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ABSTRACT

We study entropic fluctuations in the Spin-Fermion model describing an N-level quantum system coupled to several independent thermal
free Fermi gas reservoirs. We establish the quantum Evans-Searles and Gallavotti-Cohen fluctuation theorems and identify their link with
entropic ancilla state tomography and quantum phase space contraction of non-equilibrium steady state. The method of proof involves the
spectral resonance theory of quantum transfer operators developed by the authors in previous works.

© 2026 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0311182

I. INTRODUCTION

This is the fourth and final paper in a series"”° dealing with entropic fluctuations in quantum statistical mechanics, and in particular
with the quantum Evans-Searles and Gallavotti-Cohen fluctuation theorems. Its goal is to illustrate, on the example of the open spin-fermion
model, the general theory developed in Refs. 1 and 5. The work, Ref. 6, was devoted to the justification of the key formulas of Ref. 1 by
thermodynamic limit arguments.

We assume the reader to be familiar with the framework and results of Refs. 1, 5, and 6. In particular, we will use the notation and
conventions regarding open quantum systems and modular theory introduced in these works.

In the context of open quantum systems, the spin-fermion model goes back to the works, Refs. 4 and 7, and with time has become one
of the paradigmatic models of quantum statistical mechanics. The closely related spin-boson model, in which each thermal reservoir is a
free Bose gas, has a much longer history in the physics literature due to its connection with non-relativistic QED; see e.g., Ref. 8, Sec. 1.6.
The description and analysis of the spin-boson model is technically more involved, and the model does not fit directly in the C*-algebraic
formalism of Refs. 1 and 5.

The revival of interest in the spin-fermion/boson model started with, Refs. 9-11 that have generated a large body of literature; an
incomplete list of references is 8 and 12-27. We will comment on some of these works as we proceed. The techniques we will use draw on
Refs. 10, 11, 24, and 28.

The paper is organized as follows. In Sec. II, we introduce the spin—fermion model, briefly recall the main objects of study and state our
results. In Sec. I1], for the convenience of the reader, we recall the modular structure of the model, as well as the a-Liouvilleans introduced
in Refs. 5 and 28 and their connection with the various entropic functionals. Section IV is devoted to the study of these a-Liouvilleans and
closely follows the analysis in Refs. 10, 11, and 24. The proof of the main theorem is given in Sec. V.
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Il. THE SPIN-FERMION MODEL
A. Description of the model

The spin-fermion model is a concrete example of open quantum system with the structure described in Ref. 1, Sec. 1.1, where several
independent reservoirs are coupled through a small system S. The model has a non-trivial small system part, described by a finite dimensional
Hilbert space #5 and Hamiltonian Hg. Its C*-algebra of observables is 05 = & (%5 ), where 2 () denotes the C*-algebra of all bounded

operators on a Hilbert space .#. Its dynamics 7 = e's is generated by g = i[Hs, - ]. Its reference state is wg(A) = tr (A)/ dim 5. This
choice is made for convenience. None of our results depend on the choice of wg as long as wg > 0. Each reservoir subsystem R;j, 1 <j < M, is
a free Fermi gas with single particle Hilbert space h; and single particle Hamiltonian ;. The algebra of observables of R; is the CAR-algebra
0j = CAR(b;), the C*-algebra generated by creation/annihilation operators a; ( f)/a;(f), f € b, satisfying the canonical anti-commutation
relations

{ai(f)a; (@)} =(f-0)1,  {aj(f)ai(g)} =0

The Heisenberg dynamics on ¢ is the group of Bogoliubov * -automorphisms associated to b, i.e., the C*-dynamics defined by 7 (a;(f)) =

aj(e”hf f ) We denote by §; its generator, T} = ¢'%. The reference state wj on 0; is the gauge-invariant quasi-free state generated by the Fermi-
Dirac density operator

T = (1 +eﬁf'h’)71,

where ;> 0 is the inverse temperature. wj is the unique (15,8 j)—KMS state on &;. The full reservoir system R = Ry + - - - + Ry is described by
the quantum dynamical system (&R, g, wr ) where

Op=01® - Q® Oum,
TR=T1® - -Q Ty,

WR =W Q- wM.

The C*-algebra and reference state of the joint system S + Rare ¢ = 0 ® 0 and w = wg ® wg. In the absence of interaction between S and
R, its dynamics is 7 = 75 ® 7R. This free dynamics is generated by 8 = ds + 81 + - - - + dur. Whenever the meaning is clear within the context,
we write A for A® 1 and 1 ® 4, §; for §; ® Id, Id ® §j, etc.

For each j, the interaction of S with R; is described by

j
Vi=> Qk®Rjxe 050, (2.1)
k=1
where Q;x € s is self-adjoint and
Rig = "D 0 (Fr) - 9 (k) (2.2)

with form factors fj ., € b, and where ¢;(f) = % (aj(f) +a; (f)) are the Segal field operators. Following Ref. 4, we assume that:

(SFMO) Forallt € R,je {1,...,M} and (k,m) # (K',m’),

(f;"k’m, eithjf},kr’mr > =0.

In particular, taking ¢ = 0 in (SEMO) ensures that the R;; are self-adjoint elements of ;.
Without further mentioning we will assume (SFMO) throughout the paper. The complete interaction is V' = 3; V;, and the interacting
dynamics 1) is generated by

8 =08+ N[V, - ],

where 1 € R is a coupling constant. The coupled system S + R is described by the C*-quantum dynamical system (&, 1), w). We denote by
wr = w o 7} the evolution of the state w at time ¢.

Remark 2.1. In the simplest and most studied example of spin-fermion model one has .#5 = C*, Hs = 0, and for each reservoir R; the
interaction is of the form V; = 0, ® ¢(f;), where 0, and ox denote the usual Pauli matrices, see the example at the end of Sec. IT D.
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As already mentioned, we are interested in the quantum versions of both Evans-Searles and Gallavotti-Cohen fluctuation theorems, a
convenient reference in the spirit of the present work is the review, Ref. 29. The former refers to entropic fluctuations with respect to the initial
(reference) state w of the system while the latter refers to these fluctuations with respect to the Non-Equilibrium Steady State (NESS) w4 of
the system. The next assumption postulates the existence of such an NESS of (£, 1), w).

(SFM1) For all A € ¢ the limit

wi(A) = Hm wi(A)

exists, and the restriction w, g of the state w4 to Og is faithful, w,g > 0.

In Sec. IT D we will describe sufficient conditions that guarantee the validity of (SFM1).

A time reversal of the C*-dynamics 7, is an anti-linear involutive * -automorphism @ of ¢ such that ® o7} = 17’ 0@ forall te R. A
state v on (&, 7)) is time-reversal invariant if 7 admits a time reversal ® such that vo ®(A) = v(A™) for all A € &. In this case, we will say
that the quantum dynamical system (&, 7),v) is time-reversal invariant (TRI).

If (0, 1), w) is TRI, then (SFM1) implies that for all A € & the limit

w-(A) = tli{n wi(A)
exists, and is given by w_(A) = w; o O(A™).

B. Entropy production and entropic functionals

Before introducing the three entropic functionals which are the main objects of our study, we briefly recall the mathematical framework
needed to define these objects. The purpose here is to fix our notation, and we must refer the reader to Refs. 1 and 5 for a more detailed
introduction and discussions.

Let (7, m,Q) be the GNS-representation of ¢ induced by w. The enveloping algebra M is the smallest von Neumann subalgebra of
% () containing (). A state on M is normal whenever it is described by a density matrix on 7. The states on & obtained as restrictions
of these normal states are called w-normal and form the folium . of w.

The dynamical system (&, 1), w) is modular: w is a (g,, —1)-KMS state where ¢/, = e
generated by

"5“, the modular group of w, is the C*-dynamics

Since 8j(¢;(f)) = ¢;(ihjf), our next assumption ensures that V; ¢ Dom(;), and hence V ¢ Dom(du).
(SEM2) f;xm € Dom(h;) for all j, k, m.

The observable ®; = —A3;(V;) is then well-defined, and describes the energy flux out of the jth reservoir. This brings us to the notion of
entropy production rate, given by the observable’””'

M
0 =28.(V) = 3 B0,
=1
satisfying the entropy balance relation, see e.g., Ref. 30,

Ent(w|w) = —fotws(a)ds. (2.3)

The left-hand side of this relation is Araki’s relative entropy,””” with the sign and ordering convention of Ref. 30. Since this quantity is
non-positive, one has fot ws(o)ds > 0 for all £ € R, and hence w4 (o) > 0.

Remark 2.2. Whenever O is a time reversal for 1), irrespective of the coupling A € R, then ®(V) = V and ©(0) = -0, so that w_(0) < 0.
In particular, w4 (0) = 0if w- = w4
For a € iR, the Connes cocycle of a pair (y, v) of faithful w-normal states is

[Dy : Dv]a = Ay ALY,
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where A,, the modular operator of the state v, and A, the relative modular operator of the pair (y, v), are both non-negative operators on 7.
Thus, ([Dy : Dv]a)aeir is a family of unitaries on # which, in fact, belong to 9t see e.g., Ref. 34, Appendix B. We further have.

Proposition 2.3. Suppose (SFM2) holds. Then, for all t € R, ([Dw; : Dw]«)acir € 7(0).

In what follows we write [Dw; : Dw]y for 77" ([Dw; : Dw]s). Similarly, whenever the meaning is clear within the context, we write A for
7(A). The proof of the above proposition relies on the identity

t
10880 = logAy+ Qi Q= fo 7 (0)ds, (2.4)
and the subsequent norm convergent expansion

[Dwi : Dwla =1+ a" f G "(Q) o™ (Q1)db, - - - b, (2.5)

m2l ch < <B,<1

For more details about Relations (2.4) and (2.5), we refer the reader to Ref. 6, Sec. 2, and in particular Lemma 2.4 and Eq. (2.13) in this
reference.

We can now introduce the three entropic functionals considered in Ref. 5. We only briefly recall their definition and refer the reader to
Refs. 1 and 5 for an in depth discussion.
1. Two-time measurement entropy production (2TMEP)

The following result was established in Ref. 1, Theorem 1.3. Note that Assumption (Reg2) of Ref. 1 is guaranteed by Proposition 2.3. For
any v e .4, t € R, and « € iR, the limit

F(q) = F{lg% fOR vo([Dw— : Dwls)dd
exists, and there is a unique Borel probability measure Q2™ on R such that
@) = [ aQl (o) 2:6)
Moreover, one also has that

R
Fo () = Rlim %f vo gZ([Dw,, : Dw]: [Dw_¢ : Dw]« )d@.
— 00 0 2 2

As discussed in Refs. 1 and 5, the family ( ﬁf,m)tek describes the statistics of a two-time measurement of the entropy produced during a time
period of length ¢ in the system (&, 7),w), when the latter is in the state v at the time of the first measurement. In Ref. 1 it was also shown
that, if each reservoir system (&, 7j, w;) is ergodic, (this holds if the one-particle Hamiltonian 4; has purely absolutely continuous spectrum,

see Ref. 2 for a pedagogical discussion of this topic) then the map
N3V Qe Z(R),

where & (R) denotes the set of all Borel probability measures on R equipped with the weak topology, extends by continuity to the set .# of
all states on @, equipped with the weak* topology. This defines Q,,, hence &y by (2.6), for all v € .. We will be particularly interested in
the case v = w,.

2. Entropic ancilla state tomography (EAST)
Forve .p, t e Rand a € iR, we set

Fenela () = v([Da)_t : Dw]’% [Dw— : Dw]%).

EAST is described by the family of functionals (3 'j‘,f}d"a)teR. When v = @, and up to an irrelevant prefactor, 2" («) provides an experimental

implementation of Fa; (a) through coupling and specific indirect projective measurements on an ancilla, a procedure called ancilla state

tomography, see Ref. 5, Sec. 2.4 and references therein.
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3. Quantum phase space contraction (QPSC)

Forve ¥y, t e Rand a € iR, we set
%Eﬁsc(tx) = v([Dw-¢ : Dw]a).

QPSC is described by the family of functionals (%Eﬁsc)tgk and provides another natural route to the quantization of the classical entropic
functionals (Ref. 5, Sec. 2.7).
Note that when v = w the three families of functionals coincide,

For = For = FE, 27)
and that
6a‘{f;i,frtn(oc)|a=0 = —fdeQiﬁn(s) = Ent(w¢|w). (2.8)
The equalities (2.7) are however broken if w is replaced by some other state v € .%;.
C. Fluctuation theorems and the principle of regular entropic fluctuations
We first strengthen (SFM2) to

(SFM3) fjjm € Dom(e“‘hﬂ) foralla > 0 and all j, k, m.

Since ¢ (9;i(f)) = (p(e_ieﬁfhf f), Assumption (SFM3) guarantees that V is an entire element for the modular group ¢,, so that the
regularity assumption (AnV(9)) of Ref. 5 is satisfied for any 9 > 0.

Our next assumption ensures that all the reservoir subsystems (&}, 7j, w;) are ergodic. As a consequence, the probability distribution

™ and entropic functional Fo.™; are well-defined.

(SFM4) h; has purely absolutely continuous spectrum for all j.
The last two assumptions have the following consequence.

Theorem 2.4. Suppose that (SEM1), (SFM3) and (SFM4) hold. Then, for all t € R:
(1) The map
iR>a+ [Dw;: Dwly € O

extends to an entire analytic function.
(2) The maps

am For (@),

o Witft(“),

@ F" (@),

o Fo(a),
defined for « € iR, extend to entire analytic functions. Moreover, for all a € C,

Bil(@) = [ Qi) FN@ = [ e dQiN(s).

(3)  The measures Q27 and QA" are equivalent (they have the same sets of measure zero), and for some constants k, K > 0 and all t € R,

Wt

2tm
k< dQ“z’;n‘f <K.
de,t

Proof. Part (1) follows from (SFM3) and Ref. 5, Proposition 2.11 while Part (2) is a consequence of (SFM1) + (SEM3), Ref. 5,
Proposition 3.2 and a well known property of Laplace transforms. Finally, Part (3) follows from (SFM4) and Ref. 1, Theorem 1.6. O

J. Math. Phys. 67, 022101 (2026); doi: 10.1063/5.0311182 67, 0221015
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Assuming that (SFM1)-(SFM4) hold, we are now ready to introduce the principle of regular entropic fluctuations (abbreviated the
PREF) of Ref. 5. There, the PREF was introduced in several forms: weak, strong, and strong + gpsc. Here we will deal only with the latest (and
strongest) form, and therefore we drop its qualification.

Definition 2.5. Let I =]9_,9,[ be an open interval containing 0. We say that (&, 1), w) satisfies the PREF on the interval I if, for all € I,
the limits

FE™(a) = lim © log 327'(a),

m . 1 m
Fif+ (a) = zlirg? log 3Z‘+’t(a)’

(2.9)
FE (o) = Jim + log 24" ()
FI7(a) = Jim +log 5% ()
exist, and define differentiable functions on I, satisfying
F." = )" = Fy® = FP, (2.10)

We denote by F the common function in (2.10).

Remark 2.6. While o7 (a), o™ («) and F(«) are obviously positive for a € R, the quantity Fari(a) is a priori complex. The

wy,t
principal branch of the logarithm should be understood in the definition of F¢r--. This makes log 32}155(0() well-defined for A small enough
(this is not restrictive since all our results will be perturbative in 1) and ¢ large, see (5.8) and Remark 5.6.

Definition 2.5 has several aspects. By the Gértner-Ellis theorem, the existence and differentiability of the first limit in (2.9) give that the
family of measures (Qi,"tn(t ))t>0 c 2 (R) satisfies a large deviation principle on the interval ]a, b[, where ]a, b[= R if I = R, and otherwise

a= ImOF" (@), b= lmOFL(w)

with the rate function

I(s) = sup (sa - F," (-a)).

This is the quantum Evans-Searles fluctuation theorem. When the system is TRI one moreover has 27 (&) = FA7(1 — «) for all real & and
all £, see Ref. 1, Theorem 1.4. This leads to the celebrated symmetry

I(-s) =s+1(s), (2.11)

called the quantum Evans-Searles fluctuation relation, that holds for |s| < min{-a, b}, see Ref. 5, Proposition 2.6.

The existence and differentiability of the second limit in (2.9) give that ( o (t ))t>0 c Z(R) satisfies a large deviation principle on

the interval Jay, by [, where Ja,, by [= R if I = R, and otherwise
a; = lim 0. F2™ (), + = lim G Fo™ (a),
ald_ atd,

with the rate function

L, (s) = sup (sa — Fi,t:n(—oc)).
—ael

This is the quantum Gallavotti-Cohen fluctuation theorem. Theorem 2.4(3) identifies these two fluctuation theorems: Fiﬂn =P g=q,,
b =b,, I = L. If the system is TRI, the symmetry I, (—s) = s + L. (s) therefore also holds. This is the quantum Gallavotti-Cohen fluctuation
relation.

The other equalities in (2.10) link the 2TMEP with EAST and QPSC. For a more thorough discussion about the PREF we refer the reader
to Ref. 5 (see in particular Sec. 2.8).
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D. Main results

We start by introducing our final assumptions. The first two are linked to the complex spectral deformation of Liouvilleans in the so-
called “glued” Araki-Wyss GNS representation of ¢; induced by w; and originally introduced in Refs. 10, 11, and 24. The third assumption is
the Fermi golden rule condition which ensures that the small system S is effectively coupled to the reservoirs. The fourth and last assumption
will ensure time-reversal invariance of the coupled system when needed.

(SEM5) There exists a Hilbert space $ such that, for 1 < j < M, b; = L*(R,ds) ® $ and h; is the operator of multiplication by the
variable s € R,.

The assumption that $; = $ for all j is made only for notational convenience. The other parts of (SFM5) will play an essential role in our
analysis. In what follows we will often write b for h; and k for k. Note that (SEM5) implies (SFM4).
We assume that J#5 and $ are equipped with complex conjugations which we denote by - . These anti-linear involutions extend naturally

to 2 (#s), b, T-(h) and their tensor products. We will also denote by - these extensions. The assumption that this conjugation is the same
for all reservoirs is only for notational convenience, and one could choose a different conjugation in each reservoir. To each f € ) we associate

the function f € L*(R,ds) ® $ defined as

f(ls]) ifs<o.
Let 3(r) = {z € C | |Imz| < r} and denote by H*(r) the Hardy class of all analytic functions f : 3(r) - $ such that

1y = sup [ 17(s+i6) [3ds < e
|6]<r /R

Fs) = {f(s) ifs>0, (2.12)

Our next regularity assumption is

(SFMS6) For all r > 0 and all j, k, m,]?j,k,m € Hz(r). In addition, for all ¥ > 0 and all a > 0,

sup [ e [Fipm(s +10)[3ds < oo.
|6|<r /R

Note in particular that (SFM6) implies (SFM3), and hence (SFM2).
We now turn to the Fermi golden rule condition. Invoking (SFMO), the fermionic Wick theorem gives

w; (Rj,k‘r; (Rj,l)) =0y f)_jl wj ((p,- (fj,k,m)q)j (eithffj,k,m ) ) (2.13)
In Sec. IV B 2 we shall see that Assumptions (SFM5)-(SFM6) imply that, for any 0 < a < 7/ B;>
Gt (1) = @3 ( 01 (fian )91 (™ fisom ) ) = O(e™™),
as [t| — co. Note also, see e.g., Refs. 4 and 35, that
cix(u) = fR e " wj(Rixti(Rix)) dt > 0
for all u € R. Our Fermi golden rule assumption is

(SEM?7)
(a) ¢ix(u) >0forallu e {E' —E|EE esp(Hs)} and all j, k. (sp(A) denotes the spectrum of the operator A.)

(b) Forallje {1,...,M}, (&' denotes the commutant of the set & ¢ % (.#5).)

{Qx |1 <k<m} n{Hs} =C1.
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Remark 2.7. (SFM7)(a) is usually formulated in terms of the non-negative matrices h;(u) = [h;kl) (u)] where
Kkl —iu
1 (u) = fR ey (Rixti (R;y))dt,

and requires hj(u) > Oforallu € {E' - E| E,E’ € sp(Hs)} and all j. (SFMO0) however implies that h;(u) is diagonal, see (2.13), hence hj(u) > 0
indeed reduces to ¢jx(u) > 0 for all k.

Note that the spin-fermion model may not be time-reversal invariant. The next assumption ensures it is.

(SFM8) The complex conjugation of $ is such that fj,k,m = fikm for all j, k,m. Moreover, the complex conjugation on .5 is such
that Hg and i"#("ix—1)/2 Q) are real with respect to the induced complex conjugation on % (.75).

Our main result is
Theorem 2.8. Suppose that (SEM5)-(SEM7) hold. Then:

(1) There exists A > 0 such that (SFM1) holds for 0 < |A| < A.
(2) Forany 9> 0 there exists A > 0 such that the PREF holds on ]-9,1 + 9[ for 0 < |A| < A. Moreover, the function

1-91+93a~ F(a)

is real-analytic. It is identically vanishing on |-9,1 + 9 if B, = - - - = B, and otherwise strictly convex on this interval.
(3) Ifthe system is TRI, in particular if (SEM8) holds, it moreover satisfies the symmetry

F(a) = F(1 - a).

Part (1) was established in Ref. 24 and is stated here for completeness. We will prove Part (2) using the techniques developed in Refs. 10,
11, and 24 and following the axiomatic quantum transfer operators resonance scheme of Ref. 5; see also Sec. V G. As already mentioned, Part
(3) follows readily from time-reversal invariance. It is an equivalent formulation of (2.11), and for this reason is also often called fluctuation
relation.

Remark 2.9.

(1) It follows from (2.6) that the function F is real-valued and convex on ]-9,1 + J[. It satisfies F(0) = F(1) = 0 and, due to convexity,
F(a) <0forae[0,1]and F(e) > 0 for « ¢ [0, 1]. The fact that F is either identically vanishing or is strictly convex on ]-9, 1 + 9[ then
follows from its analyticity. Finally, F is strictly convex iff w. (o) > 0, see Sec. V E.

(2) Although the interval ]-9,1 + 9[ on which the PREF holds can be taken arbitrarily large, our result is not uniform in the sense that A
has to be taken smaller and smaller as 6 grows. This restriction resembles the high temperature one that is present in Ref. 24.

(3)  Foradiscussion of the dependence of A on the ;’s see Refs. 23 and 24.

Example: The simplest spin-fermion model
In its simplest version the spin-fermion model S is a two-level system, i.e., %5 = C?, with Hamiltonian H 5 = 0;. The interaction between
s and each reservoir R; is of the form

Vj=0x®9i(fj),

ie, in (2.1)-(2.2) and for all j, k we have m; = nj; = 1, Qjx = 0x and we assume that the form factors f; satisfy (SFM6) and (SFMS8). The
operators Hg and Q; = o are real with respect to the usual conjugation on M,(C) so that the system is TRI. Finally, (SFM7) reduces to
I£i(2) |3 > 0 for all j.

Under these assumptions Theorem 2.8 holds true. Although it does not appear in our notation, F also depends on A, and we have

F(a) = \’Fy(a) + O(%)

where
L E- T _ cosh ((Bj =B )(1 —2a)) \ = o\ 127 2
R =5\ L HEI J P (1 8 an (g + LB B2 Y1700 2 o | C.14
J. Math. Phys. 67, 022101 (2026); doi: 10.1063/5.0311182 67,022101-8
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I1l. QUANTUM TRANSFER OPERATORS APPROACH TO THE PREF

As mentioned at the end of Sec. II D, the Proof of Theorem 2.8 is based on the study of complex resonances of a suitable family of non
self-adjoint operators called a-Liouvilleans. These operators are generators of one-parameter groups of so-called quantum transfer operators.”
The a-Liouvilleans are defined on the GNS Hilbert space .7 and are a generalization of the C-Liouvillean introduced in Ref. 24 in the study of
NESS. In this section we briefly recall the “glued” Araki-Wyss GNS representation of the free Fermi gas, introduce the a-Liouvilleans of Ref.
5 in the context of the spin—-fermion model, and recall their connection with the entropic functionals.

A. The “glued” Araki-Wyss representation

The original Araki-Wyss representation was introduced in Ref. 36. For pedagogical introductions to the topic we refer to Refs. 28 and
37-39. The “glued” form of this representation was introduced in Ref. 24 and is an essential step in our spectral approach.

Let h = L*(Ry4,ds) ® §, h be the operator of multiplication by the variable s € R, [recall (SEM5)], and let w be the quasi-free state on
CAR(bh) generated by

T= (1] +eﬁh)71

where 8 > 0. The C*-dynamics T is the group of Bogoliubov * -automorphisms induced by h. We recall that w is the unique (7, )-KMS state
on CAR(h).
Setting b = L*(R,ds) ® 9, to any f € h we associate the pair (fﬁ,f;;) € b x by given by

) = (*+1) "Fo. e =i(# 1) T, (3.1)

where f is defined in (2.12). Note that f f; (s) = ifg(—s). The “glued” Araki-Wyss representation of CAR(b) induced by w is the triple (2%, 7, Q0),

where # = T_ () is the antisymmetric Fock space over b, Q € . is the Fock vacuum vector, and

w1 =7(f5) = 5 (@ () +a(5)

@* /@ denoting the fermionic creation/annihilation operator, and @ the associated Segal field operator on the Fock space I (§).
In this representation the standard Liouvillean of 7 is

&£ =dI(s),

where, with a slight abuse of notation, s denotes the operator of multiplication by s on . The modular operator of the state w is

Ao =e L =T(e),
and the modular group acts as

L@(fi) =BG (f)as" =5 fy)

Finally, the modular conjugation J is such that

T3(f)] =15 (),
where N = dI'(1) is the number operator on T ().

We finish with a remark regarding the thermal factors in (3.1).

Remark 3.1. The maps

Rasw (e*ﬁs + 1)71/2

have analytic extension to the strip |Im z| < 77/f and for any 0 < r < 7/,

—-1/2
sup e*ﬁz+1) ! < oo, (3.2)

|Imz|<r

This basic fact will play an important role in what follows.
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B. The modular structure of the spin-fermion model

For computational purposes it is convenient to work in the following GNS-representation (., s, Qg) of the small system algebra
Os = % (Hs) associated to the faithful state wg. The GNS Hilbert space is /% = s, equipped with the Hilbert-Schmidt inner product

(X,Y) = tr(X"Y). The representation is the left multiplication, 75 (A)X = AX, and the cyclic vector is Qg = wls/ * = dim (#5)"*1. The mod-
ular operator of ws is trivial, Ayg X = X, the modular conjugation is JsX = X * and the standard Liouvillean of 75 is 45X = [Hs, X]. Note in

particular that sp(%5) = {E—E' | E,E € sp(Hg)}.
For each 1 < j < M we denote by (4, mj, Q;) the “glued” Araki-Wyss representation of ¢; induced by wj, as described in Sec. III A. We
also denote by ¢;, %}, Aj and J; the associated field operator, standard Liouvillean, modular operator and conjugation. The GNS representation

of the C*-algebra & of the spin-fermion model induced by the reference state w is

H= M@ @ ® M,
M= ®mM Q- &QmM,
Q:Qs®Ql®~-~®QM.

We adopt the shorthand Qp = Q1 ® - - - ® Qu. The modular operator and modular conjugation of the state w are
Ao =D0g ®A1®- - ® Ay, J=Js®1® - ®Jum,

and the modular group acts as
6 ~ —i0f; s ~ —i0Bys
S(r(Aeo(fi) @ @ p(fu) = ms(4) @i (e " fig ) @ @ Fu(e P g, ).
The standard Liouvillean of the free dynamics 7 is
L =Ls+ D+ + Dy
and the standard Liouvillean of the interacting dynamics 7, is
A =L+ An(V) = Mnr(V)].
Note that 7( V) is a sum of terms of the form
P g Q) ©F (fisas) B (fiiomas)

corresponding to (2.1) and (2.2). Similarly Jz(V)] is a sum of terms of the form

"D e (Qu)s @ [i€™ 3 (Fang )] 1€ (f ks ) (3.3)

where Jsn5(A)JsX = XA*, and N;j is the number operator on . We will denote by - the complex conjugation on . naturally associated to
the ones on 75 and $.

C. Two families of Liouvilleans

Central to the Proof of Theorem 2.8 is the following family of a-Liouvilleans .%} , of Ref. 5, first introduced in Ref. 28. For « € iR they are
given by

B = Lo+ Mm(V) =T, “(m(V)))).

Note that, in analogy with (3.3), B
Jsa (m(V))] (3.4)

is a sum of terms of the form
DR e (Qu)Js © [iemN’%‘ (eiaﬁjsf;,k,l,ﬁj )] o [iemN’?ﬁj (eiaﬁjsf;,k,nj,k,ﬁ] )] (3.5)

Under Assumption (SFM6), %) , is defined for all a € C by analytic continuation of (3.4) in the variable «. Note that, due to the linearity/anti-
linearity of the map b 5 f — @ () /a;(f) € nj(6;), the analytic continuation of the factor ?ﬁj(ef"‘ﬂfs f;ik,m,ﬁ)) in the product (3.5) is given, for
arbitrary « € C, by

3 ik )+ T (€ L ))
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In what follows, for « € C, we set
—id i
Wi(a) =7(Vj) = Jso  (2(Vi)),  W(a) =) Wi(a).
=

it%’“) on J7, unitary for
teR

will play a particular role in the analysis of the 2TMEP, EAST and QPSC functionals.

For arbitrary a € C, the a-Liouvillean .# , generates a bounded, strongly continuous one-parameter group (e

a € iR. These so-called quantum transfer operators et

We also introduce the closely related operators
— _ - 1
Do = D Ly o = L+ )mm“/zw(E - oc)Af)/ 2 (3.6)

The primary reason for introducing these a-Liouvilleans is the following representation of the entropic functionals [Ref. 5,
Proposition 3.2 and Egs. (5.11)-(5.12)].

Proposition 3.2. Foralla € CandteR
[Dw—; : Dw]aQ = e Fineq [Dw_; : Dw]s[Dw-—¢ : Dw]sQ = e,
2
As a consequence, foralla € Cand t, T € R,
(1) B (@) = (@ Fheq).
@) §F(@) = (@, [Das : Dalu@) = (0, FuneDireq).
(B) Fl(g) = (Q,eT %01 Do, : Do [Dw-s : D Q) = (0, "D eitLie),

[
2

Remark 3.3. All the above identities are first derived for « € iR, and then extended to «a € C by analytic continuation. Indeed, as already
mentioned, (SFM3) implies Assumption (AnV(9)) in Ref. 5 holds for arbitrary 9 > 0, which guarantees that all the involved quantities have
entire analytic extensions.

IV. LIOUVILLIEANS: SPECTRA, RESONANCES AND DYNAMICS

The proof of our main Theorem 2.8 relies on the representation of the entropic functionals given in Proposition 3.2, on complex defor-
mations of the a-Liouvilleans, and on the analysis of the spectral resonances unveiled by these deformations. The general strategy is adapted
from Refs. 10, 11, and 24, to which we refer for more details.

For the reader’s convenience, in this section we briefly recall the construction of the deformed Liouvilleans and their main properties,
introducing their spectral resonances. The central results of this section concern the large time behaviour of the associated quantum transfer
operators and are given in Secs. IV Cand IV D.

A. Complex deformation of %,

Following on Remark 3.1, we set # = min;(7/B;) and denote by .7 the collection of all the fjnp and f;f,k,m,ﬁj' It then follows from
(SFM6) and (3.2) that, forany 0 < r < #anda > 0, # c Hz(r) and

sup f e £ (s +16)|2ds < oo.
e F IR

|6l<r

Let p = i0; be the generator of the translation group (e "% f)(s) = f(s + ). Set P = dT'(p) and define the unitary group (U(8))ger on 2 by
UB)=T®e ' ®-..®e %, Further setting
W(a,0) = U(O)W(a)U(-0), (4.1)

we observe that

Z(0) = U(0) 2 U(~0) = % + N,
L.a(0) =U(0)21,.U(-0) = Z + ON + AW(a, 0),
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where N = Zj Nj. The map (4.1) has an analytic extension
Cx3(?) 3 (a,0) » W(a,0) € B(57), (4.2)

which is bounded on B x 3(r), for any 0 < r < # and any bounded B c C. This allows us to define £ ,(0) for A, a € C and 6 € I(#). In what
follows, we write

3*(r)={zeC|0<Imz<r}.
We now summarize the basic properties of the family (£),4(6) )y (; of complex deformations of the a-Liouvillean .2} .

(@) ForIm8 # 0, %:(0) = % + ON is a closed normal operator with domain Dom(.%;;) N Dom(N). Its discrete spectrum is sp(.%5 ) and its
essential spectrum is the union of lines R + i Im (6)N*. (N* = N\{0}.) Moreover, #;(0)* = #(8), and for z ¢ sp(Z:(6)), one has

1
dist(z,sp(Z:(6)))’

(b) For (L, a,0) € CxC x3I*(#), La(f) is a closed operator with domain Dom(.%;) nDom(N), and adjoint .Z4(6)* = % ;(6).
Moreover, with

I(z— 2:(0)7"] = (43)

Cap = |W(a, 0)],
one has
$P(£1a(6)) < Dy = {2 € C | dist(z 5p(4(0))) < NCo},
and for z € C\D) 40,

1
dist(z,sp(Z:(0))) — [M|[Cap”

|(z~ 2.a(8))7"| <

All these results follow from (a) and standard estimates based on the resolvent identity.
(c) For (Aa0) e C xC xJI*(#), 2 (0) is an analytic family of type A in each variable separately (see, e.g., Ref. 40, Sec. XII.2).
In the following we fix 0 < r < # as well as 9, { > 0, and set

C= sup Cup, B(9,0) ={z € C||Rez| < 9,|Imz| < {}. (4.4)
| Im 6|<r
xeB(9.0)

(d) Suppose that a € B(9,{). Then, if Imz < —[A|C,

s Lilm (z- L1a(0))" = (z- Lia(ReB))
m 60

The proof is the same as that of Ref. 10, Lemma 4.8.
(e) Let

1
rS:min{|e—e'| e,e'esp(ﬂs),eqte'}, 0<k< &

and A > 0 be such that
AC = A = min {KT’, %S}

It then follows from (b) that for |A| < A, a« € B(9,{), and (1 — x)r < Im 6 < r, one has
P(L.0(0)) < {w e C | Tmw > (1 - 267} U {w € C | dist(w, 5p(.25)) < A}, (45)
Moreover, for all
zefweC | Imw < (1- 30, dist(w,sp(%)) > r5/2},
and forall |A| < A, a € B(9,(), (1 - ¥)r < Im 6 < r, the estimate

Iz Zia(®) ' < - (“6)

holds, see Fig. 1.
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FIG. 1. Picture of the z-plane (it is assumed here that xr < rg/4). The black dots are the eigenvalues of .Z5. If 6 is in the hashed area, the spectrum of the deformed
Liouvillean %, ,(6) is in the shaded areas (which extends to infinity on the top side).

The first condition A < «r ensures that the two subsets on the right-hand side of (4.5) are disjoint. It follows that the spectrum of
A.(0) in the subset {z € C | dist(z,sp(.Z)) < A} is discrete. The second condition A < rg/4 ensures that for any distinct e, ¢’ € sp(.%5)

{zeC|lz—e|<A}n{zeC|lz-¢|<A} =4

so that the spectral projection

2

200 = § (=507 5

|z—e|=rg /2

onto the part of spectrum of % , () inside the disk |z — e| < r5/2 has exactly the same rank as the spectral projection 1.(%s) of Z for
the eigenvalue e. This spectrum actually coincides with the spectrum of a linear map

Z(A, ) : Ranl.( %) — Ranl.( %), (4.7)

called quasi-energy operator in Ref. 24, that does not depend on 6. Hence, the spectrum of % ,(6) in the half-plane Imz < (1 - 2x)r is
discrete and independent of O aslong as (1 — k)r < Im 6 < r. The finitely many eigenvalues in this half-plane are called spectral resonances
of 4 «. We shall briefly recall the construction of the quasi-energy operators X (A, &) in Sec. IV B 1.

(f) We start with the observation that, for Im 6 > 0, (e”‘iﬂ“(g)) . is a strongly continuous contraction semi-group on 7. It then follows
[

that for all (A, &) € C*and 0 < Im 0 < 7, (e""%'“(g)) . is also a strongly continuous semi-group on J#. For t,1,0 € R and « € iR, one has
>

it-Da(0) _ @ia’geitﬁr(ﬁ)

with the unitary cocycle

Glap =T+ ()" / Wi, (a,0) - - Wi, (@, 0)ds - - - sy,

>
nzl 05y <+ <5, <1

where
Wi(a, 6) = &L (® W(a, B)efit"%(e).

By Assumptions (SFM5)-(SFM6), the map (a, 6) — Wi (a,0) € B () extends to an analytic function on C x J(#), bounded for
(o, Im 6) in any compact subset of Cx] — #, #[. It follows that for ¢ € R, (1, a,8) > © , 4 is an analytic function on C* x I(#), bounded
for (A, o, Im 6) in any compact subset of (sz] - #,7[. Note that since U(8" ) W(a, ) U(-0") = W(a,0 + ") for 6 € R, one has

U(0')6)00¥ = 6) g0 UV
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Thus, if ¥ is analytic for the group (U(6) )ger ina strip 0 < Im 0 < p < 7, so is ®} , o'V, and the latter identity extends by analyticity.
The family (eieN )Im g5 18 @ strongly continuous contraction semi-group which is analytic in the open upper half-plane Im 6 > 0.
Thus, if ¥ € 5 is analytic for the group (U(8))ger in a strip 0 < Im 6 < p, then, for ¢ > 0, the map

R0 L Ou(g)w = " Ne Ly (g)w
has a bounded continuous extension to the strip 0 < Im 0 < p which is analytic in its interior. It follows that the same holds for the map
R>0+ U(G)eitj“‘l’,
and hence that the respective extensions satisfy
&L O U)W = U(0)e Dy
for 0 < Im 0 < p. Combined with the previous results, we conclude that
65 o€ L OUO) = 6}, pU(0)e" LW = U(0) 6} e 0¥,

and so
L@y )y = U(h)e" Ly, (4.8)

For later use, see in particular Sec. V C, we summarize the above discussion in the following lemma.

Lemma 4.1. If Y is analytic for the group (U(0))ger in a strip 0 < Im 6 < p < 7, then the map
R0 UB)e"Dw e 7
has an analytic extension to the same strip, which is bounded and continuous on any closed substrip, and for any 0 in this strip

Oy )y = U(9)e" ey,

B. The quasi-energy operators

In this section we first recall briefly the construction of the maps .(A, a). They go back to Ref. 41 and we refer the reader to e.g., Refs.
10, 24, and 41 for more details. In a second part we study their connection with the Davies generator and the level-shift operator, see e.g.,
Refs. 4, 16, 35, and 42. This connection plays a key role in the study of spectral properties of (A, &), hence of .4} ,(8), and which is given in
Sec. IV B 3.

The standing assumptions in this section are the ones made in Paragraph (e) of Sec. IV A.

1. Construction of e (A, «)
The map (A, &) = 2) 4.(0) is analytic and
Do,we(0) = 200.0(0) = 1e( L) = 1e(L5) ® [QR) Q).
It follows from the estimate (4.6) and the resolvent identity that, by possibly making A smaller,
sup [ 21ue(6) = Lo0e(0)] <1

[Al<A
weB(90)

for all e € sp(%). This gives that the map
Sl,zx,e(e) = Qo,o)e(e).@/\’a)e(e) : Rano@m,e(e) d RanQo,o,e(G)

is an isomorphism, reducing to the identity for A = 0. The quasi-energy operator (4.7) is defined by

Ze(Aa 0‘) = S/La,e(g)gl,a,e(H)ﬁ,a(e)g)t,a,e(e)s/\,a,e(6)_1- (49)

As the notation suggests, Z.(A, &) does not depend on 6, see e.g., Ref. 10. In the following, it will be convenient to identify RanS, ,.(6) =
Ranl.(%) = Ranl.(%) ® Qp with Ran1.( %), so that Z.(A, «) will act on the eigenspace of %5 for its eigenvalue e.
By construction these quasi-energy operators satisfy

sp(Ze(L,a)) = sp(Lia(0)) N {z € Cllz - ¢ <r5/2},

and have the following properties which follow from regular perturbation theory.""*"**
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(1) Themap (A, a) — Z.(A, ) is analytic and
Te(ha) = el (L) + 122 (a) + O(1), (4.10)

where the estimate O(A*) is uniform in « € B(9,{). The term linear in A vanishes due to Assumption (SEMO), and it is at this point
that (SFMO) enters critically in the proof.
(2) A Fermi golden rule computation gives

23 (a) = lim 1.(Le)TEW () (e + ie — %) ' W(a) Ts1e(Z5), (4.11)

where Ts : 5 5 X — X ® Qp has the adjoint T¢X ® Vg = (Qp, YR)X.

(3)
)= @ e, @)= @ ()
cesp(Ls) cesp(Ls)
defines two operators acting on .. The operator = () is the so-called level-shift operator for the triple (%, %, W(a)), see e.g.,
Ref. 42. Equation (4.11) also allows to define 2 («), hence 2?(a), for all a € C.

2. Quasi-energy operators and deformed Davies generators

In this section we turn to the close relation between X® («) and the deformed Davies generator introduced in Ref. 35. We will use this
connection in Sec. IV B 3 to study spectral properties of £ (). Those of £(A, &) will then follow from regular perturbation theory.
It follows from (SFM5) and (2.12) that

) = ()€ ) = 3 Uit (1= 1)+ ) ) = [P, ey

/f]km( s)fjkm(s) el q

1+e P

S,

and (SFM6) allows to deform the integration contour from R to R + ia, as long as |a| < 7/p;,

Com(t) = %fmfj,km( (s:tla))f]km(sim) 1) 4

l+e ﬂ](sila)
This gives that G (t) = O(e™M) for all j, k, m, provided 0 < a < 7. Hence, it holds that

(SFMO00) For some € > 0 and all j, k, m,

/ €k (2)|t°dE < o0,
0

Denote by 7;, the C*-dynamics on 0s ® 0; generated by ds + &; + iA[Vj, - ]. Assumption (SFMO0) and (SFM00) go back to Ref. 4, where
it was shown that, for all X, Y € 05,

limws ® wj(Xrgj o Ti)j(Y)) = wg (XefK"(Y)), (4.12)

A2i=t
for some Kj € 2 (0s). By similar arguments, see Ref. 42, one can show that
. —t t _ ¢K
llgrol w(Xzy' oy (Y)) = ws(Xe (Y)),
A“t=¢
with

K=3 K,
J
K; is the Davies generator of the system S + R; and K that of the full system S + R. The semi-groups (eth )tZO and (etK)tZO are completely

positive and unital on s. If Assumption (SFM7) holds, these semi-groups are also positivity improving, see e.g., Refs. 35 and 44.
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For « € C, following Ref. 35, we define the deformed Davies generators Ko and K, acting on &5 by

Kej(X) = Kj(Xe“ﬁfHS)e‘“ﬁfHS, Ke=> Kaj. (4.13)
]

We note that K; commutes with s (see Ref. 4, Theorem 2.1 or Ref. 42, Theorem 6.1) so that
Karzj(X) = € IS Ky (e#75X), (4.14)

for all z € C. For a € R, the semi-groups (etK‘” )t>0 and (etK"‘ )t>0 are also completely positive, and they are moreover positivity improving if

Assumption (SFM7) holds, see Ref. 35, Theorem 3.1.
The following proposition gives the announced connection between these deformed Davies generators and the level-shift operators.

Proposition 4.2. Suppose that (SEMO0), (SFM5) and (SEM6) hold. Then, for all « € R,

2P (@) = ~iKyjp e (4.15)

Corollary 4.3. Suppose that (SEMO0), (SFM5) and (SFM6) hold. Then, for all o € R the semi-group (e”zm ("‘))t>0 is completely positive,
and unital when o = % If Assumption (SEM7) holds, then this semi-group is also positivity improving. :
The relation (4.15) can be proven by direct computation, see e.g., Ref. 16, Sec. 6.7 or Ref. 42. Alternatively, one can give a structural proof

following Ref. 3 where (4.15) was established in the cases & = 0 and & = 1/2. (Note that our convention for the Davies generator differs from
the one in Ref. 3 by a factor i.) For the reader’s convenience we finish this section with a Proof of Proposition 4.2 along these lines.

Remark 4.4. Proposition 4.2 can actually be proven under much more general condition than (SFM6). However, making this assumption
does not affect the generality of our main result while allowing for a relatively simple proof of Lemma 4.5 below which is the main technical
ingredient of the argument.

Recall that €); is the vector representative of the state w; in the GNS Hilbert space of the jth reservoir. Setting
Aaj=Ls+. 2+ AWj(a),
one has the following lemma, compare with (4.12).
Lemma 4.5. Forall X,Y € #(45) and a € iR,

-itZLg e

. e (2)
lim (X ® Qe S Dy @ ) = tr (X* ™ @),
A—=0

2=t
where Z;z) («) is the level-shift operator for (5, L5 + £, Wi(«)),

=P (a) = @g 13%1ue(zs)T§wj(a)(e+ie— (L + %)) Wi(a) TsTo(L5). (4.16)
eesp(ZLs)

Proof. The proof is an application of Ref. 42, Theorem 3.4. In that theorem the only assumption which requires a comment is the
following one: for some Ag > 0

f sup ‘z@ Wj(oc)eit(l_'gz)%'“"’(l_‘@) Wj(a) 2| dt < oo,
0 =h

where & = I ® |[Q;)(Q;j|. To check it, we introduce complex deformations as in Sec. IV A,

L,0j(0) = U(0) L1, U(-0) = £,i(0) + AWj(a, 0),
fo)j(e) = fs + f/} + QN]'.

For Im6 > 0, (eit“%f(a)) . is a strongly continuous contraction semi-group on .7 ® .. Hence, for all A,a € C and 0 < Im 6 < #, the per-
>

turbed family (e“”‘%'“’f(e)) . is a strongly continuous semi-group on & ® . Moreover, since ZU(0) = 2 = U(-0)2, we can write
>
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It follows from (SFMO) that 22 V; 2 = 0, [that & V; & = 0is also necessary to get (4.12), see Ref. 4] and similarly 22 W (a, 8) 2 = 0. It therefore
suffices to prove that
f sup
0 st

for some Ao > 0 and some 8 such that 0 < Im 6 < 7. Observing that the operator appearing in the last formula belongs to the semi-group acting
on Ker# and generated by

it(1-P) L. (6)(1- ) (1

(1= 2)e - 2)|dt < oo, (4.18)

(1= 2)L10j(0)lkerp = 5 + dU(s + O) |z + A(1 = Z)W (& 6)[xer 05

we get, for A =0and t > 0,

ir(l-%%j(e)(l-gz)(l 3 ~t1m (6)

ja-2)e 7)) =e

and a standard estimate on perturbed semi-groups (Ref. 45, Theorem 3.1) gives

—t(Tm 6—|A[|| W (a,0) \I))

0= L) O0-P) (1 _ )| <e

[(1-2)e
so that the estimate (4.18) follows by fixing 6 such that 0 < Im (6) < # and 0 < A small enough. ]
Proof of Proposition 4.2. For « € iR we have that
Vi(@) = s e )PP vie B D) s 01) = PP (s @ 1) viUs @ e,

Consider now the operator Hs +.%; + AV; where, with the usual abuse of notation, Hg stands for 7(Hs), and so Hg + AVj e 1(¢). By the
Trotter product formula,

S LD (1 @ 1) Vi(Js @ Jj)e PS4 < lim (s MD/MeBE' (1 @ 1) Vi (s @ ) (e T e

n—oo

it.Z, -it.Z,

Since, for t € R, e““in(&)’e c 1(6)’, we derive that for « € iR,

V]#(a) _ eaﬁ](Hs+ftg+Avj)(]S ®]j)Vj(]s ®]j)e—aﬁj(1{5+2§+av,)' (4.19)

Using that %5 + % + AV = L4 — AVf(oc) commutes with Hg + .Z; + AV, (4.19) further yields that
L = eaﬁj(HS+Z+lVJ) j){)o,je-aﬁj(zisﬂfgmvj)'
Combined with Lemma 4.5, this relation gives that, for a € i(=(, (),
=P (a)(X) = 53 (0) (™S X). (4.20)
By analyticity, this relation holds for all « € R, provided its left-hand side is given by (4.16). It was shown in Ref. 3, Theorem 3.1 that
2;2)(0) = —iKyp,

and so

2 (@) (%) = 3 2 (@)(X) = 3 P52 (0) (e X) = iy €IS K (7P X).
] J J

Taking into account (4.13) and (4.14), we finally get

2(2)(0‘) = *iZ Kipp-aj = =Ky j2-a
j
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3. Spectral analysis of (A, «)

As a direct consequence of Corollary 4.3 we first get the following spectral result about the level-shift operator £% («), see e.g., Ref. 35,
Theorem 2.2. Let

éiz)(oc) =i min {Imw | we sp(Z(z)(tx))}.

Lemma 4.6. Assuming (SFMO0) and (SFM5)-(SFM?7), the following assertions hold for a € R.
(1) &2 («) is a purely imaginary simple eigenvalue of =® (), with 6‘(2)(%) =0.
(2) Al the other eigenvalues z € sp(Z(Z) (a))\{éﬁ) (oc)} satisfy Im (z -2 (rx)) > 0.
(3)  The eigenprojection for the eigenvalue & (&) writes Py = |Xo)(Yal|, where X, Yo € 5 = B (45) are positive definite.

Proposition 4.7. Under the assumptions of the previous lemma, for any 9, { > 0 there exists A, ¢ > 0 such that:

(1) For 0<|A| <A and a€B(9,(), the linear map (A, a) has a simple eigenvalue &(A, ) such that for any other eigenvalue w €
sp(E(A, a))\{& (A, a) } one has

Im (w - &(La)) > Ve

(2) For fixed A, the map B(9,) 3 a — &(A, a) is analytic.
(3) &L a) esp(Zo(A,a)), in particular |6 (), a)| < %S.

Proof. (1)-(2) Follow immediately from (4.10), the previous lemma and regular perturbation theory. (3) Since &) (a) is purely imagi-
nary it must be an eigenvalue of Zéz) (e). Regular perturbation theory ensures that & (A, «) is therefore an eigenvalue of (), &) for A small
enough. O

Remark 4.8. Using (4.10) we actually have £(), ) = 126 (a) + O(A®).

C. Dynamics of a-Liouvilleans
In this and the next two sections, we assume that (SFMO0) and (SFM5)—(SFM?7) hold, and we set

D= () DomU(#).

| Im 6]<#
Recall also that 0 < r < 7 is fixed and C is given by (4.4).

Proposition 4.9. For any r < ¢ <r and 9,{ > 0, there exist constants A, e > 0 such that, for a € B(9,{), 0 <|A| < A, and ®,¥ € D, the
function

20 (0, (z- La)Y), (4.21)

originally analytic for Imz < —AC, has a meromorphic continuation to the half-plane Im z < @, and its only possible singularity in the region
Im (z - £(A, @) < 21’ is a simple pole at &(A, ).

Proof. Fix0 <k < % such that ¢ = (1 — 2k)r. Let A, € be as Proposition 4.7 and @, ¥ € D. For all Imz < —AC and 6 € R one has
(@, (2= L0) " ¥) = (U(O)®, (2~ L4.4(6)) " U(O)¥).

Note that the functions R 3 6 +— ¥y = U(6)¥ and R 5 6 + @y = U(0)® = U(-0) D both have analytic continuations to the strip 3(#). Thus,
the identity

(@, (2= 1) W) = (Do, (2= Aa(0)) " ¥o) (422)
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holds for all § € I (#), |A| < A, a € B(9,{) and Im z < —AC. Using the results from Paragraph (e) in Sec. [V A, by setting 0 = ir the right-hand
side of this identity provides a meromorphic continuation of its left-hand side to the half-plane Im z < . Proposition 4.7 then yields the last
assertion. O

Remark 4.10. The residue of the function (4.21) at £(A, «) is given by
O = (U(=ir)®, 2),(ir) U(ir)¥), (4.23)

where 2) ,(ir) is the spectral projection of % ,(ir) for the eigenvalue &(A, ).

Proposition 4.11. For any 2r < ¢ <r and 9,{ > 0, there exist a constants A > 0 such that, for a € B(9,{), 0 < |\| < A, and ¢,y € #, the
function f(z) = (¢, (z — L.(ir)) ) satisfies
sup 1(& ) (x + i) dx < +o0, (4.24)
>R

y<o |x|
je{o1}

where R = 1 + | || and O denotes the Wirtinger derivative w.r.t. z. As a consequence, for any ®,¥ € D, the function g(z) = (®, (z - L) ""¥)
satisfies

sup fl\ [(&g) (x +iy)[* dx < +oo. (4.25)
y<0 x|>R
}

je{o1

Proof. As in the Proof of Proposition 4.9, we fix 0 < x < 1/6 such that ¢ = (1 - 2«)r.
Since % (ir) is a normal operator, the spectral theorem gives that for z in the resolvent set of % (ir),

-1 2 d
I(z - Z(ir))” v| :[sp(iﬂf(ir)) |Zﬂf(:|2),

where p , denotes the spectral measure of %; (ir) for the vector y.

For any & € sp(#(ir)) and y < g, one has
dx 4
/ ————— <max (7’2)’
>R |x + iy — & 2xr

and hence
sup [ 1+ iy - Zulir) "yl < . (426)
y<o |x|>R
By the same argument, we also have
sup [ [((x+iy = (i) ) ¢ dx < oo, (427)
y<o JI>R

Invoking the identity (4.3), we deduce that if A is small enough then, for |A| < A and « € B(9, {), the operator
G(zha) = (I-A(z - Zi(ir)) " W(air)) "
is well defined for [Rez| > R, Im z < ¢, and satisfies

sup |G(z, ), a)| < 2. (4.28)

[Rez|>R
Imz<g

It follows from the second resolvent identity that
(z- La(ir) " = Gz ) (2 - L (ir)) . (4.29)

Combining (4.26), (4.28), and (4.29) gives that (4.24) holds for j = 0.
Similarly, the operator

Gl a) = (1- AW (air)(z - Z(ir) )™

also satisfies
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sup |G(z,A, @) <2,

[Rez|>R
Imz<@

and is such that
(2= L14(i1) " = (2= Z:(ir)) "Gz 1 ).
We can then write
~0(z~ L1a(ir)) 7 = (2= Lia(ir) ™ = (2 - Z(ir) G2 A @) G(2, ) @) (2 = L (ir)) 7
so that
10f (2)] = |0(8. (2 = Za(ir) ') < 41 ((z = (i) ") ¢l (2 = Z(ir) "y

Combining (4.26), (4.27) and the Cauchy-Schwarz inequality, we obtain (4.24) with j = 1.
Finally, (4.25) follows from (4.22) and (4.24) with 8 = ir, ¢ = U(—ir)® and y = U(ir)V¥. ]

Using Propositions 4.9 and 4.11 together with Ref. 5, Proposition 4.1 we obtain the following dynamical result.

Proposition 4.12. For any 9,{ > 0 there exists A, € > 0 such that for any 0 < |A| < A, a € B(9,{) and ®©,¥ € D one has
<<D, eitffm\},) _ eiré’()t,a) (CM + O(e_)‘zet))

ast 1 oo, where c) 4 is the residue given by (4.23).

The next, closely related, result is proven in an identical way and will be used in the sequel. Recall that, for all (A, a) € C*and 0 < Im 6 < 7,

(e“”%-"(a)) is also a strongly continuous semi-group on .. Combining (4.24) in Proposition 4.11 with the spectral results about .%; ,(0)

>0
obtained in Secs. IV A and IV B, and using Ref. 5, Proposition 4.1, we have the following analogue of Proposition 4.12.

Proposition 4.13. For any 9,{ > 0, there exist constants A, e > 0 such that, for all 0 < |A\| < A, a € B(9,{) and ¢, y € S one has

(4, eit.,sﬁ,a(ir)w _ eitéa(/\,a)(<¢, 214 (ir)y) + O(e,Azgt))

ast 1 oo.

D. The &, Liouvilleans

As mentioned in Sec. 111 C, the study of the ancilla part of the PREF relies on the closely related Liouvilleans Z ,. It is easy to see that the
analysis of % , presented in the previous sections extends line by line to 2}, and the associated analytically deformed 2, ,(6). We denote by
S (&) and £(A,a) the corresponding level-shift and quasi-energy operators.

By the definition (3.6), Z . is obtained from .%o by replacing W (a) by A"/ w(i- oc)AZ,/ 2 Since A*/? commutes with % and A¥/* T =
Ts, the associated level-shift operator is given by

< ) —a 1 a . -1, 1 «
S (a) = lim 1(Z5) TEA, /Zw(i - oc)Aw/z(e tie— %) A, /Zw(E - a)Aw/ZTSne(,sfs)
o e . 11 _e@f1
= hgﬂe(,‘iﬂs)TSW 3¢ (e+ie— L) W 3¢ Tsl.(ZL) =2 5 o)
for o € iR, hence for all a € C by analyticity. In particular the conclusions of Corollary 4.3 hold, with unital property when « = 0, hence so
do those of Lemma 4.6 and Proposition 4.7, i.e., the operator 2(A, a) has a simple eigenvalue & (1, «) such that for any other eigenvalue w of
S(A, «) one has

Im (w-&(, (x)) > Ve

Arguing as in Sec. [V A, Paragraph (f), we derive that, for all ,a« € C and 0 < Im 6 < #, the family (eiff w(a)) is a strongly continuous
20
semi-group on ¢ such that, similarly with (4.8), one has

U(0)e" 1w = Oy gy (430)

0%:90:G} 920T YoJeN 61

J. Math. Phys. 67, 022101 (2026); doi: 10.1063/5.0311182 67, 022101-20
© Author(s) 2026


https://pubs.aip.org/aip/jmp

Journal of

i : ARTICLE i -
Mathematical Physics pubs.aip.org/aip/jmp

forall ¥ € D and 0 < Im 6 < . Finally, we have the following analogue of Propositions 4.12 and 4.13.
Proposition 4.14. For any 9,{ > 0, there exists A, ¢ > 0 such that for all 0 < |A| < A, a € B(9,{) and all ®,¥ € D one has

(@, L) = 0D ((U(-ir)@, B, () U ()W) + O( ™)) (431)

ast 1 oo, and where 2, ,(ir) is the spectral projection of 2, ,(ir) for its eigenvalue (A, ).
Similarly, for all ¢,y € A one has

(¢) eit:?m(ir) 1//> _ eitgb(/\,a) (<¢) @/La(ir)vl) " O(e—/\zet))) (4.32)

ast 1 oo.

V. PROOF OF THEOREM 2.8

We prove separately the 2TMEP, QPSC and EAST parts of the PREF. These three parts are proven respectively in Secs. V B-=V D. They
all rely on the representation of the various entropic functionals given in Proposition 3.2 and on Propositions 4.12, 4.13 and 4.14.

As a preparation for the proof we establish some analyticity properties of the Connes cocycle. Indeed, for the QPSC and Ancilla parts of

the PREF we will first have to consider the large T limit in Proposition 3.2(2)-(3) in order to obtain suitable expressions for ‘Eﬁ,“f‘,na and i}f}f‘;

iTL )

This large T limit also relies on Proposition 4.12, applied to e . For that purpose one needs to prove that the vectors

[Dw-;: Dw]sQ  and [Dw—; : Dw]s[Dw—; : Dw]=Q
2

I3
2

belong to the subspace D. This will be a consequence of the analyticity properties of the Connes cocycle we establish in Sec. V A.

A. Analyticity of the Connes cocycle
The main result in this section is

Proposition 5.1. Suppose that (SFM6) holds. Then, for any t € R, the map
RxiRxR> (A a,68) » U(0)[Dw; : DwloaU(-0) € % ()
has an extension to C x C x J(#) which is analytic in each variable separately and is uniformly bounded for (A, o, Im 0) in compact subsets of
CxCx]-1#.

Remark 5.2. The quantity U(0)[Dw; : Dw]oU(-6) depends on A through the time evolved state w;.

Proof. The proof builds on the results established in Ref. 6, Sec. 2. For « € iR recall the identity (2.5)

oo

[Dw; : Dwla =1 + Z o f g;i“”"(Qt) .. .q(;i”"“(Qt) duy - - - duy, (5.1)

n=l ggy Loy <l

where
t
Q= [ w(0)ds  o=20,(V)
0
Let (I's)ser denote the cocycle associated to the local perturbation AV of the free dynamics 7, i.e., the solution of the Cauchy problem
Ol =Tt (V),  To=1.

T is a unitary element of & with the norm convergent expansion

L=1+3 (iks)" f T (V) (Vduy - - v, (5.2)

>
nzl 0<v; <--<v, <1

and for u € R we have

4(Q) = [T (sh()sh(r) ds, 6:3)
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Now, observe that (SFM6) gives that the maps
R’ 5 (s,0,60) = U(0)1h 0 & (V)U(-0) € 2 (), (5.4)
R’ 5 (5,a,0) = U(8) 7} 0 & (8,(V))U(=0) € B (7), (5.5)

have extensions to C? x J(#) which are analytic in each variable separately and are uniformly bounded for (s, &, Im 6) in compact subsets of
sz] — #,7[. Using Eq. (5.2) we get that, for (1, u,0) € R3,

U(8)su(T-)U(=0) =1+ (—ids)" f [UO)7,™ 0 cu(VIU(=6)]---[U(0)7"" 0 ¢ (V)U(-06)]dv; - - - dvs,
n=1 0<0, <<, <1
and it follows from (5.4) that the map
R 5 (A, u,0) — U(0)cs(I_)U(-6)

has an extension to C* x J(#) which is analytic in each variable separately and is uniformly bounded for (1, u, s, Im 8) in compact subsets of
C? x Rx] — 7, 7[. The same holds for if I _; is replaced by its inverse I'%,. From (5.3) we infer that

U(8)s0(Q)U(-0) = for [U(0)¢u(T-)U(=0)][U(0) 75" © 6u(0)U(-0)1[U(8)cu (T )U(-6)] ds,
and hence deduce, using (5.5), that
R’ 5 (A, u,8) — U(8)c4(Q:)U(-6)

has an extension to C* x J(#) which is analytic in each variable separately and is uniformly bounded for (A, u, t,Im 8) in compact subsets of
C? x Rx] — #,7[. Finally, going back to (5.1) we have

U(8)[Dw; : Dw] U(=0) = 1 + i o / [U(0)ca™*(Q)U(=0)]---[U(8)cy™*(Q)U(-6)]duy - - - dutn,

n=1 0<u; <--<u, <1

and Proposition 5.1 follows. O

Since U(-0)Q = Q, the following consequence of the previous proposition is immediate.

Corollary 5.3. The vectors [Dw-; : Dw]aQ and [Dw—; : Dw]i [Dw-¢ : Dw]=Q belong to the subspace D, for all t € R and a € C.

B. 2TMEP part of the PREF
In this and the next two sections we fix 0 < r < 7 as in Sec. I'V.
The starting point is the representation given in Proposition 3.2(1). Given 9,{ > 0, using Proposition 4.12 with 1 — a ¢ B(% +9,¢ ), and
the fact that U(0)Q = Q for all 6 € C, we can write forall0 < |A| < Aand a €] - 9,1 + 9],
B (@) = (0,2, (iNQ) + 0 )

ast 1 co. If moreover

(Q,2,,_,(ir)Q) =0, (5.6)
then
Fi™(a) = tlirn % log Fo(a) = i(g’(/l, % - ot), (5.7)

and the map & — F2™ () is analytic by Proposition 4.7. We proceed to prove (5.6).
Denote by P, , the spectral projection of the quasi-energy operator £(A, ) associated to its eigenvalue £(A, «). The map (A, a) = Py,
is analytic in each variable separately for 0 < |A| < A and « € B(9,{). Since &(A, «) is actually an eigenvalue of 2¢(A, «), see Proposition 4.7,

Py is also the spectral projection of A%y (, &) = Z(()z) («) + O(1) for the eigenvalue 126 (), ) = &2 () + O(A). It follows that A = P, ,
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extends analytically to A = 0 where Py, = |Xa)(Ya| is the spectral projection of 2(()2) («) for the eigenvalue &) («), see Lemma 4.6. Recall that
Xa, Y are positive definite for « € R.
Using (4.9) we then have
Q/\)a(il’) = Sl,a,o(ir)ilp)\,as,l,a,o (ir) 5
so the map (A, ) — 2, ,(ir) is analytic with Do, (ir) = Py« [recall that So0(ir) is the identity]. In particular, we have

(Q Zoa(ir)Q) = (s, Xa) (Y Q) = %tr (Xo) tr (Ya) > 0

for « real. By possibly making A and { smaller we derive that (5.6), hence (5.7), holds for [A| < Aand 1 — a € B(1 + 9,().
Finally, the 2TMEP part of the PREF with respect to the NESS wy, i.e.,

Fitin(oc) = tlim % log ‘S'ifft(oc) = ié"()t,% - oc),
follows from Theorem 2.4(3).

Remark 5.4. Recall that F27(a) >0 for a € R, see e.g., (2.6). This gives that (5.7) implies that &(,a) is purely imaginary for
ael-9-1/2,9+1/2[.

Remark 5.5. Since F2T(0) = 1 for all t we have é"()t, %) =0.

C. QPSC part of the PREF

Starting with the representation of Proposition 3.2(2) we have, for all A, € C,
FP(a) = (Q, e T2 [Dw_, : Dw]aQ).

wr,t

Corollary 5.3 guarantees that [Dw_ : Dw]oQ € D so we can invoke Proposition 4.12. Since &(A, 1) = 0, we obtain that for some A > 0, all
0<[A]<A,andallacC,

‘&Eﬁsj(a) = Tlirn (Q,eiTz““ [Dw-t : Dw]oQ) = (Q, 2.1 (ir)U(ir)[Dw-¢ : Dw]«QY),
where we again used the fact that U(—ir)Q = Q. Proposition 3.2 leads to
[Dw_; : DwsQ = eZieq,
forall A € R and « € C. Using again Corollary 5.3, the fact U(ir)Q = Q and invoking Lemma 4.1 we further have
5P (@) = (Q, 2,1 (in)e DD q),
Using Proposition 4.13, we hence get
5% () = (0, 2,1 (02,1, (iNQ) + O, (5.8)
so that
. 1 qpsc s 1
lim — log "} (a) =i&(A, = —«a
t—oo f +> 2
follows provided
(Q,QL% (ir)Q,L%_a(ir)Q) £ 0.

That for a given 9 > 0 one can find A > 0 and { > 0 such that the latter identity holds for [A| < A and } — a € B(3 + 9,{) is now deduced by
following the proof of the related relation (5.6) given in Sec. V B.
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Remark 5.6. When A = 0, we actually have
(Q, 20,1 (ir) 2p,1 o (ir)Q) = (Qg, X1 (Y1, X1 WY1, Qs) > 0.

This ensures that the logarithm of the complex valued quantity F; («) is indeed well-defined for A small and ¢ large.

D. EAST part of the PREF

The proof is completely parallel to the one of Sec. V C. The same reasoning starting from the representation given in Proposition 3.2(3)
gives that, for some A > 0,all0 < || < Aandalla € C,

‘{f;awrfitua(tx) = Tlim (Q,eiT"%l/2 [Dw— : Dw] [Dw—¢ : Dw]«Q) = (Q,QA%(ir) U(ir)[Dw-¢ : D]z [Dw-; : Dw]=Q) = (Q, Qké(ir) U(ir)e“"%'“Q)
— 00 ? 2 4

a [
2 2

(8,2, (n¢"00) = 709 (0, 2, (1 Daa(ir)2) + 0T,

where we have also used (4.30) and (4.32). By exactly the same argument as in Sec. V B one can find A > 0 such that for [A| < A and & € B(9, ()
one has

(Q,2)1 (i) 214(ir)Q) # 0
so that
anc1lla ancilla R
(a) = hm log oot (&) =iE (A, a).
It remains to prove that this limit coincides with the one of the 2TMEP and QPSC functionals, i.e., that
—~ 1
E(Aha) = é?()t, 3 oc). (5.9)
Recall that %1 («) = ™ («), see (2.7). By Proposition 3.2(3), we have
B () = (.7 ),
s0, using (4.31) we further get
hm - 1og S‘Zmua( ) =ig (A, ).
Combined with (5.7) this proves (5.9).

E. Nonvanishing of F

It remains to establish the assertion dealing with the non-vanishing of F. As mentioned in Remark 2.9, the convexity and analyticity of F,
combined with the symmetry F(0) = F(1) = 0, ensure that either F is identically vanishing on ]-9, 1 + I[ or is strictly convex. If it is strictly
convex, the symmetry also guarantees that 0 is not a minimum so that F is identically vanishing if and only if

OuF(a)|a=0 = 0.
Now, using (2.3) and (2.8) we have

t
8agif‘2‘(a)|a:0 = —.[0 ws(0o)ds.

This identity and convexity [see e.g., (2.6)] give
OuF(a)|a=0 = —w+(0).

It thus remains to prove that w, (0) = 0 ifand only if B, = --- = 8,
Itis proven in Ref. 24, Theorems 1.3-1.4 and Ref. 23, Theorem 1. 15 that if /3 * ﬁ for some i, j, then under the assumptions of Theorem 2.8
there exists A > 0 such that for 0 < |A| < A, w4 (0) > 0. On the other hand, if 8, = --- = ,, = S then w, isa (13, 8)-KMS state and in particular

w4 € 4. By Ref. 46, Theorem 1.3, w+(0) = 0.
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F. The simplest spin-fermion model

The spectrum of % is {-2,0, 2}, the eigenvalue 0 having multiplicity 2. Using (4.11) one can compute explicitly = («). For & = 0 and

a = 1 this was done in Ref. 24, and one can then use (4.20) to obtain

282)(0‘) - in% W[_ &P _ezaﬁj:l,

i 2 cosh e e

while Zg) (o) are scalars, which turn out to be independent of «, and are given by
1M F. 2 .
2@ =53 (wev [ DO m13),
ia R T

where PV stands for Cauchy’s Principal Value.
The eigenvalues of Zéz) () are

1 [ 2 cos i— o = 207 2
B2 (@) = iz(z IFi)15 = J 2 (tanh () tanh () + U~ i) E;ffff"()ﬁi )|vj<z>||5|vk<z>||5 )
j=1 k=1

Obviously, E(()i) () has the smallest imaginary part, so that
& (a) = E?(a),
and (2.14) follows from (5.7).

G. Comparison with the general scheme of Ref. 5

Although our analysis of the a-Liouvilleans mostly follows the abstract scheme given in Ref. 5, the structural properties of the spin-
fermion model allow to simplify certain steps. We have for example used Propostion 3.2(3) to analyze the ancilla part of PREF, therefore
relying on the variant (Deform2A) of the general scheme. Also, the regularity of the map a — &(A,«), hence of a — F(«a), is here a
consequence of regular perturbation theory that allows us to bypass Assumption (Deform3), see also Remark 2 after Theorem 4.5 in
Ref. 5.
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