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Abstract - Solar sails provide continuous,
propellant-free thrust that expands the design
space of cycler orbits beyond purely ballistic so-
lutions. In this work, we develop a framework
for optimising solar sail cyclers using a multi-
gravity-assist model. Rather than solving a spe-
cific transfer, which may yield an infeasible op-
timal control problem, we instead treat sail per-
formance as a decision variable and compute the
minimum level required to guarantee the exis-
tence of a prescribed cycler. This reformulation
converts the problem into a well-posed nonlinear
program. The approach is applied to transfers in
the solar system as well as the fictitious Altaira
system, demonstrating both multi-body cyclers
and self-cyclers. Results show that the proposed
method systematically characterises the feasible
cycler design space and enables straightforward
tuning of encounter frequency and relative veloc-
ity.

I. Introduction
Ballistic cycler orbits, such as the Aldrin-type Earth-
Mars cycler and resonant Earth-return orbits, have long
been proposed as transportation networks for sustained
cargo logistics within the solar system [1, 2, 3, 4]. These
trajectories rely on idealised multi-body resonances and
carefully phased gravity assists, with little flexibility be-
yond the highly constrained natural gravitational dy-
namics.

Solar sails provide continuous, propellant-free thrust
that fundamentally alters the solution space, enabling
families of cycler orbits that either generalise ballistic
solutions or are infeasible under purely ballistic dynam-
ics. The existence of such solar sail cyclers for circular-
coplanar orbits was identified by Stevens and Ross [5, 6],
and has been extended to up to four cycles in [7]. In-
deed, it is well known that solar sails can help establish
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non-Keplerian orbits [8, 9, 10] and even multi-reversal
orbits [11].

Systematic approaches to designing ballistic cycler or-
bits [12, 13, 14, 15, 16] and solar sail stop-over cy-
clers [17, 18] exist. As mentioned, preliminary work
also exists for circular-coplanar solar sail cycler orbits [7].
However, a general framework for identifying and char-
acterizing sail-enabled cycler geometries beyond circular-
coplanar orbits is missing. To build on these works, we
explore the design space of solar sail cycler orbits between
both single- and multiple bodies.

To search and characterise solar sail cyclers, we for-
mulate the problem as a reachability problem [19], where
the objective is to find the minimum solar sail strength
required to make a given transfer feasible. By treat-
ing sail performance as a decision variable, the resulting
formulation defines a well-posed nonlinear program and
avoids the infeasibilities and numerical ill-conditioning
that can arise when sail properties are fixed a priori. The
model adopts a multi-gravity-assist structure with solar
sail legs, which are transcribed using a forward–backward
zero-order hold (ZOH) construction with variable-time
segments [20]. The solar sail is modelled with ideal re-
flectivity, parametrised by its lightness number and cone
and clock angles [8]. The gravity assists are modelled us-
ing the patched-conic approximation, neglecting the time
spent inside the planet’s sphere of influence. The frame-
work allows the timing and parameters of each gravity
assist to vary freely, enabling simultaneous optimisation
across multiple planet-to-planet segments. The objective
is to minimise the sail lightness number while optionally
targeting a prescribed relative flyby velocity.

The paper is structured as follows. We first introduce
the dynamical model and formulate the associated tra-
jectory optimisation problem. Analytical gradients for
the mismatch constraints, planetary flybys, and variable-
segment formulation are then derived. In Section III, we
apply our framework to both self-cycler and multi-body
cycler orbits in our solar system and the artificial solar
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system from the GTOC 13 problem [21]. For self-cyclers,
we investigate the sail strength required to revisit the
same planet multiple times per orbital period, with at
least a certain target relative velocity. The multi-body
cyclers section, on the other hand, aims to minimise rela-
tive velocity. As such, we start from the special case of an
instantaneous stop-over cycler, and transition from here
up to near -ballistic cyclers (such as the 7-cycle Aldrin-
type cyclers). Finally, conclusions are presented in Sec-
tion IV.

II. Problem Description
A. Multi-leg planetary flybys
Let us consider a multi-leg flyby transcription. A plane-
tary sequence can be defined as

P = {P0, P1, . . . , PNℓ
},

with Nℓ = |P| − 1 legs. The formulation is valid for
generic planet sequences, including planetary revisits.
For example, solving a trajectory from planet A to planet
B and back to planet A would be {PA

0 , PB
1 , PA

2 }. Solving
for the sequence of visits itself is a global optimisation
problem and is not focus of this work. However, once the
sequence is defined, there remains the challenging task of
solving the trajectory between each node.
In this work, each leg is transcribed with a forward–

backward ZOHα construction [20] (using cut parameter
α ∈ [0, 1] and nseg segments per leg). The ZOH transcrip-
tion begins by partitioning each leg into nseg contiguous
subintervals. Over each subinterval, the control is held
constant.
The notation used throughout is:

k : leg index, k = 0, . . . , Nℓ − 1,
i : segment index within leg k, i = 0, . . . , nseg − 1,
α : forward–backward cut parameter of ZOHα,
β : solar sail lightness number,
αs,k,i : cone angle on segment (k, i),
βs,k,i : clock angle on segment (k, i),
tk : planetary encounter time at Pk,
∆tk,i : segment duration within leg k,
wk,i : softmax variable for segment (k, i).

B. Solar sail dynamics
The solar sail dynamics are given by:{

ṙ = v

v̇ = − µ
r3 r − b κ

(
r0
r

)2
(ûn · ûr)

2ûn
(1)

where κ = 2CA
m is the maximum acceleration due to the

solar sail at r0 and is directly proportional to the sail area

A, the solar flux at r0 = 1 AU, C, and inversely propor-
tional to the spacecraft mass m. b ≥ 0 is an optimisation
variable to control the strength of the sail. This is similar
to [18] and [19], where the latter formulates the problem
with an indirect method. The lightness number charac-
terises the relative strength of the solar sail compared to
the gravitational acceleration:

β =
asail
agrav

=
2bCA

m

r20
µ
. (2)

The sail-normal orientation is parametrised by two
angles αs,k,i and βs,k,i in the local orthonormal frame
{ûr, ût, ûh}, defined by

ûr =
r

∥r∥
, ûh =

r × v

∥r × v∥
, ût = ûh × ûr,

and

ûn(αs,k,i, βs,k,i) = cosαs,k,i ûr + sinαs,k,i sinβs,k,i ût

+ sinαs,k,i cosβs,k,i ûh.
(3)

Hence,
ûn · ûr = cosαs,k,i.

C. Optimisation Problem
The corresponding nonlinear program can be stated as

find: b, αs,k,i, βs,k,i,

v−k , d̂
−
k , v

+
k , d̂

+
k ,

Tk, wk,i, t0,

minimise: b,

subject to: b ≥ 0,

0 ≤ αs,k,i ≤ π/2,

mc(k)α = 0, k = 0, . . . , Nℓ − 1,

Flyby constraints Eqs. (6)–(9),

Nℓ−1∑
k=0

Tk ≤ Tmax,

vlower
∞,target ≤ v+k , v

−
k ≤ vupper∞,target

(4)

where v+
∞,k = v+k d̂

+
k are outgoing hyperbolic-excess vari-

ables at node k = 0, . . . , Nℓ − 1, and v−
∞,k = v−k d̂

−
k

are incoming hyperbolic-excess variables at node k =

1, . . . , Nℓ. Here, mc
(k)
α denotes the mismatch constraints

on leg k, and the flyby constraints are those given in
Eqs. (6)–(9). Two additional inequality constraints are
imposed: an upper bound on the total time of flight Tmax

and lower/upper bounds on the target flyby velocities
vlower
∞,target and vupper∞,target. A visualisation of the scheme is
given in Figure 1.
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uk,i =
[
αs,k,i, βs,k,i, b

]
, ∆tk,i = Tk softmax(wk,i)

Fig. 1: Three-planet sequence with piecewise-constant (ZOH) control on each leg. The time encounter of each
planet, along with the duration of each segment is free to vary. The flyby constraints on magnitude and direction
are equality and inequality constraints respectively.

D. The mismatch constraints
For each leg k, the equality constraints are denoted by

mc
(k)
α and are referred to as mismatch constraints. Their

construction is governed by the cut parameter α ∈ [0, 1],
which partitions the nseg segments of leg k into

nfwd = ⌊αnseg⌋, nbck = nseg − nfwd.

Let x
(k)
fwd denote the state obtained by forward propaga-

tion from Pk over the first nfwd segments with controls

uk,i, and let x
(k)
bck denote the state obtained by backward

propagation from Pk+1 over the remaining nbck segments
with reversed controls. The mismatch constraints are de-
fined as

mc(k)α ≜ x
(k)
bck − x

(k)
fwd, k = 0, . . . , Nℓ − 1, (5)

and enforced through mc
(k)
α = 0. This imposes C0 conti-

nuity at the forward–backward junction of each leg. The
limiting cases α = 1 and α = 0 recover purely forward
and purely backward shooting, respectively.

E. Planetary flyby model
At each intermediate encounter node, we adopt the stan-
dard impulsive gravity-assist model in the Milankovic
sense: the flyby is assumed instantaneous, with no pow-
ered manoeuvre at periapsis and no change in the mag-
nitude of the hyperbolic excess speed.
Let v−

∞,k and v+
∞,k denote, respectively, the incoming

and outgoing hyperbolic excess velocity vectors at inter-
mediate node k = 1, . . . , Nℓ − 1. They satisfy

∥v−
∞,k∥

2 − ∥v+
∞,k∥

2 = 0. (6)

The turning geometry is bounded by the minimum al-
lowed periapsis radius rmin

p,k and planetary gravitational

parameter µk. Throughout this work rmin
p,k = 1.1Rk

where Rk is the planetary radius. Defining

emin,k = 1 +
rmin
p,k

µk
∥v−

∞,k∥
2, (7)

the maximum admissible turning angle satisfies

cos δmax,k = 1− 2

e2min,k

. (8)

Hence the flyby feasibility constraint can be written as

cos δmax,k −
v−
∞,k · v

+
∞,k

∥v−
∞,k∥ ∥v

+
∞,k∥

≤ 0. (9)

Equations (6)–(9) provide, for each intermediate
planet, one equality and one inequality flyby constraint.
This formulation avoids having to take an arccos or
arcsin , whose derivatives become singular near the
boundaries of their domains, leading to poorly condi-
tioned gradients.

F. The time grid
We adopt a variable time grid parameterised via the
softmax transformation [20]. For each leg k, define
Tk = tk+1 − tk and introduce wk ∈ Rnseg . The nor-
malised segment fractions are

σk,i ≜
ewk,i∑nseg−1

j=0 ewk,j

, i = 0, . . . , nseg − 1,

so that
∑

i σk,i = 1 is satisfied identically. The physical
segment durations are

∆tk,i = Tk σk,i, i = 0, . . . , nseg − 1,

and the grid nodes are recovered recursively as

tk,0 = tk, tk,i+1 = tk,i +∆tk,i, i = 0, . . . , nseg − 1.
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This parameterisation guarantees strict positivity
∆tk,i > 0, enforces normalisation without additional
affine constraints, and provides a smooth map suited to
gradient-based nonlinear programming.

G. The Gradients

For each leg k, the mismatch vector is mc
(k)
α ∈ R6. The

variational integration over the forward and backward
sub-arcs provides the Jacobian blocks

∂mc
(k)
α

∂x
(k)
0

,
∂mc

(k)
α

∂x
(k)
1

,
∂mc

(k)
α

∂uk,i
,

∂mc
(k)
α

∂tk,i
,

where x
(k)
0 and x

(k)
1 are the leg boundary states, uk,i =

[αs,k,i, βs,k,i, b] are the segment controls, and tk,i are the
in-leg grid nodes. For brevity, we skip the full derivation
of these Jacobian blocks and instead the reader is referred
to [20], where a thorough explanation of these mismatch
constrain gradients can be found.
However, the addition of the gravitational flybys needs

to be considered here. The leg-boundary velocities con-
tain the hyperbolic-excess terms:

v
(k)
0 = ṙPk

(tk) + v+
∞,k, v

(k)
1 = ṙPk+1

(tk+1) + v−
∞,k+1.

Hence, by chain rule,

∂mc
(k)
α

∂v+
∞,k

=

(
∂mc

(k)
α

∂x
(k)
0

)
(:,4:6)

,
∂mc

(k)
α

∂v−
∞,k+1

=

(
∂mc

(k)
α

∂x
(k)
1

)
(:,4:6)

.

If each block is parametrised as v+
∞,k = v+k d̂

+
k and

v−
∞,k = v−k d̂

−
k , then, for s ∈ {+,−},

∂vs
∞,k

∂vsk
= d̂s

k,
∂vs

∞,k

∂d̂s
k

= vsk I3,

which gives the gradients with respect to vsk and d̂s
k di-

rectly.

For controls, the per-segment Jacobian ∂mc
(k)
α /∂uk,i

gives derivatives with respect to αs,k,i and βs,k,i from the
first two columns. Since b is global and appears in every
segment control block, its gradient is accumulated as

∂mc
(k)
α

∂b
=

nseg−1∑
i=0

(
∂mc

(k)
α

∂uk,i

)
(:,3)

.

Time derivatives are obtained in two layers. Node-
time sensitivity enters through planetary ephemerides at
each boundary epoch tk:

dxPk

dtk
=

[
ṙPk

v̇Pk

]
,

with node epochs defined by

tk = t0 +

k−1∑
q=0

Tq, k = 0, . . . , Nℓ,

so that

∂tk
∂t0

= 1,
∂tk
∂Tq

= 1{q<k}, tf = tNℓ
.

which contributes to ∂mc
(k)
α /∂tk and ∂mc

(k)
α /∂tk+1

through ∂mc
(k)
α /∂x

(k)
0 and ∂mc

(k)
α /∂x

(k)
1 . Second, in-

leg grid sensitivities are propagated via ∂mc
(k)
α /∂tk,i.

With softmax time encoding, for leg k with TOF Tk

and logits wk ∈ Rnseg , the softmax weights are

σk,i =
ewk,i∑nseg−1

j=0 ewk,j

,

tk,i = tk +

i−1∑
p=0

Tk σk,p, i = 1, . . . , nseg.

so that

∂tk,i
∂Tk

=

i−1∑
p=0

σk,p,

∂tk,i
∂wk,j

= Tk

i−1∑
p=0

∂σk,p

∂wk,j
,

∂σk,p

∂wk,j
= σk,p(δpj − σk,j).

These relations provide mismatch gradients with respect
to initial time, intermediate node times, final time, flyby
velocities v∞,k, and the sail controls [αs,k,i, βs,k,i] and
strength b.

III. Experimental Setup and Results
A. Problem Data

In this work we consider three systems: a simple circu-
lar, coplanar solar system; an eccentric and inclined solar
system (closer to full ephemeris); and the altaira system
from GTOC 13. The parameters for these systems, and
the planets therein, are given in Tables 1 and 2. For refer-
ence, information on the IKAROS [22], NEA scout [23],
LightSail2 [24] and GTOC 13 [21] sails are also given.
Note that in the simple model, the semi-major axis and
hence period of Mars has been adjusted such that exactly
8 orbits occur every 15 years. This is standard in the lit-
erature (e.g. [13]) and means the synodic period repeats
7 times and the resulting geometry repeats exactly every
15 years.
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Tab. 1: System constants used in each model, along with
some example solar sail parameters.

System µ⋆ [km3/s2] C [N/m2] r0 [AU]

Simple 1.32712e11 4.5600e-6 1
Solar 1.32712e11 4.5600e-6 1
Altaira 1.39348e11 5.4026e-6 1

Sail A [m2] M [kg] β

IKAROS 196 307 9.819e-4
NEA Scout 86 14 9.447e-3
LightSail2 32 4.93 9.982e-3
GTOC 13 15000 500 5.206e-2

B. Self-cyclers

Self-cyclers involve a single planet that is revisited mul-
tiple times per orbit period. We parametrise with two
variables: the number of revisits per orbit, Nℓ, and a
lower bound on the target flyby velocity vlower

∞,target. Hence
the upper bound is not constrained, vupper∞,target = ∞. We
only consider one orbital period the maximum allowed
time of flight, Tmax, as the system then repeats. The
lower bound on the target flyby velocity is present to
prevent the trivial solution of co-orbiting with the planet
when v∞,target = 0 km/s. Two other trivial solutions
exist: when one revisit is desired, an intersecting or-
bit with the same period can achieve this ballistically;
when two revisits are desired, the same orbital shape at
a different inclination can achieve many different relative
flyby velocities at the node crossings. As validation, our
method converges on these solutions when present, but
these are left out of the plots and discussion below. A
potential motivation for maintaining a higher relative ve-
locity could be for easier departure from the planet or to
maintain a regular revisit to a sunward co-rotating point,
such as the L1 point.

Figure 2 summarises how sail strength varies across re-
visit count and v∞,target settings. The left column shows
the minimum feasible lightness number for each revisit
and v∞,target. A lower value indicates easier-to-realise
cyclers for the same mission geometry. The right col-
umn provides representative trajectories at selected grid
points. As expected, as both the number of revisits and
the relative velocity increase, so does the required sail
strength. The sail needs to counteract the kick provided
by the flyby. As seen in the altitude plots (right col-
umn), the solar sail trajectory is always inside the plane-
tary orbit. This approach also works in a circular model,
where it shares many similarities with quasi-periodic so-
lar sail orbits in the circular restricted three-body prob-

lem. However, here we use a two-body and zero sphere-
of-influence model. Whilst this has its limitations, it is
nonetheless interesting as it can be easily used for eccen-
tric orbits. Venus requires a smaller sail despite the time
for revisit being smaller, as the solar radiation pressure is
stronger closer to the star. Eden is also shown to confirm
that the methodology works across different stellar flux
and gravitational parameter models. Finally, although
the total time of flight is an inequality constraint, it is
pushed to equality for all cases as revisiting the planet
more often requires a stronger sail.

C. Multi-body Cyclers

Unlike self-cyclers, where we had a lower bound on the
target v∞,target, the objective for multi-body cyclers is
reversed. Near -ballistic solutions exist with high relative
velocities, whilst impulsive manoeuvres [13, 14, 15, 25]
and low-thrust propulsion [26, 25] or solar sails [17, 18,
7, 27] are used to either minimise the v∞ or reduce the
time-of-flight between planetary encounters. Thus, in
this section we use vlower

∞,target = 0 km/s and only vupper∞,target

is active. A wide range of cycler trajectories with vary-
ing encounter velocities, transfer times, and repeat pe-
riods has been identified in the literature. In this work,
however, we focus on cyclers whose minimum component
(PA → PB → PA) completes within a single synodic pe-
riod, Tsynodic. Thus, we define an npairs-synodic-period
A − B cycler as (PA → PB)npairs → PA, with a maxi-
mum allowable time of flight set to Tmax = npairsTsynodic.
No additional symmetry constraints are imposed, and
the methodology should therefore remain applicable to a
broad class of multi-body cyclers.

In [13], a near-ballistic 7-synodic-period aldrin-type
Earth–Mars cycler is presented for the circular copla-
nar model. Whilst in a zero sphere-of-influence model
this cycler is ballistic (with the additional limitation of
no flyby deflection at Mars), it requires a turning an-
gle (83.67◦) that can only be achieved with a periap-
sis inside the Earth’s surface. As such, they term it
near-ballistic. Restricting the minimum flyby altitude to
rp = Rk + 200 km ≈ 1.03136Rk requires 1350.3 m/s per
flyby to realise (equivalently 1420.0 m/s for rp = 1.05Rk

and 1600.5 m/s for rp = 1.1Rk). An objective in this
section is to find the minimum sail strength required to
make such a cycler feasible.

At the other end of the scale are solar sail stop-over
cyclers [17, 18]. The fact that these cyclers rendezvous
with the target planet has two advantages. Firstly, they
are easier to meet logistically, since there is no veloc-
ity mismatch between the cycler spacecraft and a space-
craft in orbit around the target planet. Secondly, the
ability to wait at the target planet relaxes the usually
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(a) Earth self-cycler heatmap
(b) Earth example solutions

(c) Venus self-cycler heatmap
(d) Venus example solutions

(e) Eden self-cycler heatmap
(f) Eden example solutions

Fig. 2: Self-cycler summary: left column = minimum-β heatmaps, right column = representative example columns,
for Earth, Venus in the solar model and Eden in the altaira model (top to bottom).
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Tab. 2: Planetary parameters used in each model.

System Planet µk Rk Initial Epoch a e i Ω ω ν
[km3/s2] [km] [YY-MM-DD HH:MM:SS] AU - rad rad rad rad

Simple Earth 3.98600e5 6378.0 2000-01-01 00:00:00 1.00000 0 0 - - -5.07716e-02
Mars 4.28280e4 3397.0 2000-01-01 00:00:00 1.5206 0 0 - - -1.07259

Solar Venus 3.24859e5 6052.0 2000-01-01 00:00:00 0.723337 0.00676604 0.0592447 1.33706 0.959853 2.54619
Earth 3.98600e5 6378.0 2000-01-01 00:00:00 1.00000 1.66998e-02 -5.90174e-05 0 1.79807 -5.07716e-02
Mars 4.28280e4 3397.0 2000-01-01 00:00:00 1.52372 0.0934146 0.0322463 0.863649 -1.27953 -1.07259

Altaira Yavin 6.36304e6 18013.2 0 0.859158 0.0500000 0.0523599 1.92857 2.58544 2.75018
Eden 4.43854e5 6697.4 0 1.20000 0.00700000 0.0174533 1.87574 6.21700 0.916850

highly constrained flight windows, allowing the mission
analysts to wait until better phasing exists between the
two planets. Thus, an additional parameter in the form
of a waiting time is usually introduced in the literature
which only exists in this special case of vupper∞,target = 0
km/s. Although this reduces the lightness number re-
quired to realise the cycler, we avoid doing so, as it no
longer applies for vupper∞,target > 0 km/s. Nonetheless, we
found problems with vupper∞,target = 0 km/s to be much bet-
ter behaved and easier to converge and, as is shown in
the remainder of this section, they can then be used to
transition to near -ballistic cyclers.

Our approach involves two steps: extending cyclers
from 2-cycles up to Nmax

pairs-cycles for the special case of
the instantaneous stop-over cycler (vupper∞,target = 0), and
then continuing across vupper∞,target for each planet until the
unconstrained cycler is recovered.

1. Extending instantaneous stop-over cyclers

Solving Algorithm 1 implements an extension strategy
that increases cycler length gradually, using the best pre-
viously found solution as an initial guess for the next.
For each value of npairs, the multi-start loop explores lo-
cal perturbations around the warm start solution and the
best feasible candidate is promoted to the next extension
level. Figure 3 shows this process starting from npairs = 2
to npairs = 5 for the simple Earth-Mars instantaneous
stop-over cycler. Note that we restrict each npairs-
synodic-period cycler to be within Tmax = npairsTsynodic.
For the simple Earth-Mars case this results in a sail light-
ness number of β = 0.301.

Whilst it would be ideal to solve for Nmax
pairs directly,

doing so is also a global optimisation problem. The in-
terested reader is referred to [14] among others for such
work. Whilst this extension approach is local, it keeps
the search stable as dimensionality grows and provides a
consistently good solution. Future work will aim to in-
vestigate how to transition to different families of cycler
orbits.

2. v∞,target continuation

Now that we have a solution for the instantaneous stop-
over cyclers, namely (vA∞,target, v

B
∞,target) = (0, 0), we

can start solving for different (vA∞,target, v
B
∞,target) pairs.

Since v∞,target is an upper bound, all solutions from
grid points with values less than or equal to v∞,target

are also feasible, albeit potentially sub-optimal. As
such, we can use (i − 1, j) or (i, j − 1) as an ini-
tial guess to solve for (i, j). We also add some small
perturbations around these initial guesses for each of
αs,k,i, βs,k,i, v−k , d̂−

k , v+k , d̂+
k , Tk, wk,i, t0 to prevent

the solver from getting stuck, again using a multi-start
approach with Nmulti = 32.

Figure 4 summarises how multi-body cyclers vary
across target relative velocities at the two planetary fly-
bys for npairs = 7 (Earth-Mars) and npairs = 8 (Eden-
Yavin) synodic period cyclers. The left column shows
the minimum feasible lightness number for a given upper
bound (vA∞,target, v

B
∞,target) = (i, j) pair. Again, lower

values indicate easier-to-realise cyclers. The bottom left
corner corresponds to the instantaneous stop-over cycler,
whilst the top right corner is the near -ballistic solution.
It is clear that βi,j ≤ βi−1,j and βi,j ≤ βi,j−1. This
is nice validation that our technique correctly minimises
the sail strength. The right column panels provide rep-
resentative trajectories at selected operating points.

Comparing simple Earth-Mars and solar Earth-Mars
results, it becomes apparent that the eccentricity in-
creases the necessary sail strength β for different target
flyby velocities. The region near (vEarth

∞,target, v
Mars
∞,target) ≥

(6.0, 10.0) have β = 0.0055 for the simple model and
essentially become unconstrained, as further increasing
vupper∞,target for either planet do not reduce the necessary
sail strength. However, the sail strength increases to
β = 0.022 for the solar model primarily due to the eccen-
tricity of Mars’ orbit. It is noted that we fixed the initial
epoch to 0 < t0 < Tsynodic. In [13] the near-ballistic 7-
synodic-period Earth-Mars cycler is found to minimise
the required ∆v launching in August 2003, which is out-
side our initial epoch bounds. Future work can investi-
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Algorithm 1 Multi-body cycler solar sail ZOH cycler-extension with nested multi-start loop.

1: Input: target sequence P = {P0, P1, . . . , PNℓ
}, Nmulti = 32, Nmax

pairs = (Nℓ − 1)/2, Tmax,∆T = Tmax/(2N
max
pairs)

2: Initialise best solutions← {}
3: for npairs = 2 to Nmax

pairs do

4: Assign flyby chain: (PA → PB)npairs → PA

5: Build cumulative time grid: T
(0)
k ← k∆T, k = 0, . . . , 2npairs

6: if npairs > 2 then
7: xprev ← best solutions[npairs − 1]

8: Copy shared variables for warm start from xprev: {v−k , d̂
−
k , v

+
k , d̂

+
k , Tk, wk,i, t0, αs,k,i, βs,k,i, b}

9: Initialise new-leg variables with T
(0)
k , wk,i and small initial αs,k,i, βs,k,i

10: else
11: Build default warm start from T

(0)
k , random flyby angles, and small initial αs,k,i, βs,k,i, nominal b

12: end if
13: for mmulti = 1 to Nmulti do
14: Sample trial guess around warm start
15: Build Solar Sail ZOH Optimisation Problem and solve via IPOPT
16: Store candidate trajectory and optimisation variables {v−k , d̂

−
k , v

+
k , d̂

+
k , Tk, wk,i, t0, αs,k,i, βs,k,i, b}

17: end for
18: best solutions[npairs]← argminm b
19: end for

gate this approach across a range of t0 values to further
reduce the required sail strength.

For the altaira Eden-Yavin case, the sail strength re-
quired for the 8-synodic-period cycler is approximately
half of the Earth-Mars case, at β = 0.148, however
we dont find the same reduction in β as vupper∞,target in-
creases, resulting in similar values of β = 0.022 for
{vEden

∞,target, v
Yavin
∞,target} ≥ {8.0, 9.0}. A clear symmetry

is observed for the stop-over cycler, but this disappears
for the higher relative velocities. Interestingly, the sail
spends more time inside the orbit of the innermost planet
(in this case Yavin) than it does for the Earth-Mars cy-
cler, utilising the greater control authority enabled by
the increased solar flux. This is likely because the 7-
synodic-period cycler for solar Earth-Mars lasts 14.94
years, which is 5.30% of an orbital period from the ge-
ometry repeating itself. On the other hand, an 8-synodic-
period Eden-Yavin cycler has a 29.5% error. Extending
this to 9 synodic periods would reduce it to 16.83% but it
is still further from repeating than the more symmetrical
solar Earth-Mars cycler.

Finally, for comparison, a multi-impulsive transcrip-
tion (MIT) using the same multi-leg flyby structure in-
troduced in Section II for the ZOHα formulation is also
implemented, but where the continuous solar sail accel-
eration is replaced by discrete velocity impulses applied
within each segment (at the segment midpoint in this
setup). Using nseg = 5 (segments per leg) gave a total
∆v across 7-cycles of 999 m/s, compared to the 9, 603

m/s that would be required if an impulse was placed
at each Earth-flyby during the near -ballistic Aldrin-type
cycler mentioned in [13].1

IV. Conclusion
We apply our framework to study both self-cycler and
multi-body cycler orbits in our solar system and the ficti-
tious Altaira system in the GTOC 13 problem [21]. Self-
cyclers, in which a single gravitational body is visited
multiple times, are demonstrated for Earth, Venus and
Eden, whilst multi-body cyclers are shown for Earth–
Mars and Eden–Yavin. Our results show that sail-
enabled cycler orbits exist across a range of lightness
numbers and can be tuned for different frequency and
v∞ requirements, expanding the feasible cycler design
space from near -ballistic cyclers to stop-over solar-sail
concepts.

Future work will look to extend the multi-body cyclers
to other families of near -ballistic cyclers with differing
revisit times and repeats per synodic period. Another
interesting avenue would be separating the sail strength
required for the out-bound and in-bound legs, as done for
stop-over cyclers in [18]. As for self-cyclers, the natural
extension is to consider the link to solar sail enabled peri-
odic orbits in the circular restricted three-body problem
or similar.

1This ignores the potential of a powered flyby, which would
further reduce the required ∆v.
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(a) npairs = 2 (b) npairs = 3 (c) npairs = 4 (d) npairs = 5

Fig. 3: Simple Earth-Mars instantaneous stop-over cycler (vupper∞,target = 0) for different npairs, where each pair is
extended from the previous solution. Each npairs-cycler is restricted to be within npairs synodic periods. The sail
lightness number is β = 0.301.
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(a) Simple Earth-Mars multi-body cycler heatmap (b) Simple Earth-Mars example solutions

(c) Solar Earth-Mars multi-body cycler heatmap (d) Solar Earth-Mars example solutions

(e) Altaira Eden-Yavin multi-body cycler heatmap (f) Altaira Eden-Yavin example solutions

Fig. 4: Multi-body cyclers: left column = minimum-β heatmaps, right column = examples, in the simple, solar
and altaira models for 7− and 8−synodic period cyclers. The initial epoch is bounded within 0 ≤ t0 ≤ Tsynodic.
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