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Abstract
We consider a stochastic nonlinear defocusing Schrodinger equation with zero-
order linear damping, where the stochastic forcing term is given by a combin-
ation of a linear multiplicative noise in the Stratonovich form and a nonlinear
noise in the Itd form. We work at the same time on compact Riemannian mani-
folds without boundary and on relatively compact smooth domains with either
the Dirichlet or the Neumann boundary conditions, always in dimension two.
We construct a martingale solution using a modified Faedo—Galerkin’s method,
following Brzezniak et al (2019 Probab. Theory Relat. Fields 174 1273-338).
Then by means of the Strichartz estimates deduced from Blair e al (2008 Proc.
Am. Math. Soc. 136 247-56) but modified for our stochastic setting we show the
pathwise uniqueness of solutions. Finally, we prove the existence of an invari-
ant measure by means of a version of the Krylov—Bogoliubov method, which
involves the weak topology, as proposed by Maslowski and Seidler (1999 Arti
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69—78). This is the first result of this type for stochastic nonlinear Schrodinger
equation (NLS) on compact Riemannian manifolds without boundary and on
relatively compact smooth domains even for an additive noise. Some remarks

on the uniqueness in a particular case are provided as well.

Keywords: nonlinear Schrédinger equation, multiplicative noise,
Galerkin approximation, pathwise uniqueness, sequential weak Feller,
tightness, invariant measure
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1. Introduction
Let us consider the following nonlinear damped stochastic Schrédinger equation

du(f) = —[iAu(t) +iF (u(?)) + Bu(¢)]dt — iBu (1) o dW ()
—iG(u(r)) dW(z), t>0. (L.1)

Here A is a linear self-adjoint non-negative operator, 3 is a damping constant (usually con-
sidered not negative), B is a linear bounded operator; F and G are nonlinear terms. Moreover
W and W are two independent Wiener processes; the first stochastic differential is in the
Stratonovich form and the other one is in the Ito form.

A basic example of the operator A is the negative Laplace—Beltrami operator —A, on a
compact Riemannian manifold (M, g) without boundary; this appears in some previous papers
on the nonlinear Schrédinger equation, see for instance [BGT04, BMil4, BHW19]. However,
we can deal as well with the negative Laplacian —A on a relatively compact smooth domain
in R? with Neumann or Dirichlet boundary conditions. We will consider F to be a power-type
defocusing nonlinearity.

The nonlinear Schrodinger equation occurs as a basic model in many areas of physics:
hydrodynamics, plasma physics, nonlinear optics, molecular biology. It describes the propaga-
tion of waves media with both nonlinear and dispersive responses, see, e.g. [SS99] where
many physical models are discussed. A lot of attention has been paid recently to the influence
of a noise on the dynamics described by the equation: the noise acts as a random potential
to incorporate spatial and temporal fluctuations of certain parameters in a physical model.
Typically the noise depends on the solution itself and, according to the physical situation one
aims at describing, the It6 or the Stratonovich forms of the noise can be taken into account.
These different types of stochastic differential lead in fact to different properties of solutions.
For instance, in the multiplicative noise model the mass is preserved only when the noise is
taken in the Stratonovich sense of a particular type. This provides the same property as for
the deterministic equation. However, with both a Stratonovich and an Ito noise, the energy is
not conserved any more in general. For this reason, when addressing the problem of the exist-
ence of an invariant measure, some dissipative terms (e.g.: our model with 3 > 0) are usually
involved in the stochastic case.

The question of the existence and/or the uniqueness of solutions for nonlinear Schrédinger
equations with additive or linear multiplicative noise was previously addressed in the R%-
case by De Bouard and Debussche [dBD99, dBD03], Barbu er al [BRZ14, BRZ16, BRZ17],
Cui et al [CHS19] and Hornung [Hor18b, Hor18a]. In the case of compact two dimensional
Riemannian manifolds there are results by Brzezniak and Millet [BMil4] and by Brzezniak
et al [BHW19].

So far, the existence of an invariant measure has been obtained for this equation with a
damping term and an additive It0 noise, i.e. 5 >0, B=0 and G constant in equation (1.1). In
this framework, in the papers by Kim [K06] and by Ekren et al [EKZ17] the result is proved in
the full space R4, d > 1. Debussche and Odasso [DO05] obtain instead the result on a bounded
one-dimensional domain (dealing with the cubic focusing Schrodinger equation) and solved
the corresponding uniqueness problem too. The recent paper [BFZ22] proves the uniqueness of
the invariant measure in the large damping regime in R for d = 2, 3. Some numerical approx-
imations of invariant measures can be found in the book by Hong and Wang [HW]. The aim of
our paper is to generalise the previously cited papers by considering a more general stochastic
forcing term: we consider a linear multiplicative Stratonovich noise B, which conserves the H-
norm, and a nonlinear It6 noise G. When we reduce to the case of a pure additive noise we get
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the existence of an invariant measure when 3 > 0. This finding is in line with [K06, EKZ17]
that obtain the same conclusions working on the full space. We emphasise here that, as far
as we know, our result is the first one providing the existence of an invariant measure in the
case of a two-dimensional compact Riemannian manifold without boundary and of a relatively
compact smooth domain with either the Dirichlet or the Neumann boundary conditions.

The paper is structured as follows. In the first part of the paper we shall construct a martin-
gale solution of problem (1.1) in the energy space V = .@(A% ) by a modified Faedo—Galerkin’s
approximation, following the lines of a previous paper by the first author and collaborators
[BHW19]. However here we generalise that setting by dealing with a random initial data
and more general diffusion terms. One should mention here that a very recent paper [Hor20]
provides another generalisation [BHW19] in the direction of stochastic NLS equations on
unbounded domains and non-compact manifolds.

In the second part of the paper we shall prove the pathwise uniqueness of the solutions.
Hence the existence and the uniqueness of a strong solution will follow. This result is based
on further regularity properties of the martingale solutions, which are obtained by means of
the Strichartz estimates in dimension two. Although the proof of our existence and uniqueness
result follows the lines of the proof of the analogous results in [BHW19], we emphasise here
that we allow the initial data to be random.

As far as the existence of an invariant measure is concerned, in the last part of the paper
we proceed differently from [K06, EKZ17]. Following the proof of the existence of a mar-
tingale solution we prove that the corresponding Markov semigroup is sequential weak Feller
in the energy space V. Moreover we show a tightness result in the space V equipped with the
weak topology, when the damping coefficient is sufficiently large. In this case a new condi-
tion involving the strengths of the two noises will appear. With these two latter properties we
prove the existence of at least one invariant measure, by means of the method introduced by
Maslowski and Seidler [MS99], as a version of the classical Krylov—Bogoliubov technique
reset with weak topologies. This method has been successful to prove existence of invariant
measures for other stochastic partial differential equations (SPDE’s), as the stochastic nonlin-
ear beam and wave equations [BOS16], the Navier—Stokes equations in unbounded domains
[BMO17, BF19], the stochastic Landau—Lifshitz—Bloch equation [BGL20], the stochastic
damped Euler equation [BF20].

The paper is organised as follows. In section 2 we present notations and main assump-
tions. In section 3 we state our main results. In section 4 we collect some compactness results.
Section 5 deals with the existence of martingale solutions. Pathwise uniqueness is proved in
section 6. The two last sections 7 and 8 are concerned with the sequential weak Feller prop-
erty and the existence of invariant measures. In section 9 we consider the particular case of
multiplicative noise, where there is also uniqueness of the invariant measure. In appendix A
we recall some facts about Laplacian-type operators on manifolds and on bounded domains
with Dirichlet/Neumann boundary conditions and derive the needed Strichartz estimates; this
is very different from the setting in R considered in many papers. In appendices B and C we
collect the proofs of some results. In appendix D we present the infinite dimensional version
of the Yamada—Watanabe theorem. In appendix E we prove weak measurability of the norm
function, needed to prove the results of section 7. In section F we prove a technical lemma that
we need in section 4.

2. Mathematical setting and assumptions

In this section, we fix the notation, explain the assumptions and formulate the framework for
our problem. Let (X, X, ux) be a o-finite measure space endowed with the metric p such that
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the corresponding Borel o-field %(X) is contained in . Let D C X. Our framework covers
the following cases*:

e X = IR? with the Euclidean distance p and the Lebesgue measure 1y and D = & is a relatively
compact smooth, i.e. with C*° boundary, domain of R2.

e D =X = M is a two-dimensional compact Riemannian manifold without boundary with the
geodesic distance p and the canonical volume measure px on X.

By LY(D), for g € [1, 0], we denote the space of equivalence classes of C-valued ¢-Lebesgue
integrable functions. We abbreviate L := L?(D). For g € [1,00], let ¢’ := q%l € [1,00] be
the conjugate exponent. We further abbreviate H := L?. This is a complex Hilbert space with
inner product (u,v)y = |, puvdux. However, we often interpret H as a real Hilbert space with
the inner product Re(u,v)y. They are different but in one-to-one correspondence: (u,v)y =
Re(u,v)y + iRe(u,iv)y. These inner products introduce the same norms and hence both spaces
are topologically equivalent.

By H*9(D) we denote the fractional Sobolev space of regularity s € R and integrability
g € (1,00). We abbreviate H*9 := H*4(D) and we shortly write H* := H*?. For a definition of
these spaces see appendix A.

In the sequel, given two Banach spaces E and F, we denote by .Z(E, F) the space of all
linear bounded operators B : E — F and abbreviate .Z(E) := Z(E, E). Furthermore, we write
E — F, if E is continuously embedded in F, i.e. E C F with natural embedding j € Z(E,F).
For a Hilbert space H and a Banach space E, y(H,E) denotes the spaces of y-radonifying
operators from H to E. If E is a Hilbert space, this is indeed the space of Hilbert—Schmidt
operators from H to E. The space C'*([0,7] x E, F) consists of all functions @: [0,7] x E —
F such that &(-,x) € C'([0,T],F) for every x € E and &(t,-) € C*(E,F) for every t € [0,T].
Given the Hilbert space H, C,,([0,7]; H) stands for the space of all continuous functions from
the interval [0, 7] to the space H endowed with the weak topology (see appendix E for more
details).

If functions a,b > 0 satisfy the inequality a < C(A)b with a constant C(A) > 0 depending
on the expression A, we write a <4 b; for a generic constant we put no subscript. If we have
a<asband b <, a, we write a ~, b.

2.1 Assumptions on the operator A

Assumption 2.1. The operator A that appears in equation (1.1) is a Laplacian-type operator.
We consider A to be as one of the following:

(i) the negative Laplace—Beltrami operator —A, on a compact two-dimensional Riemannian
manifold (M, g) without boundary, equipped with a Lipschitz metric g; in this case py is
the canonical volume measure;

(ii) the negative Laplacian with Dirichlet boundary conditions —Ap on a smooth, i.e. C*,
relatively compact domain & of R?;

(iii) the negative Laplacian with Neumann boundary conditions —Ay on a smooth, i.e. C*,
relatively compact domain & of R.

4 From now on we will denote by & a subset of R? and by M a two-dimensional manifold. We will use the letter D
when we need to deal with the two cases above at the same time.
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Some classical results, see e.g. [Ou09], ensure that the operator A, in any of the forms given
in assumption 2.1, is a non-negative self-adjoint operator on H. We denote by Z(A) its domain.
Weset V=9 (A%) and note that V is a Hilbert space when equipped with the inner product

(u,v)y = (u,v); + (A%M,A%V) , u,vev.
H

We call it the energy space and we call the induced norm || - ||y the energy norm associated
to A. For a characterisation of the energy spaces associated to the operators that appear in
assumption 2.1, see remark A.5 and proposition A.6(i). We denote the dual space of V by V*
and abbreviate the duality with (-, -), where the complex conjugation is taken over the second
variable of the duality. Note that (V,H, V*) is a Gelfand triple, i.e.

Vs HXH* < V*.

Notice that, thanks to the geometry of the domain D, the condition « € (1,00) ensures
that the embedding V C L®*! is compact (and hence bounded/continuous). Hence, since
(Lot1)* = L*5, we can extend the V — V* duality (-,-) to the couple Lo+ — L.

Let us point out that we also have the compact (and hence bounded/continuous)

embedding
VCH. 2.1

It can be proved, see e.g. [BHW19, lemma 2.3(a)], that there exists a non-negative self-
adjoint operator A on V* with Z(A) =V and A = A on 2(A). In most cases where this does
not cause ambiguity or confusion, we also use the notation A for A.

In the following lemma we introduce the operator S and state some properties of it. S will
play the role of an auxiliary operator to cover the different cases we consider in an unified
framework.

Lemma 2.2. Given A as in assumption 2.1, there exists an operator S on H such that

(i) S is strictly positive and self-adjoint. S commutes with A and satisfies 2(SX) < V for suf-
ficiently large k. Moreover, S satisfies the upper Gaussian estimate i.e. for all t > 0 there is
a measurable function p(t,-,-) : D x D — R with

(59 (x) = / p(tay)fO) px(dy), 150, ae xeD,

for all f € H and with constants ¢,C >0 andm > 2

C p(x,y)’"> e
< ———exp | — B : 2.2
Ip(t,x,y)] MX(B(X’M)GXP< C( ; ) (2.2)

forallt>0and a.e. (x,y) € DX D.
(ii) S has compact resolvent. In particular, there is an orthonormal basis (hy),cy of H and a
nondecreasing sequence (/\,1)”GN with \, > 0 and )\, — 0o as n — oo such that

Sx = Z)\n (X hy)yhn, x€2(S) = {x €H: Z)\i\ (x,h,,)H|2 < oo} (2.3)
n=1

n=1

Proof. ForA = —A, we choose S :=1— A,,forA = —Ap wechoose S=A = —Ap, forA =
—Ay we fix € >0 and choose S = eI — Ay. For these choices of S all the statements of the

6
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lemma are verified: for a proof see [BHW 19, sections 3.2 and 3.3, remark 2.2(b) and lemma
2.3(c)] and the therein references. ]

Remark 2.3. The operator § plays a crucial role in the construction of our Galerkin approx-
imations. The Gaussian estimate (2.2) is used in the proof of proposition 5.2 where spectral
multiplier theorems for S are employed (for further details one can consult [Ou09, chapter 7]).

2.2. Assumptions on the nonlinear term F

We continue with the assumptions on the nonlinear term F of our problem. We deal with
power-type defocusing nonlinearities.

Assumption 2.4. Assume that « € (1,00) and set
F(u):= |u|* 'u.

The function F satisfies a set of properties that we summarise in the following lemma (for a
proof see e.g. [Caz03, proposition 3.25 and remark 3.16] and [BHW 19, proposition 3.1]). It is
important to recall that the embedding V C L>*! is compact (and hence bounded/continuous).
Therefore we have

Vo Lot s 2= (12) s L% v, (2.4)

where the first and the last embeddings are compact, while all other embeddings are simply
continuous.

Lemma 2.5. Ler o € (1,00).

(i) The map F: LoT' — L satisfies, for any u,v € L®F!

1F () || acer = [Jual| s,
a—1
1F () = FO) | oz S (Julloctr + [vl[oe)™ " flue = viiasr. 2.5)

Moreover, F: V— V*, F(0) =0 and

Re(iu,F(u)) =0, ucL* (2.6)
(F(u),u)y = [lu]|H,  we Lot 2.7)

(ii) The map F: L*T! — L% s continuously Fréchet differentiable with

1F .., e <ofullgnh, we Lo+, 38)

(iii) The map F is defocusing, that is it admits the real non-negative antiderivative® F :
Lot — R given by

T 1 a+1
F(u) = e [Juel |35 - (2.9)

5 We recall that, if there exists a Fréchet differentiable map F: L*T' — R with F/[u]h = Re(F(u),h), for every
u,h € Lott, F is called the antiderivative of F.
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Remark 2.6. It follows from (2.5) and (2.9) that

IF G, e = llfons S [F@)] ™ weret, 2.10)

~

Moreover, it follows from (2.8) and (2.9) that

a—1
_ a1l 4 atl
e <olulfnd =ala+ 15 [Fw)

@2.11)

1F" [u]

2.3. Assumptions on the stochastic terms

For a probability space (€2,.%,P) and a measurable space (E, &), the law of a random variable
£ : Q — E will be denoted by Lawp(§).

Assumption 2.7. We assume the following.
(i) Let (Q,.7,P,F), where F = (54‘,)[20, be a filtered probability space satisfying the usual
conditions, Y and Y, two separable real Hilbert spaces, with orthonormal bases (f,,)men
and (e, )men respectively, and W and W two independent, Y, respectively Y5, canonical
cylindrical F-Wiener processes.

(ii) Let B: H— ~(Y;,H) be a linear operator and set B,u := B(u)f;, for u € H and m € N.
Additionally, we assume that B,, € .Z(H) is self-adjoint for every m € N and the follow-
ing stronger assumption, needed to make sense of the Stratonovich correction terms, is
satisfied

> 1Bl < oo 2.12)
m=1

Moreover we assume that B,, € (V) and B,, € £ (L**") for all m € N and

(oo}
> 1Bl vy < o, (2.13)
m=1
> Bl ey < 0. (2.14)

m=1
(iii) Let G : H — ~(Y»,H) be Lipschitz continuous, i.e.
dL;>0: ||G(M1)—G(M2)||A/(YZ’H) <L(;||M1—M2HH VYuy,u; € H. (2.15)
Moreover the following ‘restrictions’ of G, i.e.

G:V—=7y(Y5,V)and G: LT — ~ (Y5, L")

are measurable (see [BR21, section 2] for a reasonably thorough discussion of this issue)
and of at most linear growth, i.e. for some non negative constants C,, C, C3, C3, the fol-
lowing inequalities hold

G W) vy S Co+ Collully — Vuev, (2.16)
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and
G () (s zo+1y < C3+ Callullparr  Vue LT (2.17)

Finally, we also assume the following weak continuity assumption of the diffusion coef-
ficient G: for every m € N the map

H> ¢ —G(p)en€H

extends uniquely to a continuous map from V* to V*, i.e.
the map V* > ¢ — G(¢) e, € V* is continuous, m € N. (2.13)

Remark 2.8. Itis well known that the Lipschitz assumption (2.15) implies the following linear
growth condition. There exist positive constants C;, C such that

G @) ||y, < C1 4+ Cillully  VueH. (2.19)

We mention this obvious fact since we explicitly use this estimate (2.19) in many computations
in the following sections.

Remark 2.9. By assumption 2.7 (i), we can represent the Wiener processes as

meﬂm W (t) - Zemﬁm ([)

m=1

for two sequences of independent standard real Wiener processes {3, }, and {3,,}m-

Remark 2.10. The estimates (2.12)—(2.14) imply
BGX(H77(Y15H))7 BEX(V,’Y(Y],V)), BGX(LO‘JFI,,.Y(YI’LOHH)).

Remark 2.11. The property (2.18) will be exploited in the proof of lemma 5.9 given in
appendix C. The corresponding property for B is not needed since the analogue of lemma
5.9 for B can be proved exploiting the selfadjointness of the operators B,,, m € N. For more
details see [BHW 19, lemma 6.3, step 4].

Example 2.12. Examples of operator B satisfying the required properties can be found in
[BHW19, section 3.5]. The self-adjointness of B is crucial there, see [BHW 19, remark 3.7].

Concerning the second operator G, in the case it is linear (and examples of such are the
same as for B) we do not require it to be self-adjoint. An example of a nonlinear operator G
can be constructed as done in [BF17, example 2.3] and [FZ18, section 2.3]. For any m € N, let
G(u)ey := cmo (u)hy,, with ¢, € R such that

oo

> cullhlly < o

m=1

and, for a fixed and given k € V,

. (u,k)*
oc:V'o3ur— —"1— +< g eR.

It can be easily verified that this operator satisfies assumption 2.7(iii).

9
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3. Statement of the main results

This section is devoted to the statements of our main results. The first result concerns the
existence of a unique strong solution to (1.1) for a random initial data. The second result
concerns the existence of an invariant measure.

We rewrite equation (1.1) in the It6 form. We have, see e.g. [BE0O, NT04],

(oo}

“iBu (1) o dW(r) = —iBu() dW (1) + % S B [u] (~iB (u (1)) f) fn

m=1

= B () AW (1) — 3 3" B(Bu (1))l
— iBu () dW(r) - %iBfnu (1) dr.
m=1

Hence, equation (1.1) will be understood in the following 1t6 form

du (1) = — [iAu () +iF (u (1)) + Bu () — b (u(1))] dr

—iBu(t) dW(t) —iG (u(r)) dW (1), >0, 3.1
where
b(u):= —%ZB%HL{, ueH, (3.2)
m=1

is the Stratonovich correction term. Notice that from assumptions (2.12) and (2.13) we infer
that

be L (H)NZL(V)NZL (L),

i.e. b is a linear bounded operator in H as well as in V and L>*!,

We recall that the deterministic unforced nonlinear Schrédinger equation, i.e. equation (3.1)
with =0, G=0 and B=0, as a consequence of its Hamiltonian structure, has two invariant
quantities: the mass ||u||% and the energy & (u), which is defined as

1, .
@@(u);:EHAzuH%,JrF(u), uev. (3.3)

Note that F(u), hence & (u) too, is well defined for u € V thanks to the embedding V < Lo+,
see (2.4), and the form of F, see (2.9).

In general, in the presence of stochastic forcing, these quantities are no longer conserved.
But, when the noise is of purely Stratonovich form, in the form we consider here, and if there
is no dissipation, i.e. 5 =0 and G =0, one has conservation of mass but not conservation of
energy. This is the case studied in [BHW19] and it is a particular case of our framework. In
the more general setting we consider in this work, neither the mass or energy are preserved.
Nevertheless, as quite classical in the stochastic case, we can still use these functionals to prove
the existence of solutions with values in the energy space V.

10
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The following definition is given under assumptions 2.1, 2.4 and 2.7.

Definition 3.1. Let u be a Borel probability measure on the energy space V with

/(Hx||%,+ éa(x)) du (x) < 0. (3.4)

A martingale solution of the equation (3.1) with the initial data y is a system

consisting of

e a filtered probability space (Qﬁ Jf",fF), satisfying the usual conditions, i.e. the filtration

F = (gt)te[(),?c)

elements of .%y;

e two independent Y;-cylindrical, resp. Y>-cylindrical, Wiener processes W and W on
(Q,y 71@);

e a H-valued continuous and F-adapted process u with P-almost all paths in C,,([0,0), V),
fulfilling the initial condition

is right-continuous and such that all I@’—null, i.e. ]?’—negligible, sets of & are

and such that, for every T >0,
E (Jlulf o + 16 (@) 0 ) < 0 (3.5)

and for every ¢ > 0 the equality
() = 0(0) = | AU (0 6) + B (s) = b (5] s
- i/ Bu(s) dW (s) — i/ G(u(s)) dW(s), (3.6)
0 0

holds P-almost surely in V*.

Remark 3.2. Let us notice that the four deterministic Bochner V*-valued integrals that appear
in (3.6) make sense. First, we notice that, since by (2.1) the embedding V — H is com-
pact, the (weak)-continuity in V implies the (strong)-continuity in H, hence u has P-a.s.
paths in C(]0,7],H). In addition, since by (2.4), the embedding H < V* is continuous, the
(strong)-continuity in H implies the (strong)-continuity in V*. Therefore u has P-a.s. paths in
C([0,T],V*).

Second, we have that u € L>°(0,T; V) and u is Bochner integrable in V, in view of the fol-
lowing argument:

(i) ifu € C,,([0,T],V), since [0, 7] is compact, the range of u is a compact subset of V,,. Since
by the Banach—Steinhaus theorem, compact sets in weak topology are strongly, i.e. norm
bounded, we infer that the range of u is a (norm) bounded subset of V;

(ii) ifu € C,,([0,7],V), then u is ([0, T])/%B(V,,))-measurable. On the other hand, see argu-
ment after (2.8) in [BF19], #(V,,) = #(V), see also [Zi03, theorem 7.19] and [Ed79] for
more general claims. Therefore, function u : [0,7] — Vis ([0, T])/%(V)-measurable.

1



Nonlinearity 37 (2024) 015001 Z Brzezniak et al

(iii) It follows from items (i) and (ii), that if u € C([0,7],V,,) then u : [0, 7] — V is measurable
and bounded. Hence in particular, (the equivalence class of) u belongs to L°°(0, T} V) and
u is Bochner integrable in V, see [DU77, section 1.2, p.50].

A special attention should be paid to the V*-valued Bochner integral fOTiF (u(s))ds.
This integral exists because if x € C([0,7];V,,) then by the compactness of the embedding
V< L**! we infer that x € C([0,7];L~*!) and therefore, by part (i) of lemma 2.5, Fox €

C(Jo, T];LQTJH). Thus, the integral fOTF(x(s))ds exists in L°" in the Riemann sense. Thus,

by (2.4), we infer that the integral fOTF (x(s))ds exists in V* in the Riemann, and not only
Bochner, sense.

For what concerns the stochastic integrals that appear in (3.6), let us emphasise that in order
for them to be well defined it would be enough to require, instead of (3.5), that

T
E [/ ||t (2) ||12L,dt} < oo, forevery T > 0.
0
Definition 3.3. Assume that
(Q’ j\7]P)ﬂ W? W7 F)
is a system consisting of

e a filtered probability space (Q,ﬁ ,IP’,IF), satisfying the usual conditions, i.e. the filtration
F= (ﬁ,)t €[0,00) is right-continuous and such that all P-null, i.e. P-negligible, sets of % are

elements of .%;
e two independent Y;-cylindrical, resp. Y,-cylindrical, Wiener processes W and W on
(2,7 .F).
Let up : @ — Vbe a .%;/%(V) measurable function such that with
E (luol? + & (u0)) < 0.

A strong solution of the equation (3.1) with the initial data u, is an H-valued continuous and
F-adapted process u with P-almost all paths in C,,([0,00), V) and such that, for every T >0,
condition (3.5) holds and, and for every ¢ > 0 the equality

u(t):uo—/o [iAu(s) +iF (u(s)) + Bu(s) — b (u(s))] ds
—i/ Bu(s) dW(s)—i/ G(u(s)) dW(s),
0 0

holds P-almost surely in V*.

The following is a summary of the first of our main results. For a more detailed statements
see theorems 5.1 and 6.5.

Theorem 3.4. Fix r € [1,00). Under the assumptions 2.1, 2.4 and 2.7, for every Borel prob-
ability measure 11 on V whose r(a + 1)th moment is finite, i.e.

I an () < o0

the following assertion hold true.
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(i) There exists a martingale solution to equation (1.1) with the initial data p such that, for
every T>0,

E| sup |lu(t)||Z + sup E(M(t))r] < 0. 3.7
| r€[0,7] 1€[0,7]
In particular
E | sup ||u(t)||2v"] < 0. (3.8)
_te[O,T]

(ii) In addition, if r > 2, then the solutions fulfilling (3.8) are pathwise unique.

The above result implies the existence of a unique strong solution, see theorem 6.6.

Remark 3.5. Let us notice that inequality (3.8) is an immediate consequence of the previous
estimate (3.7) since

leel[¥ <o el + & ()"

Remark 3.6. (i) When r = 1, the assumption on the initial data in theorem 3.4 is
|9 dpa (x) < o0 (3.9)

which is stronger than the assumption (3.4) appearing in the definition 3.1. In fact

[ sl 6 0) n) 5. [ (Il ™) ) S 1+ [ 1l o),

We need assumption (3.9) because of our construction of a martingale solution by means of
the finite-dimensional Galerkin approximation. Indeed in the finite-dimensional Galerkin
approximation we will need uniform estimates of the power-type nonlinearity, which hold
in the Hilbert spaces H and V but not in the Lebesgue space Lot see (5.4).
Similarly, to gain the additional L"(2)-integrability, with r > 1, of the solution process the
condition on the initial datum has to be strengthened requiring its r(« + 1)th moment to
be bounded, see (5.18).

(ii) On the other hand, if the initial datum uy € V is deterministic, theorem 3.4 ensures the

existence of a unique strong solution fulfilling (3.7) and (3.8) for any finite r > 1.

To study the existence of an invariant measure for equation (3.1) we work with deterministic
initial data ug € V. We are thus in the situation described in remark 3.6(ii) and we deal with
the unique strong solution to (3.1) fulfilling (3.7) and (3.8). Given the (non-random) initial
datum ugy € V, we denote by {u(t;up) },>o this unique strong solution. We define the family of
operators {P;}>o by

P (uo) =E [ (u(r);u0)] (3.10)

and prove that this is a Markov semigroup, see section 7, which is sequential weak Feller in V.
Then we say that a Borel probability measure 7 on V is an invariant measure for equation (1.1)

iff
/VP,¢>d7r :/ngdw
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for all ¢ > 0 and all bounded functions ¢ : V — R which are sequentially continuous with
respect to the weak topology on V.
The following is our second main result.

Theorem 3.7. Under the assumptions 2.1, 2.4 and 2.7 there exists at least one invariant meas-
ure for equation (1.1) provided

o+

- - 1
f > max (C% +CG+ ||BH3(Z(V,7(Y|,V))7 IBIZ (Lot vy 1)) + 04C3) (3.11)

Remark 3.8.

(i) Statement (i) of theorem 3.4 holds in a more general setting, see remark 5.10. Since our
focus is on the existence of an invariant measure, we restrict our analysis to the less general
setting. This is done also in [BHW19] to get the uniqueness of solutions.

(ii) For a discussion concerning the regularity assumptions we impose on the domain & in
the case of assumption 2.1(ii)—(iii), see remark 5.11.

(iii) The condition (3.11) on S does not depend on the coefficients Cy, C, and C; character-
ising the second noise term. When B =0 and C 1= 62 = 6'3 = 0, that is when we consider
a multiplicative noise G(u) dW with bounded covariance, the condition (3.11) reduces to
B > 0. Therefore, in the particular case of additive noise (i.e. B= 0 and G independent of
u), we recover the same condition /5 > 0 as in the previous papers [K06, EKZ17].

(iv) In condition (3.11) there is the constant C; (which somehow measures the intensity
of the noise G in the H-norm) but not the analogue for the noise B, that is the term
||B%, (Ho(v,,1))- This asymmetry is due to the fact that the Stratonovich noise B (in the
absence of damping) preserves the H-norm, whereas the noise G does not. In other words,
the correction term b of the Stratonovich noise cancels with the term || B2 L)) A
ing as a sort of damping term which perfectly balance the intensity of the noise B in the
H-norm.

A similar reasoning can be done to explain also why we have the different constants
o and 2+ multiplying the terms (3 and ||B||fg Lot respectively. We have
a+l

A (Y,Leth)
< a: the correction term b provides part of the dissipation in the L**! norm.

For the purely multiplicative noise, the uniqueness of an invariant measure will be given in
corollary 9.1.

4. Compactness and tightness criteria

This section is devoted to recalling the compactness results, which will be used in section 5 to
obtain a martingale solution as limit of the Faedo—Galerkin approximation and in section 7 to
prove the continuous dependence of the solutions on the initial data.

Let > 1 and A be chosen according to assumption 2.1. We consider the Banach spaces
C([0,7]; v*) and L*F1(0,T;L>*"), and the locally convex space C,,([0,7];V). So we define
the space

Zr=C([0,7]; V)nL*" (0,7;L°) N C,, ([0,T];V)
with the topology 7 given by the supremum of the corresponding topologies. By %(Zr) we

denote the associated Borel o-field, i.e. the o-field generated by the open sets in the locally
convex topology 7 of Z.
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We also define a corresponding space of functions defined on the whole half-line [0, 00);
first we consider the following locally convex topological spaces:

1 e —=vleqonmive
VT A+ [lu = vl eqonve)”

e C(|0,00); V*) with metric d(u,v) = Z
N=I

1 e — vl Lot on;La+1

N1+ [l = vl oo nszatty”

loc

o Lipt'([0,00); L) with metric d(u,v) =
N=1

e C,([0,00);V) with the topology being generated by the family of semi-norms ||ul|y,¢ =
SupOgth|<u(t)7¢>|»N€ Nv¢ e v

And we define the space

Zoo = C([0,00); V) N LET([0,00); L) N €, ([0, 00); V).

loc

It is a locally convex topological space with the topology 7., given by the supremum of the
corresponding topologies.
In the next proposition, we give a criterion for compactness in Z..

Proposition 4.1. Let (ry)8>, be a sequence of positive numbers and K be a subset of Z such
that for every N € N,

(a) SUgHMHLw(o,N;v) <y
ue
(b) K is equicontinuous in C([0,N]; V*), i.e.

lim sup sup llu(t) —u(s)||y =0.

0=0ueK 5,1 [0,N]:|1—3| <5

Then, K is relatively compact in Z .

Proof. The proof is a minor modification of the proof of [BHW19, proposition 4.2]. Here
one uses lemma F.1 which is the restatement of [BHW19, lemma 4.1] on the time interval
[0,00). O

Now we want to obtain a criterion for tightness in Z,. Therefore, we introduce the Aldous
condition, working in a probability space (€2, F,P) with filtration F := {F;},c[0,0c) satisfying
the usual conditions.

Definition 4.2. We say that a sequence (X, ),cn of continuous F-adapted stochastic processes
taking values in a Banach space E satisfies the Aldous condition [A] if and only if for all T > 0,
¢ >0and n > 0 there is § > 0 such that for every sequence (7,),en of F-valued stopping times
with 7, < T, one has

sup sup P{||X,((, +O)AT) =X, () ||le = n} <e.
neN0<O<S

The following lemma, which generalises [Mo13, lemma A.7], gives us a useful consequence
of the Aldous condition [A].

Lemma 4.3. Let (X,)nen be a sequence of continuous F-adapted stochastic processes in a
Banach space E, which satisfies the Aldous condition [A]. Then, for every € > 0, there exists a
measurable subset A, C C([0,00),E) such that

iggLaw]p (Xn) (Ae) = 1 —¢,
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and, for every N € N,

lim sup sup |l (£) —u(s)||g=0.
0=0ueA, 5,€[0,N]:|—s| <5

Proof. The proof of [Mo13, lemma A.7] can be easily adapted to the present situation. O

The deterministic compactness result in proposition 4.1 and lemma 4.3 can be used to get
the following criterion for tightness in Z,.

Proposition 4.4. Let (X,),en be a sequence of continuous adapted V*-valued processes sat-
isfying the Aldous condition [A] in V* and

supE [||X,,||ioc(07nv)} < 00, forevery T > 0.

neN
Then the sequence (Lawp(X,)),cy IS tight in Z., i.e. for every € >0 there is a compact set
K. C Z with

inf Lawp (X,,) (Kz) > 1 —€.
neN

Proof. Let us choose and fix € > 0. Let us set ¢ := Z;,o:l A% and let us define a sequence
(rw)3=; by

1
2c ’
Iy = ( supE |:||Xn||%°°(07N§V)i|>
19 neN
Set
By := {||XallL=0n:v) <Nrw}

Then, by the Chebyshev inequality we obtain, for every N € N,

P(By) < NZII'IZ\,E [||Xn||ioo(o,1v;v)} < ZCLNQ
Set
B:={u€Z : ||ullz(0.nv) < Nry, forevery N € N} = ﬂ By.
NeN
We have

P(5) < S P(BY) <
NeN

N ™

By lemma 4.3, we can use the Aldous condition [A] to get a Borel subset A of C([0,00); V*)
such that

Laws (X,) (A) > 1 — % nen,

lim sup sup |lu(2) —u(s) ||y« =0 for every N € N.

020 ueA 5,1€[0,N):|1—s5| <6
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We define K := A N B. By proposition 4.1 this set K is compact in Z,.. Moreover for alln € N
we have

Lawp (X,) (K) > Lawz (X,)) (AN B) > Lawp (X,)) (4) — Lawp (X,,) (B) > 1 — % - % =1-e.

This completes the proof. O

In metric spaces, one can apply Prokhorov theorem (see [Pa67], theorem I1.6.7) and
Skorohod theorem (see [B99, theorem 6.7]) to obtain convergence from tightness. Since the
space Z, is a locally convex space, we use the following generalisation to nonmetric spaces.

Proposition 4.5 (Skorohod-Jakubowski). Let X' be a topological space such that there is
a sequence of continuous functions f,, : X — C that separates points of X. Let A be the o-
algebra generated by (f,,),. Then, we have the following assertions:

(a) Every compact set K C X is metrisable.
(b) Let (pin),cn be a tight sequence of probability measures on (X, A). Then, there are a
subsequence (i, )y » random variables Xy (for k € N) and X on a common probability

space (Q,F,P) with Lawg (Xi) = pin, for k € N, and X, — X P-almost surely for k — co.

We stated proposition 4.5 in the form of [BO11]; see also [Jak98], where it was first used to
construct martingale solutions for stochastic geometric wave equations. We apply this result
to get the final result of this section.

Corollary 4.6. Let (X,)nen be a sequence of adapted V*-valued processes satisfying the
Aldous condition [A] in V* and

sugE [HX"HiOC(O,T;V)} < 00,for every T > 0.
ne

Then, there area s~ub~sequence (X, ZkeN and random variables 5(/(, X Jfor k Ej\l on another prob-
ability space (0, F,P) with Lawg (Xy) = Lawp(X,,, ) for k € N, and Xy — X P-almost surely in
Zoo for k — o0.

Proof. This proof is also a minor modification of the proof of [BHW 19, corollary 4.7].

Let us recall that Z, is a locally convex space. Therefore, the assertion follows by an
application of propositions 4.4 and 4.5 if for each of the spaces in the definition of Z, we find
a sequence f,, : Zoo, — R of continuous functions separating points which generates the Borel
o-field. The separable Fréchet spaces C([0,00); V*) and L% (0, 00; L“*!) have this property.

Let {h, :m & N} be a dense subset of V*. Then, we define the countable set F:=
{fin, :meN, 1€ [0,00) NQ} of functionals on C,,(]0,00); V) by

Sna(u) == (u(t),hy), ue Cy([0,00);V),

forme N, t€[0,00) NQ and u € C,,([0,00); V).

The set F separates points, since for u,v € C,,([0,00); V) with f;,, ,(u) = f,n,(v) forallm € N
andr € [0,00) NQ, we get (u, b,y = (v, hy) on [0,00) for all m € N by continuous continuation
and therefore u =v on [0, 00).

Furthermore, the density of {A,, : m € N} and the definition of the locally convex topology
yield that (fmv’)mEN,te (0.00)p 2nerate the Borel o-algebra on C,([0,00); V). O

17
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5. Existence of a martingale solution

In this section we prove the existence of at least one martingale solution, see definition 3.1.
In this way we prove part (i) of theorem 3.4; moreover we provide an estimate over the time
interval [0, 00).

5.1. Statement of the existence result

Keeping in mind the definition of the energy functional £ given in (3.3), we state the main
result of this section.

Theorem 5.1. Fix r € [1,00) and let 1 be a Borel probability measure on V whose r(a+
1)th moment is finite. Under assumptions 2.1, 2.4, 2.7, there exists a martingale solution

(Q’j’]ﬁ W,W,I@‘, u) of equation (1.1) with the initial data p which satisfies

E | sup |lu(t) ||+ sup & (u(r))"| < oo, forevery T > 0. 5.1
1€[0,T] t€[0,7]
Hence, in particular,
E sup |ju(?)]|¥ < oo, forevery T> 0. (5.2)
t€[0,7]

Moreover, if B satisfies condition (3.11), then

supE||u(r)||3 < oo. (5.3)
120

The proof of the existence part is based on a technique already used in [BMo13, BHW19].
We present the basic steps: the estimates on the Galerkin approximation and its convergence to
a process which is a martingale solution. To be more precise, in proposition 5.6 we prove that
there exists a unique global solution of the approximated problem and we obtain the a priori
estimates in the space H. In proposition 5.7 we obtain the a priori estimates for the energy
functional and prove the Aldous condition. These results lead to corollary 5.8 which, together
with the Aldous condition, implies the tightness. In section 5.3 we prove the convergence of
the Galerkin approximations to the martingale solution of our problem. The estimate (5.3) will
be proved first for the Galerkin approximation in proposition 5.7 and then it will hold for the
limit too.

More general assumptions can be considered only to prove the existence of a martingale
solutions; see remark 5.10 at the end of this section.

5.2. The Galerkin approximation and a priori estimates

In this section we introduce the Galerkin approximation. We prove the well-posedness of the
approximated equation and the uniform estimates for the solutions, that are sufficient to apply
corollary 4.6.

Let us recall that the operator S was introduced in lemma 2.2. By the functional cal-
culus we define the operators P,: H— H by P, := 1(0’2n+l)(S) for n € Ny. Since S has
the representation (2.3), we observe that P, is the orthogonal projection from H to H, :=
span{hm :meN, )\, < 2”“} and

P.x= Z (%, o) g Fom x€H.
)\m<2/x+l
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Note that we have /, € (Ney 2(S¥) for m € N. Since by lemma 2.3(i) Z(S*) < V for some

k € N, we infer that H,, is a closed subspace of V forn € N. In particular, H, is a closed subspace
. . 1

of V*. The fact that the operators S and A commute implies that P, and A2 commute. Thus we

get

1 1
1Puxl[5 = [Puxll7 + 142 Pax|| = || Pl + [1PoAZ X[ < [Ix]l7, x€ V.
Moreover,
I1Pux|lg < ||x||lp, x€H and ||1P,x
and, recalling (2.4), (2.9) and (3.3),

I | | A S

1 1
& (Pux) = %HAEan”%i"’ %HHPMHSJJI Sa HPHAEXH%H"' ||an||€;+1
< |xF+ x5 S 1+ xlIs™, xeV. (5.4)

We also have
lim ||Px —x|ly=0
n— 00

lim ||Pyx —x||pa+1 < C lim ||Pyx — x|y =0.
n— o0 n—oo

By density, we can extend P, to an operator P, : V* — H,, with ||P,

Vx sV < 1 and
(v,Pyv) ER, (v, Pyw) = (Pyv,w)y, veVvs, weV. (5.5)

Unfortunately, the operators P,, n € N, are not uniformly bounded from Lot to LY*!, This
property is crucial in the proof of the a priori estimates of the stochastic terms. To overcome
this deficit, in the following proposition we construct the sequence (S,), .y Which enjoys the
needed properties.

Proposition 5.2. There exists a sequence (Sy,),cy of self-adjoint operators S, : H— H, for
n € N such that Syip — Y in'V for n — oo and ¢ € V and the uniform norm estimates

sup([Sull 2y <1, sup||Sull 2y <1, sup||Sul| 2 ety < o0 (5.6)
neN neN neN

hold.

Remark 5.3. Somehow, S, represents a smoothed version of the indicator function p, :=
1 (g,2+1) used to define the operator P,. This allows to use the spectral multiplier theorems
to prove the uniform L>*!-boundedness of the sequence (Su)nen,- In [BHW19] the same res-
ult is proved by means of the abstract Littlewood—Paley theory rather than spectral multipliers
theorems. Our proof follows the lines of [BHM20, proposition 10] and [Hor18b, lemma 3.14
and remark 4.15] with the difference that here we use the classical estimate from Ouhabaz

[Ou09] instead of the results from Kunstmann and Uhl [KU15].
Proof of proposition 5.2. We take a function p € C>°(0,00) with supp(p) € [l 2] and

29
> mezP(27"t) = 1 for all £ > 0. For a fixed n € Ny we introduce the function

n

$n 2 (0,00) = C, Sn(A) == Z p(27"N)

m—=—0o0
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and we see that

1 Ae (0,2
spi(A) =4 p(27"\) A€ [2n,2mH)
0 A >t

We define S, := s,(S) via the functional calculus for self-adjoint operators. In particular,
by lemma 2.2(ii), we have the representation

Six= > (hw)ahn+ Y p(27"N) (%) rhe, X EH,

A <21 An€ [2’1 ’2u+] )

from which immediately follows that the range of S, is contained in H,,. Since s, is real-
valued and bounded by 1, the operator S, is self-adjoint with ||S,|| & () < 1. Moreover, since
by lemma 2.2(i), S, and A commute, we obtain [[S,|| ¢ (v) < 1 and S,3) — o for all i) € V, by
the convergence property of the functional calculus.

Finally, the uniform estimate in L>*! is a consequence of the spectral multiplier theorem
[Ou09, theorem 7.23] and the Marcinkiewicz interpolation theorem. It is sufficient to show,
see [Ou09, equation (7.69)], that s,, satisfies

sup |\ (A) ] < oo, k=0,1,2.
A>0
We have
k (k) k (k) o df —n k (k)
sup NPV = sup  NsPO)[=  sup N T p(27 ) < 2tsup [pP (V)] < oo,
A>0 A2, 20+ Aeg[2n,20+) A>0
for all k € N. This completes the proof of proposition 5.2. O

Let ug be an .%y-measurable V-valued random variable such that Lawp(#(0)) = 1 on (V).
Then, since 2rth moment of the Borel probability measure 1 on V is finite, we infer that the
2rth moment of uy is finite.

Using the operators P, and S,, n € N, we approximate our original problem (1.1) by the
stochastic differential equation in H, given by

du, (t) = — [{Auy, (1) + 1P, F (u, (1)) + Bu, (¢)] dt — 1S, B (Spuy (1)) o AW (2)
—i8,G (Spu, (1)) dW (1)
uy (O) = Pnuo.

With the Stratonovich correction term

b, = f:SBS

the approximated problem can be written in the following It6 form
du, (1) = — [iAu, (1) + 1P, F (u, (1)) + Buy, (t) — by (u, (2))] dr
—i8,B (Spuy (1)) AW (2) —iS,G (Spuy (1)) dW (2) (5.7
u, (0) = PLug.
By the well known theory of finite dimensional stochastic differential equations with locally

Lipschitz coefficients, we get a local well-posedness result for (5.7).

20
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Proposition 5.4. Suppose assumptions 2.1, 2.4, 2.7 hold. Assume that r € [1,00). If up is an
Fo-measurable H-valued random variable with finite 2rth moment, then for each n € N there
is a unique local solution u, of (5.7) with continuous paths in H,, and maximal existence time
Tn, Which is a blow-up time in the sense that

limsup ||un (l,W) ||Hn =00
£, (w)

Sfor almost all w € Q with 7,(w) < .

Now we introduce a technical lemma used in many instances for a priori estimates, see
[BHW19, lemma 5.6].

Lemma5.5. Letr e [1,00),e >0,T>0andfe L'(Q,L>*(0,T)). Then,

I

1 t
L(Q,L(0,1) T 45/0 If

We prove a priori estimates in the space H so to get global existence. We work on any
bounded time interval.

@00 <Ellf L7(Q,L5(0,5)) S, t€[0,1].

Proposition 5.6. Suppose assumptions 2.1, 2.4 and 2.7 hold. Assume that r € [1,00). If ug is
an Fy-measurable H-valued random variable with 2rth moment finite, then for each n € N
there exists a unique global solution u, of (5.7) with continuous paths in H,. Moreover, for
every finite T > 0,

supE l sup ||u, (7) ||,2L,’] < 00. (5.3
neN t€[0,7]

Proof. Step I1: we fix n € N and take the unique maximal solution (u,,7,) from proposition
5.4. We prove that the solution is global appealing to the Khasmiskii’s test for non explosion,
see [Kah80]. Let us introduce a sequence {7, « }xen of stopping times defined by

Tug :=1Inf {t >0 ||u, (1) ||u, =k}, keN.

In order to prove that 7, = 400 P-a.s. it is sufficient to find a Liapunov function ¥ : H — R
satisfying

V=0 on H, 5.9
ap:=inf {¥ (v) : |v|lg = k} — o0, as k— oo,
E[Y (u,(0))] < o0 (5.10)
such that
E[Y (uny (t ATpp))] SE[Y (4, (0))] +C/ (I1+E[Y (uy (s ATup))]) ds (5.11)
0

for a constant C < oo and all # > 0 and k € N. The idea is the following: once such a function
¥ is found, by the Gronwall’s lemma we infer

E[Y (u,(t Aos)] < e (1 +E[ (1,(0))]), =0,

which implies

P(rup<t) < aikE []I{Tn,k<,}7/(un (tATur))] < a—lkea(l +E[Y (u,(0))]).
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Passing to the limit, we get

lim P (ry < 1) < e (1 +E[¥ (0))]) lim — =0,

k—o00 k—ro0 ay

for every fixed # > 0. Therefore P(7, < t) = klim P(7,x < t) = 0 for every fixed ¢ > 0, which
—00

means P(7,, = +00) = 1.
Set

Y (v):= vl vEH,. (5.12)

The function ¥ € CZ(H), ¥ is uniformly continuous on bounded sets and satisfies (5.9)
and (5.10). Moreover, E[¥ (P,ug)] < oo is equivalent to E [||P,uol|3;] < oo.

In order to derive inequality (5.11) we use the It6 formula. The function ¥ : H, — R defined
in (5.12) is twice continuously Fréchet-differentiable with

4/// [V] /’l1 =2Re (V,h1>H, 4//// [V] [h],hg] = ZRC(hl,hz)H,
for v,hy,hy € H,. We look for estimates for ||u,||?. The Itd formula for this real process
involves only real quantities, expressed by means of the real part of the complex scalar product

in H.
For a fixed v € H,, and m € N, we have some basic relationships:

Re (v, —iAv), = Re {i||A%v||%,] —0,
Re (v, —iP,F (v))y = Re(iv, F (v)) =0,
2Re (v,b, (v)), = — iRe (v ($:BaS,)*v) =~ i 1S,BuSuv]|2,
m=1 m=1
Re (v, —i8,B (Suv) fin) g = Re[i (v, SuBmSuv)y] =0,
where we used (5.5) and (2.6) for the second term and the fact that the operator S,B,,S, is

self-adjoint for the third and four terms.
Therefore, by the 1t6 formula we get, for r > 0,

INTa ke INT k
H%UNMOM=H&mﬁr45A n%uw%m+l 194G (St (5)) I s

) /0 " Re (1t (), —iS,G (Syt (5)) AW (5),,.

To estimate the term in the right hand side (RHS) of the above equation we introduce the
stochastic process

(073 (l) = 1(l<Tn,k)'

and we notice that

ATk t t
A WAM&mzAH%@WﬂM%méAHw@Nmm%m
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Therefore, by proposition 5.2 and (2.19) we get
150G (Suttn () 12y 1) < 2CF +2C lutn (5) |7

So we obtain
'
[|tn (t/\Tn,k) ”%—I <||Pn”0H?-1"‘ 2/0 (C% + (_ﬁ + C%) H”n (s /\Tn,k) ”%1) ds

+2 / T Re 1y (5), =18, G (Sut (5)) AW (s)),y, 130,
0

Taking now the expected value on both sides, we obtain
t
B [l (A7) 1] < E[IPwlf] +2 | (€F+ (=8 +EDE s (sA 7 3]) &

This proves (5.11) and so we conclude the proof of the global existence of the solution.
Step 2: we now prove estimate (5.8). Let us fix 7' > 0. We start from equality

t t
it (0) | = ([ Patioly — 28 / it () [ ds + / 184G (Sutn (5)) 2., ) ds
t
42 / Re (iy (5) , —iS,G (Suttn (5)) AW (s)),, . for 1 € [0,7],
0

and we apply the L"(2,L°°(0,T))-norm to this identity. From proposition 5.2 and (2.19) we
immediately get

T
<2CT 428 /0 it (5) 12 ds

] [ 18,6t (61 s

(9,1 (0,T)) Q)
The Minkowski inequality yields
T T
H [ as| <] [ sup ) as
0 r(Q) 0 relo,s] Q)
T T
<[ s | ds= [ o0 25
0 |[rel0,s] 0 ’

()

By means of the Burkholder—Davis—Gundy and the Young inequalities, lemma 5.5 and (2.19)
we obtain, for some constant C (depending on r)

H /O Re (1 (), ~15,G (Snitn (5)) AW (s))

L/(Q,L(0,T))

oo 1/2
. 2
<C ( /O m§_1:(un(s),—lsnc(s,,un(s))em),,ds>

< CIG (Sutn) Nl vy ltn |
< C[|(Cr+ Cillunlr) ]l

()

L'(Q,L7(0,7))

L(Q,L2(0,7))
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S+ (Al Lr(Q,12(0,T))
<+ T+ ||||wal

L(Q,17(0,7))

1 T
2
Lr(mux(om))*@/o 112607

<1+ T+e ||l (@1 (0.)) 95

for any € > 0.
Collecting the above estimates, we obtain for any n

H”MnH%I L(£2,L>=>(0,T)) < ||Hu0||%l L,(Q)+C+CT+ +6C||Hun”%l

+ (284 £ /T||u 2
45 0 e

If we choose € > 0 small enough, we can apply the Gronwall’s lemma and we get that there
exists a positive constant C, independent of n (but depending on T and other parameters) such
that

L (Q2,L>>(0,7))

Lr(Q,L5°(0,5)) ds.

o

H||”nH12-I L7(Q,L>(0,T)) S

for any n € N. O

The next goal is to find uniform energy estimates for the global solutions of the
equation (5.7). Recall that the nonlinearity F has a real antiderivative denoted by F and the
energy functional & is defined in formula (3.3).

The next proposition is the key step to show that we can apply corollary 4.6 to the sequence
of solutions (u,),cn of the equation (5.7).

Proposition 5.7. Fix r € [1,00) and let uy be an Fy-measurable V-valued random variable

whose r(o.+ 1)th moment is finite. Under assumptions 2.1, 2.4 and 2.7 the following assertions
hold.

(a) For every finite T > 0,
SuplE | sup luy (1) |7 + sup & (ua(r))"| < c.
neN | re[0,1] 1€[0,7]

(b) The sequence (u,)nen satisfies the Aldous condition [A] in V*.
(c) If in addition (5 satisfies condition (3.11), then

supsupE||u, (1) || < oo. (5.13)
neN >0

(ad a). Let us fix 7 > 0. Thanks to (5.8) it is enough to prove the estimate for the energy.
By lemma 2.5, the restriction of the energy & : H, — R is twice continuously Fréchet-
differentiable with
&' [v|h =Re(Av+F(v),h),
6" ) ha) =Re (A2, A% he) +Re(F'[vlhs, ),
for v, hy,hy € H,. We look for estimates on & (uy,).
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Notice that
e[(Av, —iP,F(v)) + (F(v), —iAv)] = Re [—(Av,iF(v)) + <Av,iF(v)>} —0,

R
Re (Av, —iAv), = Re [i[|Av[|};] =0,

for all v € H,,, and we can use (5.5) for

Re(F (v),—iP,F (v)) = Re[i{(F (v) , PyF (v))] = 0.

Therefore, the Ito formula leads to the identity
E (uy (1)) = & (Pouo) + /OtRe(Au,, (8) + F (4 (), by (u (s)) — Puy (s)) ds
= [ Relhit 5+ (5)) i 51BSw () aW(s)
+ /OtRe(Aun (8) + F(uy (8)),—18,G (Spuy (s)) dW (s))
+ ;/ZHA%SHBSHM,, () 113y, 1y ds + ;/O[|Ais,,GSnun () 113 (v, ds

/ ZRG S BS u"( ))fmv(SnBSnun(s)) m> ds
+%/ ZRG ] (SaG(Suttn(s))em) , SuG (Sntn(s))em) ds, (5.14)

almost surely for all 7 € [0, 7].
Let us introduce the short notation
Z(u) = |ju||3 +2& (u) = ||ul|} +2F (u), ueV. (5.15)

We will estimate the various terms that appear in the RHS of (5.14) in the L"(£2,L>°(0,T))-
norm. To slightly simplify the proof we will neglect here the dissipation term by assuming
B = 0. The case 8 < 0 can be treated as in the proof of proposition 5.7(c), see appendix B. We
set I ,(u)(t) = 2f0t Re(Au(s) + F(u(s)), b, (u(s))) ds. We have

ds

111 (1) ZRe Aty (8) + F (1t (5)) , (SuBmSn)” ttn (5))

L(Q,L°°(0,T))

r(Q)

Using the bound (5.6) and assumption 2.7(ii), see also remark 2.10, by means of the Young
inequality we get

1 > 1
< ||AZunlln Z Az (SanSn)zun) 7%

m=1

> “Re(Auy, (SuBuSn) us)

m=1

1
< A2 w11 v, 1 v
1
< B vy (143wl + N3
S Bl (v, (1,v)) Z(ttn) -
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On the other hand, (5.6), assumptions 2.7(ii), (2.5) and (2.9) lead to

ZRe (SuBmSp) )| <

m=1

oo
|| F () Z | (SuBwSn)” | ot

S F(u) ||B||$(La+',7(yl Lo+
S HBHf'f(L‘”",W(Yl :L”*'l))Z(“n) ‘
Therefore we obtain

Hll,n (tn)

L(Q,L(0,T))

T
S <|‘B||f%(v,w(yl,V>>+||B||f%(m+l,vm,La+l)))/o 1266) @0y 05 (5:16)

We set I ,(u)(t) = 2fOtRe(Au(s) + F(u(s)), —iS,B (Syu(s)) dW(s)). We employ the
Burkholder—Davis—Gundy inequality to get

1

0 2
r@reon) S2 (Z |Re(Au, + F (), —i (S, BStty) fn) |2>

m=1

12,0 (1)

Lr(2,L2(0,7))
Using the bound (5.6), assumption 2.7(ii) and the Young inequality, we estimate

1
2

<Z|Re Atty, —1(S3BSyttn) fin) | ) < ||A%“n“H||B(Sn”n) v (ri.v)

m=1

1
< |A2unllulBll 2 vy v, vy 1 llv
1
<I1BlL v (ATl + )
<

I1Bll.2 v,y (vi,v)) Z (tn) -

On the other hand (5.6), assumptions 2.7(ii), (2.5) and (2.9) lead to

1

2

<Z|Re 1(SuBSuttn) )fim)| ) < ||BH.$(L°‘+‘,v(Yl,L“+l))F(”t1)

S Bzt vy Loty Z(un)-

Therefore, the latter three estimates with lemma 5.5 yield

(12,0 (1)

r@.r=0,1) S (IBllzvyrv) + IBllz@as 4 po+1y)) 12 ()

1 T
’ oo — Z
(L (o,T))+4€/0 1Z ()

L (2,L%(0,T))

S ellZ(un)

(2,15 (0,5)) S,

for any € > 0.
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We set I5,(u)(t) = Zf()tRe(Au(s) + F(u(s)), —iS,G (S,u(s)) dW(s)). Also for this
stochastic integral we employ the Burkholder—Davis—Gundy’s inequality to get

I—

(173, (un) ||Lr‘(Q,LOC (0,7)) <2 (Z |Re{Au, + F(uy), _iSnG(Snun))em>|2>

m=1 L(Q,12(0,7))

Using the bound (5.6) and assumption 2.7(iii), exploiting the Young inequality we obtain

1

2

= . 1
<Z|R6<Aum—1 (SnG(Snun))em>|2> SNAZu, ||| G (Snun) ”’y(Yz,V)
m=1
S 1Azl (Co+ Gl v)
S1+Z(uy).

Moreover, (5.6), assumptions 2.7(iii), (2.5), (2.9), (2.10) and the Young inequality lead to

1

2

o]
<Z|RC<F(“n) ) _iSnG(Snun) em>|2> < HF(”n) ”L‘*T+1 ||G(S,,u,,) ||7(Y2,LQ+‘)
m=1
S H"‘n”zéa*-l (C3 + é3||”nHLa+‘)
< [F )] ™+ F )
S JFi?(”ﬂ)

S14+Z(uy).

Therefore, collecting the previous estimates, by means of lemma 5.5 we obtain

”13," (1)

v 0,1) ~ 1+ Z ) | @,r200,1)

1 T
S1+elZ(un) u(sz,Loo(o,r»Jr;/ 1Z (un)
€ Jo

L7(Q,L5(0,5)) 45,

for any € > 0.
We set I ,(u)(1) = fot ||A%S,,BS,,u(s)ny(YhH) ds. Exploiting remark 2.10 and bound (5.6),
we easily obtain

T
mmwmﬁﬂ%QmmmAHﬂm

We set 157n(u)(t):fot||A%SnG(S,,u(s))Hi(Y27H)ds. Similarly, estimate (2.16) and
bound (5.6) yield

||I4,n (un)

Lr(Q.L5(0,5)) 45

1 ~ 2
1A% .G (Sutta) 12 v, ) < (Ca+ Callutallv)” S 1+ Z(uy).

Hence

T
o Gl m 0y S 1+ | 120

27
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We set I, ( fo F/u($)] (SuB(Sutt(8))fm) s SuB(Sutt(8))fin) ds. From (2.8),
remark 2.10, (5. 6) and (2.9) we get

ZRC ”n SnBSn”n)fm»(S BS, ”n)fm> S ||B||$ La+‘7y(Y,7La+1))H”n||La+1

5 ||B||=2$(L”+],’Y(Y] 7L(1+1))F(un) .

Hence,
T
([ 46.n (”n)HLr(Q,Loo(o,T)) S ||B|E%(L°‘+l,'y(Y1,L"‘+l))/0 IZ () [|2- (2,2 (0,5)) ds.
We set I7,,(u fo F'lu(s)] (ShG(Sau(s))em) ,SnG(Syu(s))ey) ds. By means
of (2.11), (2.17), (5 6) and the Young inequality we get
> Re(F [ua] ($1G (Suttn) em) ,SnG (Sntn) em)| < ' lunl |, s 115G (Snitn) em| ot
m=1 m=1
. a1
5F<un>a+1 1G (Sutn) I (v, zo+1)
- 2
<F (un) 570 (C3+C3\|Mn||m+l)
S F(un) 5 4 F (un)
<1 +F(un) <14 Z(un)
Therefore,

T
I im0y S 15 | 1200 a0 8 (5.17)

We now go back to (5.14); using (5.16) and (5.17) we finally obtain

1€ (1)

T
1@, 0,1)) < | (Putto) |1y +C+ C/ 1Z(un) [l (2,2 0,5)) ds
0

+2¢||Z (uy)

L7(92,L5°(0,T))

T
) +C+ c/o 2|& (un)

vz 0,1) + (CT+2¢) || lunll

C (14 [[lao 15"

17(Q,L%(0,5)) 48

+4e||€ (un)

Lr(Q,L>=(0,T))’
(5.18)

for some positive constant C, independent of n. We have estimated the initial data thanks
to (5.4). If we choose ¢ sufficiently small and bear in mind the a priori estimate (5.8) of
proposition 5.6, we get

1€ (un)

T
r@reon) S+ / 16" () [| (02,2 0,5)) dS-
0

By the Gronwall lemma we deduce the assertion of proposition 5.7, part (a). O
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(ad b). We choose and fix T > 0. Let us now prove the Aldous condition. The proof of this
part is an extension of the proof of part (b) in [BHW 19, proposition 5.7]. We will provide just
the main steps. We have

Uy (1) — Ppug = —i/o Au, (s) ds — i/o P, F (u, (s)) ds—l—/o by (uy (5)) ds — ,8/0 uy (s) ds
i /0 SuB (Suity (5)) AW (s) — i /O $,G (St (5)) AW (s)
=:Ji ([) +J (l) +J3 (l) +Js (l) +Js (l) +Je (l‘)7

in H, almost surely for all ¢ € [0, 7] and therefore
6
it (7 4+ O)AT) =ty (7) e < S 10 (7 0) A T) = Ji (72 v
k=1

for each sequence (7,),c of stopping times and 6 > 0. Hence, we get

[=))

P{llun ((7u + O) ANT) — 1ty (1) |+ = ZP{”Jk (Ta +O)AT) = Ik (7a) [|v+ =
k=1

N3

3

(5.19)

for a fixed n > 0. We aim to apply the Chebyshev inequality and estimate the expected value
of each term in the sum. Proceeding as in the proof of part (b) in [BHW19, proposition 5.7]
one obtains the following estimates:

By (7o +0) AT) = J1 (1) [l < 0K,

EllJ2 ((7a +0) AT) = J2 (7a) [lv+ < 0K,

E|lJ3 ((7a +0) AT) = J3(7a) [|v- < 0K3,

E|lJ5 ((1, +0) AT) = Js (13) |[3- < OKs.

We use part (a) to estimate

(T +0)AT
E|ls (a4 0) AT) — Ty () |y~ < BE / tn (5) ds

n

H

(Ta+0)AT
<BE / i 5) s SO | sup_un (5| < 0K

n

)
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The 1t6 isometry and (2.19) yield
2

E|[Js ((7u +0) AT) = Js () [} <E

(Ta+0)AT
/ SnG (Suuty (5)) AW ()

n

H

(Tu+0)AT 5
=E/ 154G (Sutn (5)) 2 .1 s

n

N
=

(Tu+0)AT 5
[ ecs2Bnek) @

n

A

(Ta+0)AT 5
E/ (14 [l (5) ) ds

n

<O+0E | sup ||u,1(s)||i, < 0Ks.

s€[0,7]

By the Chebyschev inequality, we obtain for any given 1 > 0

B{Me((rat0) AT) — S () Iv- > £ }

< %EHJk((Tn"'Q)/\T) — T (1) |Iv- < 617(7k6f0rk6 {1,2,3,4} (5.20)
and
IF’{HJk((Tn—l—@)/\T)—Jk(Tn)”V* > 2}
< f]—SE||Jk((Tn+9) AT) =i (1) [} < 3ngGforke {5,6}. (5.21)

Let us fix € >0 and 1 > 0. Due to estimates (5.20) and (5.21) we can choose d,...,0¢ > 0
such that

7 €
- P>l =
P{||Jk((7'n+9)/\T) i (1) |lve = 6} <g

for0 <6 <dandk=1,...,6. With § := min{dy,...,d}, using (5.19) we get
P{IVk (7 +0) AT) = Ji (1) lv= =2} < e

for all n€N, k=1,...,6 and 0< 0 < and therefore, the Aldous condition [A] holds
in V*. O

(ad c). This point has some similarities with point (a) proved above. We prove it in
appendix B. O

As an immediate consequence of propositions 5.6 and 5.7 and the fact that ||u||?" <, [ju||Z +
& (u)" we obtain

Corollary 5.8. Fixr € [1,00) and let uy be an Fy-measurable V-valued random variable with
finite r(a+ 1)th moment. Then, under assumptions 2.1, 2.4, 2.7, the following bound holds

supE | sup |ju, (¢) ||| < oo, forevery T>0. (5.22)
neN t€[0,7]
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5.3. Convergence. Proof of the first part of theorem 5.1

In this section we prove part (i) of theorem 5.1, that is the existence of a martingale solution
of (1.1) which satisfies conditions (5.1) and (5.2).

We construct a solution to equation (1.1) by a suitable limiting process in the Galerkin
equation (5.7), exploiting the results of the previous sections. Proposition 5.7(b) and corollary
5.8 provide the tightness to pass to the limit. One proceeds as in [BHW19, BMo13]. We will
just provide the main steps of the proof and refer to these papers for more details.

Let us recall from section 4 the definition of the space Z.:

Zoo = C([0,00); V) ML ([0,00); L*T1) N €, ([0,00); V).

Proposition 5.7(b) and corollary 5.8 provide the a priori estimates on the Galerkin approx-
imation sequence; hence, this is tight in Z, thanks to proposition 4.4. Then by means of
corollary 4.6 we get the convergence. More precisely, there exist a subsequence (i, )y a
probability space (€2,.%,P) and random variables vy, v : € — Z,, with Lawg (vx) = Lawp (4, )
such that

vi —v P—as. inZ, fork— oco. (5.23)

Moreover, arguing as in the proof of [BHW19, proposition 6.1(b)], we infer that v €
C(]0,00),Hy) P-a.s. and

supl&
keN

sup |[vi () |7 4 sup € (v (¢))"| < oo, forany T> 0,
1€[0,7] 1€[0,7]

from which, keeping in mind that || - |3/ <, || - || + &(+)", we also infer

supE
keN

sup |lvi()]|¥| < o0, forany T> 0.
1€[0,7]

Let us remark that we also get
E| sup |[v(0)||Z + sup €(v(r))"| <liminfE | sup |lve(e) |7+ sup & (v (2))| < 0.
1€[0,7] 1€[0,7) k 1€[0,1] 1€[0,7]
Hence, by remark 3.5,
E| sup |[v(2)||>| < oo, foranyT>O0. (5.24)
t€[0,7T]

The last two inequalities prove respectively inequalities (5.1) and (5.2).

Since each v, has the same law as u,,, it is a martingale solution to equation (5.7):
expanding the arguments in [BHW19, lemma 6.3] one can easily prove that each process
N, : Q x [0,00) — H, defined by

Ny () = —v, (8) + Puuo + /0’ [—iAvy, (5) — iPyF (v, (5)) + by (v (5)) — Bvy ()] ds

forn € Nand ¢ € [0,00) is an H-valued continuous square integrable martingale w.r.t. the fil-
tration .%,, := o (v, (s) : s < 7). As far as its quadratic variation process is concerned, in order
to exploit classical results presented in a real Hilbert space setting, see e.g. [DPZ92], we work
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with the real inner product in H (and H,). This means that the quadratic variation process
({N,)) is defined through the property that for any ¢, ¢ € H, the process

Re (N(1), %)) ,Re (N(1),0) , —Re (((Na)) 0, 6) . 1€ [0,00),

is a martingale. Therefore we find that
0 t
<<Nn>>t7/} = Z/ iSanSnVn (S) Re (iSanSnVn (S) aw)H dS
m=1"0

+ z:l/o iS,G (Syvn (5)) emRe (iS,G (Spvn (5)) €m, 1)y ds

for all b € H and 7 € [0,00). The martingale property can be rephrased as

E [Re (N, () = Ny () ) b (valjo,)] = 0 (5.25)
and

E

<Re (N, (1) 7¢)HR6 (Nu (1) v‘P)H —Re (N, (s) ,¢)HRe (N, (s) 7‘:0)11
-3 / lRe (iSyBnSavn (r) ;1) yRe (iSuBumSpva (r) , )y dr

- Z/ Re (iS,G (Syvn (7)) emv¢)H Re (i8,G (Syvn (7)) em, QO)H dr) h (Vn|[0’s])‘| =0,
m=1""
(5.26)

forall 0 < s <7< 00, ,p € H and bounded continuous functions z on C([0,00),H,,).

It is useful at this point to introduce the following notation. Let ¢ : V< H be the usual
embedding, .* : H— Vits Hilbert-space-adjoint, i.e. (uu,v),, = (u,0*v)  foru € Vandv € H.
Further, we set L := (.*)" : V* — H as the dual operator of .* with respect to the Gelfand triple
Ve HS H* — V™.

Let us introduce the process

N(1) := —v(l)—i—uo—i—/o [—iAv(s) —iF (v(s)) +b(v(s)) — Bv(s)] ds, t€][0,T],

which has V*-valued continuous paths. Moreover, N(1) € L2(€2, V*).
We now use the martingale property of N, for n € N and a passage to the limit in (5.25)
and (5.26) to show that LN is an H-valued continuous square integrable martingale with

respect to the filtration ' = (3%,) o’ where .Z, := o (v(s) : s < 1), with quadratic variation
r€fo,
given by

((LN)),¢ = Z /0 [iLB,,v (s)Re (iLB,,v (s),C)y +1LG (v (s)) emRe (iLG (v (s)) em, ()] ds,

(5.27)
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for all € H. We just provide the main steps of the limiting process (for a detailed proof see
[BHW19]) and the computations of what is new.
Taking the limit as n — oo in (5.25), for 1) € V, we obtain®

E[(N(t) = N(s),9)h (v]jo,9)] =0 (5.28)
Then we take the limit as n — oo in (5.26), for ¢, € V, and obtain

E l <R6<N(I),¢>RG<N(I)7¢> —Re(N(s), 9 ) Re(N(s), )

=3 [ RelBav(r) 0 RelBa (1) ) ar

m=1""%

_Z/ Re(Gv(r)em,w>Re(Gv(r)em,ap>dr) h(v[oys])] =0. (5.29)

m=1

To prove the convergence of the first three terms in (5.26) one proceeds as in [BHW 19, lemma
6.4 steps 3—4]. The convergence of the fourth term is proved in the following lemma whose
proof is postponed to appendix C.

Lemma5.9. Under assumption 2.7(iii), for all 0 < s <t < 00, ¥, € V, ha bounded continu-
ous function on C([0,00); V*), we have

lim E

n— o0

(Z/ Re(SnG(SnVn (r))em7¢)HRe(SnG(SnVn (l’))em,(p)H dr) h(V|[0,s])‘|
m=1""%

=k

<ZR6<GV (r) em; ¥ ) Re(Gv () em, @)dr> h (V|[0,s])‘| .

Now let7),¢ € H. Then i*n, i*¢ € Vand for every z in V* we have Re (Lz,7) ,, = Re(z,i*n).
Thus, from (5.28) and (5.29) we deduce

E[(LN(t) = LN(s) ,¥) s (v|o.9)] = . (5.30)

and

E

(Re (LN(1),m) ,Re (LN(7),¢) , — Re (LN(s),n) ,Re (LN(s),¢),,  (5.31)

-> / Re (LB,v(r),n)yRe (LB, (r), (), dr

m=1""%

_ Z/ Re (LG(v(r)em),n)HRe (LG(v(r)em), {)Hdr> h(v|[07s])] =0.

Hence, from (5.30) and (5.31), we infer that LN is a continuous, square integrable martingale
in H with respect to .%, := o (v(s) : s < ¢) and quadratic variation given by (5.27).

6 For the proof see [BHW 19, lemma 6.2, lemma 6.4 steps 1-2]. Here, in addition, we have to consider the convergence
of the damping term but the needed estimates can be obtained rather easily.
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Therefore, with the usual martingale representation theorem, see [DPZ~92, theorem 8.2],
we can conclude that there exist two cylindrical Wiener processes W and W on Y defined on

a probability space (Q,ﬁ,f@’) = (Q X Q,ﬁ ® 3},]@@[@’) with

LN (1) :/0 iLB (v (s)) dW(s) +/0 iLG (v(s)) dW (s), (5.32)

for ¢ € [0,00). Thanks to (5.24), the estimates

T o T 00
IBYIIZ: (jo,1x 0, (v1,v+)) :]E/o ZHBmV(S) 2 dSSE/O ZHBmV(S) [5ds
m=1

m=1

T [/ o0
< ]E/O <Z IIBmIIfs,»w)) [v(s) [I}ds

m=1

T
<E / v () 135 S M 0.1y < +09

and

T o T oo
1G () I2: 010 1oy = E /O SOIG((s)) enlP-ds SE /O G (v(5)) enlBds
m=1 m=1

T
—E / IG()) 12 3y A5 S 1+ 9] 1w 0709y <

yield that LN in (5.32) is a continuous martingale in H and, using the continuity of the operator
L, we get

/ iLB (v (s)) AW (s) + / iLB (v (s)) AW (s)
0 0
) (/O iB (v (5)) AW (s) +/O iG (v(s)) AW (s)) ,
for all ¢ € [0, 7]. The definition of N and the injectivity of L yield the equality
/ By (s) AW (s) + / iG (v (s)) AW (s)
0 0
=—v(t) +uo +/0 [—iAv(s) —iF (v(s)) +b(v(s))] ds

in V* for ¢ € [0,00).

The estimates for properties (5.1) and (5.2) and the weak continuity of the paths of v in
V have already been shown at the beginning of the proof. Moreover, in view of (the begin-
ning of) remark 3.2, we have that v is a H-valued continuous process. Hence, the system
(Q, Z , ]f", W,Iﬁ‘, v) is a martingale solution of equation (1.1) with the initial data p, that satis-
fies (5.1) and (5.2).

It remains to prove lemma 5.9. This is done in appendix C.
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5.4. Proof of the second part of theorem 5.1

Inequality (5.3) is a consequence of the same inequality for the Galerkin approximation (5.13),
which is inherited by the limit.

Remark 5.10. Theorem 5.1 holds in a more general setting. It is sufficient for A to satisfy
[BHW19, assumption 2.1] and assume (X, X, 11x) to be a o-finite measure space with metric p
satisfying the doubling property and D to be an open bounded subset of X with ux(D) < oco.
Moreover, it is sufficient for the nonlinear term F' to satisfy [BHW19, assumptions 2.4 and
2.6(1)]. This kind of assumptions ensure the compactness of the embedding V C H which is
the crucial ingredient to prove the existence of a solution by means of a tightness argument,
see section 5. In this general framework one can work in any space dimension provided a
suitable condition on « is taken into account, see [BHW 19, assumption 2.1(iv)]. Moreover,
this framework allows A to be also a fractional power of Laplacian type operators considered
so far; for more details see [BHW 19, section 3.4].

One can easily check that the computations that lead to the existence of a martingale solu-
tion, as stated in theorem 5.1, hold true in this more general setting.

Remark 5.11. In light of remark 5.10, when one works under assumptions 2.1(ii) or (iii), the
regularity assumptions on the domain & are as follows. To ensure the existence of a martingale
solution, see theorem 5.1, it is sufficient for the domain & to be a bounded open subset of R2
in the case of assumption 2.1(ii) and a bounded open subset of R? with Lipschitz boundary
in the case of assumption 2.1(iii); the same holds in dimension d for suitable o depending
on d. In fact, to prove the existence of a martingale solution we just exploit the fact that the
embedding V C H is continuous and compact. With the above mentioned regularity assumption
on the domain, the continuity of the embeddings in the cases (ii)—(iii) follows by Leoni [Lel7,
theorem 11.23 and exercise 11.26]: roughly speaking, the regularity we require on the domain
ensures that ¢ is an extension domain, see also Leoni [Lel7, exercises 12.11 and 12.14]. The
compactness of the embedding is instead ensured by the boundedness of &.

We emphasise that to prove the pathwise uniqueness of solutions and the existence of
invariant measures, an additional regularity on the domain is required. For more details see
remark 6.7.

6. Pathwise uniqueness

In this section we study the pathwise uniqueness for solutions to (1.1). We work under assump-
tions 2.1, 2.4 and 2.7. Here it is crucial that the spatial dimension is 2, whereas the result of
existence of martingale solutions can be obtained in a more general setting. Indeed, by means of
the Strichartz estimates we prove that any martingale solution fulfilling (5.2) enjoys more regu-
larity. The deterministic and stochastic Strichartz estimates will be presented in appendix A.3;
they are based on the results of Blair ef al, see [BSSO8]. These estimates allow us to work at
the same time with the Laplace—Beltrami operator on a two-dimensional compact Riemannian
manifold M and the realisation of the negative Laplace operator with Dirichlet or Neumann
boundary conditions on a smooth relatively compact domain & C R?. This is a first differ-
ence with respect to [BHW19] where the authors start from the Strichartz estimates due to
Bernicot and Samoyeau, see [BS17] and [BHW19, lemmas B.3 and B.4]. Moreover, differ-
ently to [BHW19], in order to prove the pathwise uniqueness we cannot work pathwise since
our noise is not conservative. We address this issue by appealing to a classical argument con-
tained in [Sc97].
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As usual, when we write LY, H*? without specifying the domain, we mean either L?(M),
H>(M) or L1(0), H(0).

Lemma 6.1. Let 9 € (0,1). Then F maps the space V into P(AT) and

< [e3%
Il () S lulf. e ©.)

Proof. For the case of (M, g) a compact manifold without boundary equipped with a Lipschitz
metric g and —A equal to the Laplace-Beltrami operator we refer to [BHW19, lemma 7.1].
Hence we have to prove (6.1) when —A is the Laplace operator with either Dirichlet or
Neumann boundary conditions on a smooth relatively compact subset & of R?,
Let us fix ¢ € (0,1) and choose s € (1,2) such that
2(s—1)

9 < ) (6.2)
S

We start by proving that
IF @) lwis oy S el oy, ueH' (). (6.3)
In order to prove (6.3) we compute the weak derivative of F(u):

—1
VF(u)= <042> [u|* (aVu+uVa)u+ u|*'Vu, for an arbitrary u € H' (0).

The Holder inequality and the Sobolev embedding H' (0) C LY(&) with g = %, see pro-
position A.1(1), yield

IVF (u)

L(0) S |||M|a_lHL;;(@,)IIVMHLZ@ S ulle o IVelliz o) S lullfo)-

Similarly, the Sobolev embedding H' (&) C L**(0), yields

[ (u)

(o) = H”Hg\a(@) S ||uH?1|(ﬁ), uc Hl (ﬁ)

and thus (6.3) immediately follows. By the choice of s in (6.2), proposition A.1(iii) ensures
that the Sobolev embedding H'*(&") C H’ (&) holds and thus

|F () 119 (o) S Nullin o)- (6.4)

Observe now that, when on & we consider the Neumann boundary conditions, thanks

9
to (A.2), H = 9(A;) and thus from (6.4), (6.1) immediately follows.
In the case of the Dirichlet boundary conditions, from (A.1) and (6.4), (6.1) immediately
follows when ¢ € (O, %) When ¥ € (%, 1), (6.1) is obtained by a density argument: for ¢ €
9
(3,1),by (A.1), Z(A7 ) = Hy, where H is the closure of C§° w.r.t. the norm || - [|79.2. One can
easily verify that F maps Cg° in itself and thus, by (6.4) we deduce (6.1) when 9 € (3,1). O

We now reformulate problem (1.1) in the mild form to show additional regularity properties
of solutions to (1.1) that satisfies (5.2).

Proposition 6.2. Fix r € [1,00) and let u be a Borel probability measure on V whose r(a +
1)th moment is finite.
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Let (Q,j,]@, W,W.F.u) be a martingale solution to (1.1) with Lawg(u(0)) = i on
PB(V) which satisfies the condition (5.2). If 2 < p,q < oo satisfy the following admissibility
condition

2y 65)
JZE)

and ¥ € (%7 1), then the following hold.

e Forany T >0,
we L2 (Q Y?) , (6.6)

where Y3. is a Banach space defined as

Y =1 (0,T;@<Af32")>mc([o,T];@(A?))7 6.7)

endowed with a norm

0 (o ) T e omn(ot))

uecC ([o,oo); Q(A%)) . Pas. 6.8)

In particular,

e For everyt € [0,00) the equality

t

iu (1) = ie "uy —|—/ e "TAFR (u(1)) dr
0

t t
+1/ e_i(l_T)Ab(u(T))dT—iﬁ/ e =AY (1) dr
0 0

tefi(tfr)A ulr e tefi(t*T)A ulr T .
‘+A B((»dW()+Z§ G (u(r)) dW (7) (6.9)

ol

is satisfied P-a.s. in D(AT).
Proof. Let (Q, F ,I@’, W,W,I@‘,u) be a martingale solution to (1.1) given in theorem 5.1 such
that it has the regularity (5.2). Let us at first show that equality (6.9) makes sense in Z (A~ 3 ).
Let us notice that for o = —32, the group (e71),>( on L? extends to a Co-group (T, ()),>0 on
9 (A=) with the generator —iA,, where Z(A,) = Z(A~°+1), i.e. —iA, is a suitable exten-
sion of —iA. To keep the notation simple we will denote this semigroup by (e ~),>.

Let us choose and fix ¢ € (0,00). We apply the Ito formula, see [BYNVWO08, theorem 2.4],
to the process if(7,u(t — 7)), 7 € [0,1], where f is the function defined as

f:00,qx2 (A‘%) 5 (rx) e " e g (A‘%) ,

where we recall that Z(A~%) = V*. Obviously, f is of C'2-class and since it follows from the
assumptions that we can apply theorem 2.4 of [BVNVWO08], we deduce that P-a.s.
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(1) = ie " u (0) + / e =DAR (u(7)) dr

+1/ —i(t— T)Ab dT—lﬁ/ —i(r— T)A d
0

+/Olei(’T)AB( (7)) dW(7) + / —i=DAG (u (1)) dW (1) in.@(A’%>.

0

We now use the Strichartz estimates from lemma A.10 to improve the regularity of the solution.
Let us consider two Strichartz pairs: (c0,2) and (p, ) with p,q € (2,00) such that 1% + % =1

Moreover, we choose and fix a v € ( ,1).

Let T >0 and let Y7 be the Banach space defined by (6.7) for this choice of Strichartz
pairs. Notice that, by assumption, the exponent g - % is positive. By estimating the terms in
the RHS of the above expression, we will prove (6.6), (6.8) and that identity (6.9) holds a.s. in
D(AT).

Thanks to the homogeneous Strichartz estimate (A.5) we get

e~ u(0)

ey Srllu(0)]

S [|u(0)]

9
2

) S (o))

)~ L2/ (Q,V)
L2 (0,V) Ny M(0)||L.(a+1) a,v) < 00,

LZr/a(Q (_@(A

where in the second to last inequality we exploited the embedding V C D(Ag) and in
the last two inequalities we used the embeddings L'(“+!) ¢ 2" ¢ L¥/* since 2r > 2r/a
and r(a+ 1) > 2r being > 1 by assumption 2.4. Moreover, [[#(0) (a1 q,y) < 00, since
Lawg(#(0)) = o and p has finite r(a + 1)th moment by assumptions.

The inhomogeneous Strichartz estimate (A.6), lemma 6.1 and (5.2) yield

<rl||F
LZr/a(Q;Y?) ~T H (M) ||L2"/"‘ <Q,Ll (0,T;@<A%>)>

S ||M| IOer(fz7Lu(07T;V)) 5 ||M|

/ AR (u(7)) dr
0

«
L2r(Q,L(0,T;V)) < 0.

Similarly, since we assume ¢ < 1, from the inhomogeneous Strichartz estimate (A.6) and (5.2)
we infer that

‘/e_i('_T)Au(r) dr

0
The Ito correction term can be estimated as follows. Recalling (3.2), by the inhomogeneous
Strichartz estimate (A.6), and (2.13) and (5.2) we infer that

e (AR D))

S 16 (w) ||L2r(Q,L°°(0,T;v)) S ||u||L2’(Q,L°°(O,T;V)) < 00.

< Jlu Sl 206 70 (g iy < OO
L2r/a(Q;Y1T9)NH HLZr/a(Q’U (o,r;@(ﬁ))) S el (@100 0,79

/' e C=Ap (u(7)) dr

0
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For what concerns the stochastic convolution term involving the operator B, by means of the
stochastic Strichartz estimate (A.7), and assumptions (2.13) and (5.2), we obtain

R T (R )

S 1B (u) ||L2f/0¢(Q,LZ(O,T;V(YI,V)))

| e () aivr)

0

S H“||L2r/a(Q,L2(0,T;v)) S lul L27(§,L%2 (0,T3V)) < oo,

when % > 1. For smaller values we first estimate with the moment of order 1 and then conclude
as above. The same will be done for the next stochastic integral. The stochastic Strichartz
estimate (A.7), and assumptions (2.16) and (5.2) yield

/ e AG (u (7)) AW (7)

0

12/« (Q,Y}?)

S, HG(u) ||L2r/o< <Q,L2 (O,T;’Y<Y2"@<A% )))
. o
(/0 1G (M) 5v,.v) dT) ]

L (Q,L(0,T3V)) < 0.

SIG )|

L2/e (Q,12(0,Tiy(¥2,V))) — E

S 1 [l

12/ (Q,12(0,T3V)) S+ lul

Thus the mild equation (6.9) holds P-a.s. in Z(A*) for every t € [0,00). Therefore, thanks to
the pathwise continuity of the deterministic and stochastic integrals, we get (6.6) and (6.8).
O

Remark 6.3. Let us note the following difference between our result and proposition 7.2
in [BHW19]. Here in (5.2) we assume the V-regularity of the solution while in the paper
[BHW19] only H®-regularity was assumed, see assumption (7.6) therein. We have to make
a stronger assumption here because the Strichartz estimates for a boundaryless manifold are
stronger than the Strichartz estimates for a bounded domain with smooth boundary, see remark
A.9. However, this stronger assumption is fully sufficient for our purposes.

We are now ready to prove the pathwise uniqueness of the martingale solutions to (1.1) sat-
isfying condition (5.2). We will need the following result which exploits the gain of regularity
of solutions proved in proposition 6.2.

Lemma 6.4. Assume r € [1,00) and let i be a Borel probability measure on V whose r(a +
1)th moment is finite.
Let (Q, Z,P,W,W,F, u) be a martingale solution to (1.1) with Law (u(0)) = pon V such
that (5.2) holds. Then the trajectories of the process h defined by
h(s) = [u(s)[7=",  s€[0,00),
belong to L ([0,00)), P-a.s.

loc

Proof of lemma 6.4. Step 1. Let us assume that a € (1,3]. We choose p, g € (2,00) satisfying

the admissibility condition (6.5). Note that in this case p > a — 1.

Since 1 — % > % we can choose a number 9 € (1 — %, Hn (%, 1). Thanks to proposition

9_2
6.2,forany T>0,u € 17(0,T; 2(A; 7)) P-a.s. Moreover, by proposition A.1(ii), definition
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Y9 _ 2 4
A.3 and theorem A 4, which ensures that Z(4g ") C H’~%(6), for B= D, N, and propos-
2

92

ition A.6(1)—(ii), we infer that Z(A; )< L. In fact, this embedding holds true because
ﬁ—%—%:ﬁ—l+%sothatﬁ—%—% >0 <= v> 1—%.Si~ncep>a—1,byapply-
ing the Holder inequality in time we see that the process # satisfies, P-a.s.

Al o,my S lull ! ooy Sl 92\ - (6.10)
La—l(O,T;@<Aq2 3”)) U’(O,T;@(qu 3”))

Step 2. Let us assume that « > 3. Then we set p := « — 1. Since p > 2 we can find g > 2 such
that the admissibility condition (6.5) holds. As in step 1, we choose a number ¢ € (1 — %, N

2_2
(%, 1) and observe that ¢ — % - % > 0. Therefore, we have Z(A; ) < L. Hence, we get

the following version of estimate (6.10)

-1
S el = [|ul”

||h||L1(0,T) 9 _ 2 9 _2 :
La—l(o,r;@(Aj 3”)) U(O,T;@<Aq2 3”))

Step 3. We conclude that, for any T >0, h € L'(0,T) P-as. as a consequence of inequalit-
ies (6.10) and (6.11) combined with the moment estimate (6.6). ]

6.11)

Now we are ready to prove the pathwise uniqueness. This holds for any martingale solu-
tion u, as in definition 3.1 and enjoying (5.2), since we have proved that, under suitable
conditions on the initial distribution, for these solutions there is the additional regularity
u€ L271([0,00);L%°)  P-a.s. and u € L*(Q; L*(0, T; H)), for every T >0, at least.

loc
Theorem 6.5. Let assumptions 2.1, 2.4, 2.7 be in force. Assume r € [2,00). Let p be a Borel
probability measure on V whose r(a + 1)th moment is finite.
Let Q, ﬂ:, ]f", W, W, Iﬁ‘, u[), i = 1,2 be two martingale solutions to (1.1) with random initial
data of law 1 and both satisfying condition (5.2). Then

(i) these solutions to equation (1.1) are pathwise unique, i.e.
P(u (1) = ua (1) for all t € [0,00)) = 1;

(ii) martingale solutions to equation (1.1) are unique in law, i.e. if (Qi, ., P, W;, W, F;, ui),
i = 1,2 be two martingale solutions to (1.1) with random initial data of law p and both
satisfying condition (5.2), then

Lawg (u1) = Lawg (u2)on Ze.

Proof. Letus first deal with assertion (ii). In view of assertion (i), it is a consequence of [On04,
theorem 2], the second assertion; see also theorem 12.1 therein.

Let us next deal with assertion (i). Since the noise is not conservative we can not work
pathwise as in [BHW 19]. We prove the uniqueness of the solution by means of a rather classical

argument, see [Sc97]. Take two solutions (fl, F , If", W, W, IF‘, u,-) ,i = 1,2, with the same initial
data ;o on V which satisfy

w € L (Q,LOO 0, T V)) for i = 1,2 and T > 0. (6.12)
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Define v := u; — u,. This difference satisfies

dv (1) = = [iAv (1) +1(F (w1 (1)) = F (u2 (1)) + Bv (1) de+
—iB(v(1)) 0 dW (1) —i[G (1 (1)) — G (u2 (1))] dW (1)
v(0)=0.

We use the Ito formula to compute d (e— Jv®ds| () H%,), by choosing a process 1) as

() =2[[lm@)Ig=" + lu2(Dllf=" = B] + Le, 1€ ]0,00), (6.13)

with Lg the Lipschitz constant given in (2.15). Thanks to lemma 6.4 we have that ¢ €
L} .(0,00), P-a.s. For ¢ € [0,00), we have

d (e BP0y (1)]F) = =0 (e BV v (1) [ dr+ e BOdlv (o) |3, (6.14)
where
dlv (1) I = 2Re(v (1), [G (1 (1)) = G (w2 ()] AW (1)) + [2Rev (1), —iF (w1 (1)) +iF (1 (1))

=28y (1) [I7 + 1G (w1 (1)) — G (w2 (1) ||i<y2,m} dr.

By means of inequality (2.15) we have the following estimate
16 (a1 (1)) = G (12 (1)) 12y < Ly (1) [y 100 (6.15)
The inequality
IF(z1) = F(22)| S (Ja]* "+ 22| ) o1 — 22|,  z1,22€C,
and the Holder inequality yield
Re(v (1), =iF (uy (1) +iF (u2 (1)) S v (@) 7 [l () I7="+ w2 () [7<"], 22 0. (6.16)
By means of (6.15) and (6.16) we estimate (6.14) as follows
d (™ BN ) S —w (e B v (0 [ dr
e BEOS Dol () 5 [l (15" + ez (1) 15" ] de = 2811w (2) 5y
+La||v (1) 7 dr + 2Re(v (1), [G (w1 (1)) — G (w2 ()] AW (t)>]
= O 1)l [ () +2 [l (O 55" + ez () 5" = 8] + L] ar

i 26_-[J¢(S)dSRC<V(I)7 [G(Ml(l)) — G(u2(t))] dW(f)>

Therefore, recalling (6.13), we obtain

e VOB ()2 <2 /OleM”SRew(r) (G (1 (7)) — Gz ()] AW (1)). 6.17)

Let us observe that the RHS of (6.17) is a square integrable martingale. Indeed, using inequal-
ity (2.15) we get
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B[ [/ e O (1) 16 0 (0)) = Gl ()

t
S A B A 7 S —

which is finite thanks to (6.12) because r > 2. Therefore, by taking the expected value in both
sides of (6.17) we get

E [e‘féw(x)d"||v(t)|\fi] <0,  Vre[0,00).

Thus, in particular, for any 7 € [0, c0)
e hvOS |5 =0, P-as.

Therefore, if we take a sequence {#}°,, which is dense in [0,00), we have
P(||v(t) ||z = O for all k € N) = 1.

Since by definition 3.1 both processes u; and u, are H-valued continuous, we deduce that

P (u)(t) = up(¢) forall t € [0,00)) = 1
and this concludes the proof. O

The pathwise uniqueness and the existence of martingale solutions imply the existence of
strong solutions, see e.g. [On04, theorem 2] and [Kun13, theorem 5.3 and corollary 5.4]. In
section D we have formulated a suitable modification of the above two results. The following
result dealing with a generic time interval [fg, 00) is thus a direct consequence of theorems D.1,
5.1 and 6.5.

Before we formulate this result it convenient to introduce additional notation analogous
to (6.7), i.e.

2

(lt0,00); 2(A¢ ")) N C((t0,00); Z(A

9
)54 2

loc

it

ZU,OO) =
and, for T >0,

Y, =L ([ro,T];9<Af32”>> mc([to,T];@(A?)).

Theorem 6.6. Let assumptions 2.1, 2.4 and 2.7 hold. Fix r € [2,00). Assume that ty € [0,00)
and uy, is an F,,-measurable Borel V-valued random variable with finite r(a + 1)th moment.
Then the following assertions are satisfied.

)

(1) There exists a unique strong solution u = (u(t) : t € [ty,0)) to equation (1.1) such that

E| sup |[u(?) || + sup & (u(t))"| < oo, for every T > t,
_tE[to,T] t€to,7]

(and hence)

E | sup |lu(?)|3| < oo, for every T > 1. (6.18)
_te[to,T]
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(2) If Y is as in proposition 6.2, then this solution has P-a.s. paths in C([ty,00); HN Q(Ag )N
Cy([to,00); V)N YY | and for every T > to,

[t0,00)
ue LY/ (Q;Yﬁoﬂ) .

(3) Moreover, for every t € [ty, 00) the following equality in V*

) =, [ A (5) +TF G s) + 5u(5) b 5] s

o

< [ Bt aws) i [ G awo

0 )

holds P-almost surely.

Remark 6.7. When one works under assumptions 2.1(ii) or (iii), the regularity assumptions on
the domain & that ensure the uniqueness of the solution (and, consequently, the existence of an
invariant measure too) are as follows. One needs to require that & has C*° (smooth) boundary
and is relatively compact. The relative compactness of the domain is required to apply the
needed Strichartz estimates, whereas the smoothness of the boundary is needed both for the
Strichartz estimates to hold, and for the definition of the fractional Sobolev spaces (for this
point see also remark A.2.) Notice that, to infer just the existence of a martingale solution, less
regularity on the domain is required, see remark 5.11.

7. Sequential weak Feller property

Consider the family of operators { P, },>¢ defined in (3.10). Our aim is now to prove the sequen-
tial weak Feller property in V at any fixed time 7 and that { P, },>¢ is a Markov semigroup. These
are part of the ingredients to prove existence of invariant measures. The sequential weak Feller
property relies on an argument of continuous dependence of the solution on the initial data.
The Markov property depends on the pathwise uniqueness.

Let us now recall the following fundamental definition. A function ¢ : V — R is sequentially
continuous w.r.t. the weak topology on V (we write ¢ € SC(V,,)) if ¢(xx) — ¢(x) when x, —
xin V. Using the subindex SCp(V,,) we add the property of boundedness. We recall that the
following inclusions hold

Cp (Vw) C SCy (VW) c Cy (Vn) .

Here V,, denotes V equipped with the weak topology and V,, denotes V equipped with the
strong (norm) topology.

Let us also notice that because V is a separable space, the weak Borel and the (strong) Borel
o-fields on it are equal, i.e. B(V,) = #(V,,), see, e.g. [EAT7].

For x €V, by u(+;x) = {u(t;x) : 1 > 0} we denote the unique strong solution with the
deterministic initial condition x, defined on the probability space (£2,.%,P). Bearing in mind
the remark 3.6(ii), the unique strong solution of problem 1.1 with deterministic initial data
enjoys property (6.18) for every finite » > 1.

It is known, see [On05, corollary 23], that the transition function is jointly measurable, that
is for any Borel subset I' of V the map
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Vx[0,00) 3 (x,7) — P{u(t;x) eT} € R

is measurable.
We define the family of operators P, for any 7 > 0,

(Pig) (x) = E[¢ (u(5:x))], x€ V. (7.1)

If ¢ : V— R is a bounded and Borel measurable function, then the same holds for P;¢.

We first provide the following result of continuous dependence on the initial data. For s > 0
let u(t;s,x), t > s, denote the solution of equation (1.1) when the initial value at time s is x.
According to the previous notation used so far we have u(#;x) = u(#;0,x), 1 > 0.

Theorem 7.1. Let assumptions 2.1, 2.4 and 2.7 hold. Assume r € [2,00) and ty € [0,00).
Let (xi)x and x be F,,-measurable Borel V-valued random variables with finite r(a+ 1)th
moments. If

supE[lxe| 2T <00,  Efx|[i*™ < 00 (7.2)
k

and P-a.s. x; weakly converges to x in'V, then
Jim B (u (13 to, xk)) = E¢ (u(t;10,x)) (7.3)
— 00
forany t € (ty,00) and any ¢ € SCp(V,,).

Proof. Let us choose and fix ¢ > #y > 0 and ¢ € SC,(V,,). By theorem 6.6 for each initial data
there exists a unique solution to equation (1.1). Moreover we obtain the uniform estimate

supE

keN t€to,7)

sup |u (10, xk) |%,’] < oo, forevery T >t (7.4)

and the Aldous condition as in inequality (5.22) in corollary 5.8 and proposition 5.7 part
(b). The only difference with respect to the Galerkin approximation sequence is on the ini-
tial data, but assumption (7.2) is a uniform estimate on them leading to (7.4). Therefore we
deduce that the sequence (Lawp (u(:; to,xk)));il is tight in the space Zj;, ) = C([fo,00); V*) N
L (tg, 00); L2+ N €,y ([0, 00); V). Hence corollary 4.6 applies, i.e. there exists a sub-
sequence {u(-; 7o, x,, ) }x such that on a new probability space (2, F, P) there exist Zi1y,00)-valued
random variables {ii }ren and & with Lawg (itx) = Lawp (u(+;79,%,,)) for any k € N such that
w — U P-almost surely in Zj; ), as k — oo.
Since, as a consequence of corollary E.3, the function

Zi1y,1) D U sup lu(2)||v € [0, 00)

t€ty,T]

fo,

is well defined and B(Zj, 7)-measurable, and Law (itx) = Lawp (u(+;,x,,)) for any k € N,
the sequence {i }rcn satisfies the same estimates as the original sequence, in particular

suplE
keEN

sup ||itx (1) |3 | < oo, forevery T > 1.
t€to,T)

By repeating the proof of theorem 5.1 given in subsections 5.3 and 5.4, the system (Q F,P, 12)

is also a martingale solution of equation (1.1) with the initial value x at time 7y and one has

E | sup [li(e)|?| <liminfE | sup |jiu (¢) |3 | < oo, forevery T > . (7.5)
i€l 7] g 1€ 01071
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In particular, because i converges to i in C,,([ty,0); V), we deduce that
it (1) — it (f) weakly in V, P-as..

Hence, since function ¢:V — R is bounded and sequentially weak continuous, by the
Lebesgue dominated convergence theorem we infer that E[¢(it(7))] — E[¢(i(z))]. Since
Law (itx) = Lawp (u(-;10,X,,)) for any k € N, we infer that

Jim B¢ (u (£:10,%,))] =E[¢(a(1))).

Since the system (Q,IF‘,I@, 12) is also a martingale solution of equation (1.1) with the ini-
tial value x at time #y and since by part (ii) in theorem 6.5 the solution of (1.1) is unique
in law, i.e.

the processes u(+;fg,x) and i have the same law on the space Ziy,00)

(notice that the assumptions of theorem 6.5 are satisfied in virtue of (7.5) and the same estimate
plainly holds for u) we infer that

E[¢(a(0)] = El¢(u (1))

Summing up, we proved that
lim E [¢ (u(t;20,%,))] = E¢p (u(5;10,%)) .
k—o00

Finally, using the standard sub-subsequence argument, we infer that the whole sequence
E[o(u(t;t0,xx))] is convergent and (7.3) holds. This completes the proof of theorem 7.1.
O

It easily follows the sequential weak Feller property in V, that is
P,:SCy(V,,) = SC; (V,,) ,for any ¢ > 0.
Corollary 7.2. Let assumptions 2.1, 2.4 and 2.7 hold. Foranyt> 0, if ¢ € SC,(V,,) then P, €
SCb (Vw)'

Proof. Letusfixanys>0and ¢ € SCy(V,,). We have to prove that, given a sequence (x), C V
which converges weakly in V to x, the sequence P;¢(x;) converges to P, (x).
By the weak convergence we get the uniform estimate

sup ||x||lv < oo;
k

hence the sequence of deterministic initial data fulfils the assumptions of theorem 7.1 on the
time interval [0, 7], i.e. we set 7y = 0. Therefore (7.3) holds true; bearing in mind the defini-
tion (7.1) of the operator P, we conclude the proof. O

Now we consider the Markov property.

Proposition 7.3. Let assumptions 2.1, 2.4 and 2.7 hold. For every ¢ € SC,(V,,), x € V and
t,s > 0 we have

Ep (u(t+s:x)) [ F] = (Pig) (u(s:x))  P-as. (7.6)
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Proof. The proof is classical when the solution is a continuous process taking values in a
separable Banach space, endowed with the strong topology; see, e.g. [DPZ92, theorem 9.14].
Hence we highlight only the differences when dealing with the weak topology in V.

By the pathwise uniqueness we know that for all #,s > 0

u(t+5;0,x) = u(t+s;s,u(s;0,x)) a.s.
Set 7 = u(s;0,x); the identity (7.6) can be written as

Elp(u(t+si5,m) 5] = (Pid) (n)  P-as. (7.7)

We notice that given any deterministic initial data x €V, theorem 3.4 gives that
E||u(s;0,x)||? < oo for any finite r > 1. Let us choose r = a + 1.

Hence it is enough to show that equality (7.7) holds for an arbitrary 2(« + 1)-integrable
JFs-measurable random variable 7).

Let us first suppose that 7 is a simple random variable of the form Z;V:I XLy, withx; € V
and a partition I'y,...,T'y C Fs. Then (7.7) is proved as usual by noticing that u(t + s;5,7) =
Z;vzl u(t+s;s,x;)1r;; indeed, P-a.s. we have the following relationships

-

B¢ (u(t+sis,m) | F] =D E[Ire(u(t+s:s,x)) | 7]

= Z]IF/IE[(Z)(u(t—Fs;s,x] Z]lr u(t+s;5,%)))
j=I

=3 1 E (b (u(50,)) Z = (P9) (n)-
j=1 j=1

We used that u(f+ s;s,x;) is independent of F; and that u(r+s;s,x;) and u(r;0,x;) have the
same law.

Otherwise, for general 7 € L>(®+1) () there exists a sequence of simple random variables
N, with lim,,_, o 7, = 17 in L2+ (Q) and P-a.s. (in the strong topology of V, hence weak too);
moreover

supEE||n, [ < B[y < oo. (7.8)
We checked before that
Eop (u(t4 s;55,m0)) |Fs] = (Ped) (n) P-a.s. (7.9)

Thanks to (7.8) we can proceed as in theorem 7.1 on the time interval [s, s + ] in order to deal
with the conditional expectation and pass to the limit in the left hand side (lhs) of (7.9). Thus
we have proved that the lhs of (7.9) converges to the lhs of (7.6) as n — co.

As far as the convergence of the RHS of (7.9) is concerned, we know from corollary 7.2 that
P, € SC(Vy,); since P-a.s. 1), converges to ) weakly in V, we obtain that P,¢(n,) — P:é(n),
P-a.s. O

Taking the mathematical expectation in (7.6), we deduce that the family {P; },> is a Markov
semigroup, namely P, ; = P,P; for any s, > 0.
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8. Existence of an invariant measure

Given the sequential weak Feller Markov semigroup on the separable Hilbert space V, we can
define an invariant measure 7 for equation (1.1) as a Borel probability measure on V such that,
for any time ¢ > 0,

/P,(b dr :/¢d7r, Vo € SCp (V). 8.1
v v

Let us recall a result of Maslowski—Seidler [MS99] about the existence of an invariant
measure. This is a modification of the Krylov—Bogoliubov technique, usually presented in the
setting of strong topologies, see, e.g. [BK37] and [DPZ96].

Theorem 8.1. Assume that

(i) the semigroup {P,};>¢ is sequential weak Feller in V;
(ii) for any € > 0 there exists R. > 0 such that

1 T
supf/ P(lu(5:0) [y > R.)df < .
1T Jo

Then, there exists at least one invariant measure for equation (1.1).

Hence we get our main result on invariant measures as defined by (8.1).

Theorem 8.2. Let assumptions 2.1, 2.4 and 2.7 hold. If condition (3.11) is fulfilled, then there
exists at least one invariant measure T for equation (1.1) and ©(V) = 1.

Proof. The proof is based on theorem 8.1. The sequential weak Feller property has been
proved before in corollary 7.2. For the tightness it is enough to recall (5.3) and the Chebyshev
inequality, so

_Eu(t0) [} _ C

P([lu(0)[lv>R) < R S Ry forall> 0,

where the constant C is independent of 7. Hence we have verified that the two assumptions of
theorem 8.1 are fulfilled. O

9. Existence and uniqueness of the invariant measure with purely
multiplicative noise

Assume that the coefficients characterising the operator G are such that C; = 0; this implies
that G(0) = 0, see (2.19). Hence the zero process is a solution of equation (1.1), or equivalently
do is an invariant measure. Let us prove that this is the unique invariant measure if

B> 1ict.

This is our result
Theorem 9.1. Let assumptions 2.1, 2.4 hold and assumption 2.7 holds with C; = 0, that is
”G(M)H'y(Yz,H) gél””HH Yu e H. 9.1)
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If
B> 301,
then there exists a unique invariant measure for equation (1.1) given by m = 4.
The proof is based on an auxiliary result

Lemma 9.2. Under the assumptions of theorem 9.1, there exists a constant A > 0 such that,
if u is a solution to (1.1), then the process {e||u()||}}i>0 is a non-negative continuous
supermartingale.

Proof. Let u be the unique solution to equation (1.1) starting from up € V. We apply the 1t6
formula to the process g(r,u(r)) with g(r,x) := e"||x||%, for r € [s,1], since we know that the
paths are in C([0, 7]; H). We have

d (el (1) [17) = Xe™ [l (1) [I7; + e dlfue (1) |-

By the same computations done in the proof of proposition 5.6 we get

dllae (#) 17 + 281w (1) |7t = |G (2 (0)) |13y, syt + 2Re (e (1), =i (1 (1)) AW (1)) -
Hence, using (9.1)

d(eMu(r)[lz) < (A =28+ CF) eMu(r) I +2Re (u(r), —iG (u (1)) dW (1)) .

Taking the conditional expected value on both sides, we get

SB[ 1] < (28 + ) E[Mu()[317], <1
so that

E[u (1) [317] < P2 E00eN|u(s) 3, s <t
If we now choose A > 0 such that A — 2 + C} < 0 we obtain

E [eMu(n) |F7] <eMlu(s) |} Vs<t.

Let us now prove theorem 9.1.

Proof of theorem 9.1. For the (unique) solution of problem (1.1), we put in evidence the ini-
tial datum uy € V by writing u(+;up). Lemma 9.2 yields

Ellu(tiuo) |3 < e Vuols V10,

Proceeding as in [BMSO05, Proof of theorem 1.4] one then shows by means of the Borel-
Cantelli lemma that, for every A € (0, ), there exists a P-a.s. finite function £y :  — [0, 0]
such that

lu(tuo) |7 < e Mluollzy,  Viz10, Peas.
Hence
|l (t;u0) |w — 0, ast— o0, P-as.
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Now take any function ¢ : V— R which is continuous with respect to the H-norm; write
¢ € C(Vy). By the above we have

lim ¢ (u(t;u)) = ¢(0)

t—+oo
for any initial data ug. Moreover this function ¢ belongs to SC,(V,,), because the embedding

V C H is compact, so that any sequence weakly convergent in V is strongly convergent in H.
Now let 7 be any invariant measure. Then we have

/P,qﬁdﬂz/qbdﬂ Yo € SC,(Vy), t=0.
v 1%

Taking ¢ € Cy(Vy), by the dominated convergence theorem the lhs converges to ¢(0) as t —
+o00. This implies that

6(0)= [odn o€ GV, ©2)
14
We can conclude that m = dy if this equality holds for any ¢ € SC,(V,,). In fact, take ¢(u) =
el h € V*, so to get that the integral defines the characteristic function and this is enough
to determine the measure.

Now we show by approximation that (9.2) holds for any ¢ € SC,(V,,). Given u € V and
€ >0 define u. = (I+€A)~'u so that

lim ||lue —ully =0 9.3)
e—0

and
l[uellv < C(€) [[ullm

where the constant C(e) is not bounded as € — 0.
Now take any ¢ € SCp,(V,,) C Cp(V) and define

b () =6 ((1+ea)™u).

It is clear ¢.(u) — ¢(u) for any u € V. Moreover from the previous arguments we have that
¢ € Cp(Vy) and therefore we can write the identity

/V¢edw=¢<0)-

Now passing in the limit as e — 0 in the lhs, by means of the dominated convergence theorem
and (9.3) we get

/¢> dr=$(0) Vo €SCy (V).
\%4
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Appendix A. Laplacian-type operators on manifolds and on bounded domains
with Dirichlet/Neumann boundary conditions and Strichartz estimates

In section 6 we need some results about Sobolev spaces on two-dimensional manifolds and
on bounded domains of R? with either Dirichlet or Neumann boundary conditions. We collect
them here. Then we derive the Strichartz estimates employed in section 6.

A.1. Dirichlet and Neumann Laplacians on bounded domains and Sobolev spaces

The present section is devoted to recall some basic facts about Sobolev spaces on bounded
domains of R? and their connection with the fractional domains of the realisation of the Laplace
operator with Dirichlet and Neumann boundary conditions on L? spaces, g € (1,00). We recall
also some Sobolev embedding theorems.

Let 0 be a bounded smooth domain of R?. For any s € R and ¢ € (1,00), the Sobolev space
H*9(0) is defined as the restriction of H*9(R?), see [Tr78, definition 2.3.1], to &, see [Tr78,
definition 4.2.1(1)]. For ¢ =2 we write H*(¢) := H*?(0). When s is a natural number the
space H4(0') coincides with the Sobolev space W>4(0), see [Tr78, remark 2.3.1(2*)]. We
denote by Hy(&) the competition of C5°(&) (set of smooth functions defined over &' with
compact support) in H*4( ), see [Tr78, definition 4.2.1(2)].

In the following proposition we list some embedding properties of the Sobolev spaces.

Proposition A.1. Let & be a bounded smooth domain of R2, then

(i) for 2 < q < 0o, the embedding H'(0) C L4(0), is continuous and compact.
(ii) for 1 < g < oo and s > % HY(0) C L>(0),
(iii)f0r1<p<q<oo,0<t<s<lands—% >t—§, HP(0) C HM(O).

Proof. (i) See [Lel7, theorem 11.23 and exercise 11.26].
(i1) See [Tr78, theorem 4.6.1(e)].
(iii) See [Tr78, remark 2.8.1(2) and theorem 4.2.2(1)].
O

Remark A.2. Since we always consider the case |s| < 2, where 2 is the dimension of the space,
it would be enough to assume ¢ bounded and C?: see [Tr78, remark 4.2.2 (2)] for the relation
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between the regularity assumptions on the domain and the range of the exponent s. Smoothness
of the boundary is in any case necessary for the Strichartz estimates we consider, to hold.

Let us now turn to the characterisation of the domains of the Dirichlet and Neumann
Laplacian. Let —Ap, and —Ay be, respectively, the realisation of the Laplace operator in L2( &)
with zero Dirichlet and zero Neumann boundary conditions, with domains

@(AD)—?GHZ(@ Yoaf =0},
2 (AN) ={f €H*(O) :%060.f =0},

where by 7|5 we denote the trace operator and by v the outward normal unit vector to 9. Itis
well known, see e.g. [Te97], that both the Dirichlet and the Neumann Laplacian are self-adjoint
positive operators on L?(¢). By means of the functional calculus for self-adjoint operators,
see e.g. [Ze95], the powers Aj, and A}, of the operators Ap and Ay, for every s 6 R, are then

well defined and self-adjoint. Thus one can introduce the spaces Z(Ap : ) and 9( : &), for every
s € R in accordance with the spectral theorem.

To derive the needed Strichartz estimates we have to consider the realisations of Dirichlet
and Neumann Laplacian on Banach spaces LY(&'), g € (1,00). For this part we mainly refer to
[Gr16] and to therein references. The domains of the realisations of the Dirichlet and Neumann
Laplacian in L7( &), denoted hereafter by Ap, and Ay, respectively, are

2 (Ap,) = {f € H*1(0) :yj9af =0},
@(ANG) = {feHl‘l(ﬁ) ’7|8ﬁauf_0}
Definition A.3. Let s € (0,2) and g € (1,00). Define the spaces

H(0) = {feH”’(ﬁ) ‘Noef =0if s> 611}’

1
Hy'(0) = {fe[-[-w(ﬁ) :Y0e0uf =0 if s> 1+q}.

Theorem A.4. Let g € (1,00), then

(i) for s € (0,2)\ {3}, Hp'(0) = Z((Ap

)2),
(ii) for s € (0, >\{1+ ) H{(O) “

Z((Ax,)?).
Proof. See [Grl6, theorem 2.2]. O
Remark A.5. Theorem A.4 and [Tr78, theorem 4.3.2 (1)] yield, in particular,
s H fors € (0,1),
D(AY) = . (1 2) (A.1)
H} fors € (3,1].
and

s

DA} =H’, for s € (0,1]. (A.2)

A.2. Laplace-Beltrami operators on compact Riemannian manifolds and Sobolev spaces

In the present section we recall some results about Sobolev spaces on manifolds and their
connection with the fractional domains of the Laplace-Beltrami operator.

We consider (M, g), a compact Riemannian manifold without boundary of dimension two.
By —A = A, we denote the Laplace-Beltrami operator on L*(M). Theorem 3.5 in [Stz83]
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states that the restriction of (e=") _ to L*(M)NL?(M) extends to a strongly continuous

semigroup on LY(M), g € [1,00). The infinitesimal generator of such a semigroup, denoted by
—Ag s =g, is called the Laplace-Beltrami operator on L7(M). With this extended semig-
roup one can define the fractional powers of the operator —A, ;. For our needs it is sufficient
to recall the characterisation of the fractional domains of the Laplace—Beltrami operator on
L7(M), in terms of Sobolev spaces.

Proposition A.6. Let (M, g) be a compact Riemannian manifold without boundary of dimen-
sion two. Let s 2 0 and q € (1,00). The fractional Sobolev space H*1(M) defined as

FO (M) = 4 FE L9 (M) [l ooy = (Z | (Wefy o zx,q(w)> <o,
iel
where o := (Ui, ;)¢ is an atlas of M and (V;),, a partition of unity subordinate to <7, has
the following properties:
(i) H = D((~Dygg)?).
(ii) for s > %, we have H>1(M) — L= (M),
(iii) lets > 0and g € (1,00). Suppose g € [2, ﬁ) orq= ]—35 if' s < 1. Then, the embedding
H*(M) — L1(M) is continuous.
Ifo<s<laswellasq€(l, ﬁ), the embedding H* (M) — L1(M) is compact.
(iv) For s,50,81 = 0 and p,po,p1 € (1,00) and 6 € (0,1) with
1 1-60 0

S:(I—G)SO-FGSI, _ = _|_i7
p Po P1

we have [Hvo,po(M),Hsl P (M)}e = H‘Y”’(M)_

Proof. Statement (i) follows from [Tr92, chapter 7] and the results of [Stz83]. For the other
statements we refer to [BHW 19, proposition B.2]. O

Remark A.7. (i) It is known, see [Tr92], that for k € Ny and g € [1,00), H*9(M) = W*4 (M)
, where W4(M) is the classical Sobolev space defined via covariant derivatives.
(ii) For ¢ = 2, we write H*(M) := H*?>(M).

A.3. Strichartz estimates

In this section we derive the Strichartz estimates that we need for the proof of uniqueness in
section 6.

Throughout this section the operator A can be either the Laplace—Beltrami operator —A,
on a two-dimensional compact Riemannian manifold (M, g) without boundary, equipped with
a Lipschitz metric g, or the negative Laplace operator with Dirichlet or Neumann boundary
conditions on a smooth relatively compact domain &’ C R?.

By A, we mean the realisation of the above mentioned operators on the L? space, see
sections A.1 and A.2. As usual, if not specified, by L? we mean either L?(M) or L() and,
for simplicity we write A instead of A,.
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When the operator A is of the type described above, for every s > 0 and g € (1,00), (Id +
A,4)~* defines an isomorphism from L? to Z(A;) and it holds that

|lf||@(Az) ~ ||Vl forf=(I+A,)"v. (A.3)

In the next lemma we recall the deterministic homogeneous Strichartz estimate from a recent
paper by Blair, Smith and Sogge, see [BSS08, theorem 1.1], stated here in the form more
suitable for our needs.

Lemma A.8. Let —A be either the Laplace—Beltrami operator on a two-dimensional compact
Riemannian manifold (M, g) without boundary equipped with a Lipschitz metric g, or the real-
isation of the negative Laplace operator with Dirichlet or Neumann boundary conditions on
a smooth relatively compact domain € C R?. Assume that (p, q) is a Strichartz pair of real
numbers, i.e. 2 < p,q < oo and

2 2
=+==1, p:q) # (2,00).
>t (P,q) # (2,00)
Then the following Strichartz estimate holds for every x € & (A%P)

||e*i'Ax||U’([(),T];L4) <r ”x”@<A%P> (A4

Let us notice that when p =o0, then ¢g=2 and the inequality (A.4) becomes the
classical one '
||671'Ax||L<>°([0,T];L2) Sl 2

Remark A.9. In the case where (M,g) is a boundaryless manifold with g € C*, the estim-
ate (A.4) holds with s = ﬁ instead of s = % see the paper [BGT04] by Burq, Gérard and
Tzvetkov. In particular, the Strichartz estimates for a boundaryless manifold are stronger than
the Strichartz estimates for a bounded domain with smooth boundary.

From lemma A.8 we can deduce the following Strichartz estimates for the deterministic
and stochastic convolutions.

Lemma A.10. Assume that T > 0. In the situation of lemma A.8, we take ¥ € {%, l} and r €
(1,00).

(i) We have the homogeneous Strichartz estimate

9
2

e (oo (3 4)) Srlbl, g Sorsed (a%). @3

q

and the inhomogeneous Strichartz estimate

‘ u(o,r;@(A?_%")) sy, (o,r,gz(ﬁ))’ (A.6)

forfELY0,T: 2(A%)).

/. e*i('*T)Af(T) dr

0
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(ii) Let (2, Z ,P) be a probability space, Y be a separable real Hilbert space, W a Y-canonical
cylindrical Wiener processes adapted to a filtration F satisfying the usual conditions. We
have the stochastic Strichartz estimate

/0‘ e AL (1) dW (1) Ir (Q,U’ (OvT;Q <A§7% ) ) )
(o (o (r2(:4))) A7)

for all adapted processes & € L"(Q;L*(0,T:v(Y, 2(A7)))).

Proof. (i) Estimate (A.5) follows from (A.3) and (A.4) that yield

le™ I
(0m<

)) | (Id+Ag)= ™% e x| (0,7520)

92
2

.\,\@
%‘\N

9

: 9 __2
~ ”eﬂ.A (IdJrAq) 27 3 x”l/’((),T;LI/)

< (1d+Aq)?—six|_@<A;_P) ~ ||x\|@<A%). (A.8)

The proof of estimates (A.6) follows the lines of the proof of [BGT04, corollary 2.1], see
also the proof of [BMil4, lemma 3.2]. The lhs in (A.6) reads

/OTFTdT (OT@< ))

F (t) = l[T,T] (t) eii(tiT)Af(T)7 re [07 T] .

I::‘

to\;};
&\M

Let us observe that by estimate (A.5) (with C7 being the constant)

I 1P / IF-OIF gy
U(OT@ & ; ‘)
= [ Men e T“()H” )4 / e
T—7
- / ||e-'“<>||" (4 as< [ Il (o )

GLAN

%’\N
= N\@;

9"
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Therefore the Minkowski inequality yield

<

q

T
1</||FT|| oy dr
0 U’(O,T;@(Az *))

T
< dr = .
cr [ o) Ly (1) 97 = My 5 )
(i) When r = p [BMi14, theorem 3.10] and (A.4) yield

’/ei('mf(ﬂ dw () (@1 (0.TiL9)) grHfH”(Q;LZ(O’T”(y’@(“%)))’

0
and reasoning as in (A.8) one obtains (A.7) with r = p. For the case r # p the result follows
from [Hor18b, corollary 2.2]: our parameter 6 is the same parameter 6 that appears in that
result, the parameter p that appears there is equal to % in our case.

O

Appendix B. Proof of proposition 5.7(c)

Proof of proposition 5.7(c). This proof has some similarities with that of proposition 5.7(a).
However, here we look for a uniform estimate on the unbounded time interval [0,+00).
We use the auxiliary process Z(u) defined in (5.15):

Z(u) = ullgy + 26 () = ||ully; +2F (u).
We will prove that

supE [Z (1, (1))] < o0, (B.1)
120

from which, estimate (5.3) immediately follows. In order to prove (B.1) let us deal separately
with the quantities E [|[u,||#] and E[& (u,)].

Applying the It6 formula to the squared H-norm of u, (compare with the computations
done in the proof of proposition 5.6) we obtain, almost surely for all > 0

t t
i (t)HQZIIPnuoH?;—Zﬂ/O i (S)||§1dS+/0 1G (atn ()13 vy ds + Na (8),

where N, (1) =2 fot Re (u,(s), —iG(un(s)) dW(s)) , 1s amartingale. Taking the expected values
on both sides we obtain

t
0

B [l ) ] = E (1Pl 28 | B [l (915 s+ | 16 r () B ] 0

we write the above equation in the differential form

SE [ ()] = ~26E [ ()] + [1G (0 ) P -
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From assumption 2.7(iii) we infer

d -
Bl (0 I7] <267 +2(CF = B) B [flun (1) |17] - (B.2)

We now apply the It 6 formula to the energy functional & (compare also with computations
done in the proof of in proposition 5.7) and obtain that, almost surely for all ¢ > 0,

(1 (1)) = & (Pra) + [ Re(Aty ()4 F 1 (5) b oy 5)) = it (5) s+ M)
+ %/0 || A% Buy, (s) I3 vy oy ds + %/0 IA2G (uy (5)) I3 (v, a0y ds

3 3 Re(F [ 5] B i 5) ) B () s

1 1S ,
+2/0mz_:lRe<F [tn ()] (G (1 (5)) €m) , G (1t (5)) en) dss,

where

M(t) = /0 Re(Au, (5) + F (u, (), —iB (u, (s)) dW(s))

+/ Re(Auy, (8) + F (uy (), —1G (u, (s)) dW (s))
0

is the sum of two martingales. As above, we take the expected value on both sides of the above
equality and we write the equation in its differential form as

%]E 26 (un (1))] = 2E [Re{Auy (1) + F (un (1)) , b (un (1)) — Bun (1))]

e 1
+E 142 By ()2 5, | + B [I143Guta (1)1 1, |

+E D Re(F [u (1)) (B (wn (1)) fon) . B (u (t))fm>‘|

Lm=1

+E | D Re(F [un (1)] (G (un (1)) €m) ;G (un (1)) em>] :
Lm=1
We now estimate the RHS of the above equality. Recalling (3.2) we have

1
2E [Re (At b (1)) < E (114311181 v, .l 1]

< ||B||3Sf(v,7(yl,v))E [H”‘n”ﬂ (B.3)
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and, thanks to (2.5) and (2.9), we obtain

2E [Re(F (u) b (uy))] <E

oo
IF () ] as > IIBfnunHLw]
m=1

Bl ot vy potiy B [[laeall 2ol ]
= (@ DB s o B [F )]

We exploit (2.7) and (2.9) to get
2E [Re(Aty + F (1), — Bus)] = ~28E [l A%y 3] - 28E [ |5
— —28E[lIAtu, 3] ~28(a+ DE[F ()]
We have
B[4 Buall2 1, | < IBIZ vy [l 3]
and, from (2.16),
E (1436 () 2| <2(G+GE[Jmli}]).-

From (2.8), (2.9) and remark 2.10 we obtain

ZRe ] (B o) (Bt fr) | SB[V o, et 1 ) [y, o)

< aHBHf%(La#»]’,-Y(Y] 7La+]))E [HunHLa::rll]

= (a + 1) ”B'E%(Laﬂﬁ(yl ,La+1))E [F(M,,)} .
Finally, from (2.8), (2.9), (2.11) and (2.17), we obtain

EZRG<FI (4] (G (un) €m) , G (ttn) €m)

E[IF ]l e 16 w0) Iy, 1o
< 0 [l (G + )]

:2046% (a+ 1)2“ { wl] +20¢C3 a+1)E [F(un)}
< (%) " ec) ™ ¢ (c+280) (a4 DE[F (). (B.4)
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where in the last estimate we exploited the Young inequality

206 (e D) ™ <l DFw) + 2 () T e ™,

for any € > 0.
Collecting estimates (B.3) and (B.4) we get

d 2 a1 \T o ) ,
GERE @O <26+ 2 () T (06) T —28latu 0l

+2 (Cz + HBsz,w(Y],V))) E [Hun (1) ||2v]
+(a+1)((a+1)\IBH;(WW(YIVWI))+s+2ac3 28) E[F(un ()]
(B.5)

Recalling the definition of Z(u,), we now take the sum in both sides of inequalities (B.2)
and (B.5)

a—1

B Z(un (1))] < 2C} +2C + % ( Elo;ll) ) N (2ac§) b

+2(E =8+ G+ 1BI (v ) B [l 017

(@t 1) (@t D IBIZ ot o)) + 2 +20CF = 26) E [Fn ()]

Now we assume (3.11); then for a suitable choice of € both coefficients in front of the norms
are negative. Therefore there exist two positive constants C4 and Cs independent of n such that

SEZ(0(0)] < € = CGE (2 (1).

From Gronwall’s inequality we infer

E [Z (u (£))] < E[Z (u (0))] e~ 4 =

1_ 7C5[
e ),

SO

supsupE [Z (u, (1))] < oo.
neN 120

Appendix C. Proof of lemma 5.9

Proof of lemma 5.9. Let 0 <s <t < ooand,p € V. We define

8n (1,8) :=h (valpo,5) Z/ Re (S,G (S, (1)) em, ) yRe (S,G (Suvi (1)) €m, ) dr,

58



Nonlinearity 37 (2024) 015001 Z Brzezniak et al

g(tis) = (v Z/Re P)) em ) RE(G (v (1)) ems ) dr-

m=1

We will prove that the functions {g, }»en are uniformly 1ntegrab1e and converge P-a.s. to g.
o P-a.s. convergence. Because of h(valj0,6) = h(v]jo,) P-a.s. and the continuity of the inner
product L?([s,#] x N), the convergence

Re (S,G (Suvn) em, V) — Re(G (v) e, 1)
P-a.s. in L2([s,7] x N) already implies g, (¢,s) — g(r,s) P-a.s. Therefore, it is sufficient to prove
nlggo | Re (S,G (Sqva)e., ¢)H —Re(G(v)e.,v) ||L2([s,z] xN) = 0 P-a.s.

We estimate

IRe (SuG (Suva) €., ¥0)y —Re(G (v) e, ¥0) |25, xm)
< |Re (G (Spvn)e., (S — D)% )H”Lz([s,t]xN)JFHRe( (Snvn)e'*G(vn)e-aw)yHLZ([x,t]xN)
+IRe(G (va)e. = G (v) e, ) l2(fs,xm)
=0 (n)+1L(n)+1(n).

We work pathwise. By means of (2.19) and (5.6) we estimate
111 (1) | 2215, 5m) = [|Re (G (Spva) €., (S — D)) gy |12 (s, x )

t 1/2

< ([ 16800 Bmar) 15 =Dl
‘ 1/2

< (1l ) 16 =Dl

Bearing in mind, from proposition 5.6, the boundedness of the sequence (v,), in L*(0,T;H),
for any T > 0, we get the convergence to zero as n — oo as a consequence of proposition 5.2.
Using (2.15) we estimate

172 (7) [l 22 (5,1 xxv) = | Re (G (Syvn) €. — G (V) €,9) gy [l 2215, x 1)

< ( / Z|G<snvn<r>>em—G<vn<r>>em||%,dr> [l
S m=1

_ ( / G (S () — G v ) 12 ) (e
<L [, |Hdr)l||w|H

S 1YlvIS, _IHL”(V) sup || vy
neN

Lo (0,7,v)-

Recalling corollary 5.8, about the boundedness of the sequence (v, ), in L*°(0,T; V), the con-
vergence to zero, as n — oo, follows again from proposition 5.2.
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The convergence to zero, as n — 0o, of the last term
175 (n) 2 (s, %) = [IRe(G (vn) €. = G (v) e, 0 )| 12 (5,1 x1v)

follows as a consequence of the continuity of the norm L?([s,7] x N), assumption (2.18)
and (5.23).
e Uniform integrability. It is sufficient to show that, for some r > 1,

sup||g, (¢,5)]"] < o0, 0<s<t<T
n>1

Let r > 1, we estimate

|22, x )

X|[Re($,G (Suv) .55 1) (v,9) |

B (lgn (1.5) 1 < B [ [Re(S,G (Suv)e., )

. r t 2
<E ( / ||G<snvn<r>>||3<Y2,H>dr)

] [ 1vlle lvlinlc

S <1 +SHPE||vnIIZm<o,T;H>> [ 1vlelvIAlee

n>1

which is finite thanks to proposition 5.6.
Using Vitali’s theorem, we finally obtain

lim &g, (1,5)] = E[g (1,5)], 0<s<t<T,

n—o0o

which concludes the proof. O

Appendix D. Yamada—-Watanabe theorem for stochastic evolution equations

The infinite dimensional version of the Yamada—Watanabe theorem has a long history. As
far as we are aware, the first time Yamada—Watanabe theorem was mentioned in the infinite-
dimensional setting of stochastic evolution equations (SEEs) was a paper by Brzezniak and
and Gatarek [BG99] about stochastic reaction diffusion equations. In that paper the classical
version of the Yamada—Watanabe theorem from [IW89] has been used but no details were
provided. A proper formulation for mild solutions to SEEs and a detailed proof have been
first given by Ondrejét in [On04]. Later on Kunze [Kunl3] formulated and proved a similar
result in a framework of weak solutions to SEEs. Let us point out, see also [BHW19, section
4], that in case when the pathwise uniqueness holds, another avenue of proving the existence
of strong solutions, not by the Prokhorov—Skorokhod theorems, is possible. Namely, one can
use the Gyongy and Krylov lemma, see [GK96, lemma 1], to prove that the approximations
converge in probability and that the limit process is a strong solution. This approach has been
recently used by Crisan et al [CFH19] but it still required the use of the Skorokhod embedding
theorem. As it was observed in [BHW22], it would be of interest to see if this approach works
for the class of stochastic NLS studied in the present paper.

Returning to the topic of an infinite dimensional version of the Yamada—Watanabe theorem
let us emphasise that the present formulation differs from the formulations from [On04, the-
orem 2] and [Kun13, theorem 5.3 and corollary 5.4] since we consider only solutions with a
given initial law.
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The pathwise uniqueness and the existence of martingale solutions imply the existence of
strong solutions, see e.g. [On04, theorem 2] and [Kun13, theorem 5.3 and corollary 5.4].

Theorem D.1. Assume that assumptions 2.1, 2.4 and 2.7 are satisfied. Assume that r € [1,00)

and that . is a Borel probability measure on V whose 2rth moment is finite. If

(i) there exists a martingale solutions fo equation (1.1;) with the initial data p.
(ii) pathwise-uniqueness of solutions to equation (1.1) holds, i.e. if two systems

(9.7 B W, W, Fu) and (0,7, B,W,W,F,uw)
are martingale solutions of the equation (1.1) with the initial data 11, i.e. such that
Lawg (4;(0)) = pon B(V), i=1,2,

then

P(uy (1) =uy (1)) =1 forallt >0,

then there exists a strong solution to equation (1.1) with the initial data L.

Appendix E. Weak measurability of the norm function

Let us begin by fixing some notation (we follow [BHW19]). For a Banach space X and r >0
we denote

Bx(0,r):={uecX:|ulx<r}.

The set Bx(0,r) endowed with the weak topology will be denoted by BY (0, r). The space
X endowed with the weak topology 7,, will be denoted by X, see [Ru91, definition 3.11]. Let
us recall, see e.g. [Ru91, Thorem 3.12], that Bx(0, r) is closed in X,,.

If the dual X* of a Banach space X is separable, then, see [Br10, theorem 3.29], the space
BY(0,r) is metrisable and a metric is given by

q(x,y):ZZ_ka—y,x}m, X»)’EBX(OH’);
k=1

where (x;),.y is a dense sequence in By-(0,1). If X is also separable, then the set
C([0,7]; B¥(0,r)) is a complete separable metric space with metric

p(u,v) == sup q(u(t),v(r)), u,veC([0,7];Bx(0,r)).
t€[0,7]

Recall that, if X is a Banach space and T > 0, we define
Cy ([0,7];X) :={u:[0,7] — X : for all x* € X*,
[0,7) > t+ (u(t),x") € Cis continuous} .
The vector space C,,([0,7];X) is endowed with the locally convex topology induced by the
family & of seminorms given by
P = {pe:x" €X'},

Py (u) i= sup. [(u (1) ,x*)]s we G ([0,7];X).
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We can also define in a classical way the space C([0,T];X,,) and we have the following result.
Proposition E.1. Assume that X is a separable Banach space. Let r >0 and T > 0. Then for a
Sunction u : [0,T] — X the following two conditions

(i) ue C([0,T];X,)
(ii) u € C,([0,T];X)

are equivalent, and the following two conditions

(iii) u € C([0,T]; BY(0,r))
(iv) u € C,,([0,T};X) and sup,co 7 [|u(t)||lx <7
are equivalent.

Note that A.2 from [BHW19] implies sequential closedness of the set C([0,7];BY(0,r))
in C,,([0,T];X). The following result, whose proof is similar to the proof of [Ru91, theorem
3.12], shows that the set C([0,7]; B¥(0,r)) is a closed subset of C,,([0, 7]; X).

Lemma E.2. Assume that X is a Banach space. The set C([0,T];B%(0,r)) is closed in
Cw([0,77]; X).

Proof. We prove that the complement set is open. Let us choose and fix a € C,,([0,T];X) \
C([0,T];B¥(0,r)). Then we can find #, € [0, 7] such that

a(ty) € X\ Bx(0,r).

Since the set A = {a(ty)} is compact in X and the set Bx (0, r) is closed in X, by the separation
theorem, i.e. [Ru91, theorem 3.4], we can find 7;,7, € R and A\* € X* such that

Re(a(fp),A") <y <72 <Re(y,\"), foreveryy e By (0,r). (E.D

Next we define a set G by
G:={ueC,([0,7];X) : Re{u(to) ,\*) < }.

By the definition of the topology in C,([0,7];X), G is its open subset. Moreover, in view
of (E.1) we infer that

aeG, GNC([0,T];B%(0,r)) =0.

This concludes the proof. O

Let us now formulate the main result of this section.
Corollary E.3. Assume that X is a separable Banach space. Then the function

[ ll7: Cu([0,T];X) > u— sup [[u(r)]x € [0,00)
1€[0,7]

is well defined, lower semicontinuous and (hence) Borel-measurable, i.e. the function || - |1 is
B(C,(10,T);X))/B(R)-measurable.
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Proof. Let us choose and fix u € C,,([0,7];X). Then, by proposition E.1, u € C([0,T]; X,,).
Since [0, 7] is a compact topological space, the range of u is a compact subset of X,,. Hence it
is also weakly bounded and therefore, by [Ru91, theorem 3.18], it is also bounded, i.e. bounded
w.r.t. the original norm topology, in X. Hence ||u||r € [0,00) what proves the first part of the
result.

To prove the lower semicontinuity, we choose r > 0 and we need to prove that the set {u €
C([0,T];X,) : ||u||r < r} is closed in C([0, 7]; X,, ). Note that by proposition E.1

{ue C([0,T];Xy) : [Jullr < r} = C([0,7]; B (0,r)).

Thus, by lemma E.2 we obtain the lower semicontinuity. This also shows the Borel measur-
ability, completing the proof. O

Appendix F. A technical lemma

The following result provides a criterion for convergence of a sequence in C([0,00),B},(0,7)).
We need this result in the proof of proposition 4.1.

Lemma F.1. Let (ry)32, be a sequence of positive numbers and (uy), o C Lix.([0,00); V) be
a sequence with the properties

(a) for every N € N, sup ||| o 0,.n;v) < 7ns
neN

(b) for every N € N, u, — u in C([0,N]; V*) for n — oc.

Then, for every n € N, u,,u € C,,([0,00); V). Moreover, for every N € N and every n € N,
up,u € C([0,N],BY(0,ry)) and

u, = uin C([0,N], By, (0,ry))as n — oo.

Proof. This proof is a minor modification of the proof of [BHW19, lemma 4.1]. The
Strauss-Lemma (see [TeO1, chapter 3, lemma 1.4]) and the assumptions guarantee that
for every n € N

uy € C([0,00); V') N L ([0,00); V) C Cy([0,00); V)
and, for every N € N and every n € N,

sup |u, (1) [lv < rw.
t€[0,N]

Hence, we infer that u, € C([0,N],B}(0,ry)) foralln € Nand N € N.
Let us now choose and fix N € N. Then, for every h € V

sup | {un () —u(s), h)| < |lun — ullcgon,vellhllv =0, n— oo

s€[0,N]

Hence by assumption (a) and the Banach-Alaoglu theorem we find a subsequence (uy, ),y
and v € L*>°(0,N; V) such that

Uy, —* vin L= (O,N; V).
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Hence, by the uniqueness of the weak star limit in L>°(0,N;V*), we conclude u=v €
LOO(O,N, V) with ||u||Loo(0’N;V) < IN.

Let € >0 and i € V*. By the density of V in V*, we choose h. € V with ||h —hc|ly- < £
and obtain for large n € N and all s € [0, N]

[{un (5) = () s 1) < [(utn (5) = w(5) b= he)| + [un (5) = u(s)  he)|
< un () = u () vllh = hellv- + [(un (s) — u(s) , he)|
S 3
<2rﬂ+§ =&

This implies that sup,¢ o ) | (ux(s) — u(s),h)| — 0 as n — co. By the arbitrariness of h € V*,
we infer that u, — u in CW%[O,N}; V). Hence by [BHW 19, lemma A.2] we obtain the assertion.
The proof of lemma F.1 is complete. O
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