𝜔(𝑦) =

(1 − 𝜆)𝜔(𝑦)𝑠

((1 − 𝜆)𝜔(𝑦)𝑠 + 𝜆)1−
1
𝑠 
∇𝜽 log𝑝𝜽(𝑦) =

(1 − 𝜆)𝜔(𝑦) 

(1 − 𝜆+ 𝜆𝜔(𝑦)𝑧)1+
1
𝑧 
∇𝜽 log𝑝𝜽(𝑦). (P.108)

To get the result, we maximize the value of the following function:

𝑔(𝑣) = (1 − 𝜆)𝑣 

(1 − 𝜆+ 𝜆𝑣𝑧)1+
1
𝑧 
. (P.109)

First of all, we observe that for 𝑣 = 0 and 𝑣→ +∞, the function has value 0. Thus, the maximum must lie in between. We vanish the 
derivative to find it:

𝜕𝑔(𝑣)
𝜕𝑣 

= (1 − 𝜆)(1 − 𝜆− 𝜆𝑧𝑣𝑧)

(1 − 𝜆+ 𝜆𝑣𝑧)2+
1
𝑧 

= 0 ⟹ 𝑣∗ =
(1 − 𝜆

𝜆𝑧 

) 1
𝑧 
. (P.110)

By substituting the found value, we obtain:

𝑔(𝑣∗) = 𝑧 

𝜆
1
𝑧 (1 + 𝑧)1−

1
𝑧 
= −𝑠 

𝜆−
1
𝑠 (1 − 𝑠)1+

1
𝑠 
. (P.111)

The result is obtained by applying the 𝐿∞-norm. □

A.3. Proofs of Section 6

For the sake of simplicity, we will denote with 𝜂 ∶= 𝜆𝑛𝛽 for some 𝛽 ∈
[
0, 1 

𝛼

]
. Since 𝜆 ∈ [0, 𝑛−𝛽 ], we have that 𝜂 ∈ [0,1]. We 

introduce the following equation, representing an equivalent version of the expectation of Equation (28):

ℎ𝛼,𝑠(𝜂) = 𝜂−
𝛼
𝑠 𝔼 
𝑦∼𝑄

[
𝜔𝜂,𝑠(𝑦)𝛼

]
=

2 log
(
1 
𝛿

)
(𝛼 − 1)2𝑛1+

𝛼𝛽
𝑠 
, (39)

We introduce the corresponding empirical version, which is equivalent to Equation (28):

ℎ̂𝛼,𝑠(𝜂) = 𝜂−
𝛼
𝑠 1
𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔𝜂,𝑠(𝑦𝑖)𝛼 =
2 log

(
1 
𝛿

)
(𝛼 − 1)2𝑛1+

𝛼𝛽
𝑠 
, (40)

Clearly, we have 𝔼𝑦𝑖∼𝑄

[
ℎ̂𝛼,𝑠(𝜂)

]
= ℎ𝛼,𝑠(𝜂). The following result characterizes the boundedness of functions ̂ℎ𝛼,𝑠(𝜂) and ℎ𝛼,𝑠(𝜂) and the 

existence of a unique solution of Equations (40) and (39).
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Lemma A.1. Let 𝛼 ∈ (1,2] and 𝑠 ∈ [−∞,−1]. For every 𝜂 ∈ [0,1], it holds that ℎ̂𝛼,𝑠(𝜂), ℎ𝛼,𝑠(𝜂) ∈ [0,1]. Furthermore, let 𝑄(𝑝 > 0) ∶=
𝑄({𝑦 ∈ ∶ 𝑝(𝑦) > 0}):

(i) if

𝑛 ≥
⎛⎜⎜⎜⎝

2 log
(
1 
𝛿

)
𝑄(𝑝 > 0)(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝑠 

𝑠+𝛼𝛽

,

then, Equation (39) admits exactly one solution;

(ii) if

∑
𝑖∈⟦𝑛⟧

1{𝜔(𝑦𝑖) > 0} ≥ 2𝑛−
𝛼𝛽
𝑠 log

(
1 
𝛿

)
(𝛼 − 1)2

,

then, Equation (40) admits exactly one solution.

Proof. For the boundedness, we immediately observe that ℎ̂𝛼,𝑠(𝜂), ℎ𝛼,𝑠(𝜂) ≥ 0. Moreover, we have 𝜔𝜂,𝑠(𝑦) ≤ 𝜂−
1
𝑠 , from which the 

result follows. We compute the derivatives of ̂ℎ𝛼,𝑠(𝜂) and ℎ𝛼,𝑠(𝜂) in 𝜂. Let us start with ̂ℎ𝛼,𝑠(𝜂):

𝜕
𝜕𝜆

ℎ̂𝛼,𝑠(𝜂) = −𝛼𝜂−
𝛼
𝑠 −1

𝑠𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔(𝑦𝑖)𝑠((1 − 𝜂)𝜔(𝑦𝑖)𝑠 + 𝜂)−1+
𝛼
𝑠 > 0, (P.112)

under the assumption that 𝜔(𝑦𝑖) > 0 for some 𝑖 ∈ ⟦𝑛⟧, concluding that ̂ℎ𝛼,𝑠 is increasing in 𝜂 ∈ (0,1). Let us move to ℎ𝛼,𝑠(𝜂):

𝜕
𝜕𝜂

ℎ𝛼,𝑠(𝜂) = −𝛼𝜂−
𝛼
𝑠 −1

𝑠 
𝔼 

𝑦∼𝑄

[
𝜔(𝑦)𝑠((1 − 𝜂)𝜔(𝑦)𝑠 + 𝜂)−1+

𝛼
𝑠 
]
> 0, (P.113)

concluding that ℎ𝛼,𝑠 is increasing in 𝜂 ∈ (0,1). By setting 𝜂 = 0, we have that ̂ℎ𝛼,𝑠(0) = ℎ𝛼,𝑠(0) = 0. By setting 𝜂 = 1, we have that:

ℎ̂𝛼,𝑠(1) =
∑
𝑖∈⟦𝑛⟧

1{𝜔(𝑦𝑖) > 0}, ℎ𝛼,𝑠(1) = 𝔼 
𝑦∼𝑄

[1{𝜔(𝑦) > 0}], (P.114)

discarding the terms for which 𝜔(𝑦) = 0. Thus, we are guaranteed that the solution is unique if the right-hand side of Equations (40)

and (39) lie in the interval [ℎ̂𝛼,𝑠(0), ℎ̂𝛼,𝑠(1)] and [ℎ𝛼,𝑠(0), ℎ𝛼,𝑠(1)], respectively. To conclude, consider now:

𝔼 
𝑦∼𝑄

[1{𝜔(𝑦) > 0}] = 𝔼 
𝑦∼𝑄

[1{𝑝(𝑦) > 0}] =𝑄({𝑦 ∈ ∶ 𝑝(𝑦) > 0}) =𝑄(𝑝 > 0). □ (P.115)

In order to obtain a minimum number of samples for which, with high probability, the empirical equation admits a unique solution, 
we proceed as in the following lemma.

Lemma A.2. Let 𝛼 ∈ (1,2], 𝑠 ∈ [−∞,−1], and 𝛿 ∈ (0,1). Let 𝑄(𝑝 > 0) ∶=𝑄({𝑦 ∈ ∶ 𝑝(𝑦) > 0}), if

𝑛 ≥
⎛⎜⎜⎜⎝

6 log
(
1 
𝛿

)
𝑄(𝑝 > 0)(𝛼 − 1)2

⎞⎟⎟⎟⎠
1 

1+ 𝛼𝛽
𝑠 

,

then, with probability at least 1 − 𝛿, Equation (40) admits exactly one solution.

Proof. We use Lemma F.4 of [15] to bound the number of times 𝜔(𝑦𝑖) > 0 for 𝑖 ∈ ⟦𝑛⟧, since the random variables 1{𝜔(𝑦𝑖) > 0} are 
Bernoulli random variables with parameter 𝑄(𝑝 > 0). With probability at least 1 − 𝛿, it holds that:∑

𝑖∈⟦𝑛⟧

1{𝜔(𝑦𝑖) > 0} ≥ 𝑛 
2
𝑄(𝑝 > 0) − log

(1 
𝛿

)
. (P.116)

Enforcing the following condition leads to the smallest number of samples requested:

𝑛 
2
𝑄(𝑝 > 0) − log

(1 
𝛿

) ≥ 2𝑛−
𝛼𝛽
𝑠 log

(
1 
𝛿

)
(𝛼 − 1)2

. (P.117)

For analytical convenience, we enforce the more restrictive condition:
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𝑛 
2
𝑄(𝑝 > 0) ≥ 3𝑛−

𝛼𝛽
𝑠 log

(
1 
𝛿

)
(𝛼 − 1)2

. □ (P.118)

Lemma 6.1. Let 𝛼 ∈ (1,2], 𝑠 ∈ [−∞,−1], and 𝛿 ∈ (0,1). If

𝑛 ≥
⎛⎜⎜⎜⎝
6𝐼𝛼(𝑃‖𝑄)

1 
𝛼−1 log

(
1 
𝛿

)
(𝛼 − 1)2

⎞⎟⎟⎟⎠
1 

1+ 𝛼𝛽
𝑠 

, (29)

then, with probability at least 1 − 𝛿, Equation (28) admits exactly one solution.

Proof. We start from Lemma A.2 and proceed to lower bound 𝑄(𝑝 > 0). We now argue that 𝑄(𝑝 > 0) > 0 when there exists 𝛼 ∈ (1,2]
such that 𝐼𝛼(𝑃‖𝑄) < +∞. To this end, we relate 𝑄(𝑝 > 0) with the total variation divergence between 𝑃 and 𝑄. Let us define the 
measurable set 𝑃 ∶= {𝑦 ∈ ∶ 𝑝(𝑦) > 0}, we have:

TV(𝑃 ,𝑄) = sup 
⊆ measurable

|𝑃 () −𝑄()| ≥ 𝑃 (𝑃 ) −𝑄(𝑃 ) = 1 −𝑄(𝑃 ). (P.119)

This entails that 𝑄(𝑝 > 0) =𝑄(𝑃 ) ≥ 1−TV(𝑃 ,𝑄). To prove that 𝑄(𝑝 > 0) > 0, we show that TV(𝑃 ,𝑄) < 1 when there exists 𝛼 ∈ (1,2]
such that 𝐼𝛼(𝑃‖𝑄) < +∞:

TV(𝑃 ,𝑄) ≤ 1 − exp(KL(𝑃‖𝑄)) ≤ 1 − exp
(
− 1 
𝛼 − 1

log𝐼𝛼(𝑃‖𝑄)
)
= 1 − 𝐼𝛼(𝑃‖𝑄)−

1 
𝛼−1 < 1, (P.120)

where the first inequality follows from Equation 2.2 of [7] and the second from the bound between the KL-divergence and the Rényi 
divergence [72]. Thus, we have 𝑄(𝑝 > 0) ≥ 𝐼𝛼(𝑃‖𝑄)−

1 
𝛼−1 . □

Lemma A.3. Let 𝛼 ∈ (1,2], 𝑠 ∈ [−∞,−1], and 𝛿 ∈ (0,1). Suppose that Equation (39) admits a unique solution, denoted by 𝜂†𝛼 ∈ [0,1]. Let 
𝜆†𝛼 = 𝜂†𝛼𝑛

−𝛽 . Then, for every 𝜖1 > 0, it holds that:

1 ≤ 𝜂†𝛼
𝜂∗𝛼

≤ 1 + 𝜖1 and 1 ≤ 𝜆†𝛼
𝜆∗𝛼

≤ 1 + 𝜖1, (41)

where the second inequality holds if 𝑛≥
⎛⎜⎜⎝ 16 
3𝜖1

(
2 log

(
1 
𝛿

)
(𝛼−1)2

)− 𝑠 
𝛼

𝐼𝛼−𝑠(𝑃‖𝑄)−𝐼𝛼 (𝑃‖𝑄)

𝐼𝛼 (𝑃‖𝑄)1−
𝑠 
𝛼

⎞⎟⎟⎠
1 

− 𝑠 
𝛼 −𝛽

, whenever 𝐼𝛼−𝑠(𝑃‖𝑄) is finite.

Proof. Let us first observe that:

𝔼 
𝑦∼𝑄

[
𝜔𝜂,𝑠(𝑦)𝛼

]
= 𝔼 

𝑦∼𝑄

[
((1 − 𝜂)𝜔(𝑦)𝑠 + 𝜂)

𝛼
𝑠 
]

(P.121)

≤ 𝔼 
𝑦∼𝑄

[
((1 − 𝜂)𝜔(𝑦) + 𝜂)𝛼

]
(P.122)

≤ 𝔼 
𝑦∼𝑄

[
(1 − 𝜂)𝜔(𝑦)𝛼 + 𝜂

]
(P.123)

= (1 − 𝜂)𝐼𝛼(𝑃‖𝑄) + 𝜂 ≤ 𝐼𝛼(𝑃‖𝑄), (P.124)

where line (P.122) derives from the inequality between the power mean with exponent 𝑠 ≤ 1 and the arithmetic mean and line (P.123)

from Jensen’s inequality. From the last inequality, we have:

ℎ𝛼,𝑠(𝜂) ≤ 𝜂−
𝛼
𝑠 𝐼𝛼(𝑃‖𝑄) ⟹ 𝜂†𝛼 ≥

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)𝑛1+

𝛼𝛽
𝑠 

⎞⎟⎟⎟⎠
− 𝑠 

𝛼

(P.125)

⟹ 𝜆†𝛼 ≥
⎛⎜⎜⎜⎝

2 log
(
1 
𝛿

)
(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)𝑛

⎞⎟⎟⎟⎠
1 
𝛼

= 𝜆∗𝛼. (P.126)

Concerning the lower bound, we proceed with a second-order Taylor expansion centered in 𝜂 = 0:

((1 − 𝜂)𝜔(𝑦)𝑠 + 𝜂)
𝛼
𝑠 = 𝜔(𝑦)𝛼 + 𝛼𝜂

𝑠 
(𝜔(𝑦)−𝑠 − 1)𝜔(𝑦)𝛼 + 𝛼𝜂2

2𝑠2
(𝛼 − 𝑠)𝜔(𝑦)𝛼−2𝑠 (𝜔(𝑦)𝑠 − 1)2 (P.127)
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≥ 𝜔(𝑦)𝛼 + 𝛼𝜂

𝑠 
(𝜔(𝑦)−𝑠 − 1)𝜔(𝑦)𝛼, (P.128)

for some 𝜂 ∈ [0, 𝜂]. From which, we obtain:

𝔼 
𝑦∼𝑄

[
((1 − 𝜂)𝜔(𝑦)𝑠 + 𝜂)

𝛼
𝑠 
] ≥ 𝔼 

𝑦∼𝑄

[
𝜔(𝑦)𝛼 + 𝛼𝜂

𝑠 
(𝜔(𝑦)−𝑠 − 1)𝜔(𝑦)𝛼

]
(P.129)

= 𝐼𝛼(𝑃‖𝑄) + 𝛼𝜂

𝑠 
(𝐼𝛼−𝑠(𝑃‖𝑄) − 𝐼𝛼(𝑃‖𝑄)). (P.130)

By moving to function ℎ𝛼,𝑠(𝜂), and recalling the Equation (39), we have:

ℎ𝛼,𝑠(𝜂) = 𝜂−
𝛼
𝑠 𝔼 
𝑦∼𝑄

[
𝜔𝜂(𝑦)𝛼

] ≥ 𝜂−
𝛼
𝑠 𝐼𝛼(𝑃‖𝑄) + 𝛼

𝑠 
𝜂1−

𝛼
𝑠 (𝐼𝛼−𝑠(𝑃‖𝑄) − 𝐼𝛼(𝑃‖𝑄)) (P.131)

⟹ 𝜂−
𝛼
𝑠 𝐼𝛼(𝑃‖𝑄) + 𝛼

𝑠 
𝜂1−

𝛼
𝑠 (𝐼𝛼−𝑠(𝑃‖𝑄) − 𝐼𝛼(𝑃‖𝑄)) ≤ 2 log

(
1 
𝛿

)
(𝛼 − 1)2𝑛1+

𝛼𝛽
𝑠 
. (P.132)

We prove that for sufficiently large 𝑛, all solutions 𝜂†𝛼 of the previous inequality satisfy 𝜂 ≤ (1 + 𝜖1)

(
2 log

(
1 
𝛿

)
(𝛼−1)2𝐼𝛼 (𝑃‖𝑄)𝑛1+

𝛼𝛽
𝑠 

)− 𝑠 
𝛼

:

(1 + 𝜖1)
− 𝛼

𝑠 
2 log

(
1 
𝛿

)
(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)𝑛1+

𝛼𝛽
𝑠 
𝐼𝛼(𝑃‖𝑄) + (1 + 𝜖1)

1− 𝛼
𝑠 𝛼
𝑠 

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)𝑛1+

𝛼𝛽
𝑠 

⎞⎟⎟⎟⎠
1− 𝑠 

𝛼

(P.133)

×
(
𝐼𝛼−𝑠(𝑃‖𝑄) − 𝐼𝛼(𝑃‖𝑄)

) ≥ 2 log
(
1 
𝛿

)
(𝛼 − 1)2𝑛1+

𝛼𝛽
𝑠 

(P.134)

⟹ 𝑛 ≥
⎛⎜⎜⎜⎜⎝
−

(1 + 𝜖1)
1− 𝛼

𝑠 

((1 + 𝜖1)
− 𝛼

𝑠 − 1)
⋅
𝛼
𝑠 
⋅

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
(𝛼 − 1)2

⎞⎟⎟⎟⎠
− 𝑠 

𝛼

⋅
𝐼𝛼−𝑠(𝑃‖𝑄) − 𝐼𝛼(𝑃‖𝑄)

𝐼𝛼(𝑃‖𝑄)1−
𝑠 
𝛼

⎞⎟⎟⎟⎟⎠

1 
− 𝑠 

𝛼 −𝛽

. (P.135)

Observing that when 𝜖1 ∈ (0,1), we have that:

(1 + 𝜖1)
1− 𝛼

𝑠 

((1 + 𝜖1)
− 𝛼

𝑠 − 1)
⋅
𝛼
𝑠 
≤ 16 

3𝜖1
, (P.136)

that we use to enforce the condition in the statement. This, implies that 𝜆†𝛼 ≤ (1 + 𝜖1)

(
2 log

(
1 
𝛿

)
(𝛼−1)2𝐼𝛼 (𝑃‖𝑄)𝑛

) 1 
𝛼

= (1 + 𝜖1)𝜆∗𝛼 . □

Lemma A.4. Let 𝛼 ∈ (1,2], 𝑠 ∈ [−∞,−1], and 𝜂 ∈ [0,1]. It holds that

𝜕ℎ𝛼,𝑠(𝜂)

𝜕𝜂−
𝛼
𝑠 

≥ (2𝐼𝛼(𝑃‖𝑄)
)− 1−𝑠 

𝛼−1 . (42)

Proof. Let us first observe that:

𝜕ℎ𝛼,𝑠(𝜂)

𝜕𝜂−
𝛼
𝑠 

=
𝜕ℎ𝛼,𝑠(𝜂)

𝜕𝜂 
𝜕𝜂 

𝜕𝜂−
𝛼
𝑠 
= −

𝜕ℎ𝛼,𝑠(𝜂)
𝜕𝜂 

(
−𝛼𝜂−

𝛼
𝑠 −1

𝑠 

)−1

. (P.137)

The first factor was already computed in the proof of Lemma A.1. We now lower bound it. Let us first prove the following auxiliary 
inequality, using 𝑝 ≥ 1:
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1 = 𝔼 
𝑦∼𝑄

[𝜔(𝑦)] = 𝔼 
𝑦∼𝑄

[(
−𝛼𝜂−

𝛼
𝑠 −1

𝑠 
𝜔(𝑦)𝑠 ((1 − 𝜂)𝜔(𝑦)𝑠 + 𝜂)−1+

𝛼
𝑠 
) 1

𝑝 

×𝜔(𝑦)

(
−𝛼𝜂−

𝛼
𝑠 −1

𝑠 
𝜔(𝑦)𝑠 ((1 − 𝜂)𝜔(𝑦)𝑠 + 𝜂)−1+

𝛼
𝑠 
)− 1

𝑝 ]

≤

⎛⎜⎜⎜⎜⎜⎜⎝
−𝛼𝜂−

𝛼
𝑠 −1

𝑠 
𝔼 

𝑦∼𝑄

[
𝜔(𝑦)𝑠 ((1 − 𝜂)𝜔(𝑦)𝑠 + 𝜂)−1+

𝛼
𝑠 
]

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝜕ℎ𝛼,𝑠(𝜂)

𝜕𝜂 

⎞⎟⎟⎟⎟⎟⎟⎠

1
𝑝 

×

(
−𝛼𝜂−

𝛼
𝑠 −1

𝑠 

)− 1
𝑝 

𝔼 
𝑦∼𝑄

[
𝜔(𝑦)

𝑝−𝑠 
𝑝−1 ((1 − 𝜂)𝜔(𝑦)𝑠 + 𝜂)

𝑠−𝛼 
𝑠(𝑝−1)

] 𝑝−1
𝑝 

,

(P.138)

where the inequality follows from Hölder’s inequality with exponents 𝑝 and 𝑝 
𝑝−1 . For the second factor, we proceed as follows:

𝜔(𝑦)
𝑝−𝑠 
𝑝−1 ((1 − 𝜂)𝜔(𝑦)𝑠 + 𝜂)

𝑠−𝛼 
𝑠(𝑝−1) ≤ 𝜔(𝑦)

𝑝−𝑠 
𝑝−1
(
(1 − 𝜂)𝜔(𝑦)𝑠(𝛼−𝑠) + 𝜂

)− 1 
𝑠(𝑝−1) (P.139)

≤ 𝜔(𝑦)
𝑝−𝑠 
𝑝−1
(
(1 − 𝜂)−

1
𝑠 𝜔(𝑦)−(𝛼−𝑠) + 𝜂−

1
𝑠 
) 1 

𝑝−1
(P.140)

≤ 𝜔(𝑦)
𝑝−𝛼
𝑝−1 +𝜔(𝑦)

𝑝−𝑠 
𝑝−1 . (P.141)

where line (P.139) follows from having observed that 𝛼 − 𝑠 ≥ 1 and applies Jensen’s inequality, and line (P.140) is obtained from the 
subadditivity of (⋅)−

1
𝑠 with 𝑠 ≤ −1. We now take 𝑝= 𝛼−𝑠 

𝛼−1 ≥ 1. Thus, we have:

𝔼 
𝑦∼𝑄

[
𝜔(𝑦)

𝑝−𝑠 
𝑝−1 ((1 − 𝜂)𝜔(𝑦)𝑠 + 𝜂)

𝑠−𝛼 
𝑠(𝑝−1)

] ≤ 𝔼 
𝑦∼𝑄

[
𝜔(𝑦)

𝑝−𝛼
𝑝−1 +𝜔(𝑦)

𝑝−𝑠 
𝑝−1
]

(P.142)

= 𝔼 
𝑦∼𝑄

[
𝜔(𝑦)

−𝑠−𝛼2+2𝛼
−𝑠+1 +𝜔(𝑦)𝛼

]
(P.143)

= 𝐼 −𝑠−𝛼2+2𝛼
−𝑠+1 

(𝑃‖𝑄) + 𝐼𝛼(𝑃‖𝑄) ≤ 2𝐼𝛼(𝑃‖𝑄), (P.144)

having observed that −𝑠−𝛼2+2𝛼
−𝑠+1 ∈ [1∕2,1]. Now, using inequality (P.138), raised to the power 𝑝, we obtain:

1 ≤ 𝜕ℎ𝛼,𝑠(𝜂)
𝜕𝜂 

(
−𝛼𝜂−

𝛼
𝑠 −1

𝑠 

)−1 (
2𝐼𝛼(𝑃‖𝑄)

) 1−𝑠 
𝛼−1 =

𝜕ℎ𝛼,𝑠(𝜂)

𝜕𝜂−
𝛼
𝑠 

(
2𝐼𝛼(𝑃‖𝑄)

) 1−𝑠 
𝛼−1 . □ (P.145)

Lemma A.5. Let 𝛼 ∈ (1,2], 𝑠 ∈ [−∞,−1]. Then, 𝑛ℎ̂𝛼,𝑠(𝜂) is a self-bounding function. Therefore, for every 𝜂 ∈ [0,1] and 𝜖 > 0, it holds that:

ℙ 
𝑦𝑖∼𝑄

(
ℎ̂𝛼,𝑠(𝜂) − ℎ𝛼,𝑠(𝜂) ≥ 𝜖

) ≤ exp

(
−𝜖2𝑛 

2
(
ℎ𝛼,𝑠(𝜂) + 𝜖∕3

)) , (43)

ℙ 
𝑦𝑖∼𝑄

(
ℎ𝛼,𝑠(𝜂) − ℎ̂𝛼,𝑠(𝜂) ≥ 𝜖

) ≤ exp
(

−𝜖2𝑛 
2(ℎ𝛼,𝑠(𝜂) + 𝜖)

)
. (44)

Proof. We consider the definition of self-bounding function provided in [6, Definition 2]. We denote with 𝑛ℎ̂𝑘,𝑧
𝛼 (𝜂) the function 

obtained from 𝑛ℎ̂𝛼,𝑠(𝜂) by replacing 𝜔(𝑦𝑘) with 𝑧 ≥ 0. We show that 𝑛ℎ̂𝛼,𝑠(𝜂) satisfies both conditions with 𝑎 = 1 and 𝑏 = 0:

𝑛ℎ̂𝛼,𝑠(𝜂) − 𝑛 inf 
𝑧≥0 ℎ̂

𝑘,𝑧
𝛼,𝑠(𝜂) = 𝜂−

𝛼
𝑠 
(
𝜔𝜂,𝑠(𝑦𝑘)𝛼 − inf 

𝑧≥0𝑧
𝛼

)
≤ 𝜂−

𝛼
𝑠 𝜔𝜂,𝑠(𝑦𝑘)𝛼 ≤ 1, (P.146)

∑
𝑘∈⟦𝑛⟧

(
𝑛ℎ̂𝛼,𝑠(𝜂) − 𝑛 inf 

𝑧≥0 ℎ̂
𝑘,𝑧
𝛼,𝑠(𝜂)

)2
=
∑

𝑘∈⟦𝑛⟧

𝜂−
𝛼
𝑠 
(
𝜔𝜂,𝑠(𝑦𝑘)𝛼 − inf 

𝑧≥0𝑧
𝛼

)
(P.147)

=
∑

𝑘∈⟦𝑛⟧

𝜂−
𝛼
𝑠 𝜔𝜂,𝑠(𝑦𝑘)𝛼 (P.148)

= 𝑛ℎ̂𝛼,𝑠(𝜂), (P.149)
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having observed that 𝜂−
1
𝑠 𝜔𝜂,𝑠(𝑦𝑘) ≤ 1. □

Lemma A.6. Let 𝛼 ∈ (1,2], 𝑠 ∈ [−∞,−1], and 𝛿 ∈ (0,1). Suppose that Equation (39) and (40) admit a unique solution, denoted by 𝜂†𝛼 ∈ [0,1]
and 𝜂𝛼 ∈ [0,1], respectively. Let 𝜆†𝛼 = 𝜂†𝛼𝑛

−𝛽 and 𝜆𝛼 = 𝜂𝛼𝑛
−𝛽 . Then, for every 𝜖2 ∈ (0,1), with probability at least 1 − 2𝛿, it holds that:

1 − 𝜖2 ≤ 𝜂𝛼

𝜂†𝛼
≤ 1 + 𝜖2 and 1 − 𝜖2 ≤ 𝜆𝛼

𝜆†𝛼
≤ 1 + 𝜖2, (45)

for 𝑛 ≥
(
𝜖−22 ⋅ 2

1−2𝑠+𝛼
𝛼−1 (𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)

2(𝛼−𝑠)
𝛼−1 

)− 𝑠 
𝛼𝛽

.

Proof. For the sake of this derivation, we will omit the subscripts 𝛼, 𝑠, simply denoting ℎ𝛼,𝑠 with ℎ and ℎ̂𝛼,𝑠 with ℎ̂. Let 𝜖 ∈ [0,1], 
consider the event 

{||| 𝜂

𝜂†
− 1||| > 𝜖

}
. Under the sub-event {𝜂 > (1 + 𝜖)𝜂†} recalling that function ℎ and ̂ℎ are increasing in 𝜂 we have:

ℎ̂(𝜂) − ℎ̂(𝜂†) ≥ ℎ̂((1 + 𝜖)𝜂†) − ℎ̂(𝜂†) (P.150)

= ℎ̂((1 + 𝜖)𝜂†) − ℎ̂(𝜂†) ± ℎ(𝜂†) ± ℎ((1 + 𝜖)𝜂†) (P.151)

= ℎ̂((1 + 𝜖)𝜂†) − ℎ((1 + 𝜖)𝜂†) + ℎ(𝜂†) − ℎ̂(𝜂†) + ℎ((1 + 𝜖)𝜂†) − ℎ(𝜂†) (P.152)

≥ ℎ̂((1 + 𝜖)𝜂†) − ℎ((1 + 𝜖)𝜂†) + ℎ(𝜂†) − ℎ̂(𝜂†) + 𝛼(2𝐼2(𝑃‖𝑄))−
1−𝑠 
𝛼−1 𝜖(𝜂†)−

𝛼
𝑠 , (P.153)

where the last inequality follows from Lemma A.4 having applied:

ℎ((1 + 𝜖)𝜂†) − ℎ(𝜂†) ≥ 𝐼𝛼(𝑃‖𝑄)−
2 

𝛼−1 ((1 + 𝜖)𝛼 − 1) (𝜂†)𝛼 (P.154)

≥ 𝛼(2𝐼𝛼(𝑃‖𝑄))−
1−𝑠 
𝛼−1 𝜖(𝜂†)−

𝛼
𝑠 , (P.155)

having exploited the inequality (1 + 𝜖)𝛼 − 1 ≥ 𝛼𝜖 for 𝛼 ∈ (1,2]. Recalling that ℎ̂(𝜂) = ℎ(𝜂†), the condition can be further simplified 
into ℎ((1 + 𝜖)𝜂†) − ℎ̂((1 + 𝜖)𝜂†) ≥ 𝛼(2𝐼𝛼(𝑃‖𝑄))−

1−𝑠 
𝛼−1 𝜖(𝜂†)−

𝛼
𝑠 . Symmetrically, under the sub-event {𝜂 < (1 − 𝜖)𝜂†} we have:

ℎ̂(𝜂) − ℎ̂(𝜂†) ≤ ℎ̂((1 − 𝜖)𝜂†) − ℎ̂(𝜂†) (P.156)

= ℎ̂((1 − 𝜖)𝜂†) − ℎ̂(𝜂†) ± ℎ(𝜂†) ± ℎ((1 − 𝜖)𝜂†) (P.157)

= ℎ̂((1 − 𝜖)𝜂†) − ℎ((1 − 𝜖)𝜂†) + ℎ(𝜂†) − ℎ̂(𝜂†) + ℎ((1 − 𝜖)𝜂†) − ℎ(𝜂†) (P.158)

≤ ℎ̂((1 − 𝜖)𝜂†) − ℎ((1 − 𝜖)𝜂†) + ℎ(𝜂†) − ℎ̂(𝜂†) − (2𝐼𝛼(𝑃‖𝑄))−
1−𝑠 
𝛼−1 (1 − (1 − 𝜖)𝛼) (𝜂†)−

𝛼
𝑠 , (P.159)

that can be simplified, as before, into the condition ̂ℎ((1 − 𝜖)𝜂†) − ℎ((1 − 𝜖)𝜂†) ≥ (2𝐼𝛼(𝑃‖𝑄))−
1−𝑠 
𝛼−1 𝜖(𝜂†)−

𝛼
𝑠 since 1 − (1 − 𝜖)𝛼 ≥ 𝜖 being 

𝜖 < 1. Thus, we have:

ℙ 
𝑦𝑖∼𝑄

(|||| 𝜂𝜂† − 1
|||| > 𝜖

)
= ℙ 

𝑦𝑖∼𝑄

(
𝜂 > (1 + 𝜖)𝜂†

)
+ ℙ 

𝑦𝑖∼𝑄

(
𝜂 < (1 − 𝜖)𝜂†

)
(P.160)

≤ ℙ 
𝑦𝑖∼𝑄

(
ℎ((1 + 𝜖)𝜂†) − ℎ̂((1 + 𝜖)𝜂†) ≥ 𝛼(2𝐼𝛼(𝑃‖𝑄))−

1−𝑠 
𝛼−1 𝜖(𝜂†)−

𝛼
𝑠 
)

(P.161)

+ ℙ 
𝑦𝑖∼𝑄

(
ℎ̂((1 − 𝜖)𝜂†) − ℎ((1 − 𝜖)𝜂†) ≥ (2𝐼𝛼(𝑃‖𝑄))−

1−𝑠 
𝛼−1 𝜖(𝜂†)−

𝛼
𝑠 
)
. (P.162)

First of all, we observe that ℎ((1 + 𝜖)𝜂†) = (1 + 𝜖)−
𝛼
𝑠 (𝜂†)−

𝛼
𝑠 𝔼𝑦∼𝑄[𝜔(1+𝜖)𝜂† ,𝑠(𝑦)𝛼] ≤ 2−

𝛼
𝑠 (𝜂†)−

𝛼
𝑠 𝐼𝛼(𝑃‖𝑄) and that ℎ((1 − 𝜖)𝜂†) ≤ ℎ(𝜂†) ≤

(𝜂†)−
𝛼
𝑠 𝐼𝛼(𝑃‖𝑄). Now, recalling that function ℎ is self-bounding as proved in Lemma A.5, we have by Equation (44):

ℙ 
𝑦𝑖∼𝑄

(
ℎ((1 + 𝜖)𝜂†) − ℎ̂((1 + 𝜖)𝜂†) ≥ 𝛼(2𝐼𝛼(𝑃‖𝑄))−

1−𝑠 
𝛼−1 𝜖(𝜂†)−

𝛼
𝑠 
)

(P.163)

≤ exp
⎛⎜⎜⎜⎝

−𝛼2(2𝐼𝛼(𝑃‖𝑄))−
2(1−𝑠)
𝛼−1 𝜖2(𝜂†)−

2𝛼
𝑠 𝑛 

2
(
ℎ((1 + 𝜖)𝜂†) + 𝛼(2𝐼𝛼(𝑃‖𝑄))−

1−𝑠 
𝛼−1 𝜖(𝜂†)−

𝛼
𝑠 
)⎞⎟⎟⎟⎠ (P.164)

≤ exp
⎛⎜⎜⎜⎝

−𝛼2(2𝐼𝛼(𝑃‖𝑄))−
2(1−𝑠)
𝛼−1 𝜖2(𝜂†)−

2𝛼
𝑠 𝑛 

2
(
2−

𝛼
𝑠 (𝜂†)−

𝛼
𝑠 𝐼𝛼(𝑃‖𝑄) + 𝛼(2𝐼𝛼(𝑃‖𝑄))−

1−𝑠 
𝛼−1 𝜖(𝜂†)−

𝛼
𝑠 
)⎞⎟⎟⎟⎠ (P.165)

Artiϧcial Intelligence 348 (2025) 104419 

31 



A.M. Metelli, A. Russo and M. Restelli 

≤ exp
⎛⎜⎜⎜⎝

−𝛼2𝜖2(𝜂†)−
𝛼
𝑠 𝑛 

21+
2(1−𝑠)
𝛼−1 

(
2−

𝛼
𝑠 + 𝛼

4 
)
𝐼𝛼(𝑃‖𝑄)

1−2𝑠+𝛼
𝛼−1 

⎞⎟⎟⎟⎠ (P.166)

≤ exp
⎛⎜⎜⎝

−4𝜖2(𝜂†)−
𝛼
𝑠 𝑛 

9(2𝐼𝛼(𝑃‖𝑄))
1−2𝑠+𝛼
𝛼−1 

⎞⎟⎟⎠ , (P.167)

having crudely bounded (2𝐼𝛼(𝑃‖𝑄))−
1−𝑠 
𝛼−1 𝜖 ≤ 1

4𝐼𝛼(𝑃‖𝑄) and observed that 𝛼2

2−𝛼∕𝑠+𝛼∕4 ≥ 4∕9. Similarly, by Equation (43), we have:

ℙ 
𝑦𝑖∼𝑄

(
ℎ̂((1 − 𝜖)𝜂†) − ℎ((1 − 𝜖)𝜂†) ≥ (2𝐼𝛼(𝑃‖𝑄))−

1−𝑠 
𝛼−1 𝜖2(𝜂†)−

𝛼
𝑠 
)

(P.168)

≤ exp
⎛⎜⎜⎜⎝

−(2𝐼𝛼(𝑃‖𝑄))−
2(1−𝑠)
𝛼−1 𝜖2(𝜂†)−

2𝛼
𝑠 𝑛 

2
(
ℎ((1 − 𝜖)𝜂†) + 1

3 (2𝐼𝛼(𝑃‖𝑄))−
1−𝑠 
𝛼−1 𝜖(𝜂†)−

𝛼
𝑠 
)⎞⎟⎟⎟⎠ (P.169)

≤ exp
⎛⎜⎜⎜⎝

−(2𝐼𝛼(𝑃‖𝑄))−
2(1−𝑠)
𝛼−1 𝜖(𝜂†)−

2𝛼
𝑠 𝑛 

2
(
(𝜂†)−

𝛼
𝑠 𝐼𝛼(𝑃‖𝑄) + 1

3 (2𝐼𝛼(𝑃‖𝑄))−
1−𝑠 
𝛼−1 𝜖(𝜂†)−

𝛼
𝑠 
)⎞⎟⎟⎟⎠ (P.170)

≤ exp
⎛⎜⎜⎝

−3𝜖2(𝜂†)−
𝛼
𝑠 𝑛 

4(2𝐼𝛼(𝑃‖𝑄))
1−2𝑠+𝛼
𝛼−1 

⎞⎟⎟⎠ . (P.171)

Putting these inequalities together, we obtain:

ℙ 
𝑦𝑖∼𝑄

(|||| 𝜂𝜂† − 1
|||| > 𝜖

)
≤ exp

⎛⎜⎜⎝
−4𝜖2(𝜂†)𝛼𝑛 

9(2𝐼𝛼(𝑃‖𝑄))
1−2𝑠+𝛼
𝛼−1 

⎞⎟⎟⎠+ exp
⎛⎜⎜⎝

−3𝜖2(𝜂†)−
𝛼
𝑠 𝑛 

4(2𝐼𝛼(𝑃‖𝑄))
1−2𝑠+𝛼
𝛼−1 

⎞⎟⎟⎠ (P.172)

≤ 2exp
⎛⎜⎜⎝

−4𝜖2(𝜂†)𝛼𝑛 

9(2𝐼𝛼(𝑃‖𝑄))
1−2𝑠+𝛼
𝛼−1 

⎞⎟⎟⎠ , (P.173)

leading to the inequality holding with probability at least 1 − 2𝛿:

|||| 𝜂𝜂† − 1
|||| ≤
√√√√√9(2𝐼𝛼(𝑃‖𝑄))

1−2𝑠+𝛼
𝛼−1 log

(
1 
𝛿

)
4𝑛(𝜂†)−

𝛼
𝑠 

. (P.174)

Thanks to Lemma A.3, we know that 𝜂† ≥
(

2 log
(
1 
𝛿

)
(𝛼−1)2𝐼𝛼 (𝑃‖𝑄)𝑛1+

𝛼𝛽
𝑠 

)− 𝑠 
𝛼

. From which we have:

|||| 𝜂𝜂† − 1
|||| ≤
√√√√√9 ⋅ 2

1−2𝑠+𝛼
𝛼−1 (𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)

2(𝛼−𝑠)
𝛼−1 

8𝑛−
𝛼𝛽
𝑠 

. (P.175)

By setting the right-hand side equal to 𝜖2 ∈ (0,1), we obtain the minimum number of samples needed to guarantee that with probability 
at least 1 − 𝛿, it holds that 1 − 𝜖2 ≤ 𝜂

𝜂†
≤ 1 + 𝜖2:

𝑛 ≥
(
𝜖−22 ⋅

9
8
⋅ 2

1−2𝑠+𝛼
𝛼−1 (𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)

2(𝛼−𝑠)
𝛼−1 

)− 𝑠 
𝛼𝛽

. □ (P.176)

Lemma 6.3. Let 𝛼 ∈ (1,2], 𝑠 ∈ [−∞,−1], and 𝛿 ∈ (0,1). Suppose that Equation (28) admitsa a unique solution ̂𝜆𝛼 . Then, for every 𝜖3 ∈ (0,1), 
it holds that:

1 − 𝜖3 ≤ 𝜆(𝑘)

𝜆𝛼

≤ 1 + 𝜖3, (32)

for a number of iterations 𝑘 ≥
⌈
log2

(
𝑛−𝛽

𝜆𝛼𝜖3

)⌉
.
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Proof. From the properties of the bisection algorithm, we have that for every iteration 𝑘 ≥ 1, we have:

|||𝜆(𝑘) − 𝜆𝛼
||| ≤ 𝜆(𝑘)+ − 𝜆(𝑘)− ≤ 𝜆(0)+ − 𝜆(0)−

2𝑘
. (P.177)

Recalling that 𝜆(0)+ − 𝜆(0)− = 𝑛−𝛽 , we have:|||||𝜆
(𝑘)

𝜆𝛼

− 1
||||| ≤ 𝑛−𝛽

𝜆𝛼2𝑘
. (P.178)

By setting the right-hand side equal to 𝜖3, we obtain the number of iterations. □

Theorem 6.1. Let 𝑃 ,𝑄 ∈Δ be two probability distributions such that 𝑃 ≪𝑄. Let 𝜆𝛼 be the solution of Equation (28), then, if 𝐼𝛼−𝑠(𝑃‖𝑄)
is finite, for every 𝛿 ∈ (0,1), with probability at least 1 − 4𝛿, it holds that:

𝜇𝑛,𝜆(𝑘) ,𝑠 − 𝜇 ≤ 14‖𝑓‖∞
3 

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼 , (33)

under the conditions that:

𝑛 ≥max

⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎜⎜⎜⎝
19
⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
(𝛼 − 1)2

⎞⎟⎟⎟⎠
− 𝑠 

𝛼

𝐼𝛼−𝑠(𝑃‖𝑄) − 𝐼𝛼(𝑃‖𝑄)

𝐼𝛼(𝑃‖𝑄)1−
𝑠 
𝛼

⎞⎟⎟⎟⎟⎠

1 
− 𝑠 

𝛼 −𝛽

,

(
26(𝛼 − 1)22

1−2𝑠+𝛼
𝛼−1 𝐼𝛼(𝑃‖𝑄)

2(𝛼−𝑠)
𝛼−1 

)− 𝑠 
𝛼𝛽

, (34)

⎛⎜⎜⎜⎝
6𝐼𝛼(𝑃‖𝑄)

1 
𝛼−1 log

(
1 
𝛿

)
(𝛼 − 1)2

⎞⎟⎟⎟⎠
1 

1+ 𝛼𝛽
𝑠 
⎫⎪⎪⎬⎪⎪⎭
, (35)

𝑘 ≥ 4 +
(
−𝛽 − 𝑠 

𝛼

)
log2 𝑛−

𝑠 
𝛼
log2

(1 − 𝛼)2𝐼𝛼(𝑃‖𝑄)

2 log
(
1 
𝛿

) . (36)

Proof. By combining Lemma 6.2 and Lemma 6.3, we have that, with probability at least 1 − 2𝛿, it holds that:

(1 − 𝜖3)(1 − 𝜖2) ≤ 𝜆(𝑘)

𝜆∗𝛼
≤ (1 + 𝜖1)(1 + 𝜖2)(1 + 𝜖3). (P.179)

Let 𝜉 ∶= 𝜆(𝑘)

𝜆∗𝛼
, 𝜉+ ∶= (1 + 𝜖1)(1 + 𝜖2)(1 + 𝜖3) > 1, and 𝜉− = (1 − 𝜖2)(1 − 𝜖3) < 1, starting from the proof of Theorem 5.1, we have that 

with probability 1 − 𝛿:

𝜇𝑛,𝜆(𝑘) ,𝑠 − 𝜇 ≤ ‖𝑓‖∞ ⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼

(
(𝛼 − 1)𝜉

2−𝛼
2𝑠 + (𝛼 − 1)2

3 
𝜉
1
𝑠 + (3 − 𝛼)

1 
𝛼 𝜉

1−𝛼
𝑠 
)
. (P.180)

By hypothesis of the theorem, noting the signs of the exponents of 𝜉, we can write:

(𝛼 − 1)𝜉
2−𝛼
2𝑠 + (𝛼 − 1)2

3 
𝜉
1
𝑠 + (3 − 𝛼)

1 
𝛼 𝜉

1−𝛼
𝑠 ≤ (𝛼 − 1)𝜉

2−𝛼
2𝑠 − + (𝛼 − 1)2

3 
𝜉
1
𝑠 − + (3 − 𝛼)

1 
𝛼 𝜉

1−𝛼
𝑠 

+ (P.181)

≤
(
(𝛼 − 1) + (𝛼 − 1)2

3 
+ (3 − 𝛼)

1 
𝛼

)
⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

≤7∕3 

max
{

𝜉
2−𝛼
2𝑠 − , 𝜉

1
𝑠 − , 𝜉

1−𝛼
𝑠 

+

}
(P.182)

≤ 7
3
max

{
𝜉−1− , 𝜉+

}− 1
𝑠 . (P.183)

We set 𝜖1 and 𝜖2 = 𝜖3 such that (1 − 𝜖2)(1 − 𝜖3) = 1∕2 and (1 + 𝜖1)(1 + 𝜖2)(1 + 𝜖3) = 2 that leads to:
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𝜖1 = 1 −
√
2
2 

≈ 0.293, 𝜖2 = 𝜖3 =
3 − 4(2 −

√
2)

1 + 4(2 −
√
2)

≈ 0.197. (P.184)

Thus, 𝜉− = 1∕2 and 𝜉+ = 2 leading to:

𝜇𝑛,𝜆(𝑘) ,𝑠 − 𝜇 ≤ 14‖𝑓‖∞
3 

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄)
1 
𝛼 . (P.185)

A union bound allows us to express the concentration inequality. Furthermore, we know that 𝜆𝛼
𝜆∗𝛼

≥ 1 − 𝜖2 ≥ 4
5 , from which, we have 

that:

𝜆𝛼 ≥ 4
5
𝜆∗𝛼 =

4
5

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝑛(𝛼 − 1)2𝐼𝛼(𝑃‖𝑄)

⎞⎟⎟⎟⎠
− 𝑠 

𝛼

. (P.186)

From this, we can bound the number of iterations of Algorithm 1:

𝑘 ≤ log2

⎡⎢⎢⎢⎢⎢
𝑛−𝛽

𝜖3

⎛⎜⎜⎜⎝
𝑛(1 − 𝛼)2𝐼𝛼(𝑃‖𝑄)

2 log
(
1 
𝛿

) ⎞⎟⎟⎟⎠
− 𝑠 

𝛼 ⎤⎥⎥⎥⎥⎥
≤ 4 +

(
−𝛽 − 𝑠 

𝛼

)
log2 𝑛−

𝑠 
𝛼
log2

(1 − 𝛼)2𝐼𝛼(𝑃‖𝑄)

2 log
(
1 
𝛿

) . □ (P.187)

Proposition A.2. Let 𝑃 ,𝑄 ∈Δ be two probability distributions such that 𝑃 ≪𝑄. Let {𝑦𝑖}𝑖∈⟦𝑛⟧ sampled independently from 𝑄. For every 
𝛼 ∈ (1,2] and 𝛿 ∈ (0,1), if:

𝑛 ≥ 2 log
(
1 
𝛿

)
(𝛼 − 1)2

, (46)

then, with probability at least 1 − 𝛿, it holds that:

𝜇
𝑛,𝜆‡𝛼 ,𝑠

‡
𝛼
− 𝜇 ≤ 7‖𝑓‖∞

3 

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄), (47)

having selected (𝜆‡𝛼, 𝑠
‡
𝛼) such that:

𝜆‡𝛼 =
⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
(𝛼 − 1)2

⎞⎟⎟⎟⎠
− 𝑠‡𝛼

𝛼

. (48)

Proof. The result is simply obtained by substituting 𝜆‡ into Equation (5.4):

𝜇
𝑛,𝜆‡𝛼 ,𝑠

‡
𝛼
− 𝜇 ≤ ‖𝑓‖∞ ⎛⎜⎜⎜⎝

2 log
(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼 (

(𝛼 − 1)
√

𝐼𝛼(𝑃‖𝑄) + (𝛼 − 1)2

3 
+ (3 − 𝛼)

1 
𝛼 𝐼𝛼(𝑃‖𝑄)

)
(P.188)

≤ 7‖𝑓‖∞
3 

⎛⎜⎜⎜⎝
2 log

(
1 
𝛿

)
𝑛(𝛼 − 1)2

⎞⎟⎟⎟⎠
𝛼−1
𝛼

𝐼𝛼(𝑃‖𝑄), (P.189)

having recalled that 𝐼𝛼(𝑃‖𝑄) ≥ 1. □

A.4. Auxiliary results

Proposition A.3. Let 𝜇𝑛 be an estimator of 𝜇 for a given class of problems (e.g., off-policy estimation). If there exists a problem instance 
(e.g., 𝑃 ,𝑄 ∈Δ ) such that for every 𝛿 ∈ (𝛿min, 𝛿max), with probability at least 𝛿, it holds that:

Artiϧcial Intelligence 348 (2025) 104419 

34 



A.M. Metelli, A. Russo and M. Restelli 

||𝜇𝑛 − 𝜇|| ≥𝐿(𝛿), (49)

for some 𝐿 ∶ (𝛿min, 𝛿max)→ℝ≥0, then, for any 𝛽 ≥ 0, it holds that:

𝔼
[||𝜇𝑛 − 𝜇||𝛽] ≥ sup 

𝛿∈(𝛿min ,𝛿max)
𝛿𝐿(𝛿)𝛽 . (50)

Proof. Let us denote the bad event  =
{|𝜇𝑛 − 𝜇| ≥𝐿(𝛿)

}
. We have:

𝔼
[||𝜇𝑛 − 𝜇||𝛽] ≥ 𝔼

[||𝜇𝑛 − 𝜇||𝛽 1{}
] ≥𝐿(𝛿)𝛽 ℙ( ) ≥ 𝛿𝐿(𝛿)𝛽 . (P.190)

By taking the supremum over the interval (𝛿min, 𝛿max), we get the result. □

Proposition A.4. Let 𝜇𝑛 be an estimator of 𝜇 such that for every 𝛿 ∈ (0, 𝛿max), with probability at most 𝛿, it holds that:

||𝜇𝑛 − 𝜇|| ≤𝑈 (𝛿), (51)

for some decreasing differentiable function 𝑈 ∶ (0, 𝛿max)→ℝ≥0 such that lim𝛿→0+ 𝑈 (𝛿) = +∞, then, for any 𝛽 > 0, it holds that:

𝔼
[||𝜇𝑛 − 𝜇||𝛽] ≤ (1 − 𝛿max)𝑈 (𝛿max)𝛽 + lim 

𝛿→0+
𝛿𝑈 (𝛿)𝛽 +

𝛿max

∫
𝛿=0 

𝑈 (𝛿)𝛽d𝛿. (52)

Proof. Relating the expected value to the cumulative distribution function, we have:

𝔼
[||𝜇𝑛 − 𝜇||𝛽] =

+∞

∫
𝑡=0 

ℙ
(||𝜇𝑛 − 𝜇||𝛽 ≥ 𝑡

)
d𝑡 (P.191)

≤𝑈 (𝛿max)𝛽 +

𝑈 (0)𝛽

∫
𝑡=𝑈 (𝛿max)𝛽

ℙ
(||𝜇𝑛 − 𝜇||𝛽 ≥ 𝑡

)
d𝑡 (P.192)

=𝑈 (𝛿max)𝛽 +

𝑈 (0)𝛽

∫
𝑡=𝑈 (𝛿max)𝛽

ℙ
(||𝜇𝑛 − 𝜇|| ≥ 𝑡1∕𝛽

)
d𝑡. (P.193)

By performing the change of variable 𝑈 (𝛿) = 𝑡1∕𝛽 (d𝑡 =𝑈 ′(𝛿)𝑈 (𝛿)𝛽−1d𝛿), we have:

𝔼
[||𝜇𝑛 − 𝜇||𝛽] ≤𝑈 (𝛿max)𝛽 +

0 

∫
𝛿=𝛿max

ℙ
(||𝜇𝑛 − 𝜇|| ≥𝑈 (𝛿)

)
𝑈 ′(𝛿)𝑈 (𝛿)𝛽−1d𝛿 (P.194)

≤𝑈 (𝛿max)𝛽 −

𝛿max

∫
𝛿=0 

𝛿𝑈 ′(𝛿)𝑈𝛽−1(𝛿)d𝛿, (P.195)

= (1 − 𝛿max)𝑈 (𝛿max)𝛽 + lim 
𝛿→0+

𝛿𝑈 (𝛿)𝛽 +

𝛿max

∫
𝛿=0 

𝑈 (𝛿)𝛽d𝛿, (P.196)

having exploited that ℙ
(||𝜇𝑛 − 𝜇|| ≥𝑈 (𝛿)

) ≤ 𝛿 and having performed integration by parts. □

A.5. Technical lemmas

Lemma A.7. For every 𝑎, 𝑏∈ℝ and 𝛼 ≥ 1, it holds that:

|𝑎+ 𝑏|𝛼 ≤ 2𝛼−1(|𝑎|𝛼 + |𝑏|𝛼). (53)
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Proof. We will prove a more general statement. Let {𝑎𝑖}𝑖∈⟦𝑚⟧, we have:

||||||
∑

𝑖∈⟦𝑚⟧

𝑎𝑖

|||||| =
||||||
∑

𝑖∈⟦𝑚⟧

1 ⋅ 𝑎𝑖
|||||| ≤
⎛⎜⎜⎜⎜⎜⎝
∑

𝑖∈⟦𝑚⟧

1

⏟ ⏟ ⏟
𝑚 

⎞⎟⎟⎟⎟⎟⎠

𝛼−1
𝛼 ( ∑

𝑖∈⟦𝑚⟧

|𝑎𝑖|𝛼)
1 
𝛼

, (P.197)

where we have applied Hoeffding’s inequality with exponents 𝛼 and 𝛼
𝛼−1 . Thus, we have:||||||

∑
𝑖∈⟦𝑚⟧

𝑎𝑖

||||||
𝛼

≤𝑚𝛼−1
∑

𝑖∈⟦𝑚⟧

|𝑎𝑖|𝛼. (P.198)

The result is obtained for 𝑚 = 2. □

Lemma A.8. Consider the function, defined in terms of 𝑎∈ (1,2], 𝑏 ∈ [1,2), and 𝑦∈ℝ:

ℎ(𝑦) ∶= |𝑦− 1|𝑎
𝑏|𝑦|𝑎 − 𝑎𝑦+ 1

. (54)

The following statements hold:

(i) ℎ(𝑦) ≥ 0;

(ii) ℎ(0) = 1 and lim𝑦→±∞ ℎ(𝑦) = 1∕𝑏;

(iii) if 𝑎 ∈ (1,2) then ℎ(1) = 0 and if 𝑎= 2 ℎ(1) = 1;

(iv) max𝑦∈ℝ ℎ(𝑦) = max{1, 𝜂(𝑎, 𝑏)}, where:

𝜂(𝑎, 𝑏) ∶=

((
𝑏 

𝑎−1

) 1 
2−𝑎 − 1

)𝑎

−𝑎
(

𝑏 
𝑎−1

) 1 
2−𝑎 + 𝑏

(
𝑏 

𝑎−1

) 𝑎 
2−𝑎 + 1

. (55)

Proof. For (𝑖), it suffices to show that the denominator of function ℎ is non-negative. For 𝑦 ≤ 0, the result is obvious. Consider 𝑦 > 0, 
we have:

𝑏|𝑦|𝑎 − 𝑎𝑦+ 1 ≥ 𝑦𝑎 − 𝑎𝑦+ 1 ≥ 2 − 𝑎 ≥ 0, (P.199)

where the second inequality follows from minimizing 𝑦𝑎 − 𝑎𝑦+ 1 over 𝑦 > 0. (𝑖𝑖) and (𝑖𝑖𝑖) are trivial. For (𝑖𝑣), we consider the three 
cases. First, 𝑦 > 1, we compute and vanish the derivative:

𝜕ℎ
𝜕𝑦 

(𝑦) =
𝑎(𝑦− 1)𝑎−1

(
𝑏𝑦𝑎 − (𝑎− 1)𝑦2

)
𝑦 (𝑏𝑦𝑎 − 𝑎𝑦+ 1)2

= 0 ⟹ 𝑦∗ =
(

𝑏 
𝑎− 1

) 1 
2−𝑎

. (P.200)

We observe that, under the conditions on 𝑎 and 𝑏, this point is always 𝑦∗ ≥ 1. Since lim𝑦→1+
𝜕ℎ
𝜕𝑦 (𝑦) > 0, that lim𝑦→+∞

𝜕ℎ
𝜕𝑦 (𝑦) < 0, and 

that ℎ is continuously differentiable for 𝑦 > 1, we have that 𝑦∗ is a point of local maximum. By substituting into the expression of ℎ, 
we get 𝜂(𝑎, 𝑏). Second, 𝑦∈ (0,1), by vanishing the derivative, we obtain that there are no stationary points. Since lim𝑦→0+

𝜕ℎ
𝜕𝑦 (𝑦) < 0, 

that lim𝑦→1−
𝜕ℎ
𝜕𝑦 (𝑦) < 0, and that ℎ is continuously differentiable for 𝑦 ∈ (0,1), we conclude that ℎ is non-increasing in (0,1). Third, 

𝑦 < 0, we compute and vanish the derivative:

𝜕ℎ
𝜕𝑦 

(𝑦) =
𝑎(1 − 𝑦)𝑎−1

(
𝑏(−𝑦)𝑎 − (𝑎− 1)(−𝑦)2

)
𝑦 (𝑏(−𝑦)𝑎 − 𝑎(−𝑦) + 1)2

= 0 ⟹ 𝑦† = −
(

𝑏 
𝑎− 1

) 1 
2−𝑎

. (P.201)

Since lim𝑦→0−
𝜕ℎ
𝜕𝑦 (𝑦) > 0, that lim𝑦→−∞

𝜕ℎ
𝜕𝑦 (𝑦) < 0, and that ℎ is continuously differentiable for 𝑦 < 0, we have that 𝑦† is a point of local 

minimum. It follows that:

max
𝑦∈ℝ

ℎ(𝑦) = max{1, 𝜂(𝑎, 𝑏)} . □ (P.202)

Lemma A.9. Let 𝑃 ∈ Δ be a probability measure and 𝑓 ∶  → ℝ be a measurable function such that 𝜇 = 𝔼𝑦∼𝑃 [𝑓 (𝑦)]. Then, for every 
𝛼 ∈ [1,2] it holds that:

𝔼 
𝑦∼𝑃

[|𝑓 (𝑦) − 𝜇|𝛼] ≤ (3 − 𝛼) 𝔼 
𝑦∼𝑃

[|𝑓 (𝑦)|𝛼]− |𝜇|𝛼(𝛼 − 1) ≤ (3 − 𝛼) 𝔼 
𝑦∼𝑃

[|𝑓 (𝑦)|𝛼] . (56)
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Proof. If 𝜇 = 0, the inequality trivially holds. Consider 𝜇 ≠ 0 and the function:

𝑔(𝑦) = 𝑓 (𝑦)
𝜇

. (P.203)

By construction, function 𝑔 has mean under 𝑃 equal to 1. We apply Lemma A.8, to obtain:

|𝑔(𝑦) − 1|𝛼 ≤max{1, 𝜂(𝛼, 𝑏)} (𝑏|𝑔(𝑦)|𝛼 − 𝛼𝑔(𝑦) + 1) . (P.204)

By setting 𝑏 = 3 − 𝛼, we observe that 𝜂(𝛼,3 − 𝛼) ≤ 1. Thus, we have:

𝔼 
𝑦∼𝑃

[|𝑔(𝑦) − 1|𝛼] ≤ (3 − 𝛼) 𝔼 
𝑦∼𝑃

[|𝑔(𝑦)|𝛼]− 𝛼 + 1. (P.205)

Passing to function 𝑓 , we get the result. □

Lemma A.10. Let 𝑧 ≥ 1, 𝜆∈ [0,1], and 𝑥≥ 0. It holds that:||||1 − ((1 − 𝜆) + 𝜆𝑥𝑧)
1
𝑧 
|||| ≤ 𝜆

1
𝑧 |𝑥− 1| . (57)

Proof. Let us consider function:

𝑓 (𝑥) ∶=
||||1 − ((1 − 𝜆) + 𝜆𝑥𝑧)

1
𝑧 ||||− 𝜆

1
𝑧 |𝑥− 1| . (P.206)

We observe that 𝑓 (1) = 0. Thus, since 𝑓 is continuously differentiable for 𝑥 ≠ 1, to show that 𝑓 (𝑥) ≤ 0 for all 𝑥 ≥ 0, it suffices to 
show that 𝜕𝑓

𝜕𝑥 (𝑥)|𝑥>1 ≤ 0 and 𝜕𝑓
𝜕𝑥 (𝑥)|𝑥<1 ≥ 0. We start for 𝑥 > 1, compute the derivative, and elaborate on it:

𝜕𝑓

𝜕𝑥 
(𝑥)|𝑥>1 = −𝜆

1
𝑧 + 𝜆𝑥𝑧−1

((1 − 𝜆) + 𝜆𝑥𝑧)1−
1
𝑧 
≤ −𝜆

1
𝑧 + 𝜆𝑥𝑧−1

(𝜆𝑥𝑧)1−
1
𝑧 
≤ 0. (P.207)

Consider now 𝑥 < 1, we compute and elaborate on the derivative:

𝜕𝑓

𝜕𝑥 
(𝑥)|𝑥<1 = 𝜆

1
𝑧 − 𝜆𝑥𝑧−1

((1 − 𝜆) + 𝜆𝑥𝑧)1−
1
𝑧 
≥ 𝜆

1
𝑧 − 𝜆𝑥𝑧−1

(𝜆𝑥𝑧)1−
1
𝑧 
≥ 0. □ (P.208)

Appendix B. Experiments

In this appendix, we report the experimental details and additional experimental results.

Infrastructure. The experiments have been run on a machine with two CPUs Intel(R) Xeon(R) CPU E7-8880 v4 @ 2.20GHz (22 cores, 
44 threads, 55 MB cache) and 128 GB RAM.

Code. The code is built on top of the Open Bandit Pipeline [61, https://github.com/st-tech/zr-obp] which is licensed under the Apache 
2.0 License. In the linked code, the source files that have been modified are marked with an appropriate comment at the beginning.

B.1. Off-policy evaluation

B.1.1. Synthetic example

Experimental details. To accurately estimate the expectation of function 𝑓 under 𝑃 , we generate at the beginning 10M from 𝑃 and we 
estimate the expectation 𝜇 with the sample mean. For all estimators with optimal parameter (truncation threshold or 𝜆), we employ 
the significance value 𝛿 = 0.1.

For the optimistic shrinkage transformation (OS), we compute the correction parameter 𝜏∗ , by minimizing an upper bound on the 
MSE, derived from the one presented in the paper [65], accounting for the fact that we do not have a reward estimate (we are not 
considering here a DR estimator):

𝜏∗ ∈ arg min
𝜏≥0 

𝕍ar𝑦𝑖∼𝑄

[
𝜔OS

𝜏 (𝑦𝑖)𝑓 (𝑦𝑖)
]

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
estimated variance 

+
‖𝑓‖2∞

𝑛 
∑
𝑖∈⟦𝑛⟧

(
𝜔OS

𝜏 (𝑦𝑖) −𝜔(𝑦𝑖)
)2

⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟ ⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
estimated bias 

, (58)

where:

𝕍ar𝑦𝑖∼𝑄

[
𝜔OS

𝜏 (𝑦𝑖)𝑟(𝑦𝑖)
]
= 1

𝑛 
∑
𝑖∈⟦𝑛⟧

(
𝜔OS

𝜏 (𝑦𝑖)𝑓 (𝑦𝑖) − 𝜇OS
𝜏

)2
, 𝜇OS

𝜏 = 1
𝑛 
∑
𝑖∈⟦𝑛⟧

𝜔OS
𝜏 (𝑦𝑖)𝑓 (𝑦𝑖). (59)
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Table 7
Variance values 𝜎2

𝑄
and 𝜎2

𝑃
and di

vergence 𝐼2(𝑃‖𝑄) for the differ

ent experiments.

𝜎2
𝑄

𝜎2
𝑃

𝐼2(𝑃‖𝑄)

1 1.5 1.904
1 1.9 27.949
1 1.99 5.104𝑒+ 11
1 1.999 8.379𝑒+ 109

Table 8
Absolute error in the illustrative examples varying the number of samples 𝑛 for the different estimators and the different settings of Table 7
(mean ± std, 60 runs). The estimator with the smallest absolute error and the ones not statistically significantly different from that one 
(Welch’s t-test with 𝑝 < 0.02) are in bold.

𝜎2
𝑄
= 1, 𝜎2

𝑃
= 1.5

Estimator / 𝑛 10 20 50 100 200 500 1000

IS 23.52 ± 5.39 𝟏𝟓.𝟑𝟗± 𝟑.𝟐𝟔 𝟏𝟎.𝟎𝟔± 𝟏.𝟗𝟑 8.35 ± 0.73 6.29 ± 0.32 3.93 ± 0.12 𝟐.𝟓𝟒± 𝟎.𝟎𝟔
SN 23.09 ± 4.62 𝟏𝟒.𝟑𝟕± 𝟐.𝟓𝟓 𝟗.𝟏𝟓± 𝟏.𝟑𝟐 8.23 ± 0.63 6.32 ± 0.31 3.96 ± 0.12 𝟐.𝟓𝟔± 𝟎.𝟎𝟔
TR 𝟐𝟎.𝟑𝟒± 𝟒.𝟔𝟔 𝟏𝟑.𝟒𝟖± 𝟐.𝟓𝟗 𝟖.𝟑𝟑± 𝟏.𝟎𝟖 𝟕.𝟑𝟖± 𝟎.𝟒𝟕 𝟓.𝟖𝟖± 𝟎.𝟐𝟕 𝟑.𝟔𝟎± 𝟎.𝟏𝟏 𝟐.𝟒𝟓± 𝟎.𝟎𝟔
OS 𝟏𝟔.𝟓𝟓± 𝟒.𝟏𝟑 𝟏𝟏.𝟖𝟕± 𝟐.𝟕𝟗 𝟕.𝟗𝟖± 𝟏.𝟐𝟏 𝟔.𝟓𝟑± 𝟎.𝟓𝟐 𝟓.𝟎𝟔± 𝟎.𝟐𝟔 𝟑.𝟐𝟏± 𝟎.𝟏𝟎 𝟐.𝟏𝟕± 𝟎.𝟎𝟓
PM-𝜆∗ 𝟏𝟖.𝟖𝟔± 𝟒.𝟎𝟏 𝟏𝟐.𝟐𝟎± 𝟐.𝟑𝟎 𝟕.𝟒𝟒± 𝟎.𝟗𝟐 𝟔.𝟓𝟑± 𝟎.𝟒𝟑 𝟓.𝟏𝟒± 𝟎.𝟐𝟓 𝟑.𝟐𝟓± 𝟎.𝟏𝟎 𝟐.𝟐𝟎± 𝟎.𝟎𝟓
PM-𝜆 𝟏𝟕.𝟗𝟖± 𝟑.𝟖𝟑 𝟏𝟏.𝟑𝟎± 𝟐.𝟎𝟕 𝟔.𝟖𝟐± 𝟎.𝟕𝟕 𝟓.𝟖𝟗± 𝟎.𝟒𝟎 𝟒.𝟕𝟐± 𝟎.𝟐𝟑 𝟑.𝟎𝟑± 𝟎.𝟎𝟗 𝟐.𝟎𝟗± 𝟎.𝟎𝟓

𝜎2
𝑄
= 1, 𝜎2

𝑃
= 1.9

Estimator / 𝑛 10 20 50 100 200 500 1000

IS 𝟐𝟕.𝟒𝟑± 𝟏𝟑.𝟑𝟑 𝟏𝟓.𝟕𝟎± 𝟒.𝟖𝟑 10.89 ± 1.81 9.26 ± 0.92 12.41 ± 1.88 9.42 ± 0.68 5.84 ± 0.27
SN 𝟐𝟑.𝟖𝟗± 𝟓.𝟕𝟕 15.62 ± 2.62 10.96 ± 1.18 9.53 ± 0.74 8.82 ± 0.62 7.48 ± 0.37 5.14 ± 0.20
TR 𝟐𝟑.𝟒𝟕± 𝟕.𝟓𝟐 𝟏𝟒.𝟎𝟑± 𝟐.𝟕𝟓 10.32 ± 1.47 8.89 ± 0.79 7.68 ± 0.46 6.21 ± 0.28 4.22 ± 0.15
OS 𝟏𝟗.𝟐𝟓± 𝟖.𝟔𝟖 𝟏𝟎.𝟗𝟑± 𝟑.𝟐𝟗 𝟖.𝟑𝟕± 𝟏.𝟑𝟓 𝟕.𝟎𝟔± 𝟎.𝟔𝟏 𝟖.𝟔𝟗± 𝟏.𝟒𝟒 6.65 ± 0.47 3.97 ± 0.16
PM-𝜆∗ 𝟐𝟏.𝟕𝟓± 𝟔.𝟑𝟔 𝟏𝟑.𝟏𝟕± 𝟐.𝟒𝟓 𝟗.𝟐𝟔± 𝟏.𝟏𝟗 7.76 ± 0.62 6.53 ± 0.38 5.29 ± 0.23 3.52 ± 0.12
PM-𝜆 𝟏𝟖.𝟏𝟗± 𝟑.𝟗𝟑 𝟏𝟎.𝟐𝟕± 𝟏.𝟔𝟒 𝟕.𝟎𝟑± 𝟎.𝟕𝟓 𝟓.𝟕𝟗± 𝟎.𝟑𝟖 𝟑.𝟖𝟓± 𝟎.𝟐𝟏 𝟐.𝟗𝟎± 𝟎.𝟏𝟎 𝟐.𝟎𝟔± 𝟎.𝟎𝟓

𝜎2
𝑄
= 1, 𝜎2

𝑃
= 1.99

Estimator / 𝑛 10 20 50 100 200 500 1000

IS 24.42 ± 6.54 𝟐𝟓.𝟎𝟑± 𝟏𝟏.𝟑𝟖 15.72 ± 3.31 11.10 ± 1.89 8.96 ± 0.74 6.23 ± 0.32 4.77 ± 0.19
SN 25.50 ± 5.84 20.36 ± 3.36 13.99 ± 1.56 9.58 ± 1.08 8.73 ± 0.56 6.08 ± 0.27 4.64 ± 0.16
TR 24.42 ± 6.54 𝟐𝟓.𝟎𝟑± 𝟏𝟏.𝟑𝟖 15.72 ± 3.31 11.10 ± 1.89 8.96 ± 0.74 6.23 ± 0.32 4.77 ± 0.19
OS 𝟏𝟔.𝟑𝟗± 𝟒.𝟒𝟖 𝟏𝟔.𝟖𝟗± 𝟔.𝟑𝟔 𝟏𝟏.𝟐𝟎± 𝟏.𝟗𝟔 𝟕.𝟔𝟔± 𝟏.𝟎𝟖 6.80 ± 0.48 4.67 ± 0.21 3.62 ± 0.14
PM-𝜆∗ 24.42 ± 6.54 𝟐𝟓.𝟎𝟑± 𝟏𝟏.𝟑𝟖 15.72 ± 3.31 11.10 ± 1.89 8.96 ± 0.74 6.23 ± 0.32 4.77 ± 0.19
PM-𝜆 𝟏𝟔.𝟏𝟐± 𝟒.𝟏𝟗 𝟏𝟐.𝟓𝟎± 𝟐.𝟎𝟒 𝟕.𝟖𝟏± 𝟎.𝟕𝟕 𝟓.𝟏𝟗± 𝟎.𝟒𝟏 𝟒.𝟔𝟒± 𝟎.𝟐𝟒 𝟐.𝟗𝟐± 𝟎.𝟏𝟏 𝟐.𝟐𝟓± 𝟎.𝟎𝟓

𝜎2
𝑄
= 1, 𝜎2

𝑃
= 1.999

Estimator / 𝑛 10 20 50 100 200 500 1000

IS 𝟑𝟐.𝟒𝟒± 𝟑𝟎.𝟖𝟗 𝟐𝟐.𝟐𝟗± 𝟏𝟏.𝟐𝟏 19.03 ± 5.26 19.39 ± 4.36 15.83 ± 2.03 9.21 ± 0.50 6.96 ± 0.26
SN 21.06 ± 5.75 18.00 ± 3.18 14.78 ± 2.10 11.81 ± 1.39 10.66 ± 0.89 7.94 ± 0.35 6.32 ± 0.20
TR 𝟑𝟐.𝟒𝟒± 𝟑𝟎.𝟖𝟗 𝟐𝟐.𝟐𝟗± 𝟏𝟏.𝟐𝟏 19.03 ± 5.26 19.39 ± 4.36 15.83 ± 2.03 9.21 ± 0.50 6.96 ± 0.26
OS 𝟐𝟏.𝟑𝟐± 𝟏𝟖.𝟔𝟐 𝟏𝟓.𝟒𝟐± 𝟔.𝟕𝟓 𝟏𝟐.𝟏𝟖± 𝟑.𝟎𝟎 13.50 ± 3.06 10.62 ± 1.25 6.15 ± 0.33 4.68 ± 0.16
PM-𝜆∗ 𝟑𝟐.𝟒𝟒± 𝟑𝟎.𝟖𝟗 𝟐𝟐.𝟐𝟗± 𝟏𝟏.𝟐𝟏 19.03 ± 5.26 19.39 ± 4.36 15.83 ± 2.03 9.21 ± 0.50 6.96 ± 0.26
PM-𝜆 𝟏𝟑.𝟑𝟔± 𝟑.𝟒𝟕 𝟏𝟏.𝟐𝟓± 𝟏.𝟔𝟕 𝟕.𝟓𝟐± 𝟎.𝟖𝟓 𝟓.𝟐𝟕± 𝟎.𝟒𝟑 𝟑.𝟔𝟖± 𝟎.𝟐𝟎 𝟐.𝟒𝟕± 𝟎.𝟏𝟎 2.20 ± 0.05

Complete results. In all experiments, we employ 𝜇𝑃 = 0.5 and 𝜇𝑄 = 0. The values of 𝜎𝑃 and 𝜎𝑄 for the different experiments are 
reported in Table 7. In Table 8 and Fig. 5, we report the complete results for the different settings.

B.1.2. Contextual bandits

Experimental setting. The experimental evaluation is carried out over 11 UCI Machine Learning Repository datasets [17, https://

archive.ics.uci.edu/ml/index.php] as reported in Table 9. For the estimators requiring the value of the significance, we select 𝛿 = 0.1.

Complete results. In the comprehensive experiment, we consider 110 combinations obtained with a single run over the 11 datasets 
and 10 values of the pair (𝛼𝑏, 𝛼𝑒) with 𝛼𝑏 ∈ {0.8,0.9} and 𝛼𝑒 ∈ {0.8,0.85,0.9,0.95,0.99}. The experiment with reward noise 𝜈 = 0.25
is reported in the main paper (Fig. 2), whereas the noiseless 𝜈 = 0 (deterministic rewards) is provided in Fig. 6. The results are in line 
with the stochastic case.

For the case of the letter dataset, we report the experiments with additional choices of 𝛼𝑒 (Tables 10 and 11).
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Fig. 5. Mean Squared Error (MSE), correction parameter 𝜆, and Effective Sample Size (ESS), computed as 
(∑

𝑖∈⟦𝑛⟧ 𝜔(𝑦𝑖 )
)2

∑
𝑖∈⟦𝑛⟧ 𝜔(𝑦𝑖 )2

, as a function of the number of samples 𝑛 for 
the different settings of Table 7 (mean ± 95% c.i., 60 runs).

Table 9
The 11 UCI dataset considered in the experiments. For each dataset, we report the number of examples 𝑛∗, dimensionality of the context, and number 
of classes 𝐾 .

Dataset ecoli glass isolet kropt letter optdigits page-blocks pendigits satimage vehicle yeast 
Dataset size (𝑛∗) 336 214 7797 28056 20000 5620 5473 10992 6435 846 1484 
Context dimension 7 9 617 6 16 64 10 16 36 18 8 
Classes (𝐾) 8 6 26 18 26 10 5 10 6 4 10 

B.2. Off-policy learning

Experimental setting. The optimization is performed by gradient ascent on the objective function:

(𝜽) = 𝑣(𝜋𝜽) −
𝜁

𝑛 
∑
𝑖∈⟦𝑛⟧

𝐼2(𝜋𝜽(⋅|𝑥𝑖)‖𝜋𝑏(⋅|𝑥𝑖)), (60)

where 𝑣(𝜋𝜽) is the estimated value function using the different estimators, that is a function of the target policy 𝜋𝜽 . The second term 
is the empirical average of the divergence between the target 𝜋𝜽 and the behavioral policy 𝜋𝑏. The regularizer is controlled by the 
regularization parameter 𝜁 ≥ 0. The gradient optimization is performed in mini-batches made of 32 samples and the learning rate is 
selected with RMSprop, with 0.05 as base learning rate.

Complete results. In Fig. 7 and in Fig. 8 we report the complete results, in the setting presented in the main paper, for the non

regularized (𝜁 = 0) and the regularized objective (𝜁 = 0.1), respectively. The experiments with the regularized objective are limited 
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Fig. 6. CDF of the absolute error normalized by IW error for deterministic rewards, across 110 conditions for model-free estimators (left) and model-based ones (right).

Table 10

Absolute error (multiplied by 100) in the letter dataset varying the number of samples 𝑛 for the different estimators, when 𝛼𝑏 = 0.5 and 𝛼𝑒 = 0.99
(mean ± std, 10 runs). For each column, the estimator with the smallest absolute error and the ones not statistically significantly different from that 
one (Welch’s t-test with 𝑝 < 0.05) are in bold.

Estimator / 𝑛 100 200 500 1000 2000 5000 10000 20000

IS 𝟐𝟎.𝟎𝟒± 𝟏.𝟐𝟒 𝟐𝟏.𝟕𝟕± 𝟐.𝟒𝟔 14.03 ± 0.57 8.40 ± 0.20 6.13 ± 0.09 2.77 ± 0.03 1.83 ± 0.01 1.10 ± 0.01
SN 27.34 ± 1.67 23.16 ± 1.40 16.86 ± 0.46 11.94 ± 0.25 7.37 ± 0.13 2.59 ± 0.03 1.74 ± 0.01 1.17 ± 0.01
TR 𝟐𝟎.𝟎𝟒± 𝟏.𝟐𝟒 𝟏𝟖.𝟏𝟕± 𝟏.𝟔𝟎 13.96 ± 0.57 8.40 ± 0.20 6.13 ± 0.09 2.77 ± 0.03 1.83 ± 0.01 1.10 ± 0.01
OS 24.47 ± 1.50 32.30 ± 1.17 15.37 ± 0.56 17.35 ± 0.46 16.46 ± 0.37 30.70 ± 0.15 34.03 ± 0.02 33.67 ± 0.01
PM-𝜆∗ 𝟐𝟎.𝟒𝟖± 𝟏.𝟑𝟑 𝟏𝟔.𝟕𝟕± 𝟏.𝟏𝟒 10.06 ± 0.34 6.61 ± 0.16 5.30 ± 0.07 2.88 ± 0.03 2.08 ± 0.01 1.16 ± 0.01
PM-𝜆 𝟐𝟐.𝟔𝟎± 𝟏.𝟓𝟐 𝟏𝟕.𝟎𝟔± 𝟎.𝟕𝟓 10.22 ± 0.28 7.77 ± 0.16 5.61 ± 0.08 3.32 ± 0.03 2.50 ± 0.02 1.37 ± 0.01

DM 28.86 ± 1.92 27.56 ± 0.95 41.04 ± 0.26 41.94 ± 0.11 42.87 ± 0.05 47.06 ± 0.01 47.58 ± 0.01 47.51 ± 0.00
DR 𝟐𝟔.𝟓𝟒± 𝟒.𝟓𝟏 25.56 ± 2.43 16.69 ± 0.72 9.12 ± 0.20 5.62 ± 0.09 2.14 ± 0.02 𝟏.𝟐𝟓± 𝟎.𝟎𝟏 𝟎.𝟖𝟑± 𝟎.𝟎𝟎
SN-DR 𝟐𝟓.𝟔𝟐± 𝟑.𝟐𝟏 24.87 ± 1.79 18.94 ± 0.62 12.36 ± 0.23 7.19 ± 0.12 2.46 ± 0.02 𝟏.𝟓𝟕± 𝟎.𝟎𝟏 1.07 ± 0.01
DR-TR 𝟏𝟖.𝟗𝟕± 𝟏.𝟏𝟐 𝟏𝟔.𝟓𝟒± 𝟎.𝟕𝟎 20.95 ± 0.23 17.93 ± 0.09 17.90 ± 0.06 22.73 ± 0.01 23.45 ± 0.01 23.18 ± 0.00
DR-OS 𝟏𝟖.𝟖𝟕± 𝟏.𝟏𝟖 19.21 ± 0.55 17.15 ± 0.38 12.01 ± 0.23 8.67 ± 0.11 17.04 ± 0.06 17.88 ± 0.02 18.49 ± 0.02
DR-SW 23.97 ± 1.28 𝟏𝟔.𝟔𝟔± 𝟏.𝟏𝟑 𝟒.𝟓𝟖± 𝟎.𝟏𝟖 𝟒.𝟔𝟒± 𝟎.𝟎𝟗 4.76 ± 0.05 𝟎.𝟕𝟓± 𝟎.𝟎𝟏 𝟏.𝟑𝟏± 𝟎.𝟎𝟏 𝟎.𝟕𝟕± 𝟎.𝟎𝟎
DR-𝜆∗ 𝟐𝟏.𝟖𝟒± 𝟐.𝟑𝟎 𝟏𝟖.𝟏𝟔± 𝟏.𝟑𝟓 11.26 ± 0.47 6.53 ± 0.14 𝟒.𝟓𝟗± 𝟎.𝟎𝟕 1.78 ± 0.02 𝟏.𝟐𝟑± 𝟎.𝟎𝟏 𝟎.𝟕𝟐± 𝟎.𝟎𝟎
DR-𝜆 𝟏𝟗.𝟒𝟓± 𝟏.𝟔𝟐 𝟏𝟒.𝟑𝟓± 𝟎.𝟗𝟓 7.89 ± 0.34 𝟒.𝟖𝟖± 𝟎.𝟏𝟏 𝟑.𝟖𝟖± 𝟎.𝟎𝟔 1.60 ± 0.02 𝟏.𝟐𝟔± 𝟎.𝟎𝟏 𝟎.𝟔𝟖± 𝟎.𝟎𝟎

Table 11

Absolute error (multiplied by 100) in the letter dataset varying the number of samples 𝑛 for the different estimators, when 𝛼𝑏 = 0.9 and 𝛼𝑒 = 0.99 (mean 
± std, 10 runs). For each column, the estimator with the smallest absolute error and the ones not statistically significantly different from that one 
(Welch’s t-test with 𝑝 < 0.05) are in bold.

Estimator / 𝑛 100 200 500 1000 2000 5000 10000 20000

IS 𝟏𝟎.𝟎𝟖± 𝟎.𝟗𝟏 𝟐𝟎.𝟎𝟕± 𝟓.𝟔𝟔 20.23 ± 1.60 13.52 ± 0.42 12.23 ± 0.24 6.49 ± 0.05 3.62 ± 0.03 2.74 ± 0.01
SN 15.85 ± 1.60 18.18 ± 1.71 26.34 ± 0.75 23.84 ± 0.35 12.91 ± 0.20 5.96 ± 0.05 4.15 ± 0.03 2.14 ± 0.01
TR 𝟏𝟎.𝟎𝟖± 𝟎.𝟗𝟏 𝟏𝟐.𝟎𝟐± 𝟏.𝟔𝟔 13.94 ± 0.65 11.34 ± 0.22 11.38 ± 0.20 6.40 ± 0.05 3.62 ± 0.03 2.74 ± 0.01
OS 26.61 ± 0.75 53.26 ± 5.63 38.57 ± 1.10 32.35 ± 0.09 30.73 ± 0.06 25.41 ± 0.02 24.48 ± 0.01 23.76 ± 0.00
PM-𝜆∗ 𝟏𝟎.𝟏𝟕± 𝟎.𝟗𝟏 𝟏𝟐.𝟎𝟑± 𝟏.𝟔𝟐 13.11 ± 0.52 10.33 ± 0.13 8.89 ± 0.09 3.88 ± 0.03 2.74 ± 0.02 2.35 ± 0.01
PM-𝜆 𝟏𝟏.𝟎𝟎± 𝟎.𝟗𝟑 𝟗.𝟕𝟑± 𝟎.𝟑𝟕 9.72 ± 0.18 8.95 ± 0.09 7.82 ± 0.07 3.67 ± 0.03 2.98 ± 0.02 2.56 ± 0.01

DM 22.00 ± 1.92 𝟗.𝟕𝟖± 𝟎.𝟒𝟕 𝟕.𝟐𝟕± 𝟎.𝟏𝟗 𝟑.𝟒𝟗± 𝟎.𝟎𝟖 𝟐.𝟖𝟑± 𝟎.𝟎𝟓 9.16 ± 0.02 9.97 ± 0.01 9.89 ± 0.00
DR 𝟑𝟓.𝟓𝟎± 𝟏𝟓.𝟎𝟖 33.18 ± 7.27 30.82 ± 1.83 24.87 ± 0.82 14.16 ± 0.27 6.19 ± 0.06 3.46 ± 0.03 1.48 ± 0.01
SN-DR 19.47 ± 3.41 20.94 ± 2.62 24.69 ± 1.07 21.41 ± 0.43 13.66 ± 0.16 6.41 ± 0.06 3.57 ± 0.03 1.57 ± 0.01
DR-TR 12.26 ± 1.14 𝟏𝟎.𝟗𝟎± 𝟎.𝟔𝟏 𝟔.𝟔𝟓± 𝟎.𝟐𝟑 9.98 ± 0.09 10.29 ± 0.04 𝟐.𝟑𝟒± 𝟎.𝟎𝟏 𝟎.𝟗𝟓± 𝟎.𝟎𝟎 𝟎.𝟔𝟎± 𝟎.𝟎𝟎
DR-OS 12.57 ± 1.23 𝟖.𝟓𝟗± 𝟎.𝟒𝟗 𝟔.𝟕𝟑± 𝟎.𝟐𝟕 5.25 ± 0.13 9.05 ± 0.09 𝟐.𝟔𝟎± 𝟎.𝟎𝟏 1.97 ± 0.01 1.21 ± 0.00
DR-SW 12.46 ± 1.09 11.73 ± 0.64 𝟕.𝟓𝟐± 𝟎.𝟐𝟓 11.31 ± 0.10 11.59 ± 0.04 3.49 ± 0.01 2.09 ± 0.00 1.69 ± 0.00
DR-𝜆∗ 18.78 ± 3.41 16.07 ± 2.09 15.26 ± 0.66 13.55 ± 0.31 8.96 ± 0.15 3.97 ± 0.04 2.44 ± 0.02 1.24 ± 0.01
DR-𝜆 14.58 ± 1.18 𝟏𝟎.𝟑𝟐± 𝟎.𝟓𝟖 8.42 ± 0.23 11.33 ± 0.19 11.02 ± 0.23 2.83 ± 0.02 2.00 ± 0.01 1.26 ± 0.00

to glass and ecoli datasets. We report the corresponding learning curves for the non-regularized (Fig. 9) and the regularized objectives 
(Fig. 10).
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Fig. 7. Evaluation reward for four different datasets after 1000 iterations (4000 iterations for letter) of gradient ascent with a Boltzmann policy and the non-regularized 
objective (𝜁 = 0) (mean ± std, 10 runs).

Fig. 8. Evaluation reward for four different datasets after 1000 iterations (4000 iterations for letter) of gradient ascent with a Boltzmann policy and the regularized 
objective (𝜁 = 0.1) (mean ± std, 10 runs).

Appendix C. Choice of (𝝀𝜶, 𝒔𝜶) values

From Theorem 5.1, we observed that the optimal (𝜆𝛼, 𝑠𝛼) pair is defined by solving an optimization problem that is convex in 
𝜆1∕𝑠. Hence, by fixing one value of 𝑠 ∈ [−∞,−1], we can derive a corresponding optimal value of 𝜆 and vice-versa. Thus, we have a 
degree of freedom.

In this section, we show an approach that helps set a valid 𝜆 value and then find the corresponding optimal 𝑠 parameter. This 
approach keeps the derived concentration guarantees unchanged. We remark that the bound provided in Lemma 5.4 is obtained from 
the results of Lemma 5.2 and 5.3. These results, in turn, are obtained through various relaxation steps (upper bounds), as shown in 
their proofs. Let us now define a tighter version of the bound provided in Lemma 5.4 holding under the same conditions. We get the 
following, holding with probability 1 − 𝛿:

𝜇𝑛,𝜆,𝑠 − 𝜇 ≤ ‖𝑓‖∞
√√√√√2 log

(
1 
𝛿

)
𝑛𝜆

𝛼−2
𝑠 

(
(1 − 𝜆) + 𝜆𝐼𝛼(𝑃‖𝑄)

)
+

2‖𝑓‖∞𝜆
1
𝑠 log

(
1 
𝛿

)
3𝑛 

+

+ ‖𝑓‖∞(3 − 𝛼)
1 
𝛼 𝜆

1−𝛼
𝑠 
(
(1 − 𝜆)𝐼𝛼(𝑃‖𝑄) + 𝜆

)
, (61)

where this expression is simply obtained by avoiding the relaxation steps (1 − 𝜆)𝐼𝛼(𝑃‖𝑄) + 𝜆 ≤ 𝐼𝛼(𝑃‖𝑄) and (1 − 𝜆) + 𝜆𝐼𝛼(𝑃‖𝑄) ≤
𝐼𝛼(𝑃‖𝑄) employed in the proofs of Lemma 5.2 and Lemma 5.3, respectively. It turns out that this bound is no longer convex in 
𝜆1∕𝑠 and hence cannot be analytically optimized. The approach we propose for the choice of the (𝜆𝛼, 𝑠𝛼) pair is to plug the optimal 

value of (𝜆∗𝛼)
1 
𝑠∗𝛼 derived in Theorem 5.1 into the Equation (61) and then optimize with respect to 𝜆. For simplicity, let us denote with 

𝐶𝛼 ∶= (𝜆∗𝛼)
1 
𝑠∗𝛼 . We get the following:

Artiϧcial Intelligence 348 (2025) 104419 

41 



A.M. Metelli, A. Russo and M. Restelli 

Fig. 9. Evaluation reward for the four datasets comparing the learning curve of different estimators with the non-regularized objective (𝜁 = 0) (mean ± std, 10 runs).

𝜇𝑛,𝜆,𝑠 − 𝜇 ≤ ‖𝑓‖∞
√√√√√2 log

(
1 
𝛿

)
𝑛𝐶𝛼−2

𝛼

(
(1 − 𝜆) + 𝜆𝐼𝛼(𝑃‖𝑄)

)
+

2‖𝑓‖∞𝐶𝛼 log
(
1 
𝛿

)
3𝑛 

+

+ ‖𝑓‖∞(3 − 𝛼)
1 
𝛼 𝐶1−𝛼

𝛼

(
(1 − 𝜆)𝐼𝛼(𝑃‖𝑄) + 𝜆

)
, (62)
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Fig. 10. Evaluation reward for the four datasets comparing the learning curve of different estimators with the regularized objective (𝜁 = 0.1) (mean ± std, 10 runs). 

Since we have freedom in the choice of 𝜆 ∈ [0,1], we can vanish the gradient of the relation above hence obtaining the optimal 𝜆
value, which can be expressed as:

𝜆∗𝛼 =
𝐶𝛼

𝛼 log(𝛿
−1) − 2𝑛(3 − 𝛼)2∕𝛼

2𝑛(3 − 𝛼)2∕𝛼
(
𝐼𝛼(𝑃‖𝑄) − 1

) =
(𝛼−1)2

4(3−𝛼)2∕𝛼
𝐼𝛼(𝑃‖𝑄) − 1

𝐼𝛼(𝑃‖𝑄) − 1 
, (63)
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Table 12

Overview of the classical off-policy estimators for CMABs. 𝜋𝑏 and 𝜋𝑒 denote the behavioral and target 
policies respectively and ̂𝑟 the estimated reward function.

Estimator Formula 

Direct method (DM) 1
𝑛 
∑

𝑖∈⟦𝑛⟧

∑
𝑎∈

𝜋𝑒(𝑎|𝑥𝑖)𝑟̂(𝑥𝑖, 𝑎)

Inverse propensity scoring (IPS) 1
𝑛 
∑

𝑖∈⟦𝑛⟧

𝜋𝑒(𝑎𝑖|𝑥𝑖) 
𝜋𝑏(𝑎𝑖|𝑥𝑖)

𝑟𝑖

Doubly robust (DR) 1
𝑛 
∑

𝑖∈⟦𝑛⟧

∑
𝑎∈

𝜋𝑒(𝑎|𝑥𝑖)𝑟̂(𝑥𝑖, 𝑎) +
1
𝑛 
∑

𝑖∈⟦𝑛⟧

𝜋𝑒(𝑎𝑖|𝑥𝑖) 
𝜋𝑏(𝑎𝑖|𝑥𝑖)

(
𝑟𝑖 − 𝑟̂(𝑥𝑖, 𝑎𝑖)

)

where the second equality is obtained by substituting the definition of 𝐶𝛼 . We observe that the derived 𝜆∗𝛼 only depends on 𝛼 and 
on the dissimilarity between the target and the behavioral distribution. Since (𝛼−1)2

4(3−𝛼)2∕𝛼 < 1, we observe that the obtained value of 𝜆∗𝛼
defined in Equation (63) is valid whenever the numerator is positive, which holds when:

𝐼𝛼(𝑃‖𝑄) ≥ 4(3 − 𝛼)2∕𝛼

(𝛼 − 1)2
.

Otherwise, we must take 𝜆∗𝛼 = 0. For the case with 𝛼 = 2, we obtain:

𝜆∗2 =
1
4𝐼𝛼(𝑃‖𝑄) − 1
𝐼𝛼(𝑃‖𝑄) − 1 

,

which leads to valid values whenever 𝐼2(𝑃‖𝑄) ≥ 4. From this, we can obtain a value for 𝑠∗𝛼 :

𝑠∗𝛼 =
log𝜆∗𝛼
log𝐶𝛼

.

Appendix D. Comparison of estimators for CMABs

In Table 12, we report a comparison of the off-policy estimators for CMABs. 

Appendix E. Analysis of the OS estimator

The OS (optimistic shrinkage) [65] is based on the weight transformation for 𝜏 ≥ 0:

𝜔OS
𝜏 (𝑦) = 𝜏𝜔(𝑦) 

𝜔(𝑦)2 + 𝜏
. (64)

First of all, we notice that when 𝑃 =𝑄 a.s. the weight becomes 𝜔OS
𝜏 (𝑦) = 𝜏

𝜏+1 , so the estimator is biased. We start by observing that 
the corrected weight 𝜔OS

𝜏 (𝑦) converges to zero when the non-corrected weight is either zero or infinity. Thus, the maximum value of 
the weight must be in between. We compute it by vanishing the derivative:

𝜕
𝜕𝜔

𝜏𝜔 
𝜔2 + 𝜏

= 0 ⟹ 𝜔 =
√

𝜏. (65)

From which, we obtain the maximum value of the weight equal to 
√

𝜏

2 . We now focus on the following result concerning the bias and 
the variance of the OS estimator.12

Lemma E.1. Let 𝑃 ,𝑄 ∈Δ be two probability distributions with 𝑃 ≪𝑄. For every 𝜆∈ [0,1], the bias and variance of the OS estimator are 
bounded as:

||| 𝔼 
𝑦𝑖∼𝑄

[
𝜇OS
𝑛,𝜏

]
− 𝜇

||| ≤ ‖𝑓‖∞√
𝜏

𝐼2(𝑃‖𝑄), 𝕍ar
𝑦𝑖∼𝑄

[
𝜇OS
𝑛,𝜏

] ≤ ‖𝑓‖2∞
𝑛 

𝐼2(𝑃‖𝑄). (66)

Proof. Let us start with the bias. We consider the following inequality:

𝔼 
𝑦∼𝑄

[|||𝜔OS
𝜏 (𝑦) −𝜔(𝑦)|||] = 𝔼 

𝑦∼𝑄

[
𝜔(𝑦)3

𝜔(𝑦)2 + 𝜏

]
= 𝔼 

𝑦∼𝑄

[
𝜔(𝑦)3√

𝜔(𝑦)2 + 𝜏
√

𝜔(𝑦)2 + 𝜏

]
≤ 𝔼 

𝑦∼𝑄

[
𝜔(𝑦)3

𝜔(𝑦)
√

𝜏

]
=

𝐼2(𝑃‖𝑄)√
𝜏

. (P.209)

We consider now the variance term and derive a bound on the second moment of the OS weight:

12 We make here a tighter analysis compared to the one presented in [48].
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𝔼 
𝑦∼𝑄

[
𝜔OS

𝜏 (𝑦)2
]
= 𝔼 

𝑦∼𝑄

[(
𝜔(𝑦)𝜏 

𝜔(𝑦)2 + 𝜏

)2
]
≤ 𝔼 

𝑦∼𝑄

[
𝜔(𝑦)2

]
= 𝐼2(𝑃‖𝑄). □ (P.210)

We now move to the concentration result.

Theorem E.1. Let 𝑃 ,𝑄 ∈ Δ be two probability distributions with 𝑃 ≪ 𝑄. For every 𝛿 ∈ (0,1), with an appropriate choice of 𝜏 , with 
probability at least 1 − 𝛿, it holds that:

𝜇OS
𝑛,𝜏 − 𝜇 ≤ ‖𝑓‖∞

√
2(5 + 2

√
6)𝐼2(𝑃‖𝑄) log 1 

𝛿

3𝑛 
. (67)

Proof. We apply Bernstein’s inequality to the estimator, starting for the bias and variance bounds of Lemma E.1:

𝜇OS
𝑛,𝜏 − 𝜇 = 𝜇OS

𝑛,𝜏 − 𝔼 
𝑦𝑖∼𝑄

[𝜇OS
𝑛,𝜏 ] + 𝔼 

𝑦𝑖∼𝑄
[𝜇OS

𝑛,𝜏 ] − 𝜇 (P.211)

≤ ‖𝑓‖∞
√

2𝐼2(𝑃‖𝑄) log 1 
𝛿

𝑛 
+
‖𝑓‖∞√𝜏 log 1 

𝛿

3𝑛 
+
‖𝑓‖∞√

𝜏
𝐼2(𝑃‖𝑄). (P.212)

We now minimize the bound as a function of 
√

𝜏 by vanishing the derivative to obtain:

𝜏∗ =
3𝑛𝐼2(𝑃‖𝑄)

log 1 
𝛿

. (P.213)

By substituting 𝜏∗ we obtain the result. □

Appendix F. Analysis of the IX estimator

The IX (implicit exploration) [52] is based on the weight transformation:

𝜔IX
𝛾 (𝑦) = 𝑝(𝑦) 

𝑞(𝑦) + 𝛾
. (68)

First of all, we notice that when 𝑃 =𝑄 a.s. the weight becomes 𝜔IX
𝛾 (𝑦) = 1 

1+𝛾𝑝(𝑦)−1 , so the estimator is biased. We start by observing 

that the corrected weight 𝜔IX
𝛾 (𝑦) takes maximum value depending on 𝑝, i.e., 1 

𝛾
ess sup𝑦∼𝑃 𝑝(𝑦). We now focus on the following result 

concerning the bias and the variance of the IX estimator.

Lemma F.1. Let 𝑃 ,𝑄 ∈Δ be two probability distributions with 𝑃 ≪𝑄. For every 𝜆∈ [0,1], the bias and variance of the IX estimator are 
bounded as:

||| 𝔼 
𝑦∼𝑄

[
𝜇IX
𝑛,𝛾

]
− 𝜇

||| ≤ ‖𝑓‖∞√𝛾𝐼2(𝑃‖𝑄)vol(), 𝕍ar
𝑦𝑖∼𝑄

[
𝜇IX
𝑛,𝛾

] ≤ ‖𝑓‖2∞
𝑛 

𝐼2(𝑃‖𝑄). (69)

Proof. Let us start with the bias. We consider the following inequality:

𝔼 
𝑦∼𝑄

[|||𝜔IX
𝛾 (𝑦) −𝜔(𝑦)|||] = 𝛾 𝔼 

𝑦∼𝑄

[
𝑝(𝑥) 

𝑞(𝑦)(𝑞(𝑦) + 𝛾)

]
(P.214)

≤ 𝛾 𝔼 
𝑦∼𝑄

[
𝑝(𝑦)2

𝑞(𝑦)2

]1∕2
𝔼 

𝑦∼𝑄

[
1 

(𝑞(𝑦) + 𝛾)2

]1∕2
(P.215)

≤ 𝛾 𝔼 
𝑦∼𝑄

[
𝑝(𝑦)2

𝑞(𝑦)2

]1∕2
𝔼 

𝑦∼𝑄

[
1 

𝛾𝑞(𝑦)

]1∕2
(P.216)

≤ 𝛾
√

𝐼2(𝑃‖𝑄) 1 √
𝛾

√√√√∫


d𝑦 (P.217)

=
√

𝛾𝐼2(𝑃‖𝑄)vol(), (P.218)

having applied Cauchy-Schwarz’s inequality. We consider now the variance term and derive a bound on the second moment of the 
IX weight:

𝔼 
𝑦∼𝑄

[
𝜔IX

𝛾 (𝑦)2
]
= 𝔼 

𝑦∼𝑄

[(
𝑝(𝑦) 

𝑞(𝑦) + 𝛾

)2
]
≤ 𝔼 

𝑦∼𝑄

[
𝜔(𝑦)2

]
= 𝐼2(𝑃‖𝑄). □ (P.219)
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We now move to the concentration result.

Theorem F.1. Let 𝑃 ,𝑄 ∈ Δ be two probability distributions with 𝑃 ≪ 𝑄. For every 𝛿 ∈ (0,1), with an appropriate choice of 𝛾 , with 
probability at least 1 − 𝛿, it holds that:

𝜇IX
𝑛,𝛾 − 𝜇 ≤ ‖𝑓‖∞

√
2𝐼2(𝑃‖𝑄) log 1 

𝛿

𝑛 
+ ‖𝑓‖∞ 3

√
9𝐼2(𝑃‖𝑄) ess sup𝑦∼𝑃 𝑝(𝑦)vol() log 1 

𝛿

4𝑛 
. (70)

Proof. We apply Bernstein’s inequality to the estimator, starting with the bias and variance bounds of Lemma F.1:

𝜇IX
𝑛,𝛾 − 𝜇 = 𝜇IX

𝑛,𝛾 − 𝔼 
𝑦𝑖∼𝑄

[𝜇IX
𝑛,𝛾 ] + 𝔼 

𝑦𝑖∼𝑄
[𝜇IX

𝑛,𝛾 ] − 𝜇 (P.220)

≤ ‖𝑓‖∞
√

2𝐼2(𝑃‖𝑄) log 1 
𝛿

𝑛 
+
‖𝑓‖∞ log 1 

𝛿

3𝛾𝑛 
ess sup
𝑦∼𝑃 

𝑝(𝑦) + ‖𝑓‖∞√𝛾𝐼2(𝑃‖𝑄)vol(). (P.221)

We now minimize the bound as a function of 𝛾 by vanishing the derivative to obtain:

𝛾∗ =
⎛⎜⎜⎜⎝
2
(
ess sup𝑦∼𝑃 𝑝(𝑦)

)2 (log 1 
𝛿

)2
3𝐼2(𝑃‖𝑄)vol()𝑛2

⎞⎟⎟⎟⎠
1
3

. (P.222)

By substituting 𝛾∗ we obtain the result. □

Data availability

Data is publicly available.
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