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Abstract
In this work, we present and analyze a system of PDEs, whichmodels tumor growth by
taking into account chemotaxis, active transport, and random effects. Tumor growth
may undergo erratic behaviors such as metastases that cannot be predicted simply
using deterministic models. Moreover, random perturbations are evident in models
accounting for therapeutic treatment in terms of therapy uncertainty or parameter
identification problems. The stochasticity of the system is modeled by Wiener noises
that appear in the tumor and nutrient equations. The volume fraction of the tumor is
governed by a stochastic phase-field equation of Cahn–Hilliard type, and the mass
density of the nutrients is modeled by a stochastic reaction-diffusion equation. We
allow a variablemobility function and nonincreasing growth functions, such as logistic
and Gompertzian growth. Via approximation and stochastic compactness arguments,
we prove the existence of a probabilistic weak solution and, in the case of constant
mobilities, the well-posedness of the model in the strong probabilistic sense. Lastly,
we propose a numerical approximation based on the Galerkin finite element method in
space and the semi-implicit Euler–Maruyama scheme in time. We illustrate the effects
of stochastic forcings in tumor growth in several numerical simulations.
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1 Introduction

Cancer is among the main global causes of death. According to [52], there were 19.3
million new cancer diagnoses and 9.96 million cancer-related deaths worldwide. By
2040, the annual number of new cancer cases is projected to reach 30.2 million, with
16.3 million fatalities attributable to cancer. Each tumor is different and depends on
various characteristics. There is no guaranteed procedure for curing cancer, nor is
its cause completely known. Using mathematical models to precisely depict tumor
progression is the primary objective of mathematical oncology.

Mathematical research on tumor growth dynamics has been extensively developed
in recent decades. One of the most frequent approaches to describe tumor dynamics
is based on the so-called diffuse interface theory, for which we refer, for example, to
[7, 26, 32, 55].

In this work, we consider a diffuse interface model for tumor growth, which takes
into account precise biological effects due to both chemotaxis and also possible random
perturbations affecting the evolution. More precisely, we consider a colony of tumor
cells in an open bounded domain D ⊂ R

3, e.g. representing an organ, and we focus
on phenomenological characterizations to capture mesoscale and macroscale events
around the tumor’s evolution in the time interval [0, T ] for somefixed final time T > 0.
The difference in volume fractions between tumor and healthy cells is described by
the field ϕ : [0, T ] × D → [0, 1], with {ϕ = 1} representing unmixed tumor tissue,
and {ϕ = 0} represents surrounding healthy tissue. The diffuse interface approach is
based on the constitutive assumption that the tumor and healthy phases are separated
by a narrow diffuse interface {0 < ϕ < 1} in which the phase-field variable may also
assume intermediate values. The further constitutive assumption is that tumor cell
proliferation occurs by absorption of some nutrient (e.g. glucose) that is delivered to
the cells via capillary action. The local concentration of nutrients is represented by a
field σ : [0, T ] × D → [0, 1].
1.1 Deterministic model

Following [36], the constituents ϕ and σ are governed by the extended mass balance
laws

∂tϕ = − div Jϕ + �ϕ,

∂tσ = − div Jσ + �σ ,

where Jϕ , Jσ are mass fluxes and �ϕ , �σ are source functions. Typically, sink-and-
source-type functions are assumed, that is, it holds �σ = −�ϕ and consequently,
the system is referred to as closed or conserved. However, in order to consider more
general biological effects, such as apoptosis (i.e. the natural cell death of tumor cells),
we proceed as in [28] and define the source functions as:

�ϕ(ϕ, σ ) = (βσ − α) f (ϕ), �σ (ϕ, σ ) = −δσ f (ϕ).
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Here, α denotes the apoptosis rate, β the tumor proliferation rate, δ the rate of nutrient
consumption. In the particular case of β = δ and α = 0, one is in the sink and
source scenario, that is, the total mass of the tumor and nutrients are conserved. The
function f is assumed to be nonnegative and bounded in the relevant domain [0, 1],
and normalized in the sense f (0) = f (1) = 0. This corresponds to the absence of
nutrient uptake by the tumormass if there is no tumor {ϕ = 0} anyway or if the tumor is
already saturated in the sense {ϕ = 1}. A relevant choice is the logistic growth function
f (ϕ) = ϕ(1 − ϕ), see [19, 20, 22, 23], or the Gompertz function f (ϕ) = ϕ log(1/ϕ)

as in [54].
The mass fluxes are related to the underlying energy of the system, and we choose

the following extended Ginzburg–Landau energy:

E(ϕ, σ ) =
∫

	

ε2

2
|∇ϕ|2 + �(ϕ) + 1

2
|σ |2 − χϕσ dx .

The parameters ε > 0 and χ ≥ 0 denote the interfacial width and the chemotaxis
factor. Chemotaxis describes an adhesion force between tumor cells and nutrients.
Moreover, � describes a double-well potential and often one considers the regular
function �(ϕ) = 1

4ϕ
2(1 − ϕ)2 as an approximation to the physically realistic Flory–

Huggins potential; see [6]. We follow Gurtin’s approach in [31] and employ a scaled
mass flux for the phase-field equation, i.e., we propose

Jϕ = −m1(ϕ)∇δϕE(ϕ, σ ), Jσ = −m2(σ )∇δσE(ϕ, σ ),

where δϕE denotes the first variation of E with respect to ϕ. Here, mi , i ∈ {1, 2},
denote mobility functions that are assumed to be non-degenerative, such as m1(ϕ) =
ϕ2(1−ϕ)2+M for some arbitrarily small constantM > 0.Moreover,m2 corresponds
to the diffusivity of the nutrients.

By calculating the first variations of the Ginzburg–Landau energy, we obtain the
system

∂tϕ = div(m1(ϕ)(∇μ − χ∇σ)) + �ϕ(ϕ, σ ),

μ = � ′(ϕ) − ε2
ϕ,

∂tσ = div(m2(σ )(∇σ − χ∇ϕ)) + �σ (ϕ, σ ).

(1.1)

This is usually complemented with no-flux boundary conditions for ϕ, μ, and σ , as
well as suitable initial data ϕ0 and σ0.

The deterministic model was studied in [24, 25] regarding the existence of weak
solutions, in [30] regarding the long-time behavior, in [27, 35] regarding an optimal
control problem, and in [29, 33] regarding numerical approximations. Other biolog-
ical phenomena were included in the works [18, 20–22] such as ECM degradation,
angiogenesis, and subdiffusive behavior.
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1.2 Stochastic model

The class of deterministic models for tumor growth is certainly widely used and pro-
vides a more-than-adequate description of several biological mechanisms. However,
as intuitive as the tumor-nutrient balance equations may seem, it is well established
that tumor growth may undergo erratic behaviors that one cannot predict by merely
using deterministic models. It is the case, for example, of metastases whose activa-
tion appears to depend on random biological signals (see [53]), and the creation of
capillary networks and angiogenesis (see [43]). Moreover, random perturbations are
evident in models accounting for therapeutic treatment in terms of therapy uncer-
tainty or parameter identification problems. These considerations inevitably call for
the switch to classes of models that are capable of capturing such randomness in the
underlying process: in the scientific literature, models of tumor growth that account
for unpredictability have been considered in [1, 3, 15, 37, 51].

Generally, stochastic partial differential equations (SPDEs) are the mathematical
tools used to model physical systems subjected to the influence of internal, external, or
environmental noises. As noted in [38, 39], such stochastic systems can also be used
to describe models that are too complex to be described deterministically. Therefore,
a statistical strategy is employed to manage the complex free energy that defines the
biological features of the system in the phase-field equation. To accomplish this, a noise
is added to the phase-field equation, thus considering any microscopical fluctuations
that affect the evolution of the phase parameter. Moreover, the phase-field equation
aims at metastable round shapes, but real-world tumor masses are not perfectly round.
In a stochastic model, we introduce a type of uncertainty that results in an irregular
shape for the tumor mass that is biologically more realistic. Lastly, as noted in [45],
one can mimic the consequences of angiogenesis by incorporating a multiplicative
noise into the reaction-diffusion equation. This kind of stochastic forcing is related
to the oxygen received by malignant cells; as a result, its contribution to the overall
tumor growth process may be increased.

By taking these considerations into account, we further extend the deterministic
model (1.1) by introducing stochastic components to the system. We define the inde-
pendent cylindrical Wiener (Gaussian) processes W1, W2 on the separable Hilbert
spaces U1, U2, respectively, and end up with the stochastic system

dϕ = div(m1(ϕ)(∇μ − χ∇σ)) dt + (βσ − α) f (ϕ) dt + G1(ϕ) dW1,

μ = � ′(ϕ) − ε2
ϕ,

dσ = div(m2(σ )(∇σ − χ∇ϕ)) dt − δσ f (ϕ) dt + G2(σ ) dW2,

(1.2)

where G1 and G2 are operators that are specified below. The role of the stochastic
forcings is to account also for growth uncertainty, reflecting the fact that tumors and
nutrient do not grow at a constant rate in real-world scenarios. More precisely, G1
models typical erratic growth of the tumor volume, and is usually rendered in a multi-
plicative way by the choice G1(ϕ) = f (ϕ), where again f acts as a cutoff: this results
in amore erratic behaviour for higher concentrations of tumor cells. As forG2, one can
be slightly more general and assume an additive structure G2(σ ) = 1, which models
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an environmental noise possibly influencing the nutrient growth, such as growing cap-
illaries around the domain. We equip the systemwith the classical Neumann boundary
data ∂nϕ = ∂nμ = ∂nσ = 0 on ∂D and the initial data ϕ(0) = ϕ0, σ (0) = σ0.

Themathematical literature on the stochastic Cahn–Hilliard equation is quite devel-
oped, e.g., see the articles [8, 9, 47–49]. We also quote the works [10, 13, 14, 42] for
studies on stochastic diffuse interface models that are coupled to the Navier–Stokes
equations. The work [45] studied a stochastic Cahn–Hilliard equation with a coupled
reaction-diffusion system and in addition to its well-posedness an optimal control
problem was investigated. However, typical features of a tumor growth model, such
as chemotaxis, flow, active transport, and logistic growth, were not considered.

1.3 Goals, novelties, and structure of the paper

The main goal of the present work is twofold: we focus on the stochastic system, both
in terms of mathematical analysis and numerical simulations.

More precisely, we first show that the stochastic system admits a probabilistic-
weak solution in a very general setting, including non-constant mobilities and positive
chemotaxis coefficients. Up to our knowledge, this is the first available result in the
literature of stochastic models for tumor growth dealing with both random perturba-
tions and non-constant mobilities. The analysis is carried out in a wide generality,
allowing the double-well potential to have polynomial growth at infinity, whose order
depends on the presence of chemotaxis and the fact that the mobility m1 is constant
or not. Let us also stress that the presence of non-constant mobilities and the coupling
between the Cahn–Hilliard equation and the reaction-diffusion equation prevent us
from framing the analysis in any well-established variational theory based on mono-
tonicity. This calls for an ad-hoc study of the system, for which we employ a two-level
approximation scheme: a Galerkin-type approximation on the functional spaces and
a Yosida-type approximation on the nonlinearity. A significant challenge in the anal-
ysis arises from the nonlinear coupling between the equations, as the system under
consideration does not conform to standard analytical frameworks.

Secondly,we prove that in themore classical case of constantmobilities the stochas-
tic system is well posed also in the strong probabilistic sense: this is based on a
Yamada–Watanabe argument and comes down to showing pathwise uniqueness of
solutions. Again, the issue is nontrivial due to the singular (non-Lipschitz) behavior
of the double-well potential in the Cahn–Hilliard equation.

Eventually, we propose a numerical scheme to approximate the solutions of the
stochastic system, and we provide several numerical simulations. These explicitly
show the effect of noise on the tumor dynamics, according to a span of noise intensities,
and confirm a more accurate description of the cell aggregation phenomenon.

Let us point out that the case of degenerate mobilities is not treated here. Although
the stochastic Cahn–Hilliard equation has been analysed in [48] under a specific
assumption on the noise, here the presence of the proliferation terms prevents to
cover the degenerate case. This behaviour is typical in phase-field systems also in the
deterministic case, unless specific structural conditions on the source are imposed: we
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refer to [17] for an example of a phase-field model for tumor growth with degenerate
mobilities, under a different choice of the proliferation.

The work is structured as follows. In Sect. 2 we give some mathematical prelim-
inaries, such as required compactness results and important inequalities. Moreover,
we introduce the function spaces that are typically used in the variational analysis of
stochastic PDEs. Well-known results in stochastic analysis such as Prokhorov’s theo-
rem and the Burkholder–Davis–Gundy inequality are briefly described. In Sect. 3, we
prove the existence of probabilistic weak solutions to the stochastic system.Moreover,
in the case of constant mobilities, we prove the existence and pathwise uniqueness
of strong solutions to the stochastic system. In Sect. 4, we propose a fully discrete
scheme for approximating the stochastic model. We show some selected numerical
simulations to highlight the influence of the stochastic components.

2 Mathematical notation and preliminaries

In this section, we introduce the main mathematical setting of the work, the functional
spaces that will be used, and recall some useful preliminaries on infinite-dimensional
stochastic analysis.

In the following, let D ⊂ R
d , d ∈ {2, 3}, be a bounded domain with aC2-boundary

∂D. Furthermore, let T > 0 be a finite time horizon and let the space-time cylinders
be denoted by Dt = (0, t) × D, for every t ∈ (0, T ]. We simply write (·, ·)D and
(·, ·)Dt to indicate the inner products in L2(D) and in L2(Dt ), respectively, for every
t ∈ (0, T ]. We also use the classical symbol (·)D for the space-average on D.

2.1 Functional analysis

Let X be an arbitrary Banach space. We denote its dual by X ′ and the duality pairing
between X and its dual is written as 〈·, ·〉X . If X is a Hilbert space, then the scalar
product is denoted by (·, ·)X . In the case of a further Hilbert space Y , we denote the
space of Hilbert–Schmidt operators from X to Y by L2(X ,Y ) consisting of operators
T ∈ L(X ,Y ) that satisfy ‖T ‖2L2(X ,Y )

= ∑
k∈N ‖T ek‖2Y < ∞ for an orthonormal basis

{ek}k of X . Analogously, we denote by L1(X ,Y ) the space of trace-class operators
from X to Y .

We set the Hilbert spaces

H := L2(D), V := H1(D), V2 = {u ∈ H2(D) : ∂nu = 0 a.e. on ∂D},

endowed with their natural norms and identify H with its dual through the Riesz
isomorphism. We recall that this ensures that

V2 ⊂ V ⊂ H ⊂ V ′ ⊂ V ′
2,

where all inclusions are dense and compact.
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2.2 Stochastic calculus

Let (	,F , (Ft )t , P) be a filtered probability space. We denote the progressive σ -
algebra on 	 × [0, T ] by P , that is, the collection of subsets of 	 × [0, T ] with the
indicator function being a progressively measurable process; see [46, p. 314].

Let X denote an arbitrary Banach space, and T > 0. The strongly measurable
Bochner-integrable functions on 	 and (0, T ) of order p, q ∈ [1,∞] are denoted by
L p(	; X) and Lq(0, T ; X), respectively, with the usual convention that p = 0 and
q = 0 denote the space of stronglymeasurable functions on	 and (0, T ), respectively.
In the case of progressivemeasurability, we use the notation L p

P (	; Lq(0, T ; X)). If X
is separable and reflexive,we introduce an analogous notation forweakly-∗measurable
functions

L p
w(	; L∞(0, T ; X∗))
= {v :	→ L∞(0, T ; X∗) weakly-∗ meas. : E‖v‖p

L∞(0,T ;X∗) <∞}
= (L p/(p−1)(	; L1(0, T ; X)))∗,

where the second equality holds due to [11, Thm. 8.20.3].
We introduce the independent cylindrical Wiener processes Wi = (Wi (t))t≥0,

i ∈ {1, 2}, on the separable Hilbert spaces Ui . We further equip the spaces with the
ONBs {uin}n for i ∈ {1, 2} i.e. it holds Wi (t) = ∑∞

k=1 β i
k(t)u

i
k , i ∈ {1, 2}, for {β i

k}k
being a family of i.i.d. Ft -Brownian motions. Let us recall that the series are formal,
and they converge in every Hilbert-Schmidt extension Ũi ofUi , i = 1, 2: in particular,
Wi is a well-defined process with continuous trajectories in Ũi . Moreover, if K is
a Hilbert space, for i = 1, 2 the stochastic integral

∫ ·
0 G(s) dWi (s) is a well-defined

continuous K -valued process for everyG ∈ L2
P (	; L2(0, T ;L2(Ui , K ))).We further

recall that the Burkholder–Davis–Gundy inequality, see [5, Proposition 2.3.8], states

E sup
t∈[0,T ]

∥∥∥∥
∫ t

0
G(s) dWi (s)

∥∥∥∥
p

K
≤ CpE

(∫ T

0
‖G(s)‖2L2(Ui ,K )

ds

)p/2

(2.1)

for every G ∈ L2
P (	; L2(0, T ;L2(Ui , K ))).

It is well-known that if X is a Polish space (i.e., a separable completely metrizable
topological space), then every probability measure on X is tight. Furthermore, by
Prokhorov’s theorem, see [5, Theorem 2.6.1], a collection of probability measures on
X is tight if and only if it is relatively weakly compact. Together with the Skorokhod
theorem, this links the concept of weak convergence of a probability measure with that
of almost sure convergence of random variables. Indeed, Skorokhod theorem states
the existence of X -valued random variables (Un)n on some probability space such
that the law of (Un)n is equal to a given weakly converging sequence of probability
measures on X , and it holds Un(ω) → U0(ω) in X almost surely. This result can be
generalized to the class of sub-Polish spaces, which are topological spaces that are not
necessarily metrizable but retain several important properties of Polish spaces; then
the result is referred to as Jakubowksi–Skorokhod theorem, see [5, Theorem 2.7.1].
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2.3 Itô’s formula

Let i ∈ {1, 2} be fixed, let K be aHilbert space, letG ∈ L2
P (	; L2(0, T ;L2(Ui , K ))),

let f ∈ L2
P (	; L1(0, T ; K )), and let ϕ0 be an F0-measurable K -valued random

variable. Then the process

ϕ(t) = ϕ0 +
∫ t

0
f (s) ds +

∫ t

0
G(s) dWi (s) (2.2)

is a well-defined continuous K -valued process. If the function F : K → R is twice
Fréchet-differentiable and its derivatives DF , D2F are uniformly continuous on
bounded subsets of K , then the Itô formula, see [5, Theorem 2.4.1], reads

F(ϕ(t)) = F(ϕ0) +
∫ t

0
〈DF(ϕ(s)), f (s)〉 ds +

∫ t

0
〈DF(ϕ(s)),G(s) dW (s)〉

+ 1

2

∫ t

0
Tr

(
G(s)∗D2F(ϕ(s))G(s)

)
ds,

(2.3)

for all t ∈ [0, T ], P-almost surely, with the trace being defined as Tr(A) =∑∞
k=1〈Auik, uik〉 for every A ∈ L1(Ui ,Ui ). Let us recall that when the function F

is the square of the K -norm, then the Itô formula holds also in more general setting,
such as the classical variational triplets: in this regard, we refer the reader to [40,
Thm. 4.2.5].

3 Mathematical analysis of the stochastic model

The subsequent assumptions will be in order throughout the paper.

Assumption 3.1 Let the following assumptions hold:

(A1) α, β, δ, χ ≥ 0 and ε > 0 are fixed;
(A2) f ∈ C0,1(R; [0, 1]);
(A3) m1,m2 ∈ C0(R; [m0,m∞]) for 0 < m0 ≤ m∞ < ∞;
(A4) � ∈ C2(R; R≥0) with � ′(0) = 0 satisfies the growth conditions

|� ′(x)|q + |� ′′(x)| ≤ C�(1 + |�(x)|)

and

� ′′(x) ≥ −C�

for any x ∈ R, for some C� > 0, where

{
q ∈ (1, 2] if either χ = 0 or m1 is constant,

q = 2 if both χ > 0 and m1 is non-constant;
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(A5) for i ∈ {1, 2}, Gi : H → L2(Ui , H) is measurable and there is a sequence
(gi,k)k ⊂ W 1,∞(R) such that Gi (v)uik = gi,k(v) for any v ∈ H and k ∈ N,
with CGi := ∑∞

k=0 ‖gi,k‖2W 1,∞(R)
< ∞.

(A6) ϕ0, σ0 satisfy ϕ0 ∈ V with �(ϕ0) ∈ L1(D) and σ0 ∈ H .

Let us comment on the assumptions above. Foremost, we note that assumption
(A2) allows both the Gompertz and logistic growth functions, as discussed in Sect. 1.
Moreover, (A4) prescribes different growth conditions on �, depending on χ andm1.
In particular, we note that in the case where either no chemotaxis is present or the first
mobility is constant, the assumption q ∈ (1, 2] allows every polynomial double-well
potential of any growth. In the pathological case with both chemotaxis and a variable
mobility in the Cahn–Hilliard equation, the situation is much more delicate and the
assumption on the potential is quite strict, prescribing double-well structure with at
most quadratic growth at infinity. This restriction is due to the strong coupling in the
system: indeed, if χ > 0 one cannot rely on amaximum-principle argument for σ , and
this results in the presence of a non-bounded proliferation term in the Cahn–Hilliard
equation, which cannot be treated unless using an ad-hoc technique working in the
constant mobility case.

Assumption (A3) allows both constant mobilities and positive mobilities, such as
m(ϕ) = 1[0,1]ϕ2(1 − ϕ)2 + m0 for some small m0 > 0. We note that the case
of degenerating mobility, as studied in [48] for the Cahn–Hilliard equation, is not
addressed here. While we are confident that the method could be extended under
stricter assumptions on f , this would necessitate an additional approximation scheme
for the mobility, beyond the Yosida and Galerkin approximations. As a consequence,
we do not demonstrate that ϕ ∈ [0, 1] if ϕ0 ∈ [0, 1], since this requires the use of
degenerating mobility, as shown in [48, Theorem 2.7].

The assumption (A5) on the operators Gi is widely used in literature and ensures
the Lipschitz-continuity and the linear boundedness of the operators. The assumptions
(A6) on the initial data are restricted to the nonrandom case. However, we note that
it can be extended to the random case, as done for example in [49] for the stochastic
Cahn–Hilliard equation.

Definition 3.2 (Martingale solution)Wecall (	̂, F̂ , (F̂t )t , P̂, Ŵ1, Ŵ2, ϕ̂, μ̂, σ̂ ) amar-
tingale solution to (1.2) if (	̂, F̂ , (F̂t )t , P̂) is a filtered probability space satisfying
the usual conditions, Ŵ1 and Ŵ2 are cylindrical Wiener processes on U1 and U2,
respectively, and

ϕ̂ ∈ L0
P (	̂;C0([0, T ]; H) ∩ L2(0, T ; V2)),

μ̂ ∈ L0
P (	̂; L2(0, T ; V )),

σ̂ ∈ L0
P (	̂;C0([0, T ]; H) ∩ L2(0, T ; V )),
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are such that μ̂ = −ε2
ϕ̂ + � ′(ϕ̂) and

(ϕ̂(t), v)D + (m1(ϕ̂)∇(μ̂ − χσ̂ ),∇v)Dt = (ϕ0, v)D + (βσ̂ − α, f (ϕ̂)v)Dt

+ (
∫ t
0 G1(ϕ̂(s))dŴ1(s), v)D

(̂σ (t), v)D + (m2(̂σ )∇ (̂σ − χϕ̂),∇v)Dt = (σ0, v)D − (δσ̂ , f (ϕ̂)v)Dt

+ (
∫ t
0 G2(̂σ (s))dŴ2(s), v)D

(3.1)

for every v ∈ V , for every t ∈ [0, T ], P̂-almost surely.

Definition 3.3 (Strong solution)We call (ϕ, μ, σ ) a (probabilistically-) strong solution
to (1.2) if

ϕ ∈ L0
P (	;C0([0, T ]; H) ∩ L2(0, T ; V2)),

μ ∈ L0
P (	; L2(0, T ; V )),

σ ∈ L0
P (	;C0([0, T ]; H) ∩ L2(0, T ; V )),

are such that μ = −ε2
ϕ + � ′(ϕ) and

(ϕ(t), v)D + (m1(ϕ)∇(μ − χσ),∇v)Dt = (ϕ0, v)D + (βσ − α, f (ϕ)v)Dt

+ (
∫ t
0 G1(ϕ(s))dW1(s), v)D

(σ (t), v)D + (m2(σ )∇(σ − χϕ),∇v)Dt = (σ0, v)D − (δσ, f (ϕ)v)Dt

+ (
∫ t
0 G2(σ (s))dW2(s), v)D

(3.2)

for every v ∈ V , for every t ∈ [0, T ], P-almost surely.

The existence of a martingale solution to the stochastic tumor growth system is
stated in the next theorem. This is the main result of this work.

Theorem 3.4 (Existence of martingale solutions) Let Assumption 3.1 hold. Then there
exists a martingale solution (	̂, F̂ , (F̂t )t , P̂, Ŵ1, Ŵ2, ϕ̂, μ̂, σ̂ ) to the stochastic tumor
system in the sense of Definition 3.2 with regularity

ϕ̂ ∈ L�(	̂;C0([0, T ]; H)) ∩ L�
w(	̂; L∞(0, T ; V )) ∩ L�/2(	̂; L2(0, T ; V2)),

μ̂ ∈ L�/2(	̂; L2(0, T ; V )) ∩ L�(	̂; L2(0, T ; H)),

σ̂ ∈ L�(	̂;C0([0, T ]; H)) ∩ L�/2(	̂; L2(0, T ; V )),

for every � ≥ 2, and there exists a constant c, depending only on the data
D, T , α, β, δ, χ, ε,C�, q,m0,m∞,CG1 ,CG2 , such that the following energy inequal-
ity holds:

Ê sups∈[0,T ] ‖ϕ̂(s)‖2V + Ê sups∈[0,T ] ‖�(ϕ̂(s))‖L1(D) + Ê‖∇μ̂‖2L2(0,T ;H)

+ Ê|μ̂‖L2(0,T ;H) + Ê sups∈[0,T ] ‖σ̂ (s)‖2H + Ê|̂σ‖2L2(0,T ;V )

≤ c
(

‖ϕ0‖2V + ‖�(ϕ0)‖L1(D) + ‖σ0‖2H
)
.

(3.3)
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In the special case where themobilities are constant and the potential is the classical
fourth-order polynomial potential, we show that pathwise uniqueness holds and that
the system is well-posed in the strong probabilistic sense on the original probability
space (	,F , P) and with respect to the original Wiener processes W1 and W2.

Theorem 3.5 (Strongwell-posedness)LetAssumption3.1hold, assume that themobil-
ities m1,m2 are constant and that

|� ′(x1) − � ′(x2)| ≤ C�(1 + |x1|2 + |x2|2)|x1 − x2| ∀ x1, x2 ∈ R. (3.4)

Then there exists a unique strong solution (ϕ, μ, σ ) to the stochastic tumor system in
the sense of Definition 3.3 with regularity

ϕ ∈ L�(	;C0([0, T ]; H)) ∩ L�
w(	; L∞(0, T ; V )) ∩ L�/2(	; L2(0, T ; V2)),

μ ∈ L�/2(	; L2(0, T ; V )) ∩ L�(	; L2(0, T ; H)),

σ ∈ L�(	;C0([0, T ]; H)) ∩ L�/2(	; L2(0, T ; V )).

for every � ≥ 2, and there exists a constant c, depending only on the data
D, T , α, β, δ, χ, ε,C�, q,m0,m∞,CG1 ,CG2 , such that the following energy inequal-
ity holds:

E sup
s∈[0,T ]

‖ϕ(s)‖2V + E sup
s∈[0,T ]

‖�(ϕ(s))‖L1(D) + E‖∇μ‖2L2(0,T ;H)

+ E‖μ‖L2(0,T ;H) + E sup
s∈[0,T ]

‖σ(s)‖2H + E‖σ‖2L2(0,T ;V )

≤ c
(

‖ϕ0‖2V + ‖�(ϕ0)‖L1(D) + ‖σ0‖2H
)
.

(3.5)

Moreover, for two strong solutions (ϕ1, μ1, σ1), (ϕ2, μ2, σ2) associated to some ini-
tial data (ϕ1

0 , σ
1
0 ), (ϕ2

0 , σ
2
0 ) satisfying (A6), there exist two sequences of constants

{cn}n and of stopping times {τn}n, such that τn ↗ T almost surely and the following
continuous dependence holds:

E sup
s∈[0,τn ]

‖(ϕ1 − ϕ2)(s)‖2H + E‖ϕ1 − ϕ2‖2L2(0,τn;V2)

+ E sup
s∈[0,τn ]

‖(σ1 − σ2)(s)‖2H + E‖σ1 − σ2‖2L2(0,τn;V )

≤ cn
( ∥∥∥ϕ1

0 − ϕ2
0

∥∥∥2
H

+
∥∥∥σ 1

0 − σ 2
0

∥∥∥2
H

)
∀ n ∈ N.

(3.6)

Note that the interpretation of the variables ϕ and σ would suggest that such quan-
tities take values in the interval [0, 1]. However, in Theorems 3.4–3.5 one is not able
to show this and the variables ϕ and σ can take any real value. As for the variable
ϕ, this is due both to the presence of a regular potential (not singular) and to the
non-degenerate mobility: we refer to [48] for an example with singular potential and
degenerate mobility instead. For the variable σ , the issue is given by the the presence
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of a chemotaxis term: in this direction, we refer to [45] for an analogous stochastic
model where sufficient conditions are given for the nutrient to be confined in [0, 1]. In
our case, since the physical constraints are not met by ϕ and σ , the physical interpre-
tation is recovered by using typical normalisation procedures on the variables through
classical cut off functions, such as min{max{·, 0}, 1} or tanh(·).

The proof of Theorem 3.4 is structured in several steps based on intermediate
auxiliary results.
Step 1:We introduce an approximated problem, where we consider a smooth Yosida-
type regularization of the nonlinearity� ′, called� ′

λ for some arbitrary but fixed λ > 0.
Our main goal lies in showing the existence of a martingale solution (ϕ̃λ, μ̃λ, σ̃λ) to
this λ-approximated problem, deriving λ-uniform estimates and passing to the limit
λ → 0. However, to achieve the existence of a martingale solution, we have to first
consider a Galerkin approximation, depending on some further parameter n, to the
λ-approximation. The well-posedness of the Galerkin system is discussed in this step.
Step 2: The goal in this step is deriving n-uniform estimates of the Galerkin approx-
imation. Unfortunately, such estimates are independent of n, but might depend on λ:
this is a classical scenario for nonlinear problems such as generalised gradient flows
whenever the potential is not necessarily a polynomial function, as in our case. This
motivates the need of two distinct parameters in the proof.
Step 3: Having derived n-uniform estimate, we can pass to the limit n → ∞. This
ensures the existence of a solution (ϕ̃λ, μ̃λ, σ̃λ) to the λ-approximation.

Step 4: We derive λ-uniform estimates in suitable spaces.
Step 5: Through the theorems of Prokhorov and Skorokhod, we show here the exis-
tence of martingale solutions.

The proof of Theorem 3.5 relies instead on proving pathwise uniqueness for the
system, which yields also strong-existence by a classical argument à la Yamada–
Watanabe. The main point comes down then to proving the continuous dependence
(3.6).

In the followingwe denote by c a generic constant depending solely on the structure
of the problem introduced above. If the constant depends on some approximation
parameter such as λ or n, we use the symbols cλ and cn , respectively.

3.1 Step 1: Yosida and Galerkin approximations

By (A4), it holds � ′′(r) ≥ −C� for any r ∈ R and thus, the function γ (r) :=
� ′(r) + C�r is nondecreasing and continuous. We can identify γ with a maximal
monotone graph in R × R and it satisfies γ (0) = 0. For any λ > 0, we define the
Yosida approximation of γ , see [4, p. 99], by γλ(r) := 1

λ
(r − (I + λγ )−1(r)) for

any r ∈ R. We recall that γλ is 1
λ
-Lipschitz continuous, and it holds γλ(r) → γ (r)

as λ ↓ 0. Then, we define the approximated double-well potential �λ : R → R by
�λ(r) := �(0)− C�

2 r2 +∫ r
0 γλ(s) ds. In particular, it holds� ′

λ(r) = γλ(r)−C�r for
any r ∈ R and we conclude that� ′

λ is max{ 1
λ
,C�}-Lipschitz continuous. Moreover, it

holds |�λ(r)| ≤ Cλ(1+ |r |2) for any r ∈ R for some constant Cλ possibly depending
on λ. Eventually, we recall that the definition of Yosida approximation implies that
γλ(x) = γ (Jλ(x)) for all x ∈ R, where Jλ := (I + λγ )−1 : R → R is the resolvent
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of γ . Moreover, we set γ̂ : R → R as γ̂ (x) := �(0) + ∫ x
0 γ (s) ds = �(x) − C�

2 x2,
x ∈ R, and its respective Moreau-Yosida regularisation γ̂λ : R → R as γ̂λ(x) :=
�(0) + ∫ x

0 γλ(s) ds = �λ(x) − C�

2 x2, x ∈ R. We recall that by the properties of the
Moreau-Yosida regularisation (see again [4]) it holds that γ̂ (Jλ(x)) ≤ γ̂λ(x) ≤ γ̂ (x)
for all x ∈ R. This implies by (A4), since the resolvent Jλ is non-expansive, that

|� ′
λ(x)| ≤ |γλ(x)| + C� |x | = |γ (Jλ(x))| + C� |x |

≤ |� ′(Jλ(x))| + Cψ |Jλ(x)| + C� |x |
≤ C

1
q
�(1 + �(Jλ(x)))

1
q + 2C� |x |

= C
1
q
�

(
1 + γ̂ (Jλ(x)) + C�

2
|Jλ(x)|2

) 1
q + 2C� |x |

≤ C
1
q
�

(
1 + �λ(x) + C� |x |2

) 1
q + 2C� |x | ,

and analogously that

|� ′′
λ(x)| ≤ |γ ′

λ(x)| + C� = |γ ′(Jλ(x))J ′
λ(x)| + C� ≤ |γ ′(Jλ(x))| + C�

≤ |� ′′(Jλ(x))| + 2Cψ

≤ C�(1 + �(Jλ(x))) + 2C�

= C�

(
1 + γ̂ (Jλ(x)) + C�

2
|Jλ(x)|2

)
+ 2C�

≤ C�

(
1 + �λ(x) + C� |x |2

)
+ 2C� .

Since q ≤ 2 by (A4) we deduce that there exists a constant c > 0, independent of λ,
such that, for all x ∈ R and λ > 0,

|� ′
λ(x)|q + |� ′′

λ(x)| ≤ c(1 + |�λ(x)| + |x |2). (3.7)

Consequently, we consider the following Yosida approximation of (1.2):

dϕλ = div(m1(ϕλ)(∇μλ − χ∇σλ)) dt + (βσλ − α) f (ϕλ) dt + G1(ϕλ) dW1,

μλ = � ′
λ(ϕλ) − ε2
ϕλ,

dσλ = div(m2(σλ)(∇σλ − χ∇ϕλ)) dt − δσλ f (ϕλ) dt + G2(σλ) dW2,

(3.8)

equipped with the initial values ϕλ(0) = ϕ0, σλ(0) = σ0 in D and the boundary
data 0 = ∂nϕλ = ∂nμλ = ∂nσλ on (0, T ) × ∂D. As described before, we want to
show the existence of a solution to the λ-approximated system. This is stated in the
following lemma. The concept of martingale solution to the approximated problem
(3.8) is analogous,mutatis mutandis, to the one given in Definition 3.2 for the original
system.
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Lemma 3.6 There exists a martingale solution (	̃, F̃ , F̃t , P̃, W̃1, W̃2, ϕ̃λ, μ̃λ, σ̃λ) to
(3.8) in the sense that

ϕ̃λ ∈ L2
P (	̂;C0([0, T ]; H) ∩ L2(0, T ; V2)),

μ̃λ ∈ L2
P (	̂; L2(0, T ; V )),

σ̃λ ∈ L2
P (	̂;C0([0, T ]; H) ∩ L2(0, T ; V )),

satisfy μ̃λ = −ε2
ϕ̃λ + � ′
λ(ϕ̃λ) and

(ϕ̃λ(t), v)D + (m1(ϕ̃λ)∇(μ̃λ − χσ̃λ),∇v)Dt = (ϕ0, v)D + (βσ̃λ − α, f (ϕ̃λ)v)Dt

+ (
∫ t
0 G1(ϕ̃λ(s))dW̃1(s), v)D

(σ̃λ(t), v)D + (m2(σ̃λ)∇(σ̃λ − χϕ̃λ),∇v)Dt = (σ0, v)D − (δσ̃λ, f (ϕ̃λ)v)Dt

+ (
∫ t
0 G2(σ̃λ(s))dW̃2(s), v)D

for every v ∈ V , for every t ∈ [0, T ], P̃-almost surely.

The proof of the lemma is shifted to the end of Sect. 3.3 as it requires a fur-
ther approximation on the system, which we now introduce. Let (e j ) j∈N ⊂ V2 and
(α j ) j∈N ⊂ R be sequences of eigenfunctions and eigenvalues of the negative Laplace
operator with homogeneous Neumann conditions, respectively, i.e. −
e j = α j e j
in D with ∇e j · n∂D = 0 on ∂D. We normalize, so that (e j ) j is an orthonormal
system of H and an orthogonal system in V . For every n ∈ N, we define the finite
dimensional space Hn := span{e1, . . . , en} ⊂ V2, endowed with the ‖·‖H -norm. The
projection onto Hn is written as�n : H → Hn and satisfies�nh = ∑n

j=1(h, e j )He j ,
‖�nh‖H ≤ 1 and �nh → h in H as n → ∞.

Let now i ∈ {1, 2}. We define the approximated operator Gi,n : Hn → L2(Ui , Hn)

as Gi,n(v)uik := ∑n
j=1(Gi (v)uik, e j )He j for any v ∈ Hn and k ∈ N. One can check

that Gi,n is well-defined: indeed, for every v ∈ Hn and every n ∈ N, thanks to (A5)
we have Gi,n(v) ∈ L2(U , Hn) since

∥∥Gi,n(v)
∥∥2L2(Ui ,Hn)

= ‖�n ◦ Gi (v)‖2L2(Ui ,Hn)
≤ ‖Gi (v)‖2L2(Ui ,H)

≤ CGi |D|.
(3.9)

A similar computation shows that Gi,n is CGi -Lipschitz-continuous from Hn to
L2(Ui , Hn). Indeed, for every for every v1, v2 ∈ Hn and every n ∈ N one has thanks
to (A5) that

∥∥Gi,n(v1) − Gi,n(v2)
∥∥2L2(Ui ,Hn)

≤ ‖Gi (v1) − Gi (v2)‖2L2(Ui ,H)
≤ CGi ‖v1 − v2‖2H .

(3.10)

Note that the estimates (3.9)–(3.10) are independent of the parameter n.
Using typical approximations via mollifiers, for i ∈ {1, 2}, the mobility function

mi is approximated by smooth functions mi,n satisfying m0 ≤ mi,n(r) ≤ m∞ for any
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r ∈ R andmi,n → mi in C0([a, b]) as n → ∞ for every [a, b] ⊂ R. As for the initial
data, we naturally define ϕn

0 := �nϕ0 and σ n
0 := �nσ0. Summarizing, we consider

the Yosida system’s Galerkin approximation

dϕλ,n = �n div(m1,n(ϕλ,n)(∇μλ,n − χ∇σλ,n)) dt + �n((βσλ,n − α) f (ϕλ,n)) dt

+ G1,n(ϕλ,n) dW1,

μλ,n = �n�
′
λ(ϕλ,n) − ε2
ϕλ,n,

dσλ,n = �n div(m2,n(σλ,n)(∇σλ,n − χ∇ϕλ,n)) dt − �n(δσλ,n f (ϕλ,n)) dt

+ G2,n(σλ,n) dW2,

(3.11)

equipped with the initial values ϕλ,n(0) = ϕn
0 and σλ,n(0) = σ n

0 in D, as well as
no-flux boundary conditions. The variational formulation of (3.11) reads

(ϕλ,n(t), hn)D + (m1,n(ϕλ,n)∇(μλ,n − χσλ,n),∇hn)Dt

= (ϕn
0 , hn)D + (βσλ,n − α, f (ϕλ,n)hn)Dt

+ (
∫ t
0 G1,n(ϕλ,n(s)) dW1(s), hn)D,

(μλ,n(t), hn)D−(� ′
λ(ϕλ,n), hn)Dt − ε2(∇ϕλ,n,∇hn)Dt = 0,

(σλ,n(t), hn)D + (m2,n(σλ,n)∇(σλ,n − χϕλ,n),∇hn)Dt

= (σ n
0 , hn)D − δ(σλ,n, f (ϕλ,n)hn)Dt

+ (
∫ t
0 G2,n(σλ,n(s)) dW2(s), hn)D,

(3.12)

for any hn ∈ Hn , for every t ∈ [0, T ], P-almost surely.
It is a standard procedure to show the existence of a solution (ϕλ,n, μλ,n, σλ,n)

to the Galerkin system (3.11): this is done in detail e.g. in [48, p. 3813–3814] for
the stochastic Cahn–Hilliard equation, so we omit here the technical details. The
idea is to represent ϕλ,n , μλ,n and σλ,n as the sum of the basis functions in Hn and
reduce the problem to an abstract evolution equation in a finite-dimensional space.
Then, by standard theory, it follows that the Galerkin system (3.11) admits a unique
(probabilistically strong) solution

ϕλ,n, μλ,n, σλ,n ∈ L�
(
	;C0([0, T ]; Hn)

) ∀ � ∈ [2,∞).

3.2 Step 2: uniform estimates in n, with � fixed

In this step, we show that the approximated solution (ϕλ,n, μλ,n, σλ,n) satisfies an
energy estimate, independently of n, with λ > 0 being fixed. Ultimately, this step
ensures the existence of a solution to the λ-approximated system when passing to the
limit n → ∞ in the next step in Sect. 3.3.

Lemma 3.7 There holds the estimate:
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E sup
s∈[0,t]

∥∥ϕλ,n(s)
∥∥�

V + E sup
s∈[0,t]

∥∥�λ(ϕλ,n(s))
∥∥�/2
L1(D)

+ E
∥∥∇μλ,n

∥∥�

L2(0,t;H)

+E sup
s∈[0,t]

|(μλ,n(s))D|�/2 + E sup
s∈[0,T ]

∥∥σλ,n(s)
∥∥�

H + E‖∇σλ,n‖�
L2(0,t;H)

≤ cλ

(
1 + ‖ϕ0‖�

V + ‖σ0‖�
H

)
. (3.13)

Proof Wesplit the proof into four parts. Firstly,wederive aϕλ,n-dependent estimate for
σλ,n by a suitable application of Itô’s formula. Similarly, we derive a σλ,n-dependent
estimate for ϕλ,n and its space average. Lastly, we add the three estimates and by an
application of Gronwall’s inequality, we obtain a n-uniform estimate.
(i) We write Itô’s formula (2.3) for

∥∥σλ,n
∥∥2
H . This procedure yields the equation

∥∥σλ,n(t)
∥∥2
H + 2(m2,n(σλ,n), |∇σλ,n |2)Dt + 2δ( f (ϕλ,n), |σλ,n|2)Dt

= ∥∥σ n
0

∥∥2
H + 2χ

(
m2,n(σλ,n(s))∇σλ,n(s),∇ϕλ,n(s)

)
Dt

+ ∥∥G2,n(σλ,n(s))
∥∥2
L2(0,t;L2(U2,H))

+ 2
∫ t

0

(
σλ,n(s),G2,n(σλ,n(s))dW2(s)

)
D ,

(3.14)

for every t ∈ [0, T ], P-almost surely. On the left-hand side of the equality, we may
use m2,n(σλ,n) ≥ m0 and f (ϕλ) ≥ 0, see the assumptions (A3) and (A2). On the
right-hand side, we exploit the definition of the approximate initial value σ n

0 to obtain
‖σ n

0 ‖H ≤ ‖σ0‖H . Concerning the second term on the right-hand side, we have by the
Young inequality and the bound of the mobility function, see (A3),

2χ
(
m2,n(σλ,n(s))∇σλ,n(s),∇ϕλ,n(s)

)
Dt

≤ m0‖∇σλ,n‖2L2(0,t;H)
+ cχ2‖∇ϕλ,n‖2L2(0,t;H)

.

We insert the estimates back into (3.14) to obtain

∥∥σλ,n(t)
∥∥2
H + m0‖∇σλ,n‖2L2(0,t;H)

≤ ‖σ0‖2H + cχ2‖∇ϕλ,n‖2L2(0,t;H)
+ ∥∥G2,n(σλ,n(s))

∥∥2
L2(0,t;L2(U2,H))

+2
∫ t

0

(
σλ,n(s),G2,n(σλ,n(s)) dW2(s)

)
D . (3.15)

At this point, by (3.9) one has that

∥∥G2,n(σλ,n)
∥∥2
L∞(	×(0,T );L2(U2,H))

≤ c,
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which implies by the Burkholder–Davis–Gundy inequality, see (2.1), that for every
� ≥ 2,

E sup
s∈[0,T ]

∣∣∣∣
∫ s

0

(
σλ,n(r),G2,n(σλ,n(r)) dW2(r)

)
D

∣∣∣∣
�/2

≤ c�E

(∫ t

0
‖σλ,n(s)‖2H‖G2,n(σλ,n(s))‖2L2(U1,H)

ds

)�/4

≤ c�E‖σλ,n‖�/2
L2(0,t;H)

.

Consequently, we take the power �/2, the supremum in time, and then the expectation
E in inequality (3.15): we deduce that

E sup
s∈[0,T ]

∥∥σλ,n(s)
∥∥�

H + m�/2
0 E‖∇σλ,n‖�

L2(0,t;H)

≤ c�

(
1 + ‖σ0‖�

H + χ�
E‖∇ϕλ,n‖�

L2(0,t;H)
+ E

∥∥σλ,n
∥∥�/2
L2(0,t;H)

)
.

(3.16)

Especially, we note that the constant c� is independent of λ and n.
(ii) Next, we derive a bound for E sups∈[0,T ]

∥∥∇ϕλ,n(s)
∥∥�

H that allows us to absorb
the ∇ϕλ,n-dependency on the right-hand side of (3.16) by a Gronwall argument. We
consider the energy functional

Eλ(v) := ε2

2
‖∇v‖2H + ‖�λ(v)‖L1(D), v ∈ Hn . (3.17)

As proved in [48, p. 3829], Eλ : Hn → [0,∞) is twice Fréchet differentiable with

DEλ(v)[h] = ε2(∇v,∇h)D + (� ′
λ(v), h)D ∀h ∈ Hn,

D2Eλ(v)[h, k] = ε2(∇h,∇k)D + (� ′′
λ (v)h, k)D ∀h, k ∈ Hn .

We apply Itô’s formula (2.3) to ϕλ,n �→ Eλ(ϕλ,n). To this end, note that by (3.11) we
have DEλ(ϕλ,n) = μλ,n , and thus, we obtain

Eλ(ϕλ,n(t)) + (m1,n(ϕλ,n), |∇μλ,n |2)Dt

= Eλ(ϕ
n
0 ) + (μλ,n f (ϕλ,n), βσλ,n − α)Dt + χ(m1,n(ϕλ,n)∇σλ,n,∇μλ,n)Dt

+
∫ t

0

(
μλ,n(s),G1,n(ϕλ,n(s)) dW1(s)

)
D + 1

2

∫ t

0

∞∑
k=0

[
‖∇G1,n(ϕλ,n(s))u

1
k‖2H

+ (
� ′′

λ (ϕλ,n(s)), |G1,n(ϕλ,n(s))u
1
k |2

)
D

]
ds. (3.18)

First, we note that it holds Eλ(ϕ
n
0 ) = ε2

2 ‖∇ϕn
0‖2H + ‖�λ(ϕ

n
0 )‖L1(D). From the

definition of the approximate initial value ϕn
0 , we have ‖∇ϕn

0‖H ≤ ‖∇ϕ0‖H . Since�λ

is bounded by a quadratic function due to the properties of the Yosida approximation

123



Stochastics and Partial Differential Equations: Analysis and Computations

and (ϕn
0 )n is bounded in H thanks to the properties of the orthogonal projection on

Hn , we have that

∥∥�λ(ϕ
n
0 )

∥∥
L1(D)

≤ cλ

(
1 + ∥∥ϕn

0

∥∥2
H

) ≤ cλ

(
1 + ‖ϕ0‖2H

)
.

Now, note that taking the space average of the equation governing μλ,n , see (3.11)2,
and using the Lipschitz-continuity of � ′

λ, we get

(μλ,n)D = (� ′
λ(ϕλ,n))D ≤ cλ‖ϕλ,n‖H .

Hence, we may treat the second and third terms on the right-hand side of (3.18) by
the Young and Poincaré–Wirtinger inequalities as follows:

(μλ,n f (ϕλ,n), βσλ,n − α)Dt ≤ m0

4
‖∇μλ,n‖2L2(0,t;H)

+ cλ

(
1 + ‖ϕλ,n‖2L2(0,t;H)

+ ‖σλ,n‖2L2(0,t;H)

)
,

χ(m1,n(ϕλ,n)∇σλ,n,∇μλ,n)Dt ≤ m0

4
‖∇μλ,n‖2L2(0,t;H)

+ c‖∇σλ,n‖2L2(0,t;H)
,

where we used the bounds for f and the mobility m1,n as assumed in (A2) and (A3).
We insert the estimates back into (3.18) to get

ε2

2
‖∇ϕλ,n(t)‖2H + ‖�λ(ϕλ,n(t))‖L1(D) + m0

2
‖∇μλ,n‖2L2(0,t;H)

≤ cλ

(
1 + ‖ϕ0‖2V + ‖ϕλ,n‖2L2(0,t;H)

+ ‖σλ,n‖2L2(0,t;H)

)

+ c‖∇σλ,n‖2L2(0,t;H)
+

∫ t

0

(
μλ,n(s),G1,n(ϕλ,n(s)) dW1(s)

)
D

+ 1

2

∫ t

0

∞∑
k=0

[
‖∇G1,n(ϕλ,n(s))u

1
k‖2H + (

� ′′
λ (ϕλ,n(s)), |G1,n(ϕλ,n(s))u

1
k |2

)
D

]
ds.

(3.19)

We take the power �/2 on both sides of this inequality, the supremum in time
and then the expectation. Let us focus on the stochastic integral first: we apply the
Burkholder–Davis–Gundy inequality and argue as before (3.16) by exploiting (A5) to
obtain

E sup
s∈[0,t]

∣∣∣∣
∫ s

0

(
μλ,n(r),G1,n(ϕλ,n(r)) dW1(r)

)
D

∣∣∣∣
�/2

≤ cE
∥∥μλ,n

∥∥�/2
L2(0,t;H)

.
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We sum and subtract (μλ,n)D on the right-hand side, apply the Poincaré–Wirtinger
and Young inequalities, which yields

E sup
s∈[0,t]

∣∣∣∣
∫ s

0

(
μλ,n(r),G1,n(ϕλ,n(r)) dW1(r)

)
D

∣∣∣∣
�/2

≤ δ̂E
∥∥∇μλ,n

∥∥�

L2(0,t;H)
+ c�

(
1 + E

∥∥(μλ,n)D
∥∥�/2
L2(0,t)

)
,

where δ̂ > 0 is determined below. Taking the space average of the equation governing
μλ,n , see (3.11)2, and using the assumption on the potential �, see (A4) and (3.7), we
get

(μλ,n)D = (� ′
λ(ϕλ,n))D ≤ ∥∥� ′

λ(ϕλ,n)
∥∥
L1(D)

≤ c
(
1 + ∥∥�λ(ϕλ,n)

∥∥
L1(D)

+ ∥∥ϕλ,n
∥∥2
H

)
,

(3.20)

so that, putting everything together,

E sup
s∈[0,t]

∣∣∣∣
∫ s

0

(
μλ,n(r),G1,n(ϕλ,n(r)) dW1(r)

)
H

∣∣∣∣
�/2

≤ δ̂E
∥∥∇μλ,n

∥∥�

L2(0,t;H)
+ c�

(
1 + E

∫ t

0

(∥∥�λ(ϕλ,n(s))
∥∥�/2
L1(D)

+ ∥∥ϕλ,n(s)
∥∥�

H

)
ds

)
.

Let us focus now on the trace terms in Itô’s formula (3.19). Since G1(ϕλ,n) takes
its values in L2(U1, V ), thanks to (A5) we have

∫ t

0

∞∑
k=0

‖∇G1,n(ϕλ,n(s))u
1
k‖2H ds ≤

∫ t

0

∞∑
k=0

‖g′
1,k‖2L∞(R)‖∇ϕλ,n(s)‖2H ds

≤ CG1‖∇ϕλ,n‖2L2(0,t;H)

Lastly, we note that it holds |� ′′
λ | ≤ cλ for a certain cλ > 0 and thus, by the same

computations as above, we obtain

∞∑
k=0

(
� ′′

λ (ϕλ,n), |G1,n(ϕλ,n)u
1
k |2

)
D ≤ cλ

∥∥G1(ϕλ,n)
∥∥2L2(U1,H)

≤ cλ|D|CG1 .

Putting everything together, we finally obtain the estimate

E sup
s∈[0,t]

∥∥∇ϕλ,n(s)
∥∥�

H + E sup
s∈[0,t]

∥∥�λ(ϕλ,n(s))
∥∥�/2
L1(D)

+
(m�/2

0

2�/2 − δ̂
)
E

∥∥∇μλ,n
∥∥�

L2(0,t;H)
+E

∥∥(μλ,n(s))D
∥∥�/2
L2(0,t)
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≤ cλ

(
1 + ‖ϕ0‖�

V + E

∫ t

0

(∥∥�λ(ϕλ,n(s))
∥∥�/2
L1(D)

+ ∥∥ϕλ,n(s)
∥∥�

H

)
ds

)

+ cλ

(
E‖σλ,n‖�

L2(0,t;H)
+ E‖ϕλ,n‖�

L2(0,t;V )

)
+ c�E‖∇σλ,n‖�

L2(0,t;H)
, (3.21)

where we obtained the last term on the left-hand side by the estimate (3.20).
(iii) We focus here on the space average ofϕλ,n .We choose hn = 1 in (3.12)1, integrate
in time, and apply Itô’s formula, see (2.3), with the function x �→ |x |2, which yields

|(ϕλ,n(t))D|2 = |(ϕn
0 )D|2 + 2(βσλ,n − α, (ϕλ,n)D f (ϕλ,n))Dt

+ ∥∥(G1,n(ϕλ,n))D
∥∥2
L2(0,t;L2(U1,R))

+ 2
∫ t

0
(ϕλ,n(s))D (G1,n(ϕλ,n(s)))D dW1(s).

Now, it holds by the Hölder inequality that |(ϕn
0 )D| ≤ c

∥∥ϕn
0

∥∥
H ≤ c ‖ϕ0‖H where we

used the definition of the initial ϕn
0 in the last step. Moreover, thanks to (A2) one has

that

(βσλ,n − α, (ϕλ,n)D f (ϕλ,n))Dt ≤ c
(
1 + ‖ϕλ,n‖2L2(0,t;H)

+ ‖σλ,n‖2L2(0,t;H)

)
.

Furthermore, by (3.9) we readily have

∥∥(G1,n(ϕλ,n))D
∥∥2
L2(0,t;L2(U1,R))

≤ c
∥∥G1,n(ϕλ,n)

∥∥2
L2(0,T ;L2(U1,H))

≤ c.

This implies by the Burkholder–Davis–Gundy inequality, see (2.1), and the Poincaré–
Wirtinger inequality, that for every � ≥ 2

E sup
s∈[0,T ]

∣∣∣∣
∫ s

0
(ϕλ,n(r))D (G1,n(ϕλ,n(r)))D dW1(r)

∣∣∣∣
�/2

≤ cE

(∫ t

0
‖ϕλ,n(s)‖2H‖G1,n(ϕλ,n(s))‖2L2(U1,H)

ds

)�/4

≤ cE‖ϕλ,n‖�/2
L2(0,t;H)

.

Putting this information together, taking supremum in time, power �/2 and expecta-
tions, yield that

E sup
s∈[0,t]

|(ϕλ,n(s))D |� ≤ c
(
1 + E‖ϕλ,n‖�

L2(0,t;H)
+ E‖σλ,n‖�

L2(0,t;H)
+ E‖ϕλ,n‖�/2

L2(0,t;H)

)
.

(3.22)

(iv) Next, we add the three estimates to obtain a new estimate, absorb the terms and
apply Gronwall’s lemma to get a n-uniform estimate. Indeed, we multiply (3.16) by a
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sufficiently large constant K� > 0, possibly depending on �, and add it to (3.21) and
(3.22), which yields

E sup
s∈[0,t]

|(ϕλ,n(s))D|� + ε�

2�/2 E sup
s∈[0,t]

∥∥∇ϕλ,n(s)
∥∥�

H + E sup
s∈[0,t]

∥∥�λ(ϕλ,n(s))
∥∥�/2
L1(D)

+
(m�/2

0

2�/2 − δ̂
)
E

∥∥∇μλ,n
∥∥�

L2(0,t;H)
+ E sup

s∈[0,t]
|(μλ,n(s))D|�/2

+ K�E sup
s∈[0,T ]

∥∥σλ,n(s)
∥∥�

H +
(
K� − c�

)
E‖∇σλ,n‖�

L2(0,t;H)

≤ cλ(1 + ‖ϕ0‖�
V + ‖σ0‖�

H )

+ cλE

∫ t

0

( ∥∥�λ(ϕλ,n(s))
∥∥�/2
L1(D)

+ ‖σλ,n(s)‖�
H + ‖ϕλ,n(s)‖�

V

)
ds.

At this point, we select K� large enough and δ̂ small enough to ensure that the prefac-
tors of E‖∇σλ,n‖�

L2(0,t;H)
and E‖∇μλ,n‖�

L2(0,t;H)
are positive. Hence, the Gronwall

lemma and the Poincaré–Wirtinger inequality yield (3.13). ��
Now, by (3.13) we infer the n-uniform bounds

∥∥ϕλ,n
∥∥
L�(	;C0([0,T ];V ))

≤ cλ, (3.23)∥∥μλ,n
∥∥
L�/2(	;L2(0,T ;V ))

+ ∥∥∇μλ,n
∥∥
L�(	;L2(0,T ;H))

≤ cλ, (3.24)∥∥σλ,n
∥∥
L�(	;C0([0,T ];H)∩L2(0,T ;V ))

≤ cλ. (3.25)

Moreover, the Lipschitz continuity of Gi,n and (A5) yield

∥∥G1,n(ϕλ,n)
∥∥
L∞(	×(0,T );L2(U1,H))∩L�(	;L∞(0,T ;L2(U1,V )))

≤ cλ,∥∥G2,n(σλ,n)
∥∥
L∞(	×(0,T );L2(U2,H))∩L�(	;L∞(0,T ;L2(U2,V )))

≤ cλ.

This in turn implies, by [16, Lemma 2.1], that for every s ∈ (0, 1/2)

∥∥∥∥
∫ ·

0
G1,n(ϕλ,n(s)) dW1(s)

∥∥∥∥
L�(	;Ws,�(0,T ;V ))

≤ cλ,s,

∥∥∥∥
∫ ·

0
G2,n(σλ,n(s)) dW2(s)

∥∥∥∥
L�(	;Ws,�(0,T ;V ))

≤ cλ,s .

Let us fix now s̄ ∈ (1/�, 1/2): by comparison with the model equations, we directly
obtain then

∥∥ϕλ,n
∥∥
L�(	;L2(0,T ;V2)∩Ws̄,�(0,T ;V ∗)) ≤ cλ, (3.26)∥∥σλ,n

∥∥
L�(	;Ws̄,�(0,T ;V ∗)) ≤ cλ. (3.27)
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3.3 Step 3: passage to the limit as n → ∞, with � fixed

We perform here the passage to the limit as n → ∞, keeping λ > 0 fixed.

Lemma 3.8 The sequence of laws of (ϕλ,n,G1,n(ϕλ,n) · W1,W1)n∈N is tight on the
product space

(
C0([0, T ]; H) ∩ L2(0, T ; V )

)
× C0([0, T ]; H) × C0([0, T ]; Ũ1),

and the sequence of laws of (σλ,n,G2,n(σλ,n) · W2,W2)n∈N is tight on the product
space

(
C0([0, T ]; V ∗) ∩ L2(0, T ; H)

)
× C0([0, T ]; H) × C0([0, T ]; Ũ2).

Proof Since it holds s̄ > 1/�, the Aubin–Lions compactness lemma, see [50, Cor. 5,
p. 86], implies the compact inclusions

L∞(0, T ; V ) ∩ Ws̄,�(0, T ; V ∗) ↪→↪→ C0([0, T ]; H),

L2(0, T ; V2) ∩ Ws̄,�(0, T ; V ∗) ↪→↪→ L2(0, T ; V ).

Hence, for every R > 0 the closed ball BR in L2(0, T ; V2) ∩ L∞(0, T ; V ) ∩
Ws̄,�(0, T ; V ∗) of radius R is compact in C0([0, T ]; H) ∩ L2(0, T ; V ). Moreover,
thanks to the Markov inequality and the estimates (3.23) and (3.26) we have

P{ϕλ,n ∈ Bc
R} = P{∥∥ϕλ,n

∥∥
L2(0,T ;V2)∩L∞(0,T ;V )∩Ws̄,�(0,T ;V ∗) > R}

≤ 1

R�
E

∥∥ϕλ,n
∥∥�

L2(0,T ;V2)∩L∞(0,T ;V )∩Ws̄,�(0,T ;V ∗) ≤ c�
λ

R�
,

which yields limR→∞ supn∈N P{ϕλ,n ∈ Bc
R} = 0. Hence, the family of laws of (ϕλ,n)n

onC0([0, T ]; H)∩L2(0, T ; V ) is tight.Using a similar argument, sinceWs̄,�(0, T ; V )

is compactly embedded in C0([0, T ]; H), one can also show that the family of laws
of G1,n(ϕλ,n) · W1 := ∫ ·

0 G1,n(ϕλ,n(s)) dW1(s) is tight on C0([0, T ]; H). Eventu-
ally, we identify W1 with a constant sequence of random variables with values in
C0([0, T ]; Ũ1), which is tight. This proves the first assertion of the lemma. The sec-
ond assertion follows analogously by the compact inclusions

L∞(0, T ; H) ∩ Ws̄,�(0, T ; V ∗) ↪→↪→ C0([0, T ]; V ∗),
L2(0, T ; V ) ∩ Ws̄,�(0, T ; V ∗) ↪→↪→ L2(0, T ; H),

and this concludes the proof. ��
Finally, we are in the position to prove Lemma 3.6, i.e., we prove that the Yosida

approximated system admits a martingale solution.
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Proof of Lemma 3.6 By the Prokhorov and Skorokhod theorems and their weaker ver-
sion on sub-Polish spaces, see the discussion at the end of Sect. 2.2, recalling the
estimates (3.23)–(3.26), we conclude that there exists a probability space (	̃λ, F̃λ, P̃λ)

and sequences of measurable processes (̃ϕλ,n, μ̃λ,n, σ̃λ,n) with the same law as their
counterpart (ϕλ,n, μλ,n, σλ,n) such that, passing to a further subsequence, still denoted
with the index n for brevity of notation, it holds, as n → ∞,

ϕ̃λ,n → ϕ̃λ in L p(	̃λ;C0([0, T ]; H) ∩ L2(0, T ; V )) ∀ p < �,

ϕ̃λ,n → ϕ̃λ in C0([0, T ]; H) ∩ L2(0, T ; V ) a.e. in 	̃λ,

ϕ̃λ,n
∗
⇀ ϕ̃λ in L�

w(	̃λ; L∞(0, T ; V )),

ϕ̃λ,n⇀ϕ̃λ in L�(	̃λ; L2(0, T ; V2)) ∩ L�(	̃λ;Ws̄,�(0, T ; V ∗)),
μ̃λ,n⇀μ̃λ in L�/2(	̃λ; L2(0, T ; V )),

∇μ̃λ,n⇀∇μ̃λ in L�(	̃λ; L2(0, T ; H)),

σ̃λ,n → σ̃λ in L p(	̃λ;C0([0, T ]; V ∗) ∩ L2(0, T ; H)) ∀ p < �,

σ̃λ,n → σ̃λ in C0([0, T ]; V ∗) ∩ L2(0, T ; H) a.e. in 	̃λ,

σ̃λ,n
∗
⇀ σ̃λ in L�

w(	̃λ; L∞(0, T ; H)),

σ̃λ,n⇀σ̃λ in L�(	̃λ; L2(0, T ; V )) ∩ L�(	̃λ;Ws̄,�(0, T ; V ∗)),

for some measurable processes

ϕ̃λ ∈ L�(	̃λ;Ws̄,�(0, T ; V ∗) ∩ C0([0, T ]; H) ∩ L2(0, T ; V2))
∩ L�

w(	̃λ; L∞(0, T ; V )),

μ̃λ ∈ L�/2(	̃λ; L2(0, T ; V )), ∇μ̃λ ∈ L�(	̃λ; L2(0, T ; H)),

σ̃λ ∈ L�(	̃λ;Ws̄,�(0, T ; V ∗) ∩ C0([0, T ]; V ∗) ∩ L2(0, T ; V ))

∩ L�
w(	̃λ; L∞(0, T ; H)).

By the same reasoning as above, there are sequences of measurable processes W̃1,n ,
W̃2,n , Ĩ 1λ,n and Ĩ 2λ,n with the same law asW1,n ,W2,n , G1,n(ϕλ,n) ·W1, G2,n(σλ,n) ·W2,
respectively, such that it holds

Ĩ 1λ,n → Ĩ 1λ in L p(	̃λ;C0([0, T ]; H)) ∀ p < �,

Ĩ 2λ,n → Ĩ 2λ in L p(	̃λ;C0([0, T ]; H)) ∀ p < �,

W̃1,n → W̃1,λ in L p(	̃λ;C0([0, T ]; Ũ1)) ∀ p < �,

W̃2,n → W̃2,λ in L p(	̃λ;C0([0, T ]; Ũ2)) ∀ p < �,

with Ĩ 1λ , Ĩ
2
λ ∈ L�(	̃λ;C0([0, T ]; H)), W̃1,λ ∈ L�(	̃λ;C0([0, T ]; Ũ1)) and W̃2,λ ∈

L�(	̃λ;C0([0, T ]; Ũ2)). Now, since � ′
λ and Gi : H → L2(Ui , H) are Lipschitz-
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continuous, we readily have

� ′
λ(̃ϕλ,n) → � ′

λ(ϕ̃λ) in L p(	̃λ; L2(0, T ; H)),

G1,n (̃ϕλ,n) → G1(ϕ̃λ) in L p(	̃λ;C0([0, T ];L2(U1, H))) ∀ p < �,

G2,n (̃σλ,n) → G2(σ̃λ) in L p(	̃λ; L2(0, T ;L2(U2, H))) ∀ p < �,

Moreover, since ϕ0 ∈ V and σ0 ∈ H , it implies ϕn
0 → ϕ0 in V and σ n

0 → σ0 in H .
By defining now the limiting filtration as

F̃λ,t := σ
{
(ϕ̃λ(s), σ̃λ(s),W1,λ(s),W2,λ(s), Ĩ

1
λ (s), Ĩ 1λ (s)) : s ∈ [0, t]

}
, t ∈ [0, T ],

similarly to [48], a standard procedure allows identifying the limit terms Ĩ 1λ and Ĩ 2λ as
the H -valued martingales given by

Ĩ 1λ =
∫ ·

0
G1(ϕ̃λ(s)) dW̃1,λ(s), Ĩ 2λ =

∫ ·

0
G2(σ̃λ(s)) dW̃2,λ(s). (3.28)

We test now each equation in (3.11) by an arbitrary element v ∈ V and apply
�n . Taking advantage of the above convergences and the fact that, for i = 1, 2,
mi,n (̃ϕλ,n) → mi (ϕ̃λ) almost everywhere thanks to the estimate |mi,n| ≤ m∗ and
the dominated convergence theorem, we can let n → ∞ and conclude the proof of
Lemma 3.6. ��

3.4 Step 4: uniform estimates in �

We prove here uniform estimates independently of λ. To this end, we start with the
following lemma.

Lemma 3.9 There holds the estimate:

Ẽλ sup
s∈[0,t]

‖ϕ̃λ(s)‖�
V + Ẽλ sup

s∈[0,t]
‖�λ(ϕ̃λ(s))‖�/2

L1(D)
+ Ẽλ ‖∇μλ‖�

L2(0,t;H)

+ Ẽλ sup
s∈[0,t]

|(μ̃λ(s))D|�/2 + Ẽλ sup
s∈[0,T ]

‖σ̃λ(s)‖�
H + Ẽλ‖∇σ̃λ‖�

L2(0,t;H)

≤ c
(
1 + ‖ϕ0‖�

V + ‖�(ϕ0)‖�/2
L1(D)

+ ‖σ0‖�
H

)
. (3.29)

Proof Let us go back to (3.18). Since (μλ,n)D ≤ ‖� ′
λ(ϕλ,n)‖L1(D), on the right-hand

side one has, by the Poincaré–Wirtinger and Hölder inequalities

(μλ,n f (ϕλ,n), βσλ,n − α)Dt ≤ δ̃‖∇μλ,n‖2L2(0,t;H)
+ c

(
1 + ‖σλ,n‖2L2(0,t;H)

)

+ c
∫ t

0
‖� ′

λ(ϕλ,n(s))‖L1(D)

(
1 + ‖σλ,n(s)‖L1(D)

)
ds,
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as well as

χ(m1,n(ϕλ,n)∇σλ,n,∇μλ,n)Dt ≤ δ̃‖∇μλ,n‖2L2(0,t;H)
+ c‖∇σλ,n‖2L2(0,t;H)

,

for some small parameter δ̃ > 0. Analogously, we have thanks to (A5), (A4), and (3.7)
that

∫ t

0

∞∑
k=0

‖∇G1,n(ϕλ,n(s))u
1
k‖2H ds =

∫ t

0

∞∑
k=0

‖g′
1,k‖2L∞(R)‖∇ϕλ,n(s)‖2H ds

≤ CG1‖∇ϕλ,n‖2L2(0,t;H)

and

∫ t

0

∞∑
k=0

(
� ′′

λ (ϕλ,n(s)), |G1,n(ϕλ,n(s))u
1
k |2

)
D ds

≤ c
∫ t

0
(1 + ‖�λ(ϕλ,n(s))‖L1(D)+

∥∥ϕλ,n(s)
∥∥2
H ) ds.

Taking this information into account in (3.18) we deduce that

ε2

2
‖∇ϕλ,n(t)‖2H + ‖�λ(ϕλ,n(t))‖L1(D) + (m0 − 2̃δ)‖∇μλ,n‖2L2(0,t;H)

≤ c + ε2

2
‖∇ϕ0‖2H + ‖�λ(ϕ

n
0 )‖L1(D) + c‖∇σλ,n‖2L2(0,t;H)

+ c‖σλ,n‖2L2(0,t;H)

+ c‖ϕλ,n‖2L2(0,t;V )
+ c

∫ t

0
‖� ′

λ(ϕλ,n(s))‖L1(D)(1 + ‖σλ,n(s)‖H ) ds

+ c
∫ t

0
(1 + ‖�λ(ϕλ,n(s))‖L1(D)) ds +

∫ t

0

(
μλ,n(r),G1,n(ϕλ,n(r)) dW1(r)

)
D .

Furthermore, from (3.15) one also has

K
∥∥σλ,n(t)

∥∥2
H + Km0‖∇σλ,n‖2L2(0,t;H)

≤ c + K ‖σ0‖2H + cχ2‖∇ϕλ,n‖2L2(0,t;H)

+ 2K
∫ t

0

(
σλ,n(r),G2,n(σλ,n(r)) dW2(r)

)
D ,

(3.30)

for some free-to-choose constant K > 0. Summing up the two inequalities and rear-
ranging the terms we infer then

ε2

2
‖∇ϕλ,n(t)‖2H + ‖�λ(ϕλ,n(t))‖L1(D) + (m0 − δ̃)‖∇μλ,n‖2L2(0,t;H)

+ K
∥∥σλ,n(t)

∥∥2
H + (Km0 − c) ‖∇σλ,n‖2L2(0,t;H)
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≤ c + ε2

2
‖∇ϕ0‖2H + ‖�λ(ϕ

n
0 )‖L1(D) + K ‖σ0‖2H + c‖σλ,n‖2L2(0,t;H)

+ c‖ϕλ,n‖2L2(0,t;V )
+ c

∫ t

0
‖� ′

λ(ϕλ,n(s))‖L1(D)(1 + ‖σλ,n(s)‖H ) ds

+ c
∫ t

0
‖�λ(ϕλ,n(s))‖L1(D) ds +

∫ t

0

(
μλ,n(r),G1,n(ϕλ,n(r)) dW1(r)

)
D

+ 2K
∫ t

0

(
σλ,n(r),G2,n(σλ,n(r)) dW2(r)

)
D ,

where K > 0 and δ̃ > 0 are chosen such that the prefactors on the left-hand side are
positive. Now, we would like to transfer the above inequality on the novel probability
space (	̃λ, F̃λ, P̃λ) obtained by the Prokhorov and Skorokhod theorems in the proof of
Lemma 3.6 and to preserve the inequality as n → ∞. To this end, we note that all the
terms on the left-hand side can be handled by using the weak convergences obtained
in the proof of Lemma 3.6 together with the weak lower semicontinuity. On the right-
hand side, in the terms referring to the initial data and the deterministic integrals one
can pass to the limit by using the strong convergences in the proof of Lemma 3.6.
Let us show that one can pass to the limit also in the stochastic integrals. To this end,
note that since μ̃λ,n⇀μ̃λ in L�/2(	̃λ; L2(0, T ; V )) and G1,n (̃ϕλ,n) → G1(ϕ̃λ) in
L p(	̃λ;C0([0, T ];L2(U1, H))) for every � ≥ 2 and p < �, one has in particular that

( μ̃λ,n,G1,n( ϕ̃λ,n))D → (μ̃λ,G1(ϕ̃λ))D in L2(	̃λ; L2(0, T ;L2(U1, R))),

so that, arguing as in the proof of Lemma 3.6,

∫ ·

0

(
μ̃λ,n(r),G1,n (̃ϕλ,n(r))dW̃1,n(r)

)
D →

∫ ·

0

(
μ̃λ(r),G1(ϕ̃λ(r))dW̃1,λ(r)

)
D

in L2(	̃λ;C0([0, T ])). Analogously, since σ̃λ,n
∗
⇀ σ̃λ in L p

w(	̃λ; L∞(0, T ; H)) and
G2,n (̃σλ,n) → G2(σ̃λ) in L p(	̃λ; L2(0, T ;L2(U2, H))) for every � ≥ 2 and p < �,
one has in particular that

( σ̃λ,n,G2,n( σ̃λ,n))D → (σ̃λ,G2(σ̃λ))D in L2(	̃λ; L2(0, T ;L2(U2, R))),

so that, arguing as in the proof of Lemma 3.6,

∫ ·

0

(
σ̃λ,n(r),G2,n( σ̃λ,n(r))dW̃2,n(r)

)
D →

∫ ·

0

(̃
σλ,n(r),G2,λ( σ̃λ(r))dW̃2,λ(r)

)
D

in L2(	̃λ;C0([0, T ])). Hence, by letting n → ∞ we deduce, by possibly renominat-
ing the constants, that
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sup
s∈[0,t]

‖∇ϕ̃λ(s)‖2H + sup
s∈[0,t]

‖�λ(ϕ̃λ(t))‖L1(D) + sup
s∈[0,t]

|(μ̃λ(s))| + ‖∇μ̃λ‖2L2(0,t;H)

+ sup
s∈[0,t]

‖σ̃λ(s)‖2H + ‖∇σ̃λ‖2L2(0,t;H)

≤ c
(
1 + ‖∇ϕ0‖2H + ‖�(ϕ0)‖L1(D) + ‖σ0‖2H + ‖σ̃λ‖2L2(0,t;H)

+ ‖ϕ̃λ‖2L2(0,t;V )

)

+ c
∫ t

0

(
1 + ‖�λ(ϕ̃λ(s))‖L1(D) + ‖� ′

λ(ϕ̃λ(s))‖L1(D)‖σ̃λ(s)‖H
)
ds

+ c sup
s∈[0,t]

[∫ s

0

(
μ̃λ(r),G1(ϕ̃λ(r))dW̃1,λ(r)

)
D +

∫ s

0

(
σ̃λ(r),G2(σ̃λ(r))dW̃2,λ(r)

)
D

]
.

The Burkholder–Davis–Gundy and Poincaré–Wirtinger inequalities imply that

Ẽλ sup
s∈[0,t]

∣∣∣∣
∫ s

0

(
μ̃λ(r),G1(ϕ̃λ(r)) dW̃1,λ(r)

)
H

∣∣∣∣
�/2

≤ δ̄Ẽλ ‖∇μ̃λ‖�
L2(0,t;H)

+ c�

(
1 + Ẽλ

∫ t

0
‖�λ(ϕ̃λ(s))‖�/2

L1(D)
ds

)
,

where we choose δ̄ > 0 sufficiently small. Furthermore, we have

Ẽλ sup
s∈[0,T ]

∣∣∣∣
∫ s

0

(
σ̃λ(r),G2(σ̃λ(r)) dW2,λ(r)

)
D

∣∣∣∣
�/2

≤ cẼλ

(∫ t

0
‖σ̃λ(s)‖2H‖G2(σ̃λ(s))‖2L2(U1,H)

ds

)�/4

≤ cẼλ‖σ̃λ‖�/2
L2(0,t;H)

.

Consequently, taking power �/2 and expectations we obtain, recalling also (3.22),

Ẽλ sup
s∈[0,t]

‖ϕ̃λ(s)‖�
V + Ẽλ sup

s∈[0,t]
‖�λ(ϕ̃λ(t))‖�/2

L1(D)
+ Ẽλ sup

s∈[0,t]
|(μ̃λ(s))|�/2

+ Ẽλ‖∇μ̃λ‖�
L2(0,t;H)

+ Ẽλ sup
s∈[0,t]

‖σ̃λ(s)‖�
H + Ẽλ‖∇σ̃λ‖�

L2(0,t;H)

≤ c
(
1 + ‖∇ϕ0‖2H + ‖�(ϕ0)‖L1(D) + ‖σ0‖2H + cẼλ‖σ̃λ‖�

L2(0,t;H)
+ cẼλ‖ϕ̃λ‖�

L2(0,t;V )

)

+ cẼλ

∫ t

0

(
1 + ‖�λ(ϕ̃λ(s))‖�/2

L1(D)
+ ‖� ′

λ(ϕ̃λ(s))‖�/2
L1(D)

‖σ̃λ(s)‖�/2
H

)
ds.

We show how to control the last term on the right-hand side by distinguishing three
cases. First, if χ > 0 and m1 is non-constant, by assumption (A4) one has that q = 2.
Hence, one can use the Young inequality on the last term on the right-hand side and
(3.7) as

Ẽλ

∫ t

0
‖� ′

λ(ϕ̃λ(s))‖�/2
L1(D)

‖σ̃λ(s)‖�/2
H ds
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≤ cẼλ

∫ t

0

(
‖�λ(ϕ̃λ(s))‖�/2

L1(D)
+ ‖ϕ̃λ(s)‖�

H + ‖σ̃λ(s)‖�
H

)
ds

and conclude thanks to the Gronwall lemma. Secondly, if χ = 0 and m1 is non-
constant, we are in the setting q ∈ (1, 2] by (A4): hence, one readily has from the
arbitrariness of � in (3.30) that

Ẽλ sup
s∈[0,t]

‖σ̃λ(s)‖
�q

2(q−1)
H ≤ c�

so that the last term on the right-hand side can be handled as

Ẽλ

∫ t

0
‖� ′

λ(ϕ̃λ(s))‖�/2
L1(D)

‖σ̃λ(s)‖�/2
H ds

≤ cẼλ

∫ t

0

(
1 + ‖�λ(ϕ̃λ(s))‖

�
2q

L1(D)
+‖ϕλ(s)‖

�
2
H

)
‖σ̃λ(s)‖

�
2
Hds

≤ cẼλ

∫ t

0

(
1 + ‖�λ(ϕ̃λ(s))‖�/2

L1(D)
+ c‖σ̃λ(s)‖

�q
2(q−1)
H +‖ϕλ(s)‖�

H + ‖σλ(s)‖�
H

)
ds

≤ c + cẼλ

∫ t

0

(
1 + ‖�λ(ϕ̃λ(s))‖�/2

L1(D)
+‖ϕλ(s)‖�

H + ‖σλ(s)‖�
H

)
ds

and one can still conclude by the Gronwall lemma. Lastly, if m1 = m̄1 is constant
(hence again q > 1), one can perform Itô formula for the H -norm of ϕ̃λ as in [40,
Thm. 4.2.5], which yields, together with the analogous Itô formula for the H -norm of
σ̃λ, that

sup
s∈[0,t]

‖ϕ̃λ(s)‖2H + 2ε2m̄1‖
ϕ̃λ‖2L2(0,t;H)
+ sup
s∈[0,t]

‖σ̃λ(s)‖2H + 2m0‖∇σ̃λ‖2L2(0,t;H)

≤ ‖ϕ0‖2H + ‖σ0‖2H + 2χ(m̄1 + m∞)

∫ t

0
‖∇ϕ̃λ(s)‖H‖∇σ̃λ(s)‖H ds

− 2
∫
Dt

� ′′
λ(ϕ̃λ)|∇ϕ̃λ|2 + 2

∫
Dt

(βσ̃λ − α) f (ϕ̃λ)ϕ̃λ

+ ‖G1(ϕ̃λ)‖2L2(0,t;L2(U1,H))
+ 2

∫ t

0

(
ϕ̃λ(s),G1(ϕ̃λ(s))dW̃1(s)

)
D

+ ‖G2(σ̃λ)‖2L2(0,t;L2(U2,H))
+ 2

∫ t

0

(
σ̃λ(s),G2(σ̃λ(s))dW̃2(s)

)
D .

Noting that

2χ(m̄1 + m∞)

∫ t

0
‖∇ϕ̃λ(s)‖H‖∇σ̃λ(s)‖H ds − 2

∫
Dt

� ′′
λ(ϕ̃λ)|∇ϕ̃λ|2

≤ m0‖∇σ̃λ‖2L2(0,t;H)
+

(
χ2(m̄1 + m∞)2

m0
+ 2C�

)
‖∇ϕ̃λ‖2L2(0,t;H)
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≤ m0‖∇σ̃λ‖2L2(0,t;H)
+ ε2m̄1‖
ϕ̃λ‖2L2(0,t;H)

+ c‖ϕ̃λ‖2L2(0,t;H)

and that all the remaining terms can be handled using the arguments already performed
in the previous section, we still deduce in particular that

Ẽλ sup
s∈[0,t]

‖σ̃λ(s)‖
�q

2(q−1)
H ≤ c�

and this allows us to conclude as in the previous case. ��
We have obtained then the estimates

‖ϕ̃λ‖L�(	̃λ;L∞(0,T ;V )) ≤ c, (3.31)

‖μ̃λ‖L�/2(	̃λ;L2(0,T ;V )) + ‖∇μ̃λ‖L�(	̃λ;L2(0,T ;H)) ≤ c, (3.32)

‖σ̃λ‖L�(	̃λ;L∞(0,T ;H))∩L�(	̃λ;L2(0,T ;V )) ≤ c. (3.33)

In the same way as before, we bound G1(ϕ̃λ) and G2(σ̃λ) thanks to (A5) as

‖G1(ϕ̃λ)‖L∞(	̃λ×(0,T );L2(U1,H))∩L�(	̃λ;L∞(0,T ;L2(U1,V ))) ≤ c,

‖G2(σ̃λ)‖L∞(	̃λ×(0,T );L2(U2,H))∩L�(	̃λ;L∞(0,T ;L2(U2,V ))) ≤ c.

As usual, these imply a bound of the stochastic integrals by by [16, Lem. 2.1] in form

∥∥∥∥
∫ ·

0
G1(ϕ̃λ(s)) dW̃1,λ(s)

∥∥∥∥
L�(	̃λ;Ws,�(0,T ;V ))

≤ cs,

∥∥∥∥
∫ ·

0
G2(σ̃λ(s)) dW̃2,λ(s)

∥∥∥∥
L�(	̃λ;Ws,�(0,T ;V ))

≤ cs .

for every s ∈ (0, 1/2), and by comparison in the equationswe also obtain the estimates

‖ϕ̃λ‖L�(	̃λ;Ws̄,�(0,T ;V ∗)) ≤ c,

‖σ̃λ‖L�(	̃λ;Ws̄,�(0,T ;V ∗)) ≤ c,
(3.34)

where s̄ ∈ (1/�, 1/2) is fixed.
Finally, since μ̃λ = −ε2
ϕ̃λ + � ′

λ(ϕ̃λ), testing by γλ(ϕ̃λ) = � ′
λ(ϕ̃λ) + C�ϕ̃λ and

rearranging the terms we have

(γ ′
λ(ϕ̃λ), |∇ϕ̃λ|2)D + ‖γλ(ϕ̃λ)‖2H = (μ̃λ + C�ϕ̃λ, γλ(ϕ̃λ))D

≤ 1

2
‖γλ(ϕ̃λ)‖2H + ‖μ̃λ‖2H + C2

�‖ϕ̃λ‖2H .

Since the first term on the left-hand side is nonnegative by the monotonicity of γλ, the
Young inequality yields, after integrating in time,

∥∥� ′
λ(ϕ̃λ)

∥∥2
L2(0,T ;H)

≤ 4 ‖μ̃λ‖2L2(0,T ;H)
+ 6C2

� ‖ϕ̃λ‖2L2(0,T ;H)
,
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so that by (3.31)–(3.32) we have

∥∥� ′
λ(ϕ̃λ)

∥∥
L�/2(	̃λ;L2(0,T ;H))

≤ c. (3.35)

By comparison we deduce that 
ϕ̃λ ∈ L�/2(	̃λ; L2(0, T ; H)) and by elliptic regu-
larity

‖ϕ̃λ‖L�/2(	̃λ;L2(0,T ;V2)) ≤ c. (3.36)

3.5 Step 5: passage to the limit � → 0

In this step, we pass to the limit as λ → 0 in the Yosida approximation (3.8) and
recover a martingale solution to the original problem (1.2). Since the arguments are
very similar to the ones in Sect. 3.3 when we passed to the limit n → ∞, we shall
omit the exact details.

Proof of Theorem 3.4 By the Aubin–Lions compactness lemma one has the compact
inclusions

L2(0, T ; V2) ∩ L∞(0, T ; V ) ∩ Ws̄,�(0, T ; V ∗) ↪→↪→ C0([0, T ]; H) ∩ L2(0, T ; V ),

L2(0, T ; V ) ∩ L∞(0, T ; H) ∩ Ws̄,�(0, T ; V ∗) ↪→↪→ C0([0, T ]; V ∗) ∩ L2(0, T ; H).

Hence, using the estimates (3.31) and (3.34) and arguing exactly as in Sect. 3.3, one
readily deduces that the family of laws (ϕ̃λ,G1(ϕ̃λ) · W̃1, W̃1)λ is tight on the product
space

(
C0([0, T ]; H) ∩ L2(0, T ; V )

)
× C0([0, T ]; H) × C0([0, T ]; Ũ1),

and the family of laws (σ̃λ,G2(σ̃λ) · W̃2, W̃2)λ is tight on the product space

(
C0([0, T ]; V ∗) ∩ L2(0, T ; H)

)
× C0([0, T ]; H) × C0([0, T ]; Ũ2),

The Prokhorov and Jakubowski–Skorokhod theorems (see the discussion in Sect.
2.2) ensure the existence of a further probability space (	̂, F̂ , P̂) and sequences of
measurable processes (ϕ̂λ, μ̂λ, σ̂λ)with the same law as their counterpart (ϕ̃λ, μ̃λ, σ̃λ)

such that, passing to a further subsequence, still denoted with the index λ for brevity
of notation, it holds

ϕ̃λ → ϕ̃ in L p(	̂;C0([0, T ]; H) ∩ L2(0, T ; V )) ∀ p < �,

ϕ̃λ → ϕ̃ in C0([0, T ]; H) ∩ L2(0, T ; V ) a.e. in 	̂,

ϕ̃λ

∗
⇀ ϕ̃ in L�

w(	̂; L∞(0, T ; V )),

ϕ̃λ⇀ϕ̃ in L�/2(	̂; L2(0, T ; V2)) ∩ L�(	̂;Ws̄,�(0, T ; V ∗)),
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μ̃λ⇀μ̃ in L�/2(	̂; L2(0, T ; V )),

∇μ̃λ⇀∇μ̃ in L�(	̂; L2(0, T ; H)),

σ̃λ → σ̃ in L p(	̂;C0([0, T ]; V ∗) ∩ L2(0, T ; H)) ∀ p < �,

σ̃λ → σ̃ in C0([0, T ]; V ∗) ∩ L2(0, T ; H) a.e. in 	̂,

σ̃λ

∗
⇀ σ̃ in L�

w(	̂; L∞(0, T ; H)),

σ̃λ⇀σ̃ in L�(	̂; L2(0, T ; V )) ∩ L�(	̂;Ws̄,�(0, T ; V ∗)),
� ′

λ(ϕ̃λ)⇀ξ̃ in L�/2(	̂; L2(0, T ; H)),

for some measurable processes

ϕ̂ ∈ L�(	̂;Ws̄,�(0, T ; V ∗) ∩ C0([0, T ]; H)) ∩ L�
w(	̂; L∞(0, T ; V ))

∩ L�/2(	̂; L2(0, T ; V2)),
μ̂ ∈ L�/2(	̂; L2(0, T ; V )), ∇μ̃ ∈ L�(	̂; L2(0, T ; H)),

σ̂ ∈ L�(	̂;Ws̄,�(0, T ; V ∗) ∩ C0([0, T ]; V ∗) ∩ L2(0, T ; V ))

∩ L�
w(	̂; L∞(0, T ; H)),

ξ̂ ∈ L�/2(	̂; L2(0, T ; H)).

By a typical abuse of notation we write again the index λ and instead of a further
subsequence. By the same reasoning as above, there are sequences of measurable
processes Ŵ1,λ, Ŵ2,λ, Î1,λ and Î2,λ with the same law as W̃1,λ, W̃2,λ, G̃1(ϕλ) · W1,λ,
G̃2(σλ) · W2,λ, respectively, such that it holds

Î1,λ → Î1 in L p(	̂;C0([0, T ]; H)) ∀ p < �,

Î2,λ → Î2 in L p(	̂;C0([0, T ]; H)) ∀ p < �,

Ŵ1,λ → Ŵ1 in L p(	̂;C0([0, T ]; Ũ1)) ∀ p < �,

Ŵ2,λ → Ŵ2 in L p(	̂;C0([0, T ]; Ũ2)) ∀ p < �,

for some measurable processes Î1, Î2 ∈ L p(	̂;C0([0, T ]; H)), Ŵ1 ∈ L p(	̂;C0

([0, T ]; Ũ1)), Ŵ2 ∈ L p(	̂;C0([0, T ]; Ũ2)). Since Gi : H → L2(Ui , H) is
Lipschitz-continuous for i = 1, 2, we also have

G1(ϕ̂λ) → G1(ϕ̂) in L�(	̂; L2(0, T ;L2(U1, H))) ∀ p < �,

G2(σ̂λ) → G2(̂σ ) in L�(	̂; L2(0, T ;L2(U2, H))) ∀ p < �.

Moreover, noting that, by definition of Yosida approiximation (see Sect. 4.1),
� ′

λ(ϕ̂λ) = γ (Jλ(ϕ̂λ)) − C�ϕ̂λ and

|Jλ(ϕ̂λ) − ϕ̂| ≤ |Jλ(ϕ̂λ) − ϕ̂λ| + |ϕ̂λ − ϕ̂| = λ|γλ(ϕ̂λ)| + |ϕ̂λ − ϕ̂|,
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by the strong convergence of (ϕ̂λ)λ obtained above, the estimate (3.35), and the con-
tinuity of γ one readily has

� ′
λ(ϕ̂λ) → γ (ϕ̂) − C�ϕ̂ = � ′(ϕ̂) a.e. in 	̂ × (0, T ) × D.

By the Severini–Egorov theorem, this implies then that

ξ̂ = � ′(ϕ̂) a.e. in 	̂ × (0, T ) × D.

By defining the limiting filtration as

F̂t := σ
{
(ϕ̂(s), σ̂ (s), Ŵ1(s), Ŵ2(s), Î1(s), Î2(s)) : s ∈ [0, t]} , t ∈ [0, T ],

following the same argument as in Sect. 3.3, thanks to the strong convergences of
ϕ̂λ → ϕ̂ and Gi (ϕ̂λ) → Gi (ϕ̂) proved above, it is a classical argument to show that

Î1,λ =
∫ ·

0
G1(ϕ̂λ(s)) dŴ1,λ(s), Î2,λ =

∫ ·

0
G2(σ̂λ(s)) dŴ2,λ(s),

and that Îi , i = 1, 2, are the H -valued martingales given by

Î1 =
∫ ·

0
G1(ϕ̂(s)) dŴ1(s), Î2 =

∫ ·

0
G2(̂σ (s)) dŴ2(s).

Now, we note that for every λ > 0 it follows that

(ϕ̂λ(t), v)D = (ϕ0, v)D − (m(ϕ̂λ)∇(μ̂λ − χσ̂λ),∇v)Dt

+ (βσ̂λ − α, f (ϕ̂λ)v)Dt +
(∫ t

0
G1(ϕ̂λ(s)) dŴ1,λ(s), v

)
D

(σ̂λ(t), v)D = (σ0, v)D − (m2(σ̂λ)∇(σ̂λ − χϕ̂λ),∇v)Dt

− (δσ̂λ, f (ϕ̂λ)v)Dt +
(∫ t

0
G2(σ̂λ(s)) dW̃2(s), v

)
D

for every t ∈ [0, T ], P̂-almost surely, where μ̂λ = −ε2
ϕ̂λ + � ′
λ(ϕ̂λ). Hence, using

the convergences proved above, the continuity and boundedness ofm1 andm2 together
with the dominated convergence theorem, we can let λ → 0 in the variational formula-
tions and obtain exactly (3.1), and μ̂ = −ε2
ϕ̂+� ′(ϕ̂). Finally, the energy inequality
(3.3) as stated in Theorem 3.4 follows from applying �λ to (3.29) and letting λ ↘ 0
by the weak-lower semicontinuity of the norms. ��

3.6 Strong well-posedness

We focus here on the proof of the second main result: let us suppose that the two
mobilities are constant, i.e. m1 = m̄1 and m2 = m̄2 some m̄1, m̄2 > 0.
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Proof of Theorem 3.5 The existence of strong solutions follows by the Yamada–
Watanabe theorem, see [40, Theorem E.0.8], provided to show pathwise uniqueness.
To this end, let (ϕ1, μ1, σ1), (ϕ2, μ2, σ2) be two solutions defined on the same prob-
ability space, associated to some initial data (ϕ1

0 , σ
1
0 ), (ϕ2

0 , σ2) satisfying (A6). The
Itô formula for the square of the H norms of ϕ1 − ϕ2 and σ1 − σ2, in the version of
[40, Thm. 4.2.5], yield

1

2
‖(ϕ1 − ϕ2)(t)‖2H + 1

2
‖(σ1 − σ2)(t)‖2H + δ( f (ϕ1), |σ1 − σ2|2)Dt

+ m̄1ε
2‖
(ϕ1 − ϕ2)(s)‖2L2(0,t;H)

+ m̄2‖∇(σ1 − σ2)(s)‖2L2(0,t;H)

= 1

2
‖ϕ1

0 − ϕ2
0‖2H + 1

2
‖σ 1

0 − σ 2
0 ‖2H + χ(m̄1 + m̄2)(∇(σ1 − σ2),∇(ϕ1 − ϕ2))Dt

+ β( f (ϕ1)(σ1 − σ2), ϕ1 − ϕ2)Dt − α( f (ϕ1) − f (ϕ2), ϕ1 − ϕ2)Dt

+ ( f (ϕ1) − f (ϕ2), σ2 [β(ϕ1 − ϕ2) − δ(σ1 − σ2)])Dt

− (� ′(ϕ1) − � ′(ϕ2),
(ϕ1 − ϕ2))Dt + 1

2
‖G1(ϕ1) − G1(ϕ2)‖2L2(0,t;L2(U1,H))

+ 1

2
‖G2(σ1) − G2(σ2)‖2L2(0,t;L2(U2,H))

+
∫ t

0
((ϕ1 − ϕ2)(s), (G1(ϕ1(s)) − G1(ϕ2(s)))dW1(s))D

+
∫ t

0
((σ1 − σ2)(s), (G2(σ1(s)) − G2(σ2(s)))dW2(s))D .

Let us estimate the terms on the right-hand side separately. First, since V2 is compact
in V , we have

χ(m̄1 + m̄2)(∇(σ1 − σ2),∇(ϕ1 − ϕ2))Dt

≤ δ̌‖∇(σ1 − σ2)‖2L2(0,t;H)
+ δ̌‖
(ϕ1 − ϕ2)‖2L2(0,t;H)

+ c‖ϕ1 − ϕ2‖2L2(0,t;H)
,

where δ̌ is a parameter that is determined below. Moreover, since f is Lipschitz and
bounded, the fourth and fifth integrals on the right-hand side are controlled, thanks to
the Young inequality, by

β( f (ϕ1)(σ1 − σ2), ϕ1 − ϕ2)Dt − α( f (ϕ1) − f (ϕ2), ϕ1 − ϕ2)Dt

≤ c‖σ1 − σ2‖2L2(0,t;H)
+ c‖ϕ1 − ϕ2‖2L2(0,t;H)

.

Furthermore, for the sixth term, we use the Hölder inequality, the Lipschitz continuity

of f , the inclusion H
7
4 (D) ↪→ L∞(D), the compact inclusion V2 ↪→ H

7
4 (D), and

obtain

( f (ϕ1) − f (ϕ2), σ2 [β(ϕ1 − ϕ2) − δ(σ1 − σ2)])Dt

≤ c
∫ t

0
‖σ2(s)‖H‖(ϕ1 − ϕ2)(s)‖

H
7
4 (D)

[‖(ϕ1 − ϕ2)(s)‖H + ‖(σ1 − σ2)(s)‖H ] ds
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≤
∫ t

0
‖(ϕ1 − ϕ2)(s)‖2

H
7
4 (D)

ds + c
∫ t

0
‖σ2(s)‖2H

[
‖ϕ1 − ϕ2‖2H + ‖σ1 − σ2‖2H

]
ds

≤ δ̌‖
(ϕ1 − ϕ2)‖2L2(0,t;H)
ds + c

∫ t

0
(1 + ‖σ2(s)‖2H )

×
[
‖(ϕ1 − ϕ2)(s)‖2H + ‖(σ1 − σ2)(s)‖2H

]
ds.

As for the seventh term, we exploit assumption (3.4), the Hölder and Young inequality,

and the continuous inclusions H
7
4 (D) ⊂ L∞(D) and V1 ⊂ L4(D), to infer that

− (� ′(ϕ1) − � ′(ϕ2),
(ϕ1 − ϕ2))Dt

≤ C�

∫
Dt

(
1 + |ϕ1|2 + |ϕ2|2

)
|ϕ1 − ϕ2||
(ϕ1 − ϕ2)|

≤ C�

∫ t

0

(
1 + ‖ϕ1(s)‖2L4(D)

+ ‖ϕ2(s)‖2L4(D)

)

× ‖(ϕ1 − ϕ2)(s)‖L∞(D) ‖
(ϕ1 − ϕ2)(s)‖H ds

≤ δ̌‖
(ϕ1 − ϕ2)‖2L2(0,t;H)
+ c

∫ t

0

(
1 + ‖ϕ1(s)‖4V1 + ‖ϕ2(s)‖4V1

)

× ‖(ϕ1 − ϕ2)(s)‖2
H

7
4 (D)

ds

Now, recalling that by interpolation it holds that ‖v‖
H

7
4 (D)

≤ ‖v‖
7
8
V2

‖v‖
1
8
H for all

v ∈ V2, by the Young inequality we deduce that

− (� ′(ϕ1) − � ′(ϕ2),
(ϕ1 − ϕ2))Dt

≤ 2δ̌‖
(ϕ1 − ϕ2)‖2L2(0,t;H)
+ c

∫ t

0

(
1 + ‖ϕ1(s)‖32V1 + ‖ϕ2(s)‖32V1

)

× ‖(ϕ1 − ϕ2)(s)‖2H ds.

Eventually, by the Lipschitz continuity of G1 and G2 one has

1

2
‖G1(ϕ1) − G1(ϕ2)‖2L2(0,t;L2(U1,H))

+ 1

2
‖G2(σ1) − G2(σ2)‖2L2(0,t;L2(U2,H))

≤ c‖ϕ1 − ϕ2‖2L2(0,t;H)
+ c‖σ1 − σ2‖2L2(0,t;H)

.

Similarly, for every stopping time τ ∈ [0, T ], the Burkholder–Davis–Gundy and
Young inequalities yield

E sup
s∈[0,τ ]

∫ s

0
((ϕ1 − ϕ2)(r), (G1(ϕ1(r)) − G1(ϕ2(r)))dW1(r))D

≤ δ̌E‖ϕ1 − ϕ2‖2L∞(0,τ ;H) + cE‖ϕ1 − ϕ2‖2L2(0,τ ;H)
,
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and

E sup
s∈[0,τ ]

∫ s

0
((σ1 − σ2)(r), (G2(σ1(r)) − G2(σ2(r)))dW2(r))D

≤ δ̌E‖σ1 − σ2‖2L∞(0,τ ;H) + cE‖σ1 − σ2‖2L2(0,τ ;H)
.

We define now the sequence of stopping times

τn := inf
{
t ∈ [0, T ] : ‖σ2(t)‖2H + ‖ϕ1(t)‖32V1 + ‖ϕ2(t)‖32V1 ≥ n

}
, n ∈ N.

Note that for every n ∈ N, τn is well-defined and satisfies τn ↗ T almost surely since
σ2 ∈ L∞(0, T ; H) almost surely, as well as ϕ1, ϕ2 ∈ L∞(0, T ; V1) almost surely.

Putting everything together, by taking supremum in time t ∈ [0, τn] and then
expectations, we get, after rearranging the terms,

( 1
2 − δ̌

)
E‖ϕ1 − ϕ2‖2L∞(0,τn;H) + ( 1

2 − δ̌
)
E‖σ1 − σ2‖2L∞(0,τn;H)

+ (m̄1ε
2 − 4δ̌)E‖
(ϕ1 − ϕ2)‖2L2(0,τ ;H)

+ (m̄2 − δ̌)E‖∇(σ1 − σ2)‖2L2(0,τn;H)

≤ 1

2
‖ϕ1

0 − ϕ2
0‖2H + 1

2
‖σ 1

0 − σ 2
0 ‖2H

+ cE
∫ τn

0

(
1 + ‖σ2(s)‖2H + ‖ϕ1(s)‖32V1 + ‖ϕ2(s)‖32V1

)

×
(
‖(ϕ1 − ϕ2)(s)‖2H + ‖(σ1 − σ2)(s)‖2H

)
ds.

By definition of τn , this implies that for every n ∈ N there exists a constant cn > 0
such that

( 1
2 − δ̌

)
E‖ϕ1 − ϕ2‖2L∞(0,τn;H) + ( 1

2 − δ̌
)
E‖σ1 − σ2‖2L∞(0,τn;H)

+ (m̄1ε
2 − δ̌)E‖
(ϕ1 − ϕ2)‖2L2(0,τ ;H)

+ (m̄2 − δ̌)E‖∇(σ1 − σ2)‖2L2(0,τn;H)

≤ 1

2
‖ϕ1

0 − ϕ2
0‖2H + 1

2
‖σ 1

0 − σ 2
0 ‖2H + cnE‖ϕ1 − ϕ2‖2L2(0,t;H)

+ cnE‖σ1 − σ2‖2L2(0,t;H)
.

Choosing δ̌ small enough and using the Gronwall lemma yields the conclusion. ��

4 Numerical scheme and simulations

In this section, we delve into the details of our numerical discretization scheme (Sect.
4.1) and the resulting simulations on tumor growth (Sect. 4.2).
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4.1 Discretization scheme

For an overview of numerical methods for SPDEs, we refer to the work [44] and the
books [34, 41, 56]. Regarding the spatial approximation of the stochastic tumormodel,
we introduce a finite-dimensional space VN ⊂ V consisting of quadrilateral elements
and denote by �N the orthogonal projection �N : H → VN . For each variable, we
select the bilinear rectangular finite element space Q1. We seek an approximation
(ϕ, μ, σ ) ∈ VN × VN × VN , defined by

(dϕ, v)D = −(m1(ϕ)(∇μ − χ∇σ),∇v)D + ((βσ − α) f (ϕ), v)D + (G1(ϕ) dW1, v)D,

(μ, v)D = (� ′(ϕ), v)D + ε2(∇ϕ,∇v)D

(dσ, v)D = −(m2(σ )(∇σ − χ∇ϕ),∇v)D − δ(σ f (ϕ), v)D + (G2(σ ) dW2, v)D,

for any v ∈ VN and t ∈ [0, T ], equipped with the initial conditions ϕ(0) = �Nϕ0
and σ(0) = �Nσ0. We write the solution in terms of the finite element basis (w j ) j as
follows

ϕ(t, x) =
N∑
j=1

ϕ j (t)w j (x), μ(t, x) =
N∑
j=1

μ j (t)w j (x), σ (t, x) =
N∑
j=1

σ j (t)w j (x),

and we write the coefficient functions in the vector ϕ = [ϕ1, . . . , ϕN ]� and for σ and
μ analogously. Then inserting the ansatz into the system, it gives

Mdϕ = [−Km1(ϕ)μ+χKm1σ + βM f (ϕ)σ − α f (ϕ)
]
dt + G1(ϕ) dW1(t)

Mμ = � ′(ϕ) + ε2Kϕ,

Mdσ = [−Km2(σ )σ+χKm1ϕ − δM f (ϕ)σ
]
dt + G2(σ ) dW2(t)

(4.1)

where M = [(wi , w j )D]i, j=1,...,N is the mass matrix, M f (ϕ) = [( f (ϕ)wi ,

w j )D]i, j=1,...,N the weighted mass matrix, K = [(∇wi ,∇w j )D]i, j=1,...,N the stiff-
ness matrix, Km1(ϕ) the weighted stiffness matrix, f (ϕ) = [( f (ϕ),w j )D] j=1,...,N ,
and analogously for �. Finally, G1 : R

N → L(U1, R
N ) is defined by G1(ϕ)u =

[(G1(ϕ)u, w j )D] j=1,...,N for u ∈ U1 and in the same way for G2(σ ).
For the discretization in time, we approximateϕ(t) at t = tn = n
t byϕn . Because

VN is finite-dimensional, the system consists of SODEs, and we can apply the semi-
implicit Euler–Maruyama method with a time step
t > 0 to define ϕn . That is, given
(ϕn,μn, σ n), we find (ϕn+1,μn+1, σ n+1) by iterating:

Mϕn+1 = Mϕn − Kmn
1
μn+1 + χKmn

1
σ n+1 + βM f nσ n − α f (ϕn) + G1(ϕn)
W1,n

Mμn+1 = �c
′(ϕn+1) + �e

′(ϕn) + ε2Kϕn+1,

Mσ n+1 = Mσ n − Kmn
2
σ n+1 + χKmn

1
ϕn+1 − δM f nσ n + G2(σ n)
W2,n (4.2)

for initial data ϕ0 = ϕ(0) and σ 0 = σ (0). Here, we introduced mn
1 = m1(ϕn),

G1(ϕn) ∈ R
N×N with G1(ϕn) = [(G1(ϕn)uk, w j )D] j,k=1,...,N and 
W1,n ∈ R

N
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with 
W1,n = [(W1(tn+1) − W1(tn), uk)D]k=1,...,N . and in the same way for G2 and

W2. Having the Wiener process W1(t) = ∑∞
j=1

√
q1j e

1
jβ

1
j (t) where (e1j ) j is an ONB

for U1, we compute G1(ϕn)
W1,n by multiplying the matrix G1(ϕn) ∈ R
N×N by

the vector

[√
q1(β1(tn+1) − β1(tn)), . . . ,

√
qN (βN (tn+1) − βN (tn))

]�

In fact, we assume that G1(ϕn) is a diagonal matrix with entries g1(ϕk
n) where ϕk

n is
the k-th entry of ϕn . The same is assumed forG2.We use the classical convex-concave
splitting of the nonlinear potential� = �e +�c into its expansive�e and contractive
part�c. In fact, in the case of�(ϕ) = 1

4ϕ
2(1−ϕ2)we set�e(ϕ) = ϕ3− 3

2ϕ
2− 1

4ϕ and
�c(ϕ) = 3

4ϕ. We treat the expansive part explicitly and the contractive part implicitly.
Like this, we obtain an unconditionally stable scheme in the deterministic case, see
[12], which is additionally linear.

The system is implemented in the finite element library FEniCS [2].

4.2 Simulations

We set the model parameters to ε = 0.01, χ = 5, α = 1, β = 15, δ = 100. Moreover,
we choose the nonlinear potential � as above and the mobility functions as m1(ϕ) =
10−16 +ϕ2(1−ϕ)2 andm2(σ ) = 10. We choose the spatial domain D = [0, 1]2 with
uniform mesh size dx = 0.01 and the time domain [0, 1] with dt = 0.01. The initial
for the tumor volume fraction is chosen as ϕ0(x) = exp(1− 1/(1− 16|x − 1

2 |2)). The
nutrient’s initial is set to zero, but we choose the boundary condition σ = 1 on ∂D in
contrast to our mathematical analysis. However, the analysis can be carried out in the
same way, e.g., see [23] in the case of the deterministic setting.

Regarding the stochasticity in the system, we consider G1(ϕ) = νϕ+(1 − ϕ+) for
different noise levels ν in the tumor equation. Here, the subscript ·+ indicates a cut-off
in the sense of ϕ+ = max{0,min{1, ϕ}} that ensures the boundedness of ϕ between 0
and 1. We motivate this choice since we only want to have noise in the interface, since
it should be a fundamental part of the tumor’s growth process and should not affect
fully malignant or healthy cells. Moreover, we consider an additive noise G2(σ ) = 1
in the nutrients.
Test 1 (Tumor and nutrient mass over time). To comprehensively capture the influ-
ence of the noise effects, we conducted 50 simulations, each yielding a unique result.
In Fig. 1, we present the mean (average) and standard deviation (a measure of vari-
ability) of these 50 samples for two different noise levels. For the low-noise-level
simulation, we observe that the mean tumor volume increases over time, which aligns
with our baseline expectations from the deterministic setting; for example, see [18].
However, the introduction of noise has a notable impact. In the high-noise-level sim-
ulation, the mean tumor volume exhibits a more pronounced increase. This is because
the stochasticity introduced by noise acts as a proliferation term in the equation, essen-
tially furthering tumor growth by introducing additional uncertainty into the system.
The standard deviation, which quantifies the variability in tumor volume between the
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Fig. 1 Considering 50 samples, the mean and standard deviation of the tumor volume t �→ ∫
D ϕ(t, x) dx

is shown for the noise intensities ν = 2.5 (left) and ν = 0.5 (right)

50 samples, reflects the impact of noise. In the case of low-noise level, the standard
deviation is smaller and close to the mean. This indicates a relatively consistent and
predictable tumor growth pattern with less uncertainty. In contrast, the high-noise-
level simulation yields a significantly larger standard deviation, indicating a wider
range of possible outcomes, reflecting the increased variability and uncertainty intro-
duced by noise. In addition, we stress that a higher noise level leads to an increase of
both the volatility and the mean tumor volume: while the former is surely expectable
from the stochastic forcing term, the latter is more surprising if one takes into account
that the noise still has null expectation. This behaviuour could be a consequence of
the combination of the nonlinear nature of the problem and the presence of G1(ϕ)

as an additional source term. Indeed, while for linear SPDEs the expectation of the
solution satisfies the associated deterministic equation (i.e. with no noise), this is not
true in general for nonlinear problems: hence, the solutions to the systems with low
and high noise intensities are significantly different in expectation. Nonetheless, since
this behaviour has important consequences on the evolution of the tumor volume, it
surely deserves deeper investigation.

In Fig. 2, we discuss the dynamic evolution of the nutrient volume over time. As
in Fig. 1, we present both the mean and standard deviation of 50 simulations for each
noise level. Notably, the standard deviation reveals a striking difference between the
low- and high-noise-level cases. For the low noise level, the standard deviation is rela-
tively smaller, indicating a more consistent and predictable behavior of the volume of
nutrients. In contrast, the high-noise-level simulation yields a significantly larger stan-
dard deviation, reflecting the increased variability and uncertainty introduced by the
noise. Although the means of nutrient volume in both low- and high-noise level cases
initially show similar behavior, they exhibit distinctions over time. In both scenarios,
the volume of nutrients initially increases due to the ongoing diffusion process, where
nutrients move from the boundary and spread throughout the domain. However, the
key divergence occurs as tumor growth progresses. The mean of the nutrient volume
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Fig. 2 Considering 50 samples, the mean and standard deviation of the nutrient volume t �→ ∫
D σ(t, x) dx

is shown for the noise intensities ν = 2.5 (left) and ν = 0.5 (right)

ν = 0.0 ν = 0.5 ν = 1.0 ν = 2.5

t = 0.4

t = 1.0

Fig. 3 Evolution of the tumor volume fraction ϕ(t, x) over time in the domain D for increasing noise
intensities but for a fixed seed

appears more damped after the initial increase, primarily because of the influence of
tumor growth, which results in a decrease in the nutrient level. The damped effect
is more pronounced in the high-noise-level simulation, where tumor growth is more
substantial.
Test 2 (Tumor and nutrient evolution for different noise levels but same seed).
Fig. 3 presents a series of visual representations showcasing the dynamic evolution of
a tumor over several time steps. What makes this analysis distinct is the introduction
of four different noise levels ν ∈ {0, 0.5, 1, 2.5}. Crucially, to maintain predictability
and consistency in the randomness, the same seed for generating random effects was
employed in all cases. This ensures that the tumor’s movement remains similar across
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t = 0.1 t = 0.3 t = 0.5 t = 0.7

Fig. 4 Contour plots at four distinct time steps visualize the evolving shape of the tumor – contours represent
the boundary where 50% of the domain contains tumor cells, showcasing the dynamic progression of the
tumor’s shape for different noise levels (with fixed seed)

different noise levels. In the most-left row of Fig. 3, we provide a reference point by
simulating the tumor evolution in a deterministic setting, where no noise is introduced.
In this case, the tumor maintains a perfectly round, circular shape throughout all time
steps. This behavior aligns with existing knowledge and expectations, e.g., see [18].
The other rows of Fig. 3 represent the introduction of stochasticity through low, mod-
erate, and high noise levels. As the noise levels increase, the tumor’s shape becomes
increasingly wobbly. The level of irregularity is more pronounced in the high noise
level case, to the extent that it no longer resembles its initial circular shape. The primary
observation here is the significant impact of stochasticity on tumor shape evolution.
In the presence of noise, the tumor’s behavior departs from the deterministic circular
shape and takes on an irregular form. This is particularly evident at higher noise lev-
els, where the tumor’s movement becomes less predictable and more influenced by
random effects.

In Fig. 4, we provide a visual representation of the different tumor shapes in four
different time steps, with a particular focus on the interface of the tumor volume
fraction. The contour plots in this figure delineate the contour line where the tumor
volume fraction equals 50%, i.e. ϕ(t, x) = 0.5, effectively marking the boundary
between tumor and non-tumor regions. In each of the four highlighted time steps, the
contour plot vividly illustrates the evolving shape of the tumor. The most significant
observation in Fig. 4 is the variability in the shape of the tumor over time. As the tumor
evolves, the contour lines reveal changes in the spatial distribution of the tumor. The
variability is particularly pronounced as we transition from the initial state to later
time steps, reflecting the influence of noise and stochasticity on the tumor’s growth
patterns.

Figure5 provides a series of visual representations showcasing the temporal evo-
lution of nutrient distribution at the four different noise levels ν ∈ {0, 0.5, 1, 2.5}.
The nutrient distribution is shown at two time steps, offering insights into the spa-
tial changes in nutrient availability within the domain. We observe that the nutrient
concentration is highest at the boundary of the domain. This concentration gradient
is a result of the chosen boundary condition, which provides a continuous source of
nutrients at the domain’s boundary. As time progresses, we witness the diffusion of
nutrients from the boundary toward the center of the domain. Nutrient levels decrease
as wemove closer to the domain’s center, reflecting the expected behavior of diffusion.
Notably, the presence of the tumor has a significant impact on the nutrient distribu-
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ν = 0.0 ν = 0.5 ν = 1.0 ν = 2.5

t = 0.4

t = 1.0

Fig. 5 Temporal evolution of nutrient distribution σ(t, x) at the noise levels ν ∈ {0, 0.5, 1, 2.5} (using a
fixed seed)

seed 1 seed 2 seed 3 seed 4

t = 0.4

t = 1.0

Fig. 6 Evolution of the tumor volume fraction ϕ(t, x) over time in the domain D at a fixed noise intensity
ν = 2.5 for four random seeds

tion. As the tumor grows and absorbs nutrients, its interface becomes evident within
the nutrient distribution. The nutrient levels are notably reduced in the vicinity of the
tumor, indicating the tumor’s influence on nutrient availability.
Test 3 (Tumor evolution for different seeds). In Fig. 6, we explore the tumor’s evo-
lution under conditions of high noise levels while considering different random seeds.
Each simulation is truly random, and the figure showcases the results of four distinct
samples at various time steps. At first glance, the figure highlights the significant vari-
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seed 1 seed 2 seed 3 seed 4

t = 0.4

t = 1.0

Fig. 7 Evolution of the tumor volume fraction ϕ(t, x) over time in the domain D at a fixed noise intensity
ν = 0.5 for four random seeds

ability in tumor shape. The choice of different random seeds leads to entirely distinct
tumor shapes, even at earlier time steps. This highlights the inherent randomness and
unpredictability introduced by high noise levels, shaping the tumor growth patterns in
unique ways for each simulation. In particular, the diversity in tumor shapes is evident
even at earlier times, suggesting that the impact of randomness becomes apparent
from the onset of the simulations. This underscores the role of high noise levels in
influencing tumor behavior and shape diversity.

Figure7 explores the evolution of the tumor under conditions of low noise levels
while considering different random seeds. Similar to Fig. 6, the simulations are influ-
enced by randomness, but in this case, noise levels are lower. In contrast to the high
noise level case, Fig. 7 reveals that, at t = 0.4, the tumor shapes exhibit some resem-
blance among different random seeds. While the tumor shapes may slowly drift apart
over time, the variability at earlier time steps is not as pronounced as in the higher
noise level case. These observations underscore the effect of noise levels on tumor
evolution. In low noise scenarios, the tumor shapes at early times exhibit a degree of
consistency among different simulations, while high noise levels lead to a wide range
of random and distinct shapes from the outset.

In Fig. 8, we present a contour plot that visualizes the impact of different random
seeds on the evolution of the tumor. The contour plot shows the results of five distinct
samples, with each sample representing a unique simulation outcome at different time
steps. This contour plot uses the contour line of 50% tumor cells to demarcate the
evolving boundary of the tumor. What is striking in Fig. 8 is the observable divergence
in tumor contours over time. Each of the four distinct samples exhibits its own path
of tumor growth, highlighting the variability and unpredictability introduced by high
noise levels. The contour plot provides a clear visual representation of how the tumor
shapes drift apart over time in this high noise level scenario. The initial similarity in

123



Stochastics and Partial Differential Equations: Analysis and Computations

t = 0.1 t = 0.4 t = 0.7 t = 1.0

ν = 2.5

ν = 0.5

Fig. 8 Evolution of the contour lines ϕ(t, x) = 0.5 over time at the fixed noise intensities ν ∈ {0.5, 2.5}
for random seeds

contour shapes gradually gives way to distinct and random tumor contours, under-
scoring the influence of randomness on tumor growth patterns. Unlike the high-noise
scenario, where tumor contours drift apart, the low-noise case reveals the presence of
wobbly circular shapes. The contours exhibit a certain consistency among different
random seeds, emphasizing that the presence of noise, although present, does not lead
to a significant divergence in tumor shapes as in the high-noise case.
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