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ARTICLE INFO ABSTRACT

Communicated by Xingjian Jing This paper proposes a paradigm shift in the perspective of designing nonlinear oscillators, i.e., the
exploitation of nonlinearity to achieve a linear behaviour to good engineering purposes. An

Keywords: elastic suspension with four inclined springs is studied, which has an inherently strong geometric

Vibration isolation
Negative stiffness

Nonlinear damping
Nonlinear stiffness
Quasi-zero stiffness

nonlinear stiffness characteristic. Such a configuration has attracted remarkable research efforts
in last couple of years, because, compared to other classical nonlinear spring configurations, it has
more design parameters, which can be wisely selected to attain a tailored force-displacement
characteristic. A particular relationship among these parameters is found so that the overall
characteristic becomes exactly linear. Compared to the use of classical linear springs mounted
along the direction of motion, the proposed configuration with inclined springs has the potential
to allow more freedom in the dimensioning of an engineering device. Also, while the equivalent
spring obtained is linear, the equivalent damping is not, and this has the potential advantage of
practically realising a linear elastic behaviour with the benefit of geometrical nonlinear damping.
Experiments are performed for validation on a prototype device, and results confirm the linear
behaviour predicted by the theoretical analysis.

1. Introduction

Nonlinear oscillators have been largely investigated in the last decades to improve the performance of dynamical systems, espe-
cially in the field of vibration isolation [1], vibration energy harvesting [2], vibration absorption [3], shock isolation [4], and vibration
control problems in general [5].

The classical way in which nonlinearity has been introduced, on purpose, into the design of mechanical systems is by tailoring the
stiffness of the elastic suspension by means of specific geometric arrangement of springs and mechanisms [6,7].

Many studies have exploited the combinations of linkages reacting on springs to achieve geometrical nonlinear stiffness, and this
has been essentially realised by combining elements of positive and negative stiffness in parallel.

The realization of constant-force (i.e., zero-stiffness) mechanisms has been exploited for robotic automation [8] and to develop
quasi-zero stiffness vibration isolators [9].

Diamond structures have been proposed for vibration isolation [10-12], vibration absorption [13], and elastic potential energy
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storage and release [14]. Scissor-like or X-shaped-link structures have been proposed for vibration isolation [15-18], vibration ab-
sorption [19], and for metamaterials [20]. To enhance vibration isolation performance, linkages and springs have also been combined
in several other ways [21], inspired by limbs [22-24], paws [25,26], cockroaches [27], and biological systems in general [28,29].
Similar archetypes have been proposed to realise vibration dampers [30].

Nonlinear force-displacement curves have also been realised by simply connecting linear springs arranged in a geometric
configuration. The idea of using one pair of linear springs orthogonal to the direction of motion, which incline as the suspended mass
moves [31], was studied and investigated to realise quasi-zero stiffness force-displacement characteristics and implement effective
vibration isolators. In [32,33], the concept of using two pairs of inclined springs was presented, and attention was subsequently
devoted by the scientific community on how to exploit it to further improve the performance of vibration isolators [34]. To this end,
isolators adopting two pairs [35] and three pairs [36,37] of inclined springs have been proposed, and the target was to enlarge the
isolation region. The configuration with two pairs of oblique springs was also effectively adopted to improve the performance of
electro-magnetic vibration energy harvesters in [38], by exploiting the tri-stable characteristic [39]. Chaotic motion was also inves-
tigated to occur in isolators with two pairs of inclined springs [40], exhibiting a bi-stable characteristic. Springs configured to achieve a
bi-stable characteristic have also been investigated in [41-44]. Springs arrangements, exhibiting geometrical nonlinearity, have been
exploited to allow effective vibration isolation in all six degrees of freedom in space [45].

Most of the above cited works [9,10,12,15,16,21,23-27,29-31,34-37], were mainly focused on the realization of quasi-zero stiffness
force-deflection curves. This characteristic is useful to achieve a high-static and low-dynamic stiffness behaviour, which simulta-
neously copes with two competing requirements in vibration isolation, i.e., carrying a payload with a low static deformation and
exhibiting a low natural frequency to enlarge the isolation region. This is particularly helpful in protecting machines from resonance
effects [46].

Other studies focused on achieving a softening-hardening stiffness nonlinearity using one pair of asymmetrically inclined springs
[47], a tri-stable nonlinear characteristic using two pairs of symmetric springs [38], softening-zero-hardening stiffness characteristics
[32,33,48], sigmoidal-shaped force-displacement curves [49], and even tailored [50] and adjustable [6,7] stiffness characteristics. A
novel elastic metamaterial beam incorporating an X-shaped mechanism with springs, has also been proposed to improve the adjust-
ability of the band-gap properties, where the nonlinear mechanism is able to mitigate or amplify the stiffness of the linear spring by
parametrical design [51].

By focusing on geometrical combinations of springs only, and to better visualise the correspondence between the spring config-
uration and the related qualitative shape of the force-displacement curve, Fig. 1 illustrates three different cases where linear springs
are combined in parallel to achieve different characteristics. In Fig. 1, f is the elastic restoring force, y is the imposed displacement of
the suspended mass, and k is the spring stiffness, assumed equal for all the springs. In Fig. 1(a), a classical linear system is depicted, and
the qualitative shape of the non-dimensional force-displacement curve is illustrated underneath the corresponding mechanical
configuration. In terms of non-dimensional key-parameters, there is no parameter left for design purpose, and this is because after
normalization (i.e., dividing by k and by a convenient parameter length) the non-dimensional force-displacement relationship can be
rewritten simply as f =Y. In Fig. 1(b), the classical quasi-zero stiffness configuration is depicted. With reference to the mechanical
configuration and the indicated dimensional parameters, depending on the ratio of the free length of the spring, hy, to the assembly
distance, b, several qualitative shapes of the force-deflection curve, can be obtained, i.e., hardening, quasi-zero stiffness and bi-stable
[7]. This configuration thus has one non-dimensional key-parameter for design, i.e., ho/b. Fig. 1(c) depicts the spring configuration of
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Fig. 1. Different mechanical configurations (top panels) at equilibrium using linear springs in parallel and (a) aligned, (b) orthogonal, or (c) in-
clined, respect to the direction of motion. Corresponding qualitative shapes of the force-deflection curves (bottom panels) that can be achieved,
depending on the values of the related design parameters.
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interest in this work, and previously discussed in [32]. In this case, there are two non-dimensional key-parameters useful for design,
and they can be given, for example, by the ratio b/a and the ratio hy/a, where a is a distance at the equilibrium condition, as shown in
Fig. 1(c). Depending on the combination of such two design parameters, a softening-hardening, quasi-zero stiffness, and quasi-linear
behaviour for large displacements can be achieved.

Other ways to introduce nonlinearity on purpose into dynamical systems is by nonlinear damping elements [5]. In vibration
isolation problem, linear damping can usefully suppress the vibration peak at resonance, but can be detrimental at high frequencies
due to an increase of the transmissibility. The main reason why the beneficial effects of nonlinear damping have been investigated in
recent years is to reduce the transmissibility at higher frequencies. Nonlinear damping can be introduced and modelled as velocity
dependent (e.g., cubic damping) or displacement dependent (i.e., resulting from geometrical configurations) [52].

In some of the studies dealing with the vibration performance of the above-mentioned nonlinear oscillators (which exploit different
combinations of linkages reacting on springs to achieve nonlinear stiffness), damping has been simply modelled as a translational
linear viscous element [9,11-13,24,25,53], accounting for different sources of friction. This assumption is valid when the amplitude of
oscillation is relatively small, so that an equivalent linear viscous damping term can be considered. In other studies, due to the presence
of hinges in the coupling linkages, both translational and rotational linear viscous damping effects have been considered [6,10,15-
19,21-23,26-28]. In this latter case, the rotational components give rise to geometrical nonlinear damping effects along the trans-
lational direction of motion.

In the most recent works that considered geometrical combination of linear spring pairs only (i.e., without the presence of a specific
underlying mechanical linkage), a linear viscous damping model has been considered [32-38,40]. Although those very recent works
were mainly focussed on achieving and exploiting a nonlinear stiffness behaviour, modelling the dissipative effect of such strongly
nonlinear systems as an equivalent linear viscous damper, could be an unrealistic assumption when high amplitude oscillation are
considered. An attempt to consider inclined linear viscous damping leading to geometrical nonlinear damping has been reported in
[47,52].

On the one hand, viscous damping may result in a reasonable assumption for hydraulic and pneumatic systems [54,55]. In
particular, in [54] a novel bio-inspired hydraulic damper mimicking the behaviour found in abalone shells and bones have been
proposed, leading to a relatively complex piece-wise damping model. In [55], a hydro-pneumatic quasi-zero stiffness vibration isolator
is proposed, where quadratic damping and Coulomb dry friction have been considered.

On the other hand, viscous damping does not necessarily find a sufficient physical explanation when steel helical springs and
articulated linkages are adopted. In fact, due to a mechanical implementation of a prototype device with joints and mating components
in contact, dry friction is inevitable and comes along with other effects, classically modelled as viscous friction phenomena. Depending
on the mechanical implementation, dry friction can be the dominant factor, especially when constant lubrication is not guaranteed,
and this is particularly true in quasi-zero stiffness devices, where the elastic restoring component of the force is dramatically reduced,
even causing friction-locking effects [56,57].

Some attempts to model dry friction in nonlinear oscillators consisting of linkages and/or springs can be found in [58] and [59],
where the authors present models of a quasi-zero stiffness isolator which consider linear viscous damping and Coulomb dry friction.
However, in [59] the authors did not report experimental observation. In [58], static and dynamic tests have been performed, and a
constant dry friction coefficient was estimated. In [55], the authors did not report dynamic tests, and the experimental static stiffness
curve did not manifest any clear dry friction hysteresis. A more comprehensive attempt to model high order displacement and velocity
dependency in a friction model is reported in [60], where the authors adopt a nonlinear systems identification technique to estimate
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Fig. 2. (a) Schematic and (b) virtual model of the proposed mechanical oscillator suspension.
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the damping and friction parameters in a prototype device of a bi-stable oscillator. Recent experimental works on how Coulomb
friction affects the response of a linear oscillator have been reported in [61,62].

In the recent literature, there has not been a clear attempt to exploit a strong geometrical nonlinear stiffness configuration to realise
a constant stiffness behaviour, leading to a linear system. Also, recent works on the investigation of nonlinear oscillators using pairs of
inclined springs have not fully considered dry friction in their models nor showed the possibility to realise a linear elastic behaviour.

This paper thus fills this gap in the literature by investigating the static and dynamic behaviour of an oscillator with two pairs of
inclined springs, delivering the following main contributions: (i) exploring the theoretical conditions for such a nonlinear oscillator to
exhibit a quasi-linear force-displacement characteristic for large displacements, and (ii) modelling the effect of nonlinear friction in an
X-shaped-spring prototype device.

In particular, the first issue represents a change of paradigm in the design of nonlinear oscillators, while the second issue advances
the knowledge on the effect of a practical implementation of the theoretical model. The theoretical findings have been validated by
experimental results.

Potential applications are foreseen in vibration energy harvesters [63,64], vibration isolators [65,66] and vibration absorbers
[67,68], where having a linear elastic element is of interest and a nonlinear damping can be beneficial.

2. Static model of the oscillator
2.1. Dimensional parameters

A sketch and a virtual model of the proposed oscillator are illustrated in Fig. 2(a) and 2(b), respectively. For a reasonable me-
chanical implementation, several technological auxiliary components are considered, which play an important role in the static and
dynamic performance of the device. A kinematic structure is considered to accommodate the required motion along the horizontal
direction and avoid undesired motion and instabilities. This consists of a series of sliding bars, translational joints (sleeves) and
rotational joints (pins), which form a one degree-of-freedom mechanism, but conversely introduce contact and friction among the
several components. Four equal compression linear springs are adopted and mounted as indicated in Fig. 2. Depending on the free
length of the springs and the position of the corresponding stoppers, a different level of initial compression can be achieved, which is
assumed equal for the four springs.

Fig. 3 shows some more details of the proposed device. In particular, Fig. 3(a) shows the unloaded configuration, and Fig. 3(b)
shows the loaded configuration, subject to the effect of an external static force, f., applied to the suspended mass.

The suspension system consists of four linear springs of stiffness k, connected to a rectangular support structure (the base frame)
through joints. In the unloaded configuration of Fig. 3(a), the system is symmetric. The characteristic dimensions (evaluated in the
unloaded equilibrium condition) are the constant lengths a and b, as labelled in Fig. 3(a), which determine the degree of inclination of
the springs at static equilibrium, while Iy = v/a? + b? is the corresponding pin-pin distance. It is worth noting that the pin-pin distance
varies during motion, as one pin is fixed to the oscillating mass, and the other pin is fixed to the sleeve (i.e., to a prismatic joint) on the
frame. Thus, when the oscillating mass moves, the four bars slide inside their corresponding sleeves, making the pin-pin distance
shorter or longer respect to the one at the static equilibrium. This is shown in the schematic of Fig. 3(b), where [; < Iy < L. The
parameter h represents the assembly length of the springs, and hy represents their free length. Since compression springs are adopted,
the length of the springs during working conditions should not become greater than the free length of the springs, hy (this poses some
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Fig. 3. Parameters of the proposed suspension in the (a) unloaded and (b) loaded configuration.
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practical constraints, which are not usually considered in purely theoretical studies). When the suspended mass moves by a
displacement y;, with respect to the unloaded equilibrium condition, the configuration is that depicted in Fig. 3(b). On the right side of
the oscillator, the springs are relaxed and assume the length indicated as h; . Correspondingly, the pin-pin distance reduces and assumes
the length indicated as I; < lp. On the left side of the oscillator, the springs are compressed and assume the length indicated as ha.
Correspondingly, the pin-pin distance increases and assumes the length indicated as I > ly. In the configuration illustrated in Fig. 3(b),
is thus hy < h < h;.

2.2. Non-dimensional parameters and force—displacement curve

The static force-displacement characteristic of the suspension represented in Fig. 3 is given by the sum of two components, i.e., the
contribution of the spring pair on the left and that on the right, yielding the following expression of the external force, f. (opposite to
the elastic force), as a function of the displacement, y;, in terms of the system parameters

b —ho)(a=y) (b= ho)(a+y)

ll 12 (1)

where

I =/(a—y) + b 2

L=\/(a+y) +b (€))
h1:h+lo—ll (4)
h2:h+lo—lz (5)

and [ and h have been defined above.
By then defining the spring compression factor as ¢ = hy/h, Eq.(1) can be rewritten as

fo=2k| 2= (h(lfa)+\/a2+b2 —J@a—y) +p > ety (h(170)+\/a2+b2

(a—y) +b (a+y) + b
—\la+y)+p ) ©)

The effects of the parameters of an X-shaped-spring suspension on the shape of the force-displacement curve has been extensively
reported in [69]. In this paper, focus is particularly devoted to the achievement of a quasi-linear behaviour for large displacements.

Examining Eq. (6), it is clear that for h(1 —o) + V@ +b? = 0, it reduces to the following linear relationship
fe:2k[7(a7yr)+(a+yr)] = 4ky, 7)

This can also be better investigated by expanding Eq. (6) in Taylor series as

fe zklyr'i'k3yr3'|'kS.yr5""](7.Yr7"""' (8)
where
4((12\/112 T —h(1— o)bz)
b = k > ©
(@ + %)
20 (1 — 4?) (h(1 = 0) + V@ F 57 )
ks = k o 10)
(a® +b?)
307 (8a* — 12227 + b*) ({1 — 0) + Va7 87 )
ks = k - an
2(a® +b?)
B ( — 64a + 240*5* — 120a%b* + 56°) (h(1 = 0) + V@ + 17 )
bt a0 (12)
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It can be thus easily seen also from Eqgs. (10-12) that the higher-order terms (except the first one reported in Eq. (9)) go to zero when
the relationship h(1 —o) +va? + b% = 0 is satisfied. This condition can be rewritten by emphasizing the spring compression factor
needed to realize a linear force-displacement characteristic for large displacements, as

o =14 VLT 13)
h

It is interesting to note, also, that both spring pairs on the left and right side of the suspension behave in a linear fashion as well, as
highlighted in Eq. (7). In particular, the spring pair on the right presents a force-displacement characteristic of —2k(a — ;) and the
spring pair on the left presents a force-displacement characteristic of 2k(a + y;). So, it is not the combination of the two pairs of springs
that determines the sought behaviour, rather it is the free length parameter of each pair, which determines a linear behaviour for both
pairs of springs.

Equation (13), i.e., the requirement for a linear behaviour of the nonlinear oscillator, is plotted in Fig. 4 as a function of the non-
dimensional parameter h/a for different values of the other non-dimensional parameter b/a. To better visualize the trend of oy, for
relatively lower and higher values of h/a, a logarithmic scale has been adopted for the horizontal axis. It can be seen that as the
normalized assembled length of the spring, h/a, decreases, the value of oy;;, increases. When the value of h/a becomes less than 1, the
free length of the spring, hy, can become more than twice the assembled length, h. For increasing values of h/a, then oy, tends to 1
meaning that the springs are assembled neither in tension nor in compression, so that h = ho.

To show how the spring compression factor affects the linear behaviour of the force-displacement curve for large displacements,
the non-dimensional force, f./ak, is plotted in Fig. 5(a-d) as a function of the non-dimensional displacement, y,/a, for different values
of b/a, h/a, and in each case for three values of 6, equal to 0.5, 1 and 2 times the corresponding value of oy;,.

From Fig. 5(a,b) it can be seen that, for lower values of the ratio b/a, a relatively large variation of the value of ¢ respect to o};, has a
large effect on the linear trend of the force deflection curve for large displacements. For b/a =1, as in Fig. 5(c,d) the deviation from a
linear trend is less evident, and the effect of ¢ is mainly to change the quasi-linear stiffness of the curve.

3. Static test on a prototype device

To validate the theoretical results obtained in the previous section, a prototype device was built and assembled, and shown in Fig. 6
(a). The suspended mass was made of steel, and the support structure (the base frame) was made of aluminum (black-anodised on the
surface). The bars, bushings, and connectors were lightweight plastic LEGO® components. Compression springs were off-the-shelf
purchased components and their stiffness have been measured independently. The reflective markers in Fig. 6(a) were used to
measure the displacement by laser sensors, as will be described in the following sections. The system parameters are listed in Table 1.

The static characteristic of the prototype device was measured using the setup shown in Fig. 6(b). The support frame was fixed on
the top of an optical table. One extreme of a long wire was attached to the suspended mass. The wire was then wrapped around a pulley
at the edge of the optical table and its other end was attached to a weight container. The change in displacement, y,, of the suspended
mass due to a change in the weight pulling the wire, was measured by a laser triangulator pointing at the corresponding reflective
marker. Loading and unloading tests were performed, and results are reported in Fig. 7, in the form of a force-displacement graph. In
Fig. 7, the experimental data are denoted by square markers.

A clear hysteretic cycle is evident in the test results of Fig. 7. However, respect to a classical dry (Coulomb) friction model, i.e., f, =

2
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Fig. 4. Spring compression factor to realise a linear force-displacement curve for large displacements, as a function of h/a, and for different values
of b/a.
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Fig. 5. Non-dimensional force-displacement curve for three values of ¢ corresponding to 0.56};,, 61in, 2611, and different combinations of the non-
dimensional parameters b/a and h/a as labelled.

HoSign (y,), a nonlinear dependency on the amplitude of motion manifests.
To reflect this, perhaps one of the simplest models that can be considered is one where the friction force coefficient is assumed not
to be constant, rather varying with the relative displacement amplitude in a polynomial way of the following form

Ju = (o + Moy} + oy} + pey? + ... ) sign (y) 14)

where the overdot denotes derivation respect to time. This form could then be obtainable from a Taylor series expansion of a more
complex analytical model, similarly to what was done for the elastic force in Eq. (8). In fact, it is speculated that the dependency of the
dry friction parameter on the amplitude displacement is due to the inherently nonlinear architecture of the mechanisms. Due to the
presence of the inclined linkages (accommodating the springs), the higher the displacement the higher the reaction force on the joints,
and consequently the higher the contact force in the couplings.

For the specific prototype under test, it resulted that the constant and quadratic terms were enough to fit the experimental data. The
results of the fitting are plotted in Fig. 7 as a thick dashed curve, while the thick solid curve represents the elastic force, fe, which it is
obtained from Eq. (6), using the parameters listed in Table 1. The thick dotted line will be described in the next section.

From Fig. 7, it can be thus noted that the backbone curve of the hysteretic cycle has a quasi-linear trend for large displacements, and
that the prototype device is characterized by a large dry friction force, whose parameter is however modelled by an amplitude-
dependent relationship in terms of the displacement. For the static test results of Fig. 7, the following parameters were estimated
by fitting the experimental data, y, = 0.45 N and y, = 3000 N/m?.
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Fig. 6. (a) Prototype device of the model in Fig. 2 and (b) setup for static test.

Table 1

Parameters of the prototype oscillator used in the static model.
a (mm) b (mm) h (mm) ho (mm) k (N/m)
21 21 38 51 110

10 T T T : -
B m Experimental data a
— — Hysteresis model (static) ,-i
sl Hysteresis model (dynamic) . ," »
— Pure elastic force " . -

Y [mm]

Fig. 7. Results of the experimental static test. The vertical axis denotes the sum of the elastic force and the friction force.

4. Dynamic model of the oscillator

To generalise the dynamic analysis, an equivalent model of the X-shaped-spring oscillator is illustrated in Fig. 8, where an
equivalent spring force, given by Eq. (6), and an equivalent dry friction force, given by Eq. (14), have been indicated. Also, an
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equivalent form of viscous friction is assumed and added to the model. In the dynamic model, the oscillating mass is denoted by m and
the base frame is supposed to be excited by an imposed harmonic displacement y;, = Y,cos(wt), where Y}, is the displacement
amplitude, w is the circular frequency, t is time, and y;, as indicated in Fig. 8, now denotes the relative displacement between the
suspended mass and the base frame.

For dynamic purposes, the equation of motion of the oscillator depicted in Fig. 8 is conveniently rewritten below as

my, +E(yr))}r +/7(Yr)5ign <yr> +,]E(.Vr))’r = —my, (15)

where amplitude-dependent coefficients have been assumed for viscous friction, dry friction, and stiffness, respectively, as

) = co+cayi” + cayet +cey® (16)
B(e) = pg + paye® +pgye* + peye® a7)
E(yr) = ko +koyi® + kaye* + key® (18)

It is noted that the expression of the elastic term in Eq. (15) has also been approximated by a polynomial expansion in Eq. (18) to
derive a closed-form analytical solution to the equation of motion.

Moreover, it is noted how the assumption made on the friction model in Eq. (14) let one derive equivalent and more elegant
formulations of the expressions in Egs. (16-18).

To reduce the number of design parameters in the analysis, non-dimensional variables are defined as follows: wy = \/ko/m is the
linearised natural frequency, ® = w/wo is the normalised circular frequency, t = wot is the normalised time, ¢ = co/2ma, is the
normalised viscous friction coefficient, y, =y;/a is the normalized relative displacement, ?b =Y,/a is the normalized base
displacement amplitude, y = yi,/ako is the normalised dry friction coefficient, and the following normalized equation of motion is
obtained

51 +208(3,)3, + i G)sign(F,) +k(5,)3, = @ Vycos(a1) (19)
where
5 )—1+£a2y2+ 4a4y + "aﬁy =14+85.+¢5, +%3,° (20)
P By aen My gma B
A, = 1+;2a2yr2+ﬂ4 'y +f a3.0 = 1+ 0,9, + B, + e’ (21)
0 0

~ ky oo ks 4a ke o ~ 2 a4
k() = 1+ p2aly a5 4 250 = 13, + k3, + ke (22)
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Fig. 8. Equivalent model of the X-shaped-spring oscillator.
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and the normalized coefficients of the viscous friction, dry friction and stiffness have been introduced in the rightest side of Eq. (20),
Eq. (21) and Eq. (22), respectively, with a hat.

It is then assumed a solution to the equation of motion which is predominately harmonic in terms of displacement, i.e. y, =
Y (t)cos(@t +¢(t) ), and velocity, i.e., §,'(t) = —@ Y. (£)sin(@t +¢(t) ), where ¢ is the phase between the relative displacement and
the base displacement.

The assumptions on harmonic response imply that

/lecos(c7)7+ @)=Y sin(@7+¢)p =0 (23)

where the explicit dependency of Y: and ¢ on time 7, has been dropped for convenience. By then substituting the expression of the
assumed harmonic response into the equation of motion, Eq. (19), the following normalised equation of motion is obtained

’

Yo

Sin(@7+ @) + Y. @cos(@7 + ) (@ + ¢ ) + 20¢(5,) Y 0sin(@71 + @) + u (3, )sign( Y, @sin(@7
?)) — k(3,)Vicos(D7 + p) + @ Yycos(@7)
0

Q)

+

(24)

Solving Eq. (23) and Eq. (24) in terms of 17,’ and ¢, and taking into account Egs. (20)—(22), yields

’

1. - I . o . o .
Y, = 7gsin(wt +¢) (=Y cos(@7 + ¢) ((1 — @°) + ks ercosz(a)t +o)+ k4Y,4cos4(wt + )+ ke Y,ﬁcos"(wt +))+u(l

+ ﬁz?,zcosz(&\ﬁJr @)+ 1, IA/ os* (@7 + ) + ﬁﬁ?récosﬁ((f)?qL ®) )sign(f/ri)sin((f)?Jr ®)) + 267 sin(d7 + ) (1
+ ?zyrzcosz(c?)?-i- @) +C 7. . cos* (DT + ) + ?G?fcosﬁ(@?-ﬁ- ®))+ @ Yycos(@7) ) (25)

=—cos(@1+¢)(— Yecos(d7 + ) (1 — @) + /k\z?rzcosz((f)?Jr 0)+ 2417r40054((7)/t\+ ®)+ ka?rﬁcosﬁ(@?+ ®))+u(l
oS (DT + ) + i, Y: *cos HBT+ @) + 1, Y, ®cos (@1 + @) )sign(Y, @si (wt + )+ 2 BY sin(@7
)(1 + 3,7, cosz(@?+ @)+ C4 Y, cos4((7)?+ @)+ Cs Y, cosﬁ(@?—k ) ) Y,cos a)j) (26)

The variables ?r and ¢’ are assumed to vary slowly in time, so that their averages are assumed to be constant over a time period
27/@. Integrating Egs. (25) and (26) over such a time period gives, respectively,

o 4u l.o~2 1.4~4 1._+~6 PO .2 1.~54 5_ <6 25 .

2wY, = — 1—1—5;42Yr +§M4Y, —5—?,L¢6Yr —2wY, 1+ZC2Y, +§C4Yr +acf,Yr — @ Ypsin(e) 27)
~ ~ 3~ 5~ 35~ PUP PPN

2Y. ¢ = Y,+4k LY, -i-8k4Y5+6 ke Y ! szr—a)Zchos(go) (28)

For steady-state oscillation, without amplitude and phase variations, the left-hand sides of Eq. (27) and Eq. (28) are zero, which
results in

4 ~S ~ .
;’MMJrZCC ®Y, = — @ Y,sin(g) (29)
Y.(K- 67)2) = @ Yycos(g) (30)
where
1.5 1.~ ~
ST, A AN S A (31)

4 8 64

1l .~2 1.~4 1_+~6
M=1+-0,Y +-0,Y +-HsY; (32)
3 5 7
3~ 5~ ~4 35+ 76
_1+4k2Y +8k4Y +64k6 (33)

Squaring and adding Eq. (29) and Eq. (30), gives the following amplitude-frequency equation
~ PN o~ 4 2
—7) +20°7, (282C* —K) + ,44 DY, CM+7, K>+ <:M) —0 (34)

while dividing Eq. (29) by Eq. (30), gives the following expression for the phase

10



G. Gatti and C. Svelto Mechanical Systems and Signal Processing 197 (2023) 110362

M +260Y,C

Y, (K - @) (35)

tan(p) =

Equation (34) is the analytic expression of a quartic equation in terms of @, and can be thus numerically solved to plot the frequency
response curve, for given combinations of the system parameters.

By defining the normalized absolute displacement of the suspended mass as y, = J, + y, = Yacos(@f+p,), the absolute
displacement transmissibility is determined as [70]

(36)

As the model formulated above accounts for the dry friction effect, a brake-loose frequency, @y, as discussed in [56], can be defined
as the frequency below which no relative motion exists (17'r = 0) between the oscillating mass and the base frame, and thus ?a = f/b.
An analytic expression of such frequency can be obtained by setting ¥, = 0 in Eq. (34), thus yielding

o =2, (37)
Yy

5. Dynamic tests on a prototype device

For dynamic validation, the prototype device described in Section 3 was incorporated into the experimental setup shown in Fig. 9.

The base frame of the oscillator was connected to the sliding rod of a crack-slider mechanism actuated by an electrical rotational
motor. The crank length, r (with Y}, =r), was adaptable to 3, 4, and 5 mm, and the connecting rod length, d, was 50 mm. The ratio r/d
is less or equal to 0.1, and the slider motion is thus considered to be predominantly harmonic at the constant rotational speed of the
motor. Two laser triangulators were adopted for a contact-less, rapid and accurate measurement of the displacements of the moving
components, i.e., the base frame and the oscillating mass. To this purpose, reflective and lightweight markers were attached to the base
frame and the oscillating mass. A video showing the prototype device in working conditions is reported as a supplementary material in
Appendix A.

For each value of the crank length, as reported above, dynamic experimental tests were performed. These consisted in driving the
motor at different constant speeds for at least 5 s, and acquiring data in the next 2 s. Such procedure was adopted to let the transient
decay away and thus measure the steady-state regime only.

It was verified that both recorded displacements were predominantly harmonic at the revolute frequency of the electrical motor,
and higher/lower order harmonics were negligible.

For each of the three tests, the first Fourier coefficient of each single measured time history was extracted and plotted in Fig. 10(a-c)
by a marker, as a function of the test frequency. Circle markers denote the displacement amplitude of the base frame, and square
markers denote the displacement amplitude of the oscillating mass. The brake-loose frequency calculated by Eq. (37) is also indicated
in Fig. 10.

The approximate analytical expression of the amplitude-frequency equation given in Eq. (34) is also plotted in Fig. 10(a-c) as a solid
curve. The effective parameters used in the dynamic model are reported in Table 2 below.

Conversely, the following remaining parameters are all set to zero: y4, ue, o, C2, C4, Co.

\i Laser trian,
e

eflective marker | cg
—

<

_4-'—7-.

Connecting | | Crank »
rod
=

©« A ©

Fig. 9. Experimental setup for dynamic tests.
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Fig. 10. Results of experimental dynamic tests, for (a) Y, = 3 mm, (b) Y, = 4 mm, (c) Y, = 5 mm.

In fact, it was not necessary to account for any viscous damping in the system, as the considered dry friction was enough to fit the
experimental data.

From Fig. 10, it can be seen that the theoretical model fits the experimental results relatively well, uncovering the real quasi-linear
behaviour for large displacements of the prototype device. In particular, it is noted that the peak displacement amplitude was about 35
mm, which is larger than the characteristic dimension a of the oscillator, which was 21 mm. This shows that the oscillator is working in
the (relatively) large-amplitude regime.

Furthermore, a reduction in the estimated value of quadratic dry friction coefficient, us, was attained in the dynamic tests, with
respect to the results of the static test reported in Fig. 7. It is speculated that such a reduction is due to the nature of the static test, which
was affected by dry static friction, while a transition from dry static friction to dry dynamic friction was expected during motion.

When the friction coefficients in Table 2 are used in Eq. (14), the dotted line in Fig. 7 is obtained, and a slightly narrower hysteretic
cycle is achieved.

To further validate these results, a slow sweep simulation is performed by direct numerical integration of the equation of motion in
Eq. (15), and simulated results are also plotted in Fig. 10 (a-c) as a thin light grey line.

Table 2
Parameters of the prototype oscillator used in the dynamic model.
m (kg) Ho (N) 2 (N/m?) ko (N/m) ks (N/m%) ky (N/m®) ke (N/m’)
0.29 0.45 1750 318 ~1.210° 1.1e108 —2.9e10'°
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It is worth noting that the presence of the quadratic dry friction coefficient, u, assures a bounded response of the oscillator at
resonance. This is not necessarily granted when classical Coulomb friction model is assumed, and requires the assumption of a viscous
friction coefficient to guarantee the expected bounded response [56].

To compare the results at the three different excitation levels (i.e., Y, = 3, 4, and 5 mm), Fig. 11 shows the corresponding
displacement transmissibility. In each case, the star marker denotes the brake-loose frequency, calculated using Eq. (37). It can be seen
that the oscillator performs in a linear-like fashion, i.e., the peak transmissibility and its corresponding frequency are very slightly
affected by the excitation level. The main difference among the three transmissibility curves is due to the different values of the brake-
loose frequency, which decreases for increasing level of excitation amplitude, as evident from the relation between @y, and 171, in Eq.
(37).

6. Insight on the identified dynamic model

Although viscous friction was modelled, experimental dynamic data were well-fitted by assuming a dry friction model only, having
a constant and quadratic term (as a function of the relative displacement). The presence of this latter dry friction term was enough to
assure a bounded response of the oscillator at resonance, with no need to estimate a viscous friction coefficient.

For such a case, considering C = 0, the amplitude-frequency relationship in Eq. (34) reduces to

~2 ~ 2

- P 4\
@ (¥, —7) 20V, K+ 7, K+ (fM) =0 (38)

which is a quadratic equation in terms of &>, and can be thus easily solved analytically to plot the frequency response of the nonlinear
oscillator.

For Eq. (38) it is also possible to determine a useful relationship for the stability of the steady-state response, which could be used
for subsequent analysis. To a first-order approximation, this is given by considering the derivative of Eq. (38) respect to Y., setting it to
zero and then solving for @ to give

\/ —6412MM / oY, + 12, (0K /0Y,)?

~ 1 [+ 0K
aY, /7,
where
oM 2 5 4. 53 655
— =, Yo+, Y oY
v, 3/42 +5,"44 +7ﬂ6 (40)
0K 3~ 5~~3 105~ 55
— =zk Y +-kiY, — koY 1
E5% 2k2 +2k4 + 2 ke (41)

r

To validate the proposed model and stability conditions over a more general nonlinear behaviour, the results of two simulation

7 . . . :

— %, =3mm
6r ===:Y,=4mm 4
=}, =5mm

% Brake-loose freq.

Transmissibility [-]

Frequency [Hz]

Fig. 11. Displacement transmissibility for the three different levels of excitation amplitude.

13



G. Gatti and C. Svelto Mechanical Systems and Signal Processing 197 (2023) 110362

examples are reported in Figs. 12 and 13, for different combinations of the system parameters. These combinations of numerical values
for the system parameters were arbitrarily selected to achieve a softening-hardening and a hardening-softening behaviour, respec-
tively illustrated in Figs. 12 and 13. In particular, Fig. 12 considers the force-displacement curve previously shown in Fig. 5(a) with the
dotted line, and Fig. 13 considers the force-displacement curve previously shown in Fig. 5(a) with the dashed line (note that, due to the
definition of the linearised natural frequency wo = +/ko/m, a factor of ko /k applies to the vertical axis of Fig. 12 and Fig. 13, respect to

those in Fig. 5). The non-dimensional parameters used for the suspension dimensions are b= b/a=0.5and h= h/a = 1.InFig. 12
and Fig. 13, panel (a) shows the force-displacement curve and the effect of friction, panel (b) shows the normalized amplitude
dependent friction coefficient, panels (c) and (d) show the frequency response curves and the corresponding stability curves for two
different values of excitation amplitude. Numerical simulation sweeps are also plotted for validation of the analytical model.

It can be seen that the approximate closed-form expression of the amplitude-frequency equation (Eq. (38)) compares well with the
numerical results. The jump-up and jump-down frequencies are captured quite well, as well as the stability curve and the response at
the non-resonant and resonant branches. Due to the jumps, some transient response occurs, which appears as an overshot in the sweep-
up simulation, after the jump-up frequency.

7. Discussion

Due to the presence of several design parameters in the proposed suspension configuration, the force-displacement curve can be

1 T g T T T 12 T T T T T
|
10} !
] ! I
gLV I
~ \ I}
fo 1\ _
sign() | d
/
4 \ /
\ /
2+ \ / J
S -— - -~ - ’
-1 : * * * 0 : : : : *
-1.5 -1 -0.5 0 0.5 1 1.5 -1.5 -1 -0.5 0 0.5 1 1.5
, P
(c) (d)
2 — 2 ’ : ,
/| m—— Frequency response curve ) | e Frequency response curve|
/| m——— Stability curve™ | - Stability curve - -~~~
[ _|==—Sweep-up | === Sweep-up
1.5¢ . Sweep-down I 15¢ 1= Sweep-down
g Y Brake-loose frequency T % Brake-loose frequency

0.5 1 1.5
o o
Fig. 12. Analytical results and numerical simulations of the proposed model for 6 = 1.06,4 = 0.025,, = —2.2,1, = 2.9. (a) Elastic force and

hysteresis due to friction, (b) amplitude-dependent friction coefficient, frequency response curve for (¢) Yy = 0.095 and (d) Yy = 0.19.In (c) and
(d) dashed lines are the stability curves from Eq. (39), the thin grey lines indicate numerical sweeps for validation: dark-grey trace is for the sweep-
up, and light-grey trace is for the sweep-down.
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Fig. 13. Analytical results and numerical simulations of the proposed model for 6 = 4.23,u4 = 0.017, 7, = —2.2, 1, = 2.9. (a) Elastic force and

hysteresis due to friction, (b) amplitude-dependent friction coefficient, frequency response curve for (¢) ¥y, = 0.024 and (d) ¥, = 0.095. In (c) and
(d) dashed lines are the stability curves from Eq. (39), the thin grey lines indicate numerical sweeps for validation: light-grey trace is for the sweep-
up, and dark-grey trace is for the sweep-down.

adjusted to achieve tailored characteristics.

The focus of this paper was to achieve a quasi-linear force-displacement characteristic for large displacements, which is not so
obvious given the inherently strong geometric nonlinear nature of the system. It is found that a relationship exists among the springs
inclination, assembled length and free length of the springs, so that a theoretically exact linear behaviour is achieved. This interesting
theoretical result was also confirmed by the experiments.

The key to achieve a linear behaviour from the inherently strong nonlinear oscillator was to adopt compression springs mounted
outwards and restrained by an adjustable stopper. In fact, an exact linear behaviour is not generally achievable in purely theoretical
studies that consider the spring length equal to the pin-pin distance, as shown in Fig. 14(a). Even considering the springs mounted
inwards, as illustrated in Fig. 14(b), an exact linear behaviour could not be physically attained. For ease of reference and comparison,
Fig. 14(c) shows the configuration proposed in this paper, where the springs are mounted outwards.

As a consequence, an equivalent linear spring can be achieved either using a classical configuration where the constitutive springs
are aligned to the direction of motion, as shown at the bottom of Fig. 15(a), or using the proposed configuration where the constitutive
springs are mounted outwards, inclined to the direction of motion, and having a specific free length hy =h + va? + b2, as shown at the
top of Fig. 15(a).

By examining the force-displacement components of the two pairs of springs in the X-shaped configuration, it was theoretically
found that even one single pair of springs, orthogonal to the direction of motion, can be adopted to achieve a linear behaviour. This is
illustrated at the top of Fig. 15(b), where the free length is now hy = h + b, and thus compares to the classical configuration of springs

15



G. Gatti and C. Svelto Mechanical Systems and Signal Processing 197 (2023) 110362

(a) (b) (c)

g %
Fig. 14. Different ways to realise an X-shaped-spring configuration: (a) ideal springs, (b) springs mounted inwards, (c) springs mounted outwards (i.
e., the proposed configuration).

y
k
LY

Fig. 15. Different ways to realise a linear suspension using compressed springs mounted outwards: (a) two pairs of springs, and (b) one pair
of springs.
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aligned to the direction of motion, illustrated at the bottom of Fig. 15(b).

The proposed configuration with four springs inclined (or two springs orthogonal) to the direction of motion, as illustrated in the
top of Fig. 15(a) and 15(b), respectively, extends the possibility to realize linear engineering suspensions, and better cope with me-
chanical and physical constraints.

A generalised dynamic model of the nonlinear oscillator is then implemented, which considers geometrical nonlinear stiffness,
geometrical nonlinear viscous friction, and geometrical nonlinear dry friction. Amplitude-dependent coefficients have been assumed,
and an approximate analytic amplitude-frequency equation is obtained. This is achieved by using the method of averaging [71] in the
assumption of predominantly harmonic response. Although the system was designed to behave as quasi-linear, such a detailed
nonlinear model has been introduced to be able to predict and assess any deviation of the system from the designed one. It also extends
the current literature when strong nonlinear behaviour is of interest, and dry friction is a dominant factor.

A prototype device was conceived and assembled to experimentally validate the theoretical design and expectations. Both static
and dynamic tests were performed.

The static test was useful to uncover the amplitude dependency of the dry friction coefficient. This is believed to be due to the
geometrical nonlinearity of the X-shaped architecture, which causes a variable contact force in the mechanical connections, depending
on the position of the suspended mass. A clear and relatively wide hysteretic cycle was measured, whose backbone curve had indeed a
quasi-linear trend. The high friction was thought to be mainly due to the plastic joint connections.

The dynamic tests were conducted by exciting the oscillator base in a harmonic fashion, at different frequencies and with different
amplitudes of oscillations. Again, a quasi-linear behaviour was observed, validating the capability to design a strong nonlinear
oscillator to behave in a linear-like fashion for large displacements.

8. Conclusions

This paper has investigated the static and dynamic characteristics of the nonlinear suspension of a mechanical oscillator consisting
of two pairs of inclined linear springs arranged in an X-shaped configuration.

A relationship among the system parameters has been found for which the force-displacement characteristic is linear, and this
reflects into the free length of the springs being related to the inclination of the springs and their assembled length.

A prototype device was built and tested for experimental validation. The static test on the prototype device suggested that friction
was quite relevant, but did not follow the classical Coulomb friction model. At least one amplitude-dependent coefficient was needed,
to fit the quasi-static experimental data.

This motivated the development of a much comprehensive dynamic model, respect to those adopted in the recent literature, to
describe the behaviour of this class of oscillators. The dynamic tests on the prototype device confirmed the theoretical discussion.
Additional analysis, on the use of the proposed model for behaviours that deviate from the linear one, is also provided and validated by
numerical simulations.

This paper advances the knowledge on the characteristics of X-shaped-spring nonlinear elastic suspensions, addressing a change in
the viewpoint of their sought performance, i.e., the intentional use of nonlinearity for the design of more versatile linear systems.

From a more practical engineering point of view, respect to the classical linear oscillator (with linear springs along the direction of
motion), the proposed oscillator (with linear springs inclined with respect to the direction of motion), offers an alternative solution to
potentially better fit different design constraints.
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