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The w-Borel invariant for representations into SL(rn, C,)

Alessio Savini

Abstract. Let I" be the fundamental group of a complete hyperbolic 3-manifold M with
toric cusps. By following [3] we define the w-Borel invariant B (o, ) associated to a
representation pg,:I" — SL(n,C,), where C,, is a field introduced by [18] which can
be constructed as a quotient of a suitable subset of C with the data of a non-principal
ultrafilter @ on IN and a real divergent sequence A; such that A; > 1.

Since a sequence of w-bounded representations p; into SL(n, C) determines a repre-
sentation p, into SL(n, Cy,), for n = 2 we study the relation between the invariant 5’ (o)
and the sequence of Borel invariants B> (p;). We conclude by showing that if a sequence
of representations p;: I' — SL(2, C) induces a representation pg: " — SL(2, C, ) which
determines a reducible action on the asymptotic cone Cy, (H3,d/A;, O) with non-trivial
length function, then it holds 85’ (pw) = 0.
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1. Introduction

Given a finitely generated group I, the character variety X(I", SL(n, C)) is an alge-
braic variety obtained as GIT-quotient of the representation variety R(I", SL(n, C))
by the conjugation action of SL(n, C). When I' is the fundamental group of a
complete hyperbolic 3-dimensional manifold M with toric cusps, it is possible
to attach to every equivalence class of representations a suitable invariant called
Borel invariant. Indeed, in [3] the authors prove that the Borel class §(n), al-
ready introduced and studied in [13], is a generator for the cohomology group
Hfb(P SL(n, C)). Thus, given a representation p: I' — PSL(#n, C), we can con-
struct a class into Hlf’ (T") by pulling back B(n) along p; and then evaluate this
new class on a fundamental class [N,dN] € H3*(N,dN). Here N is a compact
core of M. When n = 2 this invariant is exactly the volume of the represen-
tation defined as the integral of the pullback of the standard volume form wyys3
along any pseudo-developing map D, as written both in [10] and in [11] (see for
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instance [15] for a proof of the equivalence). The Borel invariant of a represen-
tation p: I' — SL(n, C) is the Borel invariant of the induced representation into
PSL(n, C). Moreover, since this invariant remains unchanged under conjugation,
we have a well-defined function on the character variety X(I', SL(n, C)), called
Borel function, which is continuous with respect to the topology of the pointwise
convergence.

Inspired by the work of Thurston about the compactification of the Teichmuller
space for a closed surface of genus g exposed in [22] and generalizing the con-
structions for algebraic curves appeared in [9], in [16] J. Morgan and P. Shalen
proposed a new way to compactify a generic algebraic variety V' given a generat-
ing set F for the algebra of regular functions C[V]. This particular method applied
to the character variety X(I", SL(2, C)) allows to interpret the ideal points of the
compactification as projective length functions of isometric I"-actions on real trees
which are constructed as Bass—Serre trees associated to SL(2, IK,), where K, is
a suitable valued field (see [21]). A more geometric approach based on Gromov—
Hausdorff convergence was suggested by both [1] and [20]. Lately [18] extended
this intepretation to the more general case of X(I", SL(n, C)) by viewing an ideal
point as a projective vectorial length function relative to an isometric action, this
time on a Euclidean building of type 4,—1. The method suggested by [18] to
obtain the Euclidean building and its isometric I"-action is based on asymptotic
cones and it reminds the ones already exposed both in [1] and in [20].

In the attempt to link all these ideas, one could naturally ask if it is possible to
extend continuously the Borel function to the ideal points of the compactification
of X(T', SL(n, C)). Going further, one could be interested in studying the possible
values attained at ideal points and trying to formulate a rigidity result, which would
generalize [3, Theorem 1].

The aim of this paper is to make a small step towards this direction by defining a
numerical invariant, the w-Borel invariant, associated to a representation p,: ' —
SL(n, Cy), where C,, is a field obtained as a quotient of a suitable subset of cN by
an equivalence relation which depends on a non-principal ultrafilter ® on IN and a
real divergent sequence A; with A; > 1. The motivation of this definition relies on
the interpretation of the limit action of I' on the Euclidean bulding of type 4,—;
as a representation py,: I' — SL(n, Cy), as proved in [18, Theorem 5.2].

The first section is dedicated to preliminary definitions, in particular we recall
the definition of the field C, and the notion of bounded cohomology of locally
compact groups. In the second section we give the definition of the w-Borel
cohomology class 8®(n), which is an element of H 1;3 (SLS (n,Cgy)). In the last
section we define the w-Borel invariant 8 (p,) for a representation p,:I' —
SL(n,Cy) and we describe some of its properties. In particular we focus our
attention on the case n = 2. We show that if a sequence of representations
p1:I' = SL(2, C) induces a representation p,: I' — SL(2, C,) which determines
areducible action on the asymptotic cone C,, (H3, d/A;, O) with non-trivial length
function, then it holds B85 (p») = 0.



The w-Borel invariant for representations into SL(n, C,) 983

Acknowledgements. 1 would like to thank both Alessandra lozzi and Marc
Burger for the enlightening discussions and the help they gave me during my
visiting period at ETH.

2. Preliminary definitions

2.1. The field C,. For more details regarding the definitions and the results
contained in this section we refer to [18, Section 3.3]. We start by recalling the
notion of ultrafilter and some fundamental properties that we are going to exploit
lately.

Definition 2.1. An ultrafilter w on a set X is a family of subsets of X which
satisfies the following conditions.

e The empty set is not contained in w, thatis @ ¢ w.
e IfAC Band A € w, then B € w.

e Given a collection A4y, ..., A, such that A; € w foreveryi = 1,...,n, then
AiN---NA, €w.

e Given A;,...,A, such that A; U --- U A, = X, there exists exactly one
ip € {1,...,n} sothat 4;, € w.

An ultrafilter is principal and centered at x € X if for every set A € w it holds
x € A. Otherwise we say that the ultrafilter is non-principal.

The importance of ultrafilters relies on their power to force convergence of
sequences of points in a topological space X by selecting a suitable limit point.
For the sake of clarity we first need to introduce the following

Definition 2.2. Let X be a topological space and let (xi)ren be a sequence of
points in X. Fix an ultrafilter @ on the set of natural numbers IN. We say that
the sequence w-converges to xy if for every open neighborhood U of xy we have
lkeN:ix, eU} € w.

A priori a sequence may admit no limit or several limits if the topology of
the space X does not have good properties. To guarantee the existence and the
uniqueness of the limit we need a compact Hausdorff space. Indeed, it holds

Proposition 2.3. Let X be a topological space which is compact and Hausdorff.
Then, for any ultrafilter  on IN and any sequence (x;)ren of points in X, there
exists a unique point xog € X such that

w-1im x; = Xxo.
k—o00
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Another remarkable property of ultrafilters is the compatibility with continu-
ous functions between topological spaces.

Proposition 2.4. Let f: X — Y be a continuous function between two compact
Hausdorff spaces. Let w be an ultrafilter on N. For any sequence (xi)ren of
points in X we have

w-lim f(xx) = f(w-1lim xg).
k—o0 k—o00

We are now ready to describe the construction of the field C,. Let o be a
non-principal ultrafilter on IN and let (Ax)xen be a real sequence that diverges to
infinity and such that Ay > 1 for every k. We define

€
Co = {(ax) € C™ | there exists C > 0 such that |ax|* < C for all k}/ ~

where (ax)ken ~w (br)ren if and only if w-limg _, o |ag —bkli = 0. Itiseasy to
verify that the operations of pointwise sum and pointwise multiplication defined
over CN are compatible with the equivalence relation ~,,. Thus they define two
operations of sum and multiplication over C,, which make C,, a field. There is a
natural field embedding of C into C,, given by the constant sequences.

If we denote by a,, the equivalence class [(ar)] of the sequence (ag)ken, the
function

1
|aw|® := w-lim |ag|*«
k—o0
is an ultrametric absolute value on C,, that is it satisfies
law + bo|® < max{|aw|®, [bo|}

for every pair ay, b, € C,. It is worth noticing the elements of C, seen as the
subfield of constant sequences, have all norm equal to 1.

Definition 2.5. The ultrametric field (Cy, | - |) is called the asymptotic cone of
(C, | -]) with respect to the scaling sequence (Ax)ren and the ultrafilter .

If we consider the distance induced by the absolute value |-| and we endow C,,
with the metric topology, we obtain a topological field which is complete (see [18,
Remark 3.10]), but it is not locally compact.

Proposition 2.6. The field C,, is not locally compact with respect to the metric
topology induced by the absolute value | - |“.

Proof. Since C,, is a normed space, local compactness can be checked by veri-
fying the compactness of the unit closed ball. Hence, it suffices to show that the
closed ball

B1(0) :={ay € Cyllaw|® < 1}
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is not compact. We are going to show that it is not sequentially compact. Consider
the sequence (n),en Where each element n has to be thought of as an element of
C,, thanks to the standard embedding given by constant sequences. Given two
different elements n and m it is clear that their distance in C,, is always equal to 1,
indeed

€1
|n —m|® = w-lim|n —m|* = 1.
k—o00
Hence it cannot exist a subsequence of (1),en Which converges, as desired. O

The construction exposed above can be repeated, rather than for a field, for
every m-dimensional normed vector space (V, || - ||) over C. More precisely, we
define

1
V,, :={(vk) € V| there exists C > 0 such that ||vg||* < C forall k}/ ~,

where (vi)ren and (1 )x e are equivalent if and only if w-limg _, o ||ur—vg || ﬁ =
0. Let v, be the equivalence class determined by (vi)ren. It is possible to
endow V,, with a structure of m-dimensional C,,-vector space by considering the
operations induced by pointwise sum and by pointwise scalar multiplication. As
before, we have a well-defined norm || - || given by

1
v | 2= w-lim [Jvg || * .
k—o00

Definition 2.7. The C,-vector space (Vy, | - [|®) is the asymptotic cone of the
vector space (V,| - ||) with respect to the scaling sequence (Ag)ren and the
ultrafilter w.

We now focus our attention on the set of complex square matrices of order #,
namely M (n, C). If we choose as norm over M(n, C) the standard matrix norm,
we can apply the construction above to the normed vector space (M (n, C), ||-||). In
this particular case we are able to enrich the structure of M (n, C),, by considering
amultiplication. Indeed, the classic multiplication rows-by-columns is compatible
with ~,, and hence it defines a structure of C,-algebra on M(n, C)y.

Definition 2.8. The normed algebra (M (n, C)y, || - ||) is called the asymptotic
cone of the algebra (M(n, C), | - ||) with respect to the scaling sequence (Ax)xen
and the ultrafilter .

Definition 2.9. A sequence (gx) € GL(n, C)Y is w-bounded if

1 e
there exists C > 0 such that || gz || *« , ||g,:1 |* < C for all k.
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The previous condition implies that the sequence (gx )xen defines an element
of M(n,C), which admits a multiplicative inverse. We denote by GL(n, C),, the
set of all the invertible elements of M (n, C),. This is a group with respect to the
multiplication rows-by-columns. We denote by SL(#, C),, the subgroup

SL(n,C)y := {gw € GL(n, C), | there exists (gx)ren € go» such that
det(gx) = 1, for all k}.

Since we can also consider the normed algebra (M (n, Cy), || ||cc), Where || || co
is the standard supremum norm with respect to |-|%, it is natural to ask whether this
algebra is isomorphic to M(n, C),, as normed algebra. The answer is given by [18,
Corollary 3.18], which states that there is a natural isomorphism as normed C,,-
algebras between M(n, C), and M(n, C,). Moreover this isomorphism induces
an isomorphism of groups between SL(n, C),, and SL(n, C,,).

We conclude this section by introducing the space P!(C),,. In order to do this,
we first need to recall the construction of the asymptotic cone of 3.

Definition 2.10. Let (xz)rew be a sequence of basepoints in H3. Consider the
space

Co (T3, d /A, xi) = {(yx) € (H>Y | there exists C > 0 such that
d(xg, yr) < CAy forall k}/ ~,

where (yi)rew ~o (V3)kew if and only if -limg o d(yk, y;)/Ax = 0. Denote
by v, the equivalence class of the sequence (yg)ren. If we define

do (Yo ¥) = @-1im (3. 3}/ A

we get a metric and the metric space (C,,(H3,d/Ax, xx), d,) is the asymptotic
cone with respect to the ultrafilter w, the scaling sequence (Ax)xen and the
sequence of basepoints (xx)ren-

Assume to fix the origin O of the Poincaré model of H> as the constant
sequence of basepoints for the asymptotic cone construction. It should be clear
that there exists a natural surjection

1 PHC)N — 800Co (H3, d /Ay, O)

defined as it follows. Thinking of P!(C) as the boundary at infinity of I3,
a sequence of points (§;) € P!(C)N determines in a unique way a sequence
of geodesic rays (cg)xen starting from O and ending at (§;)xen. These rays
allows us to define a geodesic ray cy:[0,00) — C,(H3,d/Ak, O) given by
co(t) = [cx(Axt)]. Hence, we can define 7w ((&x)ren) := co(00). The space
P!(C),, is the quotient of P'(C)N by the equivalence relation induced by the
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surjection 7. In this way P1(C),, is clearly identified with boundary at infinity of
C,(H3,d/ Ak, O) and hence inherits in a natural way an action of SL(2, C),, given
by [hg].[Ex] := [hk-Ek]- This action is well defined because the action of SL(2, C),,
on C,(H3,d/ Ak, O) is well defined (see [18, Proposition 3.20]). Moreover, since
the Bass—Serre tree ABS(SL(2, C,,)) associated to SL(2, C,,) is naturally isometric
to Co, (H3,d/ Ak, O), as shown in [I8, Proposition 3.21], the space P'(C),, can be
identified also with P!(C,,) and this identification is compatible with the actions
of SL(2, C), and SL(2, C,,), respectively.

2.2. Bounded cohomology of locally compact groups. From now until the end
of this section we denote by G a locally compact group. We endow R with the
structure of a trivial normed G-module, where the considered norm is the standard
Euclidean one. The space of bounded continuous functions is

(G, R) := Cep(G"T1,R) = {f:G"*! - R | f is continuous and
[ flloo < 00}

where the supremum norm is defined as

||f||00 = Sup |f(g0”gn)|

and C/; (G, R) is endowed with the following G-module structure

(& f)go.....&n) = f(g 'g0.....8 " &n)

for every element g € G and every function f € C/, (G, R) (here the notation g. f
stands for the action of the element g on f'). We denote by 4, the homogeneous
boundary operator of degree n, namely

82:C2(G,R) - C5T(G, R),

n+1

5 f (80 8n1) = I (1) f(0. .- Biv oo t1).
i=0
where the notation g; indicates that the element g; has been omitted.
There is a natural embedding of R into Cc"b (G,R) given by the constant
functions on G. This allows us to consider the following chain complex of G-
modules

8 8
0— R— C%(G,R) —> CL(G,R) —> -

and thanks to the compatibility of §,, with respect to the G-action, we can consider
the submodules of G-invariant vectors

8 § s
0 — C%(G. R = CL(G R 5 2 (G.R)E S
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Like in any other chain complex, we define the set of the n*”-bounded contin-
uous cocycles as

Z" (G, R)Y := ker(8,: C1 (G, R)® — C (G, R))
and the set of the n'-bounded continuous coboundaries
B (G, R)® := im(8,—1: C% (G, R)® — C (G, R)®)

and
BY% (G, R) := 0.

Definition 2.11. The continuous bounded cohomology in degree n of G with real
coeflicients is the space

Z" (G,R)¢
H" (G):= H", (G, R) = =~
ch ch B;lb(G’ R)G
with the quotient seminorm
I/ Moo := inf || f [0,

where the infimum is taken over all the possible representatives of [ f].

It is possible to gain information about the bounded cohomology of G also by
studying suitable spaces on which G acts. More precisely, let X be a measurable
space on which G acts measurably, that is the action map 60:G x X — X is
measurable (G is equipped with the o-algebra of the Haar measurable sets). We
set

B®(X",R) :={f: X" — R|f is measurable and sup |f(x)| < oo},

xeXn

and we endow it with the structure of Banach G-module given by

(g f)x1,....xp) = f(g_l.xl, . ..,g_l.xn),

for every g € G and every f € B®(X", R). If §,: B®(X",R) — B®(X"*! R)
is the standard homogeneous coboundary operator, for n > 1 and §p: R —
B*(X,R) is the inclusion given by constant functions, we get a cochain com-
plex (B®(X*,R),8). We denote by B3 (X" !, R) the Banach G-submodule of
alternating cochains, that is the set of elements satisfying

S (X6(0), - - s Xa(n)) = sgn(o) f(xo,...,Xn),

for every permutation o € S, 4.
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Definition 2.12. Let E be a Banach G-module. The continuous submodule of E
is defined by
CE :={veE|lim |g.v—v| =0}
g—e

A resolution of E is an exact complex (E°, d) of Banach G-modules such that
E® = E and E" = 0 forevery n < —1.

0 0 ad
0— E > E!' "L g2 2.

We say that (E®, de) is a strong resolution if the continuous subcomplex
(CE*, 3.) admits a contracting homotopy, that s a sequence of maps h,,: CE"+! —
CE"™ such that ||h,|| < 1 and hy41 0 0y + 9y © hy—1 = idgn forall n € IN.

In [5, Proposition 2.1] the authors prove that the complex of bounded measur-
able functions (B*°(X*, R), d.) is a strong resolution of R. Since the homology of
any strong resolution of the trivial Banach G-module R maps in a natural way to
the continuous bounded cohomology of G by [7, Proposition 1.5.2.], there exists
a canonical map

¢ H*(B®(X*T' R)%) — H(G).

More precisely, every bounded measurable G-invariant cocycle f: X"+! — R
determines canonically a class ¢"[f] € H,(G). The same result holds for the

subcomplex (B3 (X*, R), &) of alternating cochains.

3. The w-Borel cocycle

3.1. The cocycle Vol®. From now until the end of the paper we will consider the
spaces P!(C),, and P'(C,,) identified, hence we will refer to any of these two as
they were the same space. The same will be done also for the groups SL(n, C),,
and SL(n, C,). Moreover, to avoid a heavy notation we are going to refer to any
sequence (x;);en by dropping the parenthesis every time that we are considering
the sequence itself instead of any of its single term.

In this section we are going to construct a generalization of the hyperbolic
volume function which will live on P!(C,,)*. This generalization will reveal the
fundamental tool to define the w-Borel cocycle.

Before starting, we want to underline a delicate point. Since we want to
exploit the properties of the standard Borel cocycle, one could try to define
the new function Vol” simply by taking the w-limit of the volumes, that is
Vol“f(xg, cx2) = o-limjLoVol(x?, ..., x7), where x} is any representative
of x!,. Unfortunately this definition is not correct. Indeed, if we suppose to have 3
points that coincide, say x0 = x1 = x2, different choices of representatives lead
to different values of the w-limit of their volumes. Hence, we need to be careful.
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Let P!(C,)™ be the space of 4-tuples of distinct points on P1(C,). As in the
standard case, there is a natural cross ratio function
(xd —x2)(x, —x2)
(0 —x3) () —¥2)'

crp: PHCH)® — €\ {0.1},  crp(x2,x) x2,x3) =

which is well defined by its purely algebraic nature. Every x’, may be considered
in C,, or equal to oco. If we define the Bloch—Wigner function by

D7:C— R, Djy(z2):= J(Lix(2)) + arg(l — z) log|z|,

where Li,(z) is the dilogarithm function, by still denoting D, its continuous
extension on P!(C), we can formulate the following

Definition 3.1. The w-Bloch—Wigner function is given by
DY:Cyp U {oo} — R,
DS (xy) := w—ll_i)rgoDz(xl) for x, € Cyp,
D% (00) := 0.
where x; is any representative of the equivalence class x,,.
Lemma 3.2. If x; and y; are two sequences representing the same element in C,,,

then
w- lim D,(x;) = w- lim D5 (y;).
[ —o00 [ —o00

1
Proof. Since P!(C) is compact and w-lim;_, |x; — y;|* = 0, both sequences
x; and y; will converge to the same limit in C U {co}. Denote by ¢ this point. As
a consequence of Proposition 2.4 and by the continuity of D, we have

w-1im Dy(x;) = Da(w-lim x;) = D1(£) = Da(w- lim y;) = w- lim Dy (y;),
| —>00 [—>00 l—>00 =00

as claimed. O

The previous lemma guarantees that the definition of the w-Bloch—Wigner
function is correct since it does not depend on the choice of the representative
of the class x,.

Definition 3.3. The w-volume function for a 4-tuple of points (x2,x), x2 x3) €
P (C,)* is defined as

(4] 2 .3
Vol (x2, x1, x2, x2

D& (cry(x0, x1,x2,x3)) if (x2,x),x2,x3) € P1(C,,)@P,
0 otherwise.
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Remark 3.4. We are going to denote by Vol the composition D, o cr, where
D, is the standard Bloch—-Wigner function and cr is the cross ratio on P!(C).
Fix a 4-tuple (x2,...,x2) € P'(Cy)* of distinct points. Thanks to the natural
identification between P!(C,,) and P'(C),,, we can think of each x’, as the class
of a sequence x; of points in P! (C). Now, it easy to see that

crp(x2, . x2) = [cr(xlo, . ..,xl3)]

in C, (if the xj;) are all distinct, also the terms of the sequences xf are distinct
w-almost every [ € IN). By exploiting the previous identity, we can rewrite the
definition of Vol® as follows:

0 3 0 3
Vol®(x,,...,x;) = D§(cty(x,, ..., X))
= w- lim Dz(cr(xlo, cee, x,?’))
[—00
= w-lim Vol(x), ..., x});
—00
and this is completely independent of the choice of representatives xlo, ce xl3.
Hence Vol® coincides with the w-limit of the standard volumes Vol(x?, ..., x;
on a 4-tuple (xJ.....x3) € P1(C,)®, where x! is any representative for x’,.

Even though we have already underlined that this is not true on the whole space
P!(C,)*, we can always choose suitable representatives for x!, such that

Vol®?(x2,...,x2) = a)—ll_i)rgoVol(xlo, XD

Proposition 3.5. The function Vol® is a bounded, alternating, GL(2, Cy)-invari-
ant cocycle.

Proof. Most of the properties we stated follow directly from the properties of
the standard volume function Vol. We are going to show GL(2, Cy)-invariance,
for instance. From now until the end of the proof we are going to pick suitable
representative sequences for points in P1(C,,) such that

Vol®?(x2,...,x2) = w—ll_i)rgoVol(xlo, X7,

Let g, € GL(2, C,). We want to show that g,.Vol® = Vol®.

20 Vol?(x2, x} x2 x3) = Vol® (g, x0, ..., gt x3)
= w-lim Vol(g; '.xP, ..., g7 .x7)
[ —o00
and thanks to the equivariance of the classic volume function we get

w-lim Vol(g; ' .x7, ..., g7 " .x7) = w- lim Vol(x}, ..., x7}) = Vol?(x2,...,x}),
l—o00 =00
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asrequired. The strategy to prove the alternating property and the cocycle property
of Vol® is the same as above and we omit it.

Finally, the boundedness is obvious since the w-Bloch—Wigner is nothing more
than the w-limit of a sequence of real values all bounded by v3 on P! (Cw)(“) and
it coincides with 0 on the complementary. Here v; is the volume of a regular ideal
hyperbolic tetrahedron in H3. O

3.2. The cocycle BY. In order to define the w-Borel invariant for a represen-
tation py: I' — SL(n, Cy), we first need to define the w-Borel cocycle. We are
going to follow the same construction exposed in [3, Section 3]. Let &7 (m) be
the following space

S2(m) = {(x2,....xk) e (M 1|(x2, ... xk) = €™/ GL(m, C,)

where GL(m, C,) acts on (k + 1)-tuples of vectors by the diagonal action and

(x2,...,xk) is the C,,-linear space generated by x2,...,xk. It obvious that if
k < m — 1 the space defined above is empty. For every m-dimensional vector
space V over C, and any (k + 1)-tuple of spanning vectors (x2,...,x¥) ¢

Vk+1 we choose an isomorphism V' — C”. Since any two different choices of
isomorphisms are related by an element g, € GL(m, C,), we get a well defined
element of &¢ (m) which will be denoted by [V; (x2,...,xk)]. For

&w:=| | &8¢m) =6LO)u---uSEk + 1)
m=>0

we have two different face maps s(k), r;l(k) &y — 6%_, given by

. Ny
ePem: (60, xR = [, LR xRy (R xR,

. .
e (xO,. xE)] = [/ (xL): (xS, LR xR
Since these maps satisfy the same relations as in [3], that is forall 0 < i <
J =k

(k=1) (k) _ (k D ®
& & Ej+10

k-1 (k) _ (k=1) (k)
77/ 77, 77, 77,4_11

k=1 () _ (k=1) (k)
n; & =4 Nj+1>

we can define a boundary operator

k
D Z[SY] — ZISY_,l.  Di(0) := Y (1) (e (@) — 1 (),

i=0



The w-Borel invariant for representations into SL(n, C,) 993

where Z[G&?] is the free abelian group generated by &¢ and it is equal to 0 for
k < —1. We still denote by ¢® and n(k) the linear extensions of face maps to

i i
Z[&y]. In this way we have constructed a chain complex (Z[&?], Do). With the
purpose of dualizing this complex, we recall that we have a natural action of the

symmetric group Sx+; on &, hence we can define
Rat(6%) :={f: 6% — R | f is alternating with respect to the S -action}

and we can define D,’Ck as the dual of Dy ® idg. The construction above produces
a cochain complex (Ry(&¢), D).

We are going now to define a cocycle living in Ry (&%) which will be used to
construct the w-Borel cocycle. Since the w-volume function Vol introduced in
the previous section can be thought of as defined on (C2 \ {0})%, it is extendable
to

Vol?: 6§ — R
where we set Vol”|&% (m) to be identically zero if m # 2 and
Vol?(2,...,v3) ifeachvl #0,

Vlez; 0,..., 3 =
oI Co: (v V)] 0 otherwise.

By the compatibilty of the w-limit with respect to finite sums, the following
result should be clear.

Proposition 3.6. The function Vol” € Ry (&%) is a cocycle, that is D (Vol”) =0.

Since the proof of this proposition is the same as [3, Lemma 8, Lemma 9] we
omit it. In order to define the w-Borel cocyle we are going to introduce the spaces
of affine flags in C];. A complete flag F,, in C/} is a sequence of linear subspaces

FOCF,C--CF!

such that every FLf, has dimension i as C,-vector space. An affine flag (F,,, vy) is
a complete flag F,, together with an n-tuple of vectors v, = (v}, ..., v") € (C)"
such that
Fl=Cuvl + FI71, i>1.

It is clear that the group GL(n,C,) acts naturally on the space of flags
F (n, C,) and on the space of affine flags Fu (11, C,,) of C2. Let Z[Fag(n, Cyp)*+!]
be the abelian group generated by Fug(n, C,)*t! and let 9 be the standard
boundary map induced by the face maps sl(k): Fat(n, Co)K Tl — Fog(n, Cyu)F
consisting in dropping the i*#-component for I < k < n — 1. Moreover set
do: Z[Fa(n, Cp)] — 0. We are ready now to define

Ti: (Z[Fa(n, Co)*1, 9k) —> (Z[SY], Dy)
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which will enable us to construct a morphism between the dual of the complexes
above (more precisely on their alternating versions). Given a multi-index J €
{0,1,...,n — 1}**1 we start by defining

1y Fap(n, Cp)F 1 — &¢

as the function

<F0j()+l ij-i-l)

. w T T ke . jo+1 Jk+1

B((Fo0 100)s - (Fiow Vi) = | 2 B g™
(F{S,..... F{t)

and finally

Tk((FO,a)s vO,Cl))s LR} (Fk,ah vk,a)))
=Y (Fow- 0.0)- - - - (Fiw: Vie))-

If we now recall that there exists a natural action of Sk,; on Fog(n, Cp)*t!
and dualize the complex considered so far, we get the cocomplex of alternating
cochains (Ra(Fas(n, C)* 1), 97) (here 97 is the dual of 0 ® idr). By denoting
Tk* the dual map of Ty ® i dr, the same proof of [3, Lemma 11] guarantees that T,j
is a morphism a complexes taking values in (Ryy(Fag(n, Cp)<+1))0L.Co),

Definition 3.7. We define the w-Borel function of degree n as

B;to((FO,w’ vO,w)’ LR (F3,(t)’ v3,w))

= T (Vol”
Jo+1 Jj3+1
:ZVOI(DI:<FO,0) 1-.-7F3,(1) ) vé'o_l_l v§3+l)j|
j j\ ) w 2t ) .
Je{o,...n—1}* <F02o’ Tt F3,ju)

Using the same approach of [3] it is straghtfoward to prove that

Proposition 3.8. The function BY is a bounded, alternating, strict GL(n, Cy)-
invariant cocycle on the space Foq(n, C,)* of 4-tuples of affine flags which nat-
urally descends to the space F (n,Cy)* of 4-tuples of flags. Moreover, for every
4-tuple of flags (Fo.w, - - -, F3.0) € F (n,Cy)* we have the following bound

nmn?—1) )

|B;U(F0,a)s'-'7F3,a))| f 6

3.

We want now to use [5, Proposition 2.1] in order to obtain the desired cohomol-
ogy class. Before doing this we need to underline a delicate point in the discussion.
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By Proposition 2.6 the field C,, is not locally compact with respect to the topology
induced by the ultrametric absolute value. In particular the group SL(n, C,) can-
not be locally compact with respect to the topology inherited by M(n, C,) seen as
Cf. Hence it is meaningless to refer to the Haar measure or to the Haar o-algebra
for SL(n, Cy). In order to overcome these difficulties, we are going to consider
SL? (n,Cy), that is the group SL(n, C,) endowed with the discrete topology. The
same for GL® (n, C,). Moreover, in order to apply correctly [5, Proposition 2.1],
we are going to consider the discrete o-algebra on both & and ¥ (n, Cy).
Recall that &7 (n) is a space on which the symmetric group Sy 11 acts naturally.
Let B3 (&%) be the Banach space of bounded alternating Borel functions on &¢.
The restriction of D, gives us back a complex of Banach spaces (B (&7), D).
By restricting the map 7,* to the subcomplexes of bounded Borel functions
and by applying [5, Proposition 2.1] to (Bg; (F (n, Cp)*th), d,), we get a map

Sk(n): H¥(BX(6?)) — HF(GL(n, C,)).

Definition 3.9. With the notation above, we define the w-Borel cohomology class
of degree n as
B (n) := S5 (n)(Vol”) = [B],

where ¢3: H3(BX(F (n, Cp)*+1)OL0:C0)) — H3(GL® (n, C,)) is the canonical
map of [5, Proposition 2.1].

Remark 3.10. We have the following commutative diagram

l—C; —GL(@n.,C,) —=PGL(n,Cyp) —1

.

11—y, —SL(n,C,y) ——PSL(n,C,) ——1

where C; is the group of invertible elements of C,, and p, is the group of the n-th
roots of unity. Since these groups are both amenable, by functoriality of bounded
cohomology it is possible to conclude that H} (GL*(n,Cy)) =~ H ; (SL%(n, Cp)).
In particular, we are going to think of the class % (n) as an element of both
H}(GL®(n, C,)) and H(SL? (n, Co)).

4. The w-Borel invariant for a representation p,,

Let I be the fundamental group of a complete hyperbolic 3-manifold M with
toric cusps. This means that we can decompose the manifold M as M = N U
U?=1 C;, where N is any compact core of M and for every i = 1,...,h the
component C; is a cuspidal neighborhood diffeomorphic to 7; x (0, o), where T;
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is a torus whose fundamental group corresponds to a suitable abelian parabolic
subgroup of PSL(2, C). Our aim is to define a numerical invariant associated
to any representation p,: " — SL(n,C,). Leti: (M, 2) — (M, M \ N) be the
natural inclusion map. Since the fundamental group of the boundary dN is abelian,
hence amenable, it can be proved that the maps i,: H ]f(M ,M\N)—> H ]f (M)
induced at the level of bounded cohomology groups are isometric isomorphisms
for k > 2 (see [2]). Moreover, it holds Hlf (M, M\N) = Hlf (N, ON) by homotopy
invariance of bounded cohomology. If we denote by ¢ the canonical comparison
map c: H If (N,dN) — H¥(N,dN), we can consider the composition

oy —1

(P} @)

H3(SL}(n, Co)) 2220 HI(T) = H3(M) “22— HI(N,aN) —> H3(N.oN).
where the isomorphism that appears in this composition holds since M is aspher-
ical. By choosing a fundamental class [N, dN] for H3(N, N ) we are ready to give
the following

Definition 4.1. The w-Borel invariant associated to a representation
Pw: I’ —> SL(n, Cy)

is given by
By (bw) = ((c o (i5)™" o (pw)y) B (1), [N, dN]),
where the brackets (-, -) indicate the Kronecker pairing.

Remark 4.2. The previous definition is indipendent of the choice of the compact
core N. Moreover, it can be easily extended to any lattice of PSL(2, C).

We are going to generalize some of the classic results valid for the standard
Borel invariant. The proofs are identical to the ones exposed in [3]. Before
starting, we recall the existence of natural transfer maps

Hy(D) 255 ge (PSL(2,C)),  H(N,ON) =% H*(PSL(2. ).
where H?(PSL(2, C)) denotes the continuous cohomology groups of PSL(2, C).
We remind the reader that the continuous cohomology groups of a locally compact
group G are constructed as the continuous bounded cohomology groups just by
dropping the requirement of boundedness of cochains.

The transfer maps are defined as it follows. Let V; be the set C; (H?)*+!, R) of
real bounded continuous functions on (k +1)-tuples of points of 3. With the stan-
dard homogeneous boundary operators and the structure of Banach PSL(2, C)-
module given by

(g x™) = flg™x% . g7,

Ifllo="sup |f(x°....x")],
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for every f € Cp((H?*)"™1,R) and g € PSL(2,C), we get a complex Vo =
Cp((H3)**!, R) of Banach PSL(2, C)-modules that allows us to compute the
continuous bounded cohomology of PSL(2, C). More precisely, it holds

H*(VISL20) ~ gk (PSL(2, ©))

for every k > 0. Moreover, by substituting PSL(2, C) with I', we have in an
analogous way that

H*(V)) = Hy (T)
for every k > 0. The previous considerations allow us to define the map

transr: VkF — VkP SL(2’C),

transr (¢)(xo, . .., Xp) = /C(ng,...,gxn)du(é),
T\ PSL(2,C)

where ¢ is any I'-invariant element of V; and p is any invariant probability
measure on '\ PSL(2,C). Here g stands for the equivalence class of g into
'\ PSL(2, C).

transr(c) is PSL(2, C)-equivariant and transr commutes with the coboundary
operator. Therefore we get a well-defined map

transr: Hy (I') — H>, (PSL(2, ©)).

We now pass to the description of the map tpr. If 7:H?* — M = I'\H?
is the natural covering projection, we set U := 7 (M \ N). Recall that
the relative cohomology group H*(N,dN) is isomorphic to the cohomology
group H*¥(Q*(H3, U)T) of the I'-invariant differential forms on H? which van-
ishes on U. Since, by Van Est isomorphism we have that H C’,‘ (PSL(2,C),R) =~
QK (H3)PSLZ.O) | we define

pr: QFIB, U)F — QF@HPSLCO - pp(a) = / gradu(g).
T\ PSL(2,C)

where 1 and g are the same as before. The map rpr commutes with the cobound-
ary operators inducing a map

mr: HE(N,ON) ~ H*(Q*(H3, U)D)
— HA(Q m?)PSH20) ~ gk PSL(2, ©)).

For a more detailed description of the above maps we suggest to the reader to
check [4, Section 3.2].
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Proposition 4.3. For k > 2 the diagram

K n
H* B2 Lk GL (1 + 1,C,)

alt
Séﬁ*; l

HJ(GL (n, Cy))
commutes. The vertical arrow is induced by the left corner injection
GL(n,C,) — GL(n 4+ 1,C,).

In particular we have that B®(n + 1) restricts to B (n).

Proof. Let in: C" — C2*1! be the injection in(x),...,x7) ;= (x},....x",0).
By an abuse of notation we define

in: Fai(n, Cp) = Fag(n + 1,Cyp)
as in((Fo,v0)) = (F,. ) where for 0 < j < n we have Fl = in(Fa{),
2 = in(vy) and 92+ = e,qq. If wesetJ € {0,...,n}f* 1 and I = {i:0 <

i < k suchthat j; = n}, it is easy to verify that if / = @ this implies
Je{o,....n—1}**t!and

TJ(l.n(FO,a)y vO,a))a R (Fk,a)y vk,a))) = TJ((FO,(Us UO,a))a cey (Fk,a)s Uk,a)))
while if I # @, then
Ty (in(Fo,05 V0.0)s - - - in(Fks Vi) = [Cors (88, 8])],

where Sil = [en+1] if i € I and O otherwise. The previous considerations imply
that i, induces a commutative diagram of complexes

T*
BX(EY) —5= BX(Far(n + 1, Cp)KH1)

\ ll,’f
Tk

B (Far(n, Co)* )

and since the map i,; implements the restriction in bounded cohomology, the com-
mutativity of the diagram which appears in the statement follows. In particular,
by focusing our attention on the case of k = 3 we get

i¥(B®,,) = i o Ty (Vol®) = T} (Vol®) = BY

as claimed. O
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Proposition 4.4. For any representation py,:I" — SL(n, C,) the composition

tran

H}(SL!(n.C,)) — HP(T') —> H3, (PSL(2.C))

maps B®(n) to %1((?\(/‘1))) B(2). In particular, it holds the following bound

1B (pw)] < = Vol(M),

(n*—1)
6
as in the classic case.

Proof. Recall that we have the following commutative diagram

H}(SL? (n, Cy))

(Pw)z
H(T)
B m\
H2(N,dN) H3 (PSL(2,0))

H3(N,dN) —22- H3(PSL(2, C)).
Since H C-”b (PSL(2, C)) = R, there exists a suitable A € R such that
transr © (o), (B (n)) = AB(2).
Hence by composing both sides with the comparison map ¢, we obtain
¢ o transt © (pw), (B (n)) = c(AB(2)) = A(cB(2)) = AB(2).

If we pick up wy gy € H3(N,dN) in such a way that its evaluation on the
fundamental class [N, dN] gives us back Vol(M), we have that tpr(wnon) =
B(2). In particular

r(c 0 (i)' 0 (pw); (B (1)) = ADR(@N,0N)
and by injectivity of the map tpR in top degree we get
(co (i)™ o (pw)y)(B(n) = Ao -
If we evaluate both sides on the fundamental class, we obtain
B (pw) = ((c o (i) ™" o (po);)(B(n)).[N.IN])
= (Awn,an, [N, IN])
= AVol(M).
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At the same time it holds

_ llransr o (po)p B2 )|l _ n(n? — 1)

1B -6

Al

from which it follows

2 _
18w = "= voln),

as claimed. O

Recall that there is a natural inclusion of fields of C into C, given by constant
sequences. In particular we have natural embeddings of C™ into C7} and of
SL(n, C) into SL(n, C). Since every representation p: ' — SL(n, C) determines
a representation p into SL(n, C,) by composing it with the previous embedding,
it is quite natural to ask which is the relation between B (p) and S, (p). We have
the following

Proposition 4.5. Let p:T' — SL(n, C) be a representation. If we denote by
0:T — SL(n, Cy) the representation obtained by composing p with the natural
embedding of SL(n, C) into SL(n, C,), we have

By (8) = Bn(p).

Proof. We are going to prove that the cohomology class 8¢ (n) restricts naturally
to the class B(n). Let j:SL(n,C) — SL(n, C,) be the natural embedding. By
endowing both spaces with the discrete topology, we have a continuous morphism
of groups that induces a map

jFHZ(SLS(n,Cp)) — HZ(SL%(n, ).

We want to prove that j,*(8“(n)) = B(n). From this it will follow

B (B) = {(c o (i)~ o pp)B (), [N, dN])
((coy)™ o (jopy)B®n), [N, dN])
((coy)™" o pp o jy)B?n), [N, dN])
= ((c o (i)~" o pp)B(m), [N, dN])

= Bn(p).

Similarly to what we have done for the field C,,, we define the configuration
space

Sr(m) :={(x°,....x*) e (™ 1| (x°,...,x*) = €™}/ GL(m, C).
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for every k > m — 1. This family of spaces is exactly the family introduced by [3].
There exists a natural family of maps given by

Jr(m): S (m) — &2(m),  jrm)[C™; °, ..., v5)] = [C™; (..., v5)),

where each vector v which appears on the right-hand side of the equation is
thought of as an element of C. This function is well-defined because v°, ..., v¥
are generators also for C as a C,-vector space and the identifications induced
via conjugation by GL(m, C) are respected. By denoting

Jk = jkO) U jr()u---U je(k + 1),

we get the following commutative diagram

H3(B2(69)) —2% HASL (n, C,))
H3(f;")l lji
H3(B2(&.) — 2 HASL (n, ©)),

where jJ are the maps induced by j. on the Borel cochains. We will prove that
Vol = Vol® o J3, that is H3(j¥)[Vol®] = [Vol]. Letm € {0,...,4}. Itis clear
that Vol = Vol® o j3(m) for m # 2 because both sides are equal to zero. Let now
consider [C?; (v°,...,v3)] € &3(2). If any of these vectors is 0 both functions
evaluated on the 4-tuple give us back 0. Hence, we can suppose that each v’ is
different from 0. If the vectors v°, ..., v3 are in general position into C2, they still
remain in general position into C2. Thus

Vol® o j3(2)[C%; (v°, ..., v*)] = VoI?[CZ; (v°, ..., v7)]

= w- lim Vol(vo, el v3)
[ —o00
= Vol(vo, e, v3)
= Vol[C?; (v, ..., v?)].
In the same way if (v°,...,v3) are not in general position into C2, they will
not be in general position into C2 either, so both Vol® o j3(2) and Vol will evaluate
to be zero, as desired. O

We want now to express B (pe) in terms of boundary maps. Recall that the
complement of N is M is given by a finite union U?=1 C; of cuspidal neighbor-
hoods. For every i = 1, ..., h the fundamental group m;(C;) = H; is an abelian
parabolic subgroup of PSL(2, C), hence it has a unique fixed point & in P!(C).
We define the set

h
e = JT&.
i=1
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Definition 4.6. If ' = 71 (M) as above, given a representation
Pw: T —> SL(n, C,),
a decoration for p,, is a map
Yu:€() — F(n,Cy)

that is equivariant with respect to p,,.

Recall now that the cocycle By is a strict cocycle, as in the standard case.
Hence the class (co (i;‘)_1 °(pw)y,)B®(n) can be represented in Hlf () by ¢ (B?),
where ¢, is a decoration for p, (we refer to [5, Corollary 2.7] for this result
about the pullback of strict cocycles along boundary maps). In order to realize
the corresponding cocycle in H; (N, dN), we identify the universal cover N of
N with H? minus a set of I'-equivariant horoballs, each one centered at an
element ¢ € ©(I'). We define a map p: N — €(I') in two steps. We first
send each horospherical section to the corresponding element. Then, for the
interior of N, we map a fundamental domain to a choosen & € €(I') and we
extend equivariantly. In this way, any bounded I'-invariant cocycle c: €(I') - R
determines a relative cocycle on (N, dN) as it follows

{0:A% = N} > c(p(a(eo)),.. ., p(a(e3))).

If 7 is a relative triangulation of (N, dN) and 7 is the lifted triangulation of a
fundamental domain in (N, dN), the w-Borel invariant B¥(pw) can be computed
by the following formula

B (o) = Y By (#0(p(3(€0))), 9 (p(G(€1))), 00 (P(5(e2))), 9 (P (G (€3)))

OET

where ¢ is a lifted copy of the simplex o € t.

5. The case n = 2 and properties of the invariant 87 (p,)

In this section we are going to focus our attention on the case of representations
into SL(2, C,). Suppose to have a sequence of representations p;: ' — SL(2, C)
that determines a representation p,: I' — SL(2, C,). A sequence of decorations
¢; for p; produces in a natural way a decoration ¢,,. Indeed it suffices to compose
the standard projection 7: P1(C)N — P!(C), = P!(C,) with the product map
[Ter: PH(C) — PY(C)N. We say that a decoration is non-degenerate if for every
&0, ..., & € €(I') we have that the 4-tuple (¢, (£0), - - -, 9o (£3)) contains at least
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3 distinct points. If the decoration ¢, is non-degenerate we have

IB;)(P(D)
= Z B3 (90 (p(G(€0))), 90 (p(G(e1))), P (P (3 (€2))), P (P (5 (€3))))

= o- lim Y Balgi(p(@(€0))), 1 (p(@ (1)), g1 (p(G(€2))), 91 (p (G (€3)))

= w- lim B2(p;),
l—>o00

where the last equality is obtained by applying Corollary 2.7 of [5]. The third
equality exploits the non-degenerancy of the decoration ¢,,. Hence we get

Proposition 5.1. Let p;:I" — SL(2,C) be a sequence of representations with
decorations ¢;. Let py,:I" — SL(2, Cy) be the representation associated to the
sequence p;. If the decoration ¢, produced by the sequence ¢; is non-degenerate,
we have

B5 (pw) = w-llir&ﬂz(m)-

Corollary 5.2. Let p;:I' — SL(2,C) be a sequence of representations with
decorations ¢;. Let py,:I" — SL(2, Cy) be the representation associated to the
sequence p;. Suppose BS (pn) = Vol(M). If the decoration ¢, produced by the
sequence @y is non-degenerate, there must exist a sequence g; € SL(2,C) and a
representation peo: I' — SL(2, C) such that

w- lim g10;(¥)g;" = poo(¥).
[ —o0

Proof. Thanks to the assumption of non-degenerancy, by applying Proposition 5.1
we desume that w-limy_, o, B2(0;) = Vol(M). The statement now follows directly
by [12, Theorem 1.1]. O

Remark 5.3. The representation po, which appears in the previous corollary
as limit of the sequence p; has to be a lift of the standard lattice embedding
i:T' - PSL(2,C).

Assume that a sequence of representations p;: I' — SL(2, C) diverges to aideal
point of the character variety X(I", SL(2, C)) and let p,,:I" — SL(2, C,) be the
representation associated to the sequence. Recall that the identification between
SL(2, C,) and SL(2, C),, implies that the representation p,, produces in a natural
way an isometric action of I' on the asymptotic cone C,(H3?,d/A;, O). We are
going to restrict our attention to reducible actions with non-trivial length function.
We first recall the following
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Definition 5.4. Let T be a real tree on which I' acts via isometries. We say that
the action is reducible if one of the following holds:

e the action of I" admits a global fixed point;
e there exists an end ¢ € 05,7 fixed by I';

e there exists a I'-invariant line L C 7.

Proposition 5.5. Let p;: ' — SL(2,C) be a sequence of representations and
suppose it determines a representation p,: I’ — SL(2, Cy) such that the isometric
action induced by p, on C,(H3,d/A;, O) has non-trivial length function. If the
action is reducible then B5 (p») = 0.

Proof. Since the length function associated to the action induced by p,, is non-
trivial then the action does not admit a global fixed point. Moreover, since the
action is reducible, it must admit either a fixed end or an invariant line. Suppose
that there exists an end fixed by I". By [18, Proposition 3.20] the asymptotic cone
Co,(H3,d/A;, O) is naturally identified with the Bass—Serre tree ABS(SL(2, C,,))
associated to SL(2, C,,). Hence, there must exist an end of ABS(SL(2, C,,)) fixed
by the representation p,. Thus the image p,(I") is a subgroup of a suitable
Borel subgroup N, of SL(2, C,) and hence it is solvable, so amenable by [23,
Corollary 4.1.7]. This implies that the map (p); = 0 from which we conclude
B2 (0w) = 0.

Suppose now that the action of I admits an invariant line. This time the image
Po(T") is isomorphic to a subgroup of Isom(R). Being Isom(RR) the semidirect
group of the two amenable groups Z/27 and R, it is amenable by [23, Proposi-
tion 4.1.6]. As before, (p,), = 0, hence 5 (o) = 0. O

Remark 5.6. Another way to prove Proposition 5.5 is by using decorations.
Indeed, if the action determined by p,, admits a fixed end &, € 900 ABS(SL(2, Cy))
and since the boundary at infinity can be identified with P'(C,,), then the map
¢o(§) = &, for § € €(I') is a decoration and trivially it results B9 (p,) = 0.

In the same way if the action admits an invariant line L, we denote by ¢ }0 and
€2 the ends of the line L,. For every £ € ©(T") we can choose either ¢l or 2
as the image of & for the decoration ¢,. This implies that every possible choice
produces a decoration for p,, such that it results 5 (p,) = 0.

Let S = {y1,...,ys} be a generating set for the group I". Recall that if a
sequence of representations p;: ' — SL(2, C) diverges in the character variety
X (T, SL(2, C)) to an ideal point of the Morgan—Shalen compactification, then the
real sequence

xeH

S
A= inf Z;d(m(w)x,X)
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is positive and divergent. As written in [18, Theorem 5.2], for any non-principal
ultrafilter w on IN, by fixing (A;);en as scaling sequence, we can construct in a
natural way a representation p,: I' — SL(2, C,) via the representations p;.

Corollary 5.7. Let p;: T' — SL(2, C) be a sequence of representations diverging
to an ideal point of the Morgan—Shalen compactification of the character variety
X(T,SL(2,C)). Let p,: I — SL(2, Cy) be the natural representation determined
by the sequence (p;);en.- If the representation is reducible, then B (p,) = 0.

Proof. It follows directly from Proposition 5.5 by obsverving that the p,, has non-
trivial length function since it is associated to diverging sequence of representa-
tions. O
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