Non-Hermitian Bloch-Zener phase transition
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Bloch-Zener oscillations (BZO), i.e. the interplay between Bloch oscillations and Zener tunneling in two-band
lattices under an external dc force, are ubiquitous in different areas of wave physics, including photonics.
While in Hermitian systems such oscillations are rather generally aperiodic and only accidentally periodic, in
non-Hermitian (NH) lattices BZO can show a transition from aperiodic to periodic as a NH parameter in the
system is varied. Remarkably, the phase transition can be either smooth or sharp, contrary to other types of
NH phase transitions which are universally sharp. A discrete-time photonic quantum walk on a synthetic lattice

is suggested for an experimental observation of smooth BZO phase transitions.
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Introduction. Bloch oscillations and Zener tun-
neling [1-3] are ubiquitous phenomena of coherent
quantum and classical wave transport in lattice systems
under the action of a dc force. Such phenomena have
been observed in a variety of physical systems, ranging
from solid-state superlattices to matter-wave systems,
acoustic and photonic lattices. While in multiband
lattices Bloch oscillations are usually damped because
of wave tunneling into higher-order lattice bands (Zener
tunneling) [4, 5], in a two-band lattice the interplay
between Bloch oscillations and Zener tunneling leads
to a generally aperiodic type of undamped oscillations,
referred to as Bloch-Zener oscillations (BZO) [6,7]. BZO
have been theoretically studied and experimentally
observed in a wide variety of photonic structures [6-16].
In such systems, the energy spectrum consists of two
displaced Wannier-Stark (WS) ladders, which explains
the aperiodic feature of BZO and the very accidental
occurrence of a periodic dynamics under special tuning
of parameters.

Recently, great attention has been devoted to study
the spectral, topological and transport properties of
systems described by effective non-Hermitian (NH)
Hamiltonians [17], and the phenomenon of BZO has
been extended to NH lattices [18-25] with the pre-
diction of WS ladder exceptional points and chiral
Zener tunneling [19, 20, 23, 25] as unique features of NH
dynamics. Contrary to Hermitian systems, where BZO
are aperiodic and only accidentally periodic, in NH
systems the two WS ladders can display two different
decay (or growth) rates, resulting in a periodic dynamics
after an initial transient because of the dominance of
one set of WS ladder eigenmodes over the other one.
Interestingly, when a NH parameter in the system is
varied, a phase transition can arise separating a region
of real WS energies, corresponding to aperiodic BZO, to
complex WS energies, corresponding to periodic BZO.
Such a kind of NH phase transition and its dynamical
implications have been little studied and have remained
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so far elusive in experiments. Discrete-time photonic
quantum walks (QW) in coupled-fiber loops [26] have
provided in the past few years a fantastic platform
for the observation of NH phase transitions using
synthetic lattices [27-30], such as parity-time (PT) [27],
localization-delocalization [29] and topological [30]
phase transitions.

In this Letter we predict the existence of BZO phase
transitions, from aperiodic to periodic oscillations, when
a NH parameter in the system is increased. The phase
transition is related to a spectral phase transition of
the WS quasi-energy ladders and, contrary to typical
PT symmetry breaking phase transitions, it can appear
either sharp or smooth. A specially-designed photonic
QW is suggested as an experimentally-accessible plat-
form for the observation of BZO phase transitions.

Bloch-Zener phase transitions in continuous-time NH
lattices. To illustrate the BZO phase transition, let us
first consider a rather general two-band tight-binding
lattice under continuous-time evolution, and let a,(t),
b, (t) be the wave amplitudes in the two sublattices A
and B of the n-th unit cell. The external dc force F' in-
troduces an on-site potential F'n that increases linearly
with the cell number n. Let us indicate by H(k) the
2 x 2 matrix Hamiltonian describing the lattice in Bloch
space in the absence of the dc force, where —7m < k <7
is the Bloch wave number, and let us assume that
Ho2(k) = —Hi1(k), so that energies appear in pairs
(E,—F). The dispersion curves of the two Bloch bands
read B (k) = i\/Hil(k) + Hy (k) Ho (k). When the
dc force F' is applied to the system, the energy spec-
trum is pure point and composed by two interleaved
WS ladders, namely one has Fy = [F 4+ 6 where | =
0,£1,42,....,0 = Fp/(2r) and ¢ is a generally complex
angle such that cos ¢ is the half trace of the 2 x 2 ordered
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Fig. 1. (a) Schematic of the binary NH lattice. Com-
plex on-site potential +iA, corresponding to gain/loss
terms, are applied to sublattices A (blue circles) and B
(red circles), respectively. (b) Numerically-computed be-
havior (dots) of the imaginary part of 6, defining the
growth/decay rate of the WS ladders, for increasing
values of A. Hopping amplitudes are t; = 0.2 and to = 1.
The dc force is F' = 0.2 in the left panel, and F' = 0.02 in
the right panel. The solid red curve, almost overlapped
with the dots, is the prediction of Im(#) provided by the
WKB method. The insets depict an enlargement of the
curves near the critical value A, = t; — 2ty = 0.6, clearly
showing that the phase transition is sharp. (c¢) Temporal
evolution of the normalized amplitudes |a,, (t)| and |b,, (¢)]
in the two sublattices A and B in the presence of the dc
force F' = 0.2 for A = 0.4 (6 real). The temporal evolu-
tion of the normalized revival amplitude A(t) = |ao(t)] is
also depicted, displaying aperiodic dynamics. (d) Same

s (c), but for A = 0.7 (6 complex). Note that, after
an initial transient, the dynamics becomes periodic with
period Ty = 2n/F.

exponential matrix [23]

U= ! dkexp{—iH(k)/F}, (1)

—T

i.e. cosp = (U11 + Us,2)/2. In an Hermitian lattice, the
angle ¢ is real and the dynamics in the time domain is
generally aperiodic and characterized by two time pe-
riods [6]. The first one, 77 = 27 /F, is determined by
the mode spacing of each WS ladder, whereas the sec-
ond one, Ty = (w/¢)T1, is determined by the shift of the
two interleaved WS ladders. Note that only accidentally,
when /7 is a rational number, or in the trivial.strong
forcing regime the dynamics is periodic. In a NH lattice,
the angle ¢ can be either real or complex. In the former
case, like in the Hermitian case the dynamics is charac-
terized by two periods and is rather generally aperiodic.
Conversely, in the second case the imaginary part of 8
defines the decay/growth rate of the two WS ladders and
after an initial transient the dynamics in the time domain
is dominated by one WS ladder and it is thus periodic
with period Tj. The determination of # should be done
rather generally only numerically. Approximate analyti-
cal results can be obtained in the strong and weak forcing
regimes. In the former case each unit cell in the lattice is
decoupled from the other ones, the two WS ladders origi-
nate from the splitted energies of each dimer in the chain
and the dynamics is trivial , displaying Rabi-like oscilla-
tions in each dimer below a possible symmetry-breaking
point. In the latter case, F' — 0, a rough estimate of 6
can be obtained by a standard WKB analysis. Neglect-
ing the NH Berry phase contribution in the adiabatic
cycle, the approximate form of 6 reads [23]

1 [7 1 (7
0 ~ o /_Tr dkE, (k) = %/ dk’\/Hil(k) + 7'[1’2(16)7‘[2 1

—T

Interestingly, when a NH parameter in the system is
varied, a transition can occur from a real to a complex
0, typically via a coalescence of the two WS ladders and
the appearance of a WS exceptional point [19,20]. A re-
markable feature of the BZO phase transition, which is
rather unique as compared to other types of NH phase
transitions, is that it can be exact (sharp) or approxi-
mate (smooth). We illustrate such an interesting result
by considering two NH binary lattice models, shown in
Figs.1(a) and 2(a), where non-Hermiticity is introduced
by balanced gain/loss terms +4A in the two sublattices
A and B.

The first model, shown in Fig.1(a), was previously intro-
duced in Ref. [20]. For this model, the elements of the
matrix Bloch Hamiltonian read H11(k) = —Ha2(k) =
1A and /Hl,g(kj) = Hg@(k) = t9 + 2ty cosk, where t;
and ty are the inter- and intra-dimer hopping ampli-
tudes with ¢35 > 2¢; > 0. In the absence of the dc
force, the Hamiltonian shows a P7 symmetry breaking
phase transition as A is increased above the critical value
A, = to — 2t1. As the dc force F' is applied, a similar
phase transition is found for WS ladders, from real 6 to
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Fig. 2. Same as Fig.1, but for the NH Rice-Mele model.
Hopping amplitudes are t; = 0.4 and t; = 1. Other
parameter values are as in Fig.1. Note that, unlike the
model of Fig.1, the phase transition is smooth, as shown
in the insets of panels (b).

complex 6, as A is increased [20]. The phase transition
is sharp, corresponds to the coalescence of WS energy
spectra (0 = 0) with their eigenmodes (WS exceptional
point [20]), and occurs at a critical value close to A, as
predicted by the WKB analysis; see Fig.1(b).

The second model, shown in Fig.2(a), is a NH exten-
sion of the Rice-Mele Hamiltonian [33], corresponding
to Hl,l(k) = —Hz,g(k) = ¢A and Hlﬂg(k) = ’H;l(k) =
to + t1 exp(—ik) for the Bloch Hamiltonian. For F' = 0,
the system displays a P7 symmetry breaking phase
transition as A is increased above the critical value
A. = [ta — t1|. When the dc force F is applied, a
phase transition is found for WS ladders as A is in-
creased above ~ A.. However, unlike the previous model
the phase transition is smooth and the WS exceptional
point is avoided: the imaginary part of 6, i.e. amplifi-
cation/damping rate of the WS ladders, continuously

changes from small to large values as A is increased, with
a rather abrupt increase at A ~ A.; see Fig.2(b). The
small (but non-vanishing) imaginary part of 6 for A <~
A., that makes the phase transition smooth, basically
arises from the complex Berry phase of the adiabatically-
evolving Hamiltonian eigenstates [18,31,32], which is ne-
glected in Eq.(2).

In both models, the WS phase transition corresponds in
the time domain to the transition from an aperiodic to a
period dynamics, as shown in Figs.1(c,d) and 2(c,d). The
figures illustrate the temporal evolution of the normal-
ized amplitudes G, (t) = an(t)/\/>,,(|an(@)]? + ba(t)]?)
and by, (t) = by(t )/ /> n(an(t)[? + ba(t)[?) versus time
t in the two sublattices for initial excitation condition
an(0) = 6,1 and b, (0) = 0. The behavior of the revival
amplitude A(t) = |ao(t)| is also depicted, clearly showing
the onset of aperiodic (6 ~ real) or aperiodic (6 complex)
dynamics over a time window 10 x T7.

Bloch-Zener phase transition in discrete-time photonic
quantum walks. We consider a discrete-time photonic
QW realized using optical pulses in a synthetic mesh
lattice realized by two coupled fiber loops of slightly
different lengths, which has been discussed and exper-
imentally implemented in several previous works (see
e.g. [21,26-30] and reference therein). To realize a bi-
nary lattice model, we consider a two-step process [28]
which is described by the following set of discrete-time
coupled-mode equations

uglm—1/2) _ [cos ﬁlugz:l) + 7sin ﬁlvfﬁ_;l)} exp(—i¢gm()3)
pm=1/2) [COS Brol™ T 4 isin ﬁluiﬁfl)} exp(io{"™(4)

in the first step, and

um = [COS ﬁwg_’g” 2 4 isin Bpu(TT Y 2)} exp(—ipl(5)
vglm) — [Cosﬂ v, /2) + i sin By u 1/2)} eXP(W)( )XG)

in the second step. In the above equations, u; ™) and U(m)

are the pulse amplitudes at discrete time step m and lat-
tice site n in the two fiber loops, 81 and S5 are the cou-
pling angles and ¢1(m), ¢2(m) the complex phases ap-
plied in the two steps. In order to realize a discrete-time
version of the driven NH Rice-Mele model of Fig.2(a),
we assume the following phases

¢12 =Fi(A/2)+ Fm +x/2 (7)

where F' and A are real parameters and F' = 27 /M, with
M integer. In fact, as shown in Sec.2 the Supplementary
document the continuous-time limit of the two-step QW,
obtained by assuming 812 = 7/2F to 1, with ¢1 2, A and
F' small numbers, reproduces the NH Rice-Mele model
of Fig.2(a) with hopping amplitudes t1, to, dc force 2F
and gain/loss parameter A.

Owing to the discrete translation invariance of the

lattice, we may set u(™ = T exp(ign), o™ =



Ym exp(ign), where —m < ¢ < 7 is the Bloch wave num-
ber and the amplitudes z,,, ¥, evolve according to the
map (T, Ym)? = U(m)(xm_l,ym_l)T, where the ele-
ments of the 2 x 2 matrix U™ are given in Sec.1 of the
Supplemental document. In the absence of the dc force,
F =0, the elements of the U-matrix do not depend on
time step m, and the eigenenergies F, (q) of the lattice
are just the Floquet exponents of the matrix U and read

E4(q) = tacos {cos 1 cos B2 cos(2q) + sin (1 sin B2 cosh A}

(8)
which define the dispersion curves of the two lattice
bands. Note that a spectral phase transition, from Fy (g)
real to complex, is observed as the gain/loss parame-
ter A is increased above the critical value A, such that
| sin 1 sin Ba|coshA, = 1 — | cos 81 cos Ba|.
When the dc force F' is applied, the quasi-energy spec-
trum is given by F1(q) = £(1/M)u(q) = +6(q), where
+u(q) are the Floquet exponents of the time-ordered
propagator S = UM) x UM-1) x  x UM, Numerical
computation of the Floquet exponents of the propagator
S (see Supplemental document) indicate that 6(q) does
not depend on ¢, i.e. the quasi-energy bands are flat:
in other words, the dc force induce a band collapse. The
band collapse basically corresponds to the appearance of
two interleaved WS ladders, like in the continuous-time
QW models previously studied. As the gain/loss param-
eter A is increased above zero, like for the NH Rice-Mele
model one observes a smooth phase transition, from al-
most real 0 to complex 6, as shown in Fig.3(a). In the
time-domain, the spectral phase transition corresponds
to a change of the dynamics, as A is increased, from ape-
riodic (6 ~ real) to periodic (f complex), after an initial
transient. This transition is shown in Figs. 3(b) and (c)
for typical values of parameters that are feasible for an
experimental implementation.

Conclusion. We predicted the existence of phase
transitions for Bloch-Zener oscillations in NH lattices
under a dc force. The phase transition, observed as a
NH parameter in the system is varied, corresponds to a
change from aperiodic to periodic oscillations associated
to a spectral phase transition of the WS ladders. A
rather unique feature of BZO phase transition, which
does not find any analogue in other types of NH phase
transitions, is that the transition can be exact (sharp)
or approximate (smooth). A specially-designed NH
discrete-time photonic QW has been suggested for
the observation of BZO phase transitions. Our results
provide major insights into NH phase transitions and
could be of relevance to a wide variety of Wannier-Stark
NH systems beyond photonics, realized for example
in ultracold atoms or in solid-state superconducting
systems.
Disclosures. The author declares no conflicts of
interest.
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Fig. 3. NH Bloch-Zener phase transition in a discrete-
time photonic QW. (a) Behavior of the imaginary part
of 6 versus gain/loss parameter A for a dc force F' =
2 /M with M = 61 (left panel) and M = 102 (right
panel). The coupling angles are 81 = 7/2 — 0.1 and
Ba = w/2 — 0.15. Insets show an enlargement of the
curves near the phase transition point. (b,c) Temporal
dynamics in the coupled-fiber loops for single-pulse exci-
tation of the system (u§?) = 0n.0, USLO) = 0) and for a dc
force F' = 27 /M with M = 61. The left panels show the
discrete time evolution of the normalized pulse ampli-

tudes @™ = u,(lm)/ |u,(fn')|2 + |v7(1m)|2 (upper plot) and

o = v,(lm)/\/ \uﬁlm)|2 + |vr(lm)|2 (lower plot). The right
panels show the temporal evolution of the recurrence
amplitude 4,, = |ﬂ(()m)|. In (b) A = 0.036, correspond-
ing to 6 ~ real and aperiodic temporal dynamics; in (c)
A = 0.06, corresponding to a complex 6 and periodic
temporal dynamics after an initial transient.
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