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On the parity conjecture for Hilbert schemes of points on threefolds

RITVIK RAMKUMAR AND ALESSIO SAMMARTANO

Abstract. Let Hilb? (A3) be the Hilbert scheme of d points in A3, and let T

denote the tangent space to a point z € Hilb? (A3). Okounkov and Pandharipande
have conjectured that dim 7, and d have the same parity for every z. For points z
parametrizing monomial ideals, the conjecture was proved by Maulik, Nekrasov,
Okounkov, and Pandharipande. In this paper, we settle the conjecture for points
z parametrizing homogeneous ideals. In fact, we state a generalization of the
problem to Quot schemes of A3, and we settle it for points parametrizing graded
modules.

Mathematics Subject Classification (2020): 14C05 (primary); 13D07, 13P10
(secondary).

1. Introduction

The Hilbert scheme of d points on A", denoted by Hilb? (A™), parameterizing
closed zero-dimensional subschemes of degree d, was constructed by Grothen-
dieck [11]. In the case when n = 2, the Hilbert scheme is a beautiful space:
it is a smooth variety of dimension 2d [7], and understanding its geometry has
always been of significant interest. For some of the main highlights of the theory
of Hilbert schemes of points in dimension two, and its many connections to other
fields of mathematics, we refer the reader to [9, 12, 14, 18].

By contrast, if n > 3, then Hilb? (A™) becomes considerably more patholog-
ical. It is singular as soon as d > 4, and it has many irreducible components if
d > 0. Moreover, recent breakthrough [15] shows that it can have arbitrarily bad
singularities for sufficiently large n, in particular, it can be non-reduced.
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However, when n = 3, while still being singular and reducible, the Hilbert
scheme Hilb¥ (A3) is rather special. For instance, it admits a superpotential de-
scription, that is, it can be realized as the critical locus of a regular function on
a smooth variety [1]. This suggests that Hilb? (A3) may still be a well-behaved
space. Over the past two decades, there has been a lot of interest in Hilb? (A3),
especially in the field of enumerative geometry. Of particular importance is its
role in the seminal work of Maulik, Nekrasov, Okounkov, and Pandharipande [17],
connecting Gromov-Witten theory and Donaldson-Thomas theory for threefolds.
In the process of developing this correspondence, Okounkov and Pandharipande
observed the following parity phenomenon (see, e.g., [19]).

Conjecture 1.1 (Okounkov-Pandharipande, 2006). For all z € Hilb? (A3), we
have
dmT, =d (mod 2).

This is a somewhat bizarre statement: in general, there is no reason to expect a
scheme to have (regular) jumps in tangent space dimensions. It might be a manifes-
tation of some hidden structure of points in A3. For instance, d has the same parity
as 3d, which is the dimension of the smoothable component; thus, Conjecture 1.1
suggests that the tangent spaces to points away from the smoothable component
may still have some relation to the smoothable component. We emphasize that this
is a phenomenon special for threefolds: clearly, the dimension of tangent spaces
to Hilb¥ (A2) is constant, whereas tangent spaces to Hilb? (A”) do not exhibit any
noteworthy pattern for n > 4, see Remark 2.12.

For points z parametrizing monomial ideals, the conjecture was proved by
Maulik, Nekrasov, Okounkov, and Pandharipande in [17, Theorem 2]. Specifically,
the monomial case was a crucial ingredient in calculating the partition function
of the Donaldson-Thomas theory of A3 in terms of the MacMahon function for
3-dimensional partitions. See also [2, Lemma 4.1 (c)] and [21, Corollary 2.5].

The goal of this paper is to settle a more general case of the conjecture:

Theorem 1.2. Conjecture 1.1 holds for all points z parameterizing homogenous
ideals.

Homogeneous ideals are much more abundant than monomial ideals. Clearly, there
are infinitely many of them in Hilb? (A3), and, more significantly, there are points
parametrizing homogeneous ideals which lie outside the smoothable component of
Hilb? (A3) [13]. In fact, our proof gives a larger locus where the conjecture holds,
as it allows for more general gradings, see Remark 2.10.

More generally, we consider an extension of Conjecture 1.1 to Quot schemes
of A3, which asks whether the dimensions of tangent spaces have the same par-
ity as the dimension of the principal component, see Question 2.1. Again, if this
were true, it would be quite surprising, since it would imply, for instance, that if
the vector bundle has even rank, then all the tangent spaces have even dimension,
regardless of the length of the quotients. As mentioned before, this phenomenon
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does not hold for A" with n > 4; however, and more interestingly, it also does not
occur for the (singular!) Quot schemes of A2, see Example 2.13. Our main result is
Theorem 2.9, in which we affirmatively answer Question 2.1 for points parametriz-
ing graded modules; specializing to the line bundle 0,3, this gives Theorem 1.2.
To prove Theorem 2.9, we compare the tangent space to a point z parametrizing a
graded module and the tangent space to a point z’ obtained from z by a Grobner
degeneration. It is well known that, by semicontinuity, we have dim 7, < dim 7.
We refine this inequality and prove a more precise statement: namely, that there is
a correspondence between graded components of 7" of odd and even degree, such
that 7 is obtained from 77, by canceling pairs of subspaces of equal dimension in
corresponding graded components.

While the present paper was under review, the preprint [10] appeared, prov-
ing that Conjecture 1.1 is false in its full generality: the authors exhibit an explicit
z € Hilb'?(A%) with odd tangent space dimension. This counterexample suggests
several questions, for example: Does Conjecture 1.1 hold on a dense open subset
of Hilb? (A3)? Is its failure related to the existence of non-smoothable irreducible
components or embedded components of Hilb? (A3)? What are the connections to
the questions of the constancy of the Behrend function and of the generic reduced-
ness of Hilb? (A%)? See [22] for some recent results in this direction.

ACKNOWLEDGEMENTS. The authors would like to thank Rahul Pandharipande
for some helpful correspondence. Some computations were performed with the
software Macaulay?2 [16].

2. Proof of the main result

Let k denote an algebraically closed field of arbitrary characteristic. Let X be a
smooth threefold over k, and let F be a vector bundle of rank r over X. For a
positive integer d, the Quot scheme Quotgl( (F) parametrizes finite length quotients
of F of degree d. There is an irreducible component of Quotgl( (F), known as
the principal component, whose general point parametrizes quotients of JF that are
abstractly isomorphic to @?:1 Op, , for some distinct points pq,..., pg € X. The
dimension of the principal component is (2 + r)d. When r = 1 and F = Oy,
the Quot scheme coincides with the Hilbert scheme of points Hilb? (X). Given a
closed point z € Quot‘)i( (F) parametrizing a quotient / — M with kernel /C, the
tangent space to Quot‘)if (F) at the point z is T, = Hom(/C, M). We refer to [25]
for more details on Quot schemes.
We consider the following generalization of Conjecture 1.1:

Question 2.1. Letz € Quot‘)i( (F). Isittrue that dim 7, = rd (mod 2)?
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In other words, Question 2.1 asks whether the dimension of the tangent space
to any point on the Quot scheme has the same parity as the dimension of the princi-
pal component. Since X is smooth, it suffices to answer Question 2.1 in the affine
case, that is, when X = A3 and F = (9?3’ is a trivial vector bundle. Clearly,
Conjecture 1.1 is the case r = 1 of Question 2.1.

From an algebraic perspective, the Quot scheme Quotf& (O®T) parametrizes
finite length quotients of F of length d, where F is a free module of rank r over
S = k[x1, x2, x3]. Thus, for the rest of the paper, we work with modules over the
polynomial ring.

We begin with a general fact about Ext modules and initial submodules with
respect to a monomial order. We refer to [3, 6] for the theory of Grobner bases for
modules. We denote by [-]; the component of degree j of a graded module.

Lemma 2.2 (Consecutive cancellations). Letr S = k[x1,..., x,] be a polynomial
ring, equipped with the standard grading. Let F be a free graded S-module, and
=< a monomial order on F which refines the grading. Let K C F be a graded
submodule such that M = F/K is a module of finite length. Let K' C F be the
monomial initial submodule of K with respect to <, and let M’ = F/K’. Then,
there exist integers §; j € N such that

dimy [Extg(M', M")]; = dimy [Exts (M, M)]; + 8i,j + 8i—1,

foralli =0,...,nandall j € Z, where §,,j =35_1,; =0 forall j.

Proof. We use deg(+) to denote the grading on S and F. Let {¢1,..., &} denote the
basis of F. Given a weight w = (wy,..., Wy, V1,...,V;) € N’fg’, we can define
another grading on S and F, which we denote by w(-), by setting w(x;) = w; and
w(g;) = v;. Both the deg-grading and the w-grading play an important role in this
proof.

The weight w defines increasing filtrations on § and F, and on their submod-
ules and quotients. We use the symbol W, (-) to denote all these filtrations. For

example, we have
WpS =ifeS|o(f)<pi and WyF={feF |w(f)=p} forpecl

Given an S-module N with a filtration {WW,N | p € Z}, we denote the associated
graded module by gr(N) = ®pezWpN/Wp_1N. Since S and F are already
graded with respect to w, we have gr(S) =~ S and gr(F) = F.

Now, consider the submodule K € F. Then, there exists a weight @ such
that gr(K) = K’, hence gr(M) = M’. This is well known in the case of ideals,
see, e.g., [6, Proposition 15.16], but it also true for submodules, see, e.g., [3, Re-
mark 1.5.9]. For the rest of the proof, we fix such a weight w.

There exists a complex F, of filtered S-modules that is a deg-graded free res-
olution of M, and such that gr(F,) is a minimal (deg, w)-graded free resolution of
M. The existence of such F, follows from standard arguments about filtered mod-
ules and standard bases, see for example [4, Proposition 2.3]. Then, the complex
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L* = Hom(F., M) is also a complex of filtered S-modules, where the filtrations
are defined by

WL = {f e L' = Hom(F;, M) | fOWV,F;) S W,4,M for all ¢},
and we have the isomorphism of (deg, w)-graded complexes
gr(L*®) = gr(Hom(F., M)) = Hom(gr(F.), gr(M)) = Hom(gr(F.), M’).

We consider the spectral sequence EZ*? associated to the filtered complex L°, see
[26, https://stacks.math.columbia.edu/tag/012KSection 12.24]. It begins with page

Eop’q = gr(Lp+q)pa

where p is the filtration degree and p + g is the total cohomological degree. Notice
that each EJ*? is finite dimensional vector space, and that E5*? # 0 for finitely
many pairs (p, q).

We emphasize, in particular, that gr(L®) is a deg-graded complex, and its dif-
ferentials are deg-homogeneous (of degree 0). It follows that all vector spaces EZ*
in the spectral sequence are deg-graded, and that all differentials 77 : EZ7 —
EZ7"4**1 are deg-homogeneous of degree 0.

The first page of the spectral sequence is

EPY = HP™(gr(L?),) = HP M (Hom(gr(F.). M") ) = (Ext”™(M'. M")),.
whereas the infinity page is
EZf =gt (HPT4(L%)) p = gr(H? T4 (Hom(Fs, M))) , = gr(Ext? T4 (M, M) .

The associated graded modules in the last line arise from the filtration on H (L*)
induced form the one of L°*. We now analyze the cancellations from the page E,
to the page E, 1, for each r > 1. The vector spaces in E,; are constructed as
cohomology groups of the complexes in E,

dr

dr
.. > E

—r— dr p— dr
prg=r=1 7, gpa I, gporatril

Since the differential d, is deg-homogeneous of degree 0 and increases the coho-
mological degree by one, it follows that E,; is obtained from E, by canceling
deg-graded split-exact complexes 0 — k — k — 0, that is, pairs of copies of k
concentrated in the same internal degree deg(-) and in consecutive cohomological
degrees. By combining the cancellations from each page E, with r > 1, the latter
statement holds for the cancellations between the page E; and the page E, and
we obtain the desired statement. O

We illustrate Lemma 2.2 with the following example.
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Example 2.3. Let S = C[xy, x3, x3,x4] and let F = Se; @ Se, be a free module
of rank 2, with deg(e;) = deg(e;) = 0. Equip F with the monomial order <
defined by

pep Jve; if i<j or i=j and [ <y,

where @, v € S are monomials and <., denotes the graded reverse lexicographic
order. Let

K = (x181, X281 — X182, X381 — X282, X481 — X382, X462) C F,

then, K is a graded submodule, and M = F/K is a finite S-module of length 5.
The monomial initial submodule of K is

! 2
K = <X1€1, X182, X282, X382, X4€2, X5€1,
2 2 CF
X2X3€1, X3€1, X2X4&1, X3X4E81, Xg&1) = I'.

We compute the dimension tables of the Ext modules:

P01 [2]3 4 P[0 1234
J J
-5 6 -5 6
—4 121 -4 143
-3 10 -3 14 [ 24
) 30 =2 6 |42 6
—1 10 —1 24 [ 14
0 1] 12 0 314
1 6 1 6

dimy [Ext (M, M)] dimy [Ext(M', M")]

J J

and determine the consecutive cancellations of Lemma 2.2:
8()’() =2 81,_1 =14 81,_2 =6 82,_2 =6 52,_3 =14 84’_4 = 2.

Remark 2.4. Related “consecutive cancellation” phenomena occur for Betti tables
[20,23] and for Tor modules [24].

Next, we need the following duality statement for Ext modules.

Lemma 2.5 (Duality). Let S = K[x1,...,x,] and let M, N be two graded S -
modules of finite length. Then, we have an isomorphism of Z-graded vector spaces

Extg(M, N)¥ = Ext: (N, M)(—n)

where —V denotes the k-dual.
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Proof. This can be proved as in [21, Lemma 2.2]. O
Notation 2.6. For the rest of the paper, we introduce the following notation:
hom(-, -) := dimy Hom(-,-) and ext'(-,-) := dimy Ext'(-, -).
We observe another parity phenomenon for finite subschemes of A3.

Lemma 2.7. Let S = k[x1,x2,x3] and let 1,J C S be ideals of finite colength.
Then,

hom(7, S/J) +hom(J,S/I) = dim(S/I) + dim(S,J) (mod 2).
Proof. From the exact sequences
0—Hom(S/I,S/J)—Hom(S,S/J)—Hom(I,S/J)—Ext'(S/1,5/J)—0
and
0—Hom(S/J,S/I)—Hom(S,S/I)—Hom(J,S/I)—Ext'(S/J,S/I)—0
we obtain the equation

hom(Z, S/J) + hom(J,S/I) —hom(S, S/J) —hom(S,S/I)
=ext!(§/1,8/J) +ext' (S/J,S/I) —hom(S/I,S/J)—hom(S/J,S/I).

Now, the desired conclusion follows, since

hom(Z,S/J) + hom(J, S/I) — dimy(S/J) — dimy(S/I)
=hom(/,S/J) +hom(J,S/I) —hom(S,S/J)—hom(S,S/I)
=ext!(§/1,5/J) 4+ ext'(S/J,S/I) —hom(S/I,S/J)—hom(S/J,S/I)
=ext>(S/J,S/I) +ext (S/J,S/I) —ext>(S/J,S/I) —ext®(S/J,S/I)
by Lemma 2.5
=ext>(S/J,S/I) —ext' (S/J,S/1) —ext*(S/J,S/1) 4+ ext°(S/J,S/I)
=0 (mod 2),

where the last equation is the vanishing of the Euler characteristic

D (=Diext! (S/J.5/1). O

As a consequence, Question 2.1 has an affirmative answer in the case of mono-
mial submodules. Recall that a submodule of a free module is called monomial if
it is a direct sum of monomial ideals.
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Corollary 2.8. Let S = Kk[x1, X2, x3] and F a free S-module of rank r. Let M =
F/K be an S-module of finite length d. If K C F is a monomial submodule, then
hom(K, M) = rd (mod 2).

Proof. Let F = @;_, Se; be the free module. Then, K = P;_, I;&;, where
each [; € S is a monomial ideal of finite colength. Let d; = dimy(S/1;), then we
haved = ) ;_, d;. We have

r r r
hom(K. M) =hom [P 1;. P S/1; | = Y hom(I;.S/1;)

i=1 j=1 ij=1

=Y “hom(I;, S/1;) + ) (hom(I;, S/1,) + hom(I;. S/ I;))

i=1 i<j
= jd,- +3 (i +dj) = ird,- =rd (mod 2),
i=1 i<j i=1

where the congruence holds by the monomial case of Conjecture 1.1 [17] and by
Lemma 2.7. O

We are ready to prove the main theorem of this paper, namely, we settle Ques-
tion 2.1 for points z € Quoti3 (O®") that parametrize graded S-modules M .

Theorem 2.9. Let S = Kk[x1, x2, x3] and F a free graded S-module of rank r. Let
M = F/K be a graded S-module of finite length d. Then,

hom(K, M) =rd (mod 2).

Proof. Let K/ C F be the monomial initial submodule with respect to a monomial
order < on F that refines the grading, and let M’ = F/K’. We denote E; =
Extg(M, M) and E] = Extg(M’, M), fori = 0,1,2,3. Observe that Lemma 2.5
implies that dimy[E;]; = dimy[E3_;]— ;3 forall 7, j, and similarly for E.

Recall that the tangent space to the point parametrizing M, respectively M’,
is Hom(K, M), respectively Hom(K’, M’).! From the exact sequence

0 — Hom(M, M) — Hom(F, M) — Hom(K, M) — Ext'(M, M) — 0
we obtain the equation

hom(K, M) = ext' (M, M) 4+ hom(F, M) —hom(M, M)
=ext! (M, M) + rd —ext®(M, M).

! We warn the reader that, unlike the case of Hilb? (A3), the tangent space Hom(K, M) is typi-
cally not isomorphic to Ext! (M, M) or Ext! (K, K).
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Likewise, we have hom(K’, M') = ext!(M', M") +rd —ext®(M’, M"). Applying
Lemma 2.2, we obtain

hom(K’, M’) —hom(K, M)
=(ext1(M’, M) —ext' (M, M)) — (extO(M', M) —ext®(M, M))

=Y (1 +80.)— D B,
J J

= 81
J

Applying both Lemmas 2.2 and 2.5, we obtain for all j’s
Sz,j = dimk[Eé]j —dimk[E3]j = dimk[E(/)]_j_:; —dimk[E()]_j_:; = 80,_1'_3. (21)

Moreover, we have

81,]' = dimk[Ei]j —dimk[El]j —So,j by Lemma 2.2
= dimk[Eé]_j_3 — dim]k[Ez]_j_g, — 80’]' by Lemma 2.5
= dimk[Eé]_j_3 - dimk[Ez]_j_g, - 82,_j_3 by 2.1
=681,-j-3 by Lemma 2.2.

In particular, we have ) ; .eq 81,7 = D oaa 01,7 80 D_; 81,5 is an even integer.
Finally, by Corollary 2.8 we have

hom(K, M) = hom(K'.M') =Y "8; ; = hom(K'. M') = rd (mod 2)
J

and this concludes the proof. O

Remark 2.10. The same argument settles Question 2.1 in a slightly greater gener-
ality, namely, for modules M that are graded with respect to a grading of S taking
values in a torsion-free Abelian group such that deg(x;) + deg(xz) + deg(x3) is
not divisible by 2. For example, one can take the Z-grading defined by deg(x;) =
4,deg(xs) = 5,deg(x3) = 6, or the Z?-grading defined by deg(x;) = (1,0),
and deg(x;) = deg(x3) = (0, 1). It turns out that this condition is sharp, as the
following example of Giovenzana-Giovenzana-Graffeo-Lella shows.

Example 2.11. We analyze the counterexample of [10] from the point of view of
the proof of Theorem 2.9. Let S = C[x1, x5, x3] and let I = (x1 =+ (x2, X3)2))2 +
(x1x2 — xg) C S. Then, S/I has length 12, but the corresponding point z €
Hilb!2(A3) has tangent space of dimension 45. The ideal / is homogeneous with
respect to the grading deg(x;) = 2,deg(x;) = deg(x3) = 1. The monomial ideal
I' = (x1+ (x2, x3)2))2 + (x1x2) is the initial ideal of / with respect to the graded
lexicographic monomial order in S, and the corresponding point z’ € Hilb!?(A3)
has tangent space of dimension 48.
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Letting M = S/I,M’' = S/I’, we compute the dimension tables of the Ext
modules

P01 ] 273 P01 ] 2713
J J
—7 5 —7 5
6 4 6 4
-5 2 =5 2
—4 51 —4 51
=3 39 -3 39
) T [ 1 ) 4 | 4
—1 39 —1 39

0 1[5 0 15

1 2 1 2

2 4 2 4

3 5 3 5

dimy, [Exts (M, M)], dimy [Exts (M, M")],
and find that the only consecutive cancellation of Lemma 2.2 is §;,—» = 3. In terms
of the pairing established in the proof of Theorem 2.9, since deg(x;) + deg(x2) +
deg(x3) = 4, we see that §;,_, is paired with itself, because, for j = —2, we have

—j —4 = j. Thus, the difference dim 7 — dim 7; = 8;,—» is odd.

Remark 2.12. We point out that no analogue of Conjecture 1.1 holds for Hilb? (A")
when n > 4. Indeed, for sufficiently large d, the tangent spaces to Hilb? (A") attain
nearly all dimensions in a large interval of integers. For example, a computation
with [16] shows that the dimensions of tangent spaces to points in Hilb!?(A%)
parametrizing monomial ideals are

40, 41, 46, 48, 49, 50, 51, 52, 53, 55, 56, 57, 60, 61, 65, 66, 69, 70, 76, 80.

Similarly, the dimensions of tangent spaces to points in Hilb!®(A®) parametrizing
monomial ideals are

50, 51, 56, 58, 59, 60, 61, 62, 63, 65, 66, 67, 68, 70, 71, 73,
75,76, 78, 79, 80, 81, 82, 83, 85, 86, 90, 95, 98, 101, 104.

Clearly, a phenomenon analogous to Remark 2.12 also occurs for Quot sche-
mes of A" with n > 4. However, surprisingly, it also occurs for n = 2. While the
Hilbert scheme Hilb? (A2) is smooth and irreducible of dimension 2d, the Quot
scheme Quotj‘i2 (0°r ) is also irreducible, but usually singular, if r > 2 [5, 8].
The tangent spaces to Quoti2 (O®") attain nearly all dimensions in an interval of
integers.
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Example 2.13. The dimensions of tangent spaces to points in Quotig (O®2) para-
metrizing monomial submodules are

60, 62, 63, 64, 65, 66, 67, 68, 69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79, 80.
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