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Abstract
Predicting the geometric variation of sheet metal assemblies is a complex task, because deformation during joining opera-
tions influences the propagation of initial part deviations. To consider this effect, the paper proposes a method that formu-
lates tolerance analysis as an equivalent problem of static analysis. Previously proposed for rigid parts, the static analogy is 
extended to compliant parts and applied to two-dimensional problems modeled with straight beams under the assumptions of 
small displacements and normal distributions of errors. For such simple cases, the method solves the problem by lineariza-
tion, avoiding the use of Monte Carlo simulation and the related computational burden. Compared to existing linearization 
methods, the static analogy is less efficient in the integration with a finite element solver. However, it features an especially 
simple procedure that does not require the calculation of deflections, thus allowing a streamlined solution and even manual 
calculations. The comparison with alternative methods provides a first verification of the feasibility of the method, in view 
of further developments with the aim of dealing with cases of realistic complexity.
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1  Introduction

Tolerance analysis evaluates the impact of part manufac-
turing errors on the variation of assembly-level functional 
requirements, i.e., geometric conditions involving differ-
ent parts. The task has been traditionally carried out on 
machined parts, which are thick and rigid in order to effec-
tively transmit forces and motions in mechanisms. In such 
cases, calculating the propagation of errors between mating 
parts is a purely geometric problem, which can be solved 
with several models of rigid body transformations [1, 2]. 
However, the rigid body assumption does not apply to sheet 
metal parts, widely used for car bodies and aircraft struc-
tures. These deform during assembly operations (e.g. spot 
welding or riveting) creating additional sources of variation.

The combined effect of manufacturing and assembly 
errors can be evaluated by solving a more complex problem, 
often referred to as compliant tolerance analysis. In their 
nominal geometry, the parts would fit together perfectly and 

their joining would cause no deformation. Geometric errors 
from sheet metalworking processes create gaps between the 
parts, which must be clamped by assembly tools to restore 
their effective contact. After joining and releasing, the 
assembly springs back and deviates from its nominal shape. 
The amount of distortion could be calculated by well-known 
procedures for the static analysis of overconstrained frames. 
In practice, calculations are carried out using the finite ele-
ment method (FEM), which applies a common procedure to 
any configuration specified in input. In a Monte Carlo simu-
lation, the FEM analysis must be repeated many times with 
randomly generated errors consistent with part tolerances. 
This can involve long computation times, as well as difficul-
ties in evaluating the contributions of individual tolerances 
to the assembly variation.

Several methods have been proposed in literature to 
reduce the number of needed FEM runs. They are mostly 
based on linear models of springback as a function of part 
errors at selected points. The linearization has the advan-
tage of avoiding Monte Carlo simulation and allowing the 
explicit calculation of the sensitivities of assembly errors to 
individual part errors [3].

The paper proposes a new linearization method for com-
pliant tolerance analysis. It is based on a static analogy, 
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which reduces the problem to the calculation of inter-
nal forces on the parts when the assembly is loaded with 
appropriate external forces. Like existing methods, the 
static analogy avoids Monte Carlo simulation and requires 
a limited number of FEM runs. As a potential advantage, 
the method does not need to calculate displacements from 
internal forces. This simplifies the steps of the procedure, to 
the extent that particularly simple cases could be solved by 
hand calculations or using known results of statics.

In the following, the static analogy will be described and 
compared with existing methods on an elementary case that 
can be treated with a two-dimensional beam model. In lit-
erature, the same case has been often used for demonstration 
purposes and can highlight the potential and limitations of 
the static analogy. It should be noted, however, that existing 
methods are not limited to simple 2D cases but have been 
implemented in commercial software tools to treat realistic 
3D cases. For this reason, the comparison will only concern 
the workflow and computational issues, while the level of 
complexity of the problems that can be treated is currently 
limited for the proposed method.

The remainder of the paper is structured as follows. Sec-
tion 2 reviews existing methods for compliant tolerance 
analysis. Section 3 illustrates the demonstrative case and 
the underlying assumptions. Section 4 describes the method 
based on static analogy, recalls two methods for its valida-
tion, and details the procedure for the random generation of 
part errors from tolerances. Section 5 presents the results 
and validation of the method. Section 6 discusses the poten-
tial of the static analogy in comparison with existing meth-
ods. Section 7 summarizes the results and outlines further 
developments required.

2 � Related work

Tolerance analysis verifies that a given set of part tolerances 
satisfies predefined functional requirements for the assem-
bly. From this perspective, it is not clear whether the flexibil-
ity of sheet metal parts requires tighter or looser tolerances 
to meet a given assembly specification. On the one hand, it 
leads to additional errors in the assembly process. On the 
other hand, it lets the parts comply with assembly tools and 
partially compensate their initial deviations from nominal 
geometry [4]. Methods for compliant tolerance analysis have 
been introduced to capture the balance of these two effects.

A first category of methods is based on the direct Monte 
Carlo (DMC) approach. A first FEM model of the parts 
before joining is used to calculate the clamping forces 
from randomly generated errors consistent with part tol-
erances. The springback is then calculated from the same 
forces using a second FEM model of the joined parts. The 
springback variation (i.e., means and standard deviations 

of displacements at selected points) is finally estimated by 
repeating the two FEM analyses for a sample of random 
instances of input errors. The first studies have dealt with 
2D cases under the assumptions of linear elastic deformation 
and simultaneous joining operations. The proposed FEM 
models are based on either beam elements [5, 6] or offset 
beam elements to ensure the congruence of the deformations 
of mating parts [4, 7, 8]. Solid models have also been used 
for 3D cases with flat parts [9]. For more complex cases, the 
DMC seems to be a less practical approach due to compu-
tational difficulties; these include the large number of FEM 
runs required for Monte Carlo simulation and need to inter-
face the procedure with a commercial FEM solver.

A significant reduction of the computational effort was 
achieved with the method of influence coefficients (MIC) 
[3]. In a first step, the method calculates the influence coef-
ficients, i.e., the displacements at the joints (e.g., spot welds) 
caused by unit forces at each of the points of interest for the 
variation; the clamping forces are calculated by inverting 
the matrix of influence coefficients. In a second step, the 
assembly is loaded with the clamping forces to calculate 
the displacements at the variation points; these provide the 
sensitivities of the same displacements to part errors. Each 
of the two steps requires just one FEM run for each variation 
point. Statistical tolerance analysis can be done using the 
sensitivities without the need of wrapping the procedure in 
a Monte Carlo simulation.

The MIC has been later extended to account for initially 
neglected effects. In [10], the accumulation of errors across 
assembly line stations is treated by integrating the method 
into a state-space model deriving from the stream-of-varia-
tion theory [11, 12]. In [13], the principal component analy-
sis (PCA) on measured data is used to model the dependence 
between the errors in nearby points due to surface continuity 
(geometric covariance), reducing it to a vector of independ-
ent deviations (variation patterns) for the calculation of the 
clamping forces in the first step of the MIC. For the same 
purpose, [14, 15] propose the designated component analysis 
(DCA) to identify the variation patterns a priori, and then 
statistically test them on the data. More complex models of 
geometric covariance are obtained by combining the MIC 
with various statistical shape models [16–18]. By neglecting 
less relevant patterns, the MIC-covariance methods further 
reduce the number of needed FEM runs; their accuracy has 
been verified experimentally with good results in [19]. Other 
studies have modified the MIC to avoid that the calculated 
deformation leads to penetration between the parts; different 
algorithms for contact modeling are proposed in [20–23]. In 
[24, 25], the MIC is completed with the calculation of the 
stresses induced by clamping forces.

Modified versions of the MIC have been proposed to 
improve the efficiency or detail of the analysis. To simplify 
the procedure, the influence matrix method of [26, 27] 
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computes the clamping forces applying unit displacements 
in the first step of the MIC; the approach is combined with 
a linear contact algorithm in [28–30]. A further reduction 
of the number of FEM runs in the first step is achieved 
with the super-element method of [31–33], which includes 
a procedure for an efficient evaluation of FEM stiffness 
matrices. This last feature is also useful for treating cases 
with both rigid and flexible parts, as previously proposed 
in [34]; with the same goal, [35] combines the MIC with 
a method based on 2D transformation matrices to sepa-
rately treat out-of-plane sheet metal deformation and in-
plane rigid body displacements. Other variants of the MIC 
include a separate calculation of sensitivities to different 
sources of variation [36, 37], and an additional FEM step 
with a finer mesh to generate detailed error maps [38].

The efficiency of the MIC comes at the price of some 
uncertainty due to the linear approximation and to the use 
of FEM models with static stiffness matrices under the 
assumption of small displacements. Although such com-
promise is considered acceptable in practical applica-
tions, some studies have proposed more complex methods 
to exploit the capabilities of advanced FEM tools, while 
accepting the computational burden of Monte Carlo simu-
lation. Nonlinear FEM has been used to test more accurate 
contact models based on steady-state contact mechanics 
[39–42], friction forces [43], quadratic programming [44], 
sensitivity-free probability analysis [45–47], Timoshenko 
beam theory [48], and Mindlin plate theory [49, 50]. Other 
methods combine FEM with models based on transforma-
tion vectors or matrices to deal with both rigid and flex-
ible parts [51–54], with statistical shape models to deal 
with form errors [55], or with multi-objective optimization 
algorithms for assemblies loaded with external forces [56]. 
Meshing is another possibly critical aspect in FEM-based 
methods; to avoid it, a method based on iso-geometric 
analysis [57, 58] adds errors to NURBS curves and sur-
faces by means of displacements of their control polygons.

The above methods cover a range of joining processes 
and do not generally take detailed process features into 
account. Many studies have tried to tailor DMC and MIC 
approaches to specific processes. Citing only a few repre-
sentative references, the main aspects covered include the 
evolution of deformation along the sequence of operations 
in spot welding [59] and riveting [60], thermal effects in 
seam welding processes [61–63], anisotropy, and differ-
ential shrinkage of composite parts [64, 65]. Applications 
of compliant tolerance analysis have also been proposed 
for related problems, such as fault diagnosis [66–69], fix-
ture layout design [70, 71], tolerance allocation [72–74], 
statistical process control [75], and the optimization of 
the spot welding sequence [76–78]. For these purposes, 
several commercial software packages are now available 
with increasing functionalities [79]; they are proposed as 

tools for developing digital twins of sheet metal products 
and related assembly processes [80].

A common aspect among the methods for compliant 
tolerance analysis is the pursue of completely different 
approaches from those applying to rigid parts. Differently, 
the static analogy proposed in this paper is an attempt to 
extend a method initially proposed for the tolerance analysis 
of rigid assemblies, structures, and mechanisms [81–83]. 
This seems reasonable because the idea of converting tol-
erance analysis into an equivalent force analysis problem 
stems from the virtual work principle, which has general 
validity albeit with possible differences in applications. 
Since the solution of the problem requires static calculations, 
the method lends itself naturally to the use of FEM tools. 
However, these are not required to compute displacements 
due to clamping forces or vice versa, but only serve to com-
pute internal forces on overconstrained assemblies, where 
free body diagrams cannot be easily solved. The hypothesis 
that will be tested below is that this feature leads to a sim-
pler procedure, which may in principle be compatible with 
alternative ways of calculating forces.

3 � Problem and assumptions

The simplest case in compliant tolerance analysis is the spot 
welding of flat sheet metal. Two rectangular parts are placed 
on welding fixtures and connected with multiple spot welds 
in a horizontal lap joint (Fig. 1a). This work will deal with a 
2D version of the same case: a single spot weld is made on 
the two parts, represented in a sectional plane including the 

Fig. 1   Joining operation: a actual 3D layout; b 2D case
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welding tool and the two fixtures (Fig. 1b). The parts deform 
elastically during the operation due to their initial geometric 
errors; it is assumed that the deformation is uniform along 
the width of the parts, and does not include the effect of ther-
mal stresses arising in the welding process. For this reason, 
the case is also representative of different joining processes 
(e.g., adhesive bonding and fastening with bolts or rivets) 
where the parts are clamped together to ensure contact.

The joining operation is a sequence of actions that will be 
referred to as the place-clamp-weld-release (PCWR) cycle. 
Due to inevitable geometric errors, the parts are not per-
fectly flat and do not come into actual contact after fixturing 
(Fig. 2a). The welding tool clamps the parts together forc-
ing them into contact; soon after, it creates the spot weld in 
the nominal position (Fig. 2b). Finally, the welding tool is 
released, and the elastic stresses induced in the parts during 
clamping cause springback of the weldment (here referred 
to as the “assembly”): the joint moves vertically with respect 
to the nominal plane, and the assembly distorts to accom-
modate the displacement of the joint (Fig. 2c).

The tolerance analysis problem consists in evaluating the 
distortion in the assembly from the initial geometric errors 
in the two parts. If the errors are given, the distortion will 
be calculated deterministically. More commonly, the errors 
are assumed to vary randomly within limits allowed by toler-
ances; in this case, the distortion will be estimated statisti-
cally. In particular, tolerance limits will be regarded as ± 3σ 
limits of normal distributions; the same assumption will be 
made on the variation of distortion.

In more detail, the geometric errors are defined as the 
profile deviations in the parts once they are placed in their 
fixtures. In an XY coordinate system with origin at the joint 
location, the unsupported end of each part should be in a nomi-
nal vertical position (y = 0) and in a nominal angular position 

(y′ = dy/dx = 0). The errors on the left (1) and right (2) parts are 
thus expressed as linear displacements δi and angular displace-
ments θi (equal to y′ derivatives due to the assumption of small 
displacements) at the joint location, with i = 1, 2. In Fig. 3a, all 
the errors are shown with a positive sign (upward and coun-
terclockwise), and only the length of each part between the 
fixture and the joint is considered.

After welding, the distortion at the joint location includes 
a linear displacement δ and an angular displacement θ. At the 
same time, the whole assembly deflects; the analysis will pro-
vide the linear displacements yj on a set of points j = 1, 2, … n 
sampled along X on the assembly (Fig. 3b).

The data for the analysis include the thicknesses ti and the 
lengths li of the two parts, as well as their common width w 
and the elastic moduli Ei of the respective materials. The sec-
ond moment of area of each part is calculated as Ii = biti2/12.

In addition to manufacturing errors in the parts, tooling 
errors may have an influence on distortion. In particular, the 
two fixtures and the welding tool can have linear and angu-
lar deviations from their nominal positions. Although these 
further errors are neglected in the calculations below, their 
treatment will be explained in the description of the proposed 
method.

4 � Methods

The solution of the problem described in Section 3 consists in 
building a linear model of the output errors on the assembly 
as a function of the input errors on the parts:

where sj1, sj2, sj3, and sj4 are the sensitivities of the verti-
cal displacement yj (j = 1, 2, … n) to the four errors δ1, θ1, 
δ2, and θ2. Such linearization is not strictly necessary: for 
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Fig. 2   PCWR cycle: a place; b clamp and weld; c release Fig. 3   Geometric errors: a on the parts; b on the assembly
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example, Monte Carlo simulation could estimate the output 
error distributions from the input error distributions through 
any, possibly nonlinear, model of error propagation. How-
ever, obtaining sensitivities is useful for a quick assessment 
of the contributions of individual tolerances to assembly 
variation, which greatly helps the related design task of tol-
erance allocation.

4.1 � Static analogy

The method based on the static analogy was previously pro-
posed for rigid tolerance analysis [81–83]. Here, the method 
will be demonstrated on the compliant parts involved in the 
PCWR case. The extension is reasonable because it satisfies 
the main premise of the static analogy, illustrated in Fig. 4. 
Let F be an external force applied to an assembly constrained 
by a support. If a part i is removed from the assembly, the 
equilibrium can be maintained by loading the adjacent parts 
with a force opposite to the internal force Fi. According to the 
principle of virtual work, the sum of the virtual works done by 
the external forces F and − Fi for a pair of compatible virtual 
displacements is equal to zero. Let δi be a geometric error on 
part i in the direction of Fi and δ the consequent geometric 
error on the assembly in the direction of F. Considering the 
errors as virtual displacements and assuming bilateral con-
straints between parts, the equilibrium condition is

This gives the relationship between δ and δi:

(2)F� − Fi�i = 0

(3)� =
Fi

F
�i

The ratio Fi/F is thus the sensitivity of the assembly error 
δ to an error δi on part i. This means that a tolerance analy-
sis problem can be solved with an equivalent static model, 
where the assembly error corresponds to an external force 
and the part errors correspond to internal forces. The calcu-
lation of sensitivities comes down to the resolution of the 
static model, which gives the internal forces corresponding 
to all part errors. Equation (3) can be generalized to angular 
errors, which correspond to torques. The same static model 
can be used to calculate the sensitivity of the assembly error 
to a position error of a support; in this case the force Fi in 
(3) is opposite to the support reaction, so as to have the same 
direction as the virtual displacement δi corresponding to the 
error in the support.

The static analogy can be applied to the PCWR case in 
two steps. In the first one, the distortion of the assembly at 
the joint location is calculated as a function of the errors in 
the parts:

In the second, the displacements at points along the 
assembly are calculated as a function of the distortion at the 
joint location:

Therefore, the sensitivity matrix in (1) is the product of 
two sensitivity matrices calculated in the two steps:

The first step requires two equivalent static models; both 
include a horizontal beam (the assembly) fixed at both ends 
(the welding fixtures). The first model applies an upward 
unit force (corresponding to δ) to the beam at the joint loca-
tion (Fig. 5a). The separation of the two parts at the joint 
gives two exactly constrained free-body diagrams, which 
are solved by applying equilibrium equations. The internal 
forces and torques at the free ends of the two parts give 
the sensitivities sδi in (4). The second model applies a unit 
torque (corresponding to θ) to the assembly at the joint loca-
tion (Fig. 5b). On the two free-body diagrams, the internal 
forces and torques provide the sensitivities sθi in (4).

In the second step, an upward unit force (corresponding 
to yj) is applied to point j of a beam corresponding to the 
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Fig. 4   Tolerance analysis by static analogy
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part the point belongs to. The beam is fixed at both ends: one 
of the supports is a welding fixture, while the other corre-
sponds to the nominal condition δ = θ = 0. Solving the over-
constrained beam gives a reaction force and a reaction torque 
at the joint-side support. The opposite force and torque cor-
respond respectively to displacements δ and θ of the support; 
consequently, they provide the sensitivities sjδ and sjθ in (5). 
Figure 6a and b illustrate the details of the equivalent static 
model in cases where point j is on part 1 or 2, respectively.

4.2 � Validation

The correctness of the static analogy will be verified using 
two existing methods: the direct method and the method of 
influence coefficients. The comparison will also allow to 
discuss possible advantages and limitations of the proposed 
method regarding computational efficiency and application 
to more complex cases.

The direct method [7] consists in calculating the elas-
tic reactions during clamping for a given set of errors in 
the parts, and applying them to the assembly to calculate 
the distortion. When coupled with the random generation 
of input errors, it is referred to as the direct Monte Carlo 
(DMC) method. In the PCWR case, the two steps must be 
repeated for the four errors δ1, θ1, δ2, and θ2. For each error, 

a linear or angular displacement in the opposite direction 
is applied to the corresponding part (1 or 2) modeled as a 
cantilever beam; the resolution of the beam provides the 
force F and the torque M that must be applied to the part to 
cancel the error during clamping (Fig. 7a). The force − F and 
the torque − M are then applied to the assembly modeled as 
a beam fixed at both ends; its resolution gives the errors yj 
at all points of interest (Fig. 7b).

The method of influence coefficients (MIC, [3]) will be 
used only to calculate the sensitivities in (4). For this pur-
pose, unit forces and torques are first applied to parts 1 and 
2 modeled as cantilever beams (Fig. 8a). Each of the four 
load cases provides linear and angular displacements at the 
unsupported end of the beam, which form the matrix of 
influence coefficients:

where the cij coefficient corresponds to the ith load case and 
to the jth part error. The stiffness matrix

it is then multiplied by a matrix of unit part errors
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Fig. 5   Equivalent static models for the distortion at the joint: a δ; b θ 

Fig. 6   Equivalent static model for the distortion at point j: a on part 
1; b on part 2

Fig. 7   DMC method: a clamping reactions; b distortions along the 
assembly
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to get the matrix of clamping forces:

where fi1 and fi2 are the clamping force and torque cor-
responding to the ith unit part error, with i = 1, 2, 3, 4 
for δ1, θ1, δ2, and θ2, respectively. Finally, the clamping 
forces are applied to the assembly modeled as a beam 
fixed at both ends (Fig. 8b); the linear and angular dis-
placements calculated at the joint location give the sen-
sitivity matrix in (4).

In all the above methods (static analogy, DMC, MIC), 
some structures have to be solved to calculate the required 
forces or displacements. In the simplest cases (individual 
parts, or symmetrical assemblies), the calculations will 
be done analytically or using known results of statics. In 
generic cases or when the random generation of part errors 
is required, the calculations will be carried out with the 
finite element method (FEM): the structures will be mod-
eled through horizontal beam elements with the following 
stiffness matrix:
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where l is the length of the beam element (which can be the 
whole length of the part or a fraction thereof), while E and I 
are evaluated for the part the element belongs to. The rows 
of k are associated with the forces and torques in the two 
nodes of the element, while the columns are associated with 
the respective linear and angular displacements.

4.3 � Simulation

Once validated, the static analogy will be used to analyze the 
contribution of part tolerances to distortion. For this purpose, 
tolerances could be specified separately on part errors δ1, θ1, 
δ2, and θ2. Each tolerance would be treated as the ± 3σ limit of 
a normal distribution with zero mean, with the aim of estimat-
ing the corresponding limit on the displacements yj (j = 1, 2, 
… n) at the points along the assembly.

Such a choice, however, would not account for possible 
statistical correlations between the error variables. If it were 
assumed that the two parts are subject to a random form error 
without further specification, the δi and θi on the same part 
would be statistically independent. Differently, it is often 
assumed that the two parts bend and are clamped by the weld-
ing tool with a vertical force, considered sufficient to bring 
them back to the correct position and orientation. This is 
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Fig. 8   MIC method: a influence coefficients; b sensitivities



	 The International Journal of Advanced Manufacturing Technology

equivalent to assuming that the input error in each part is equal 
to the deflection caused by a vertical end force on a cantilever 
beam. If this is true, δi and θi on the same part are not statisti-
cally independent, as they are related by the following equation:

with plus or minus sign respectively for parts 1 and 2. To 
cover both cases, it will be assumed that each part is subject 
to two error components. The first is a bending deflection, 
limited by tolerances ± TB1 and ± TB2. The second is a ran-
dom form error, limited by straightness tolerances TF1 and 
TF2 (or by flatness tolerances in the 3D case).

Figure 9 illustrates how part errors are randomly gener-
ated from the specified tolerances. On each part, the linear 
and angular errors include the two components of deflection 
and form error:

with i = 1, 2. While the θiB are calculated as in (12), the 
other three components are normally distributed with zero 
mean and standard deviations depending on the tolerances 
as detailed in Table 1. The standard deviation on θiF is a first 
approximation based on a simplifying assumption: the form 
profile on each part is a sine wave with wavelength λF:

where yi is the vertical deviation of the form profile and xi 
is the horizontal coordinate referred to a given origin on the 
part. Consequently, the angular error along the form profile 
is

(12)�i = ±
3

2

�i
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(15)yi =
TFi

2
sin

2�xi

�F

(16)�iF ≈ y�
i
=

�TFi

�F

cos
2�xi

�F

and varies between the two limits ± πTFi / λF. The standard 
deviation on θiF is obtained by interpreting TFi as twice the 
3σ limit on the linear error, and approximating the actual 
angular error distribution with a normal. This provides a 
rough estimate of the variation on the angular error, which 
could be improved by using more complex statistical shape 
models.

The tolerance analysis is based on the results of the 
static analogy for the distortion yj at each point of the 
assembly (j = 1, 2, … n):

where the sensitivities are defined as in (6). Considering the 
dependence between δiB and θiB in (12), the output variance 
includes two covariance terms:

Then, the errors are split into the two components as in 
(13) and (14), and the standard deviations in Table 1 are 
introduced in Eq. (18). Furthermore, it is easily verified 
that

The resulting output variance is

and corresponds to the following root-sum-square (RSS) 
tolerance stackup at the jth point:

where the sensitivities of the specified tolerances are
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Fig. 9   Components of part errors: a bending; b form error
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5 � Results

The following subsections describe the validation of 
the method based on the static analogy on examples of 
increasing complexity, and its use to estimate the stackup 
of tolerances.

5.1 � Analytic solution

A first validation example is a symmetrical PCWR case, 
where the parts have the same material (E), length (l), and 
section (w, t, I). Static calculations are simple enough to 
allow an analytical comparison with the other methods. 
For simplicity, the problem is limited to calculating the 
distortion at the joint location (δ and θ).

For the static analogy, the equivalent static models are 
overconstrained yet easily solved from known results of 
statics (Fig. 10). Considering the correspondence between 
internal forces and part distortions, the following sensitiv-
ity matrix results:

The method could also allow an easy estimate of the 
influence of linear and angular errors in the welding fix-
tures (elsewhere neglected in this paper). The sensitivities 
of δ and θ with respect to these errors is opposite to the 
reaction forces and torques at the two supports, respec-
tively, under the unit external force (Fig. 10a) and the unit 
external torque (Fig. 10b). For example, if l = 300 mm, a 
1-mm upward displacement of the left support would have 
the effect of increasing δ by 0.5 mm and decreasing θ by 
3/(4l) = 0.0025 rad = 0.14°.

For the analytical solution with the direct method 
(Fig. 7), it is first noted that a force F applied to the end 
of a cantilever beam (a part before welding) causes the 
following deflection and rotation:

where the ± signs refer to parts 1 and 2, respectively. Simi-
larly, a torque M causes
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lead to the following results for part 1:

and for part 2:

As the total elastic reactions (F1 + F2) and (M1 + M2) 
are applied in the mid-span of the beam fixed at both ends 
(the assembly), the following deflection and rotation are 
obtained:

Equations  (30), (31), and (32) lead to the following 
expression of the distortion at joint location:

The sensitivities in (33) are equal to those in (26) calcu-
lated with the static analogy.

For the MIC, the static calculations in Fig. 8a result in the 
following matrix of influence coefficients:

Equations (9) and (10) provide the matrix of clamping 
forces:
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Table 1   Random components 
of part errors

Error Standard deviation

δiB σiB = TBi/3
δiF σiF,δ = TFi/6
θiF σiF,θ = πTFi/3λF
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The forces and torques in FC are finally applied to the 
assembly (Fig. 8b). All the load cases are solved from known 
results of statics, yielding a sensitivity matrix identical to the 
one in (26) calculated with the static analogy.

5.2 � FEM solution

In general cases, the two sheet metal parts have different 
lengths and thicknesses, as well as possibly different materi-
als (uncommon in the case of spot welding). Consequently, 
the static calculations are more complex, because the assem-
bly is overconstrained and not symmetrical. The comparison 
between the static analogy and the direct method will be 
done on a numerical example by FEM analysis.

It is assumed that parts 1 and 2 are both made of steel 
(E = 210 GPa) and have the same width (w = 500 mm) but 
different lengths and thicknesses. The data for the example 
are listed in Table 2, including the given linear and angular 
errors at the ends of the two parts. The tolerance analysis 
will consist in calculating the distortion both at the joint 
location and at points spaced by Δx = 50 mm between the 
two fixtures.

For the different steps of the two methods, the FEM mod-
els will use elements of appropriate lengths. These include the 
whole lengths l1 and l2 of the parts when forces and deflections 
are to be calculated at the joint, and length Δx for calculations 
involving single points along either the parts or the assembly. 
In the latter case, the two parts are divided into n1 = 6 and n2 = 4 
elements, and the total number of points is n = 11.

In the first step of the static analogy (Fig. 5), a unit verti-
cal force and a unit torque at the joint location are separately 
applied to the assembly, which is modeled with two elements 
corresponding to the individual parts. In both load cases, 
the FEM model provides the forces and torques at the joint, 
which are directly associated with the sensitivities of the 
joint distortion. Equation (4) becomes

with lengths in meters and angles in radians. In the second 
step, the two parts are modeled with n1 and n2 elements, 
respectively, and are constrained with an additional fixed 
support at the joint location. The FEM model is subjected 
to n load cases, where a unit vertical force is applied to one 
different node (Fig. 6); the analysis of each load case pro-
vides the force and reaction torque at the joint support. The 
opposite force and torque give the sensitivities in the cor-
responding row of the matrix in (5). Finally, the calcula-
tion is completed as in (6) to get the final displacements yj. 
Table 3 lists the nodes of the FEM model and their coordi-
nates, sensitivities, and displacements (obviously it is y7 = δ 
at the joint).

The above results are verified with the direct method. A 
first set of four FEM analyses is done on the individual parts 
modeled with a single element and fixed at the supported end 
(Fig. 7a). In the ith analysis, a different input error is applied 
to one of the two parts, and the corresponding clamping 
forces Fi and torques Mi are calculated. The opposite forces 
and torques are then applied to the assembly modeled with 
n1 + n2 elements (Fig. 7b); a second set of four analyses pro-
vides the displacement components yij associated with each 
input error. Finally, the distortions yj are obtained by adding 
the yij obtained in the individual analyses. Table 4 shows 
the results of the two steps of the direct method at the three 
points with j = 3 (200 mm to the left of the joint), j = 7 (joint 
location), and j = 9 (100 mm to the right of the joint). A com-
parison with Table 3 confirms that the total distortion at each 
point is equal to the one obtained with the static analogy.

The overall distortion of the assembly is shown in 
Fig. 11. The linear displacements at the n sampled points 
are exactly the same for the two methods. The asymmetry 
of the assembly and of the input errors cause an asym-
metric output distortion, with both downward and upward 
profile errors in different sections. The displacement and 
the rotation are equal to zero at the fixture ends, even if 
this is not apparent for the rotation due to the low number 
of elements of the FEM model. For illustration purposes, 
the thicknesses and the input errors of the two parts are 
drawn at a different vertical scale (not shown). In particu-
lar, the rotations θ1 and θ2 are indicated with solid lines 
at the joint location. Dashed lines are also shown at the 
same location; these correspond to the rotation at the end 
of a cantilever beam that gets the same deflection by a 
vertical end force. If the actual part rotations deviate from 
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pure-bending rotations, the electrodes of the spot welding 
tool (or the ends of any other type of joining tool) clamp 
the parts by applying not only a vertical force, but also a 
torque. This occurs when the two sheet metal parts are 
brought into contact and the flat ends of the tools force 
the parts to an horizontal orientation. The clamping torque 
causes an additional non-symmetrical deflection, which is 
clearly visible in the distorted profile.

With more closely spaced points (Δx = 10 mm), Fig. 12 
shows the effects of different part errors on the same exam-
ple. On both parts, the profile deviation at the end comes 
only from deflection with no random form error, with δi 
and θi related by Eq. (12). In Fig. 12a, the linear displace-
ments are equal to those of the previous example (δ1 = 1 
mm, δ2 =  − 1 mm): it can be seen that the pure bending 
leads to a much more symmetrical upward distortion due 
to the lack of clamping torque. In Fig. 12b, the linear dis-
placements are reversed (δ1 =  − 1 mm, δ2 = 1 mm): the dis-
tortion shows a similar pattern with a downward direction 
imposed by part 1.

5.3 � Tolerance stackup

For an example of statistical tolerance analysis, the same 
materials and part dimensions are assumed as for the exam-
ple in subsection 5.2. Let TB1 = 2 mm and TB2 = 1 mm be 
the maximum deflections, TF1 = TF2 = 0.3 mm the straight-
ness tolerances, and λF = 200 mm the wavelength of the form 
error. The analysis will provide the variation Tj on the dis-
placements yj at the n points along the assembly.

A first solution can be found using the static analogy 
in the Monte Carlo method. For this purpose, a sample of 
100,000 instances of part errors (δ1, θ1, δ2, θ2) is randomly 
generated. This is done using the normal distributions with 
standard deviations in Table 1 for the random error compo-
nents, and calculating the total errors in the two parts from 
(12), (13), and (14). The static analogy provides the sensitiv-
ity matrix in (6), which allows to calculate the distortions yj 
at the points along the assembly using (1). At the end of the 
simulation, the standard deviations of all yj are estimated; 
the resulting variation Tj is plotted in Fig. 13 through its 
upper and lower 3σ limits. It can be seen that the maximum 
distortion is close to the joint location on part 2 with a varia-
tion of about ± 0.6 mm. Although the distortions are possibly 
asymmetric for individual instances, the variation over the 
whole sample is relatively symmetric.

The static analogy does not actually need to be integrated 
in a Monte Carlo simulation, as it directly provides the sen-
sitivities of the yj with respect to errors δ1, θ1, δ2, and θ2. 
As described in Section 4.3, these sensitivities can be used 
directly to compute the RSS stackup of part tolerances using 
(21). For example, the simulation provides the variation lim-
its Tj =  ± 0.459 mm for point j = 21 with coordinate x =  − 0.1 
m. The same result is obtained by using the jth row of the 
sensitivity matrix in (6):

The sensitivities of the distortion variation at the jth point 
to the specified tolerances are obtained by replacing (37) in 
Eqs. (22), (23), (24), and (25). Table 5 shows the calculated 
sensitivities and the result of the stackup from (21). The 
value of Tj equals the one found by simulation.

Table 5 also shows the percentage contributions of the indi-
vidual part tolerances to the distortion at the point; these are given 
by the corresponding terms in (21) divided by the squared Tj. 
The distortion appears to be mostly determined by the tolerances 
on part 1, apparently due to its greater stiffness. Furthermore, 
form errors give a greater contribution than deflections despite 
the lower tolerances. This is consistent with the considerations 
made in Section 5.2: the clamping torque due to the independ-
ence between linear and angular form errors causes asymmetrical 
distortion patterns that seem to have a major impact on the overall 
deviation from the nominal profile of the assembly.

6 � Discussion

The results of Section 5 suggest some considerations about 
the potential of the static analogy as an alternative to existing 
methods (DMC and MIC). As said before, the comparison 
is limited to a particularly simple problem, not representa-
tive of the real-world applications where the two methods 

(37)
[
sj1 sj2 sj3 sj4

]
=
[
0.4893 −0.0702 0.2515 0.0257

]

Table 2   Part dimensions and errors for the example

Part li, mm ti, mm δi, mm θi, rad

1 300 2 1 0.0075
2 200 1  − 1 0.009

Table 3   Distortion of the assembly for the example (static analogy)

Point xj, mm Description sjδ, mm/mm sjθ, mm/rad yj, mm

1  − 300 Fixture 1 0 0 0
2  − 250 - 0.074  − 0.0069  − 0.012
3  − 200 - 0.259  − 0.0222  − 0.037
4  − 150 - 0.500  − 0.0375  − 0.058
5  − 100 - 0.741  − 0.0444  − 0.057
6  − 50 - 0.926 0.0347  − 0.017
7 0 joint 1 0 0.078
8 50 - 0.844 0.0281 0.138
9 100 - 0.500 0.0250 0.103
10 150 - 0.156 0.0094 0.036
11 200 Fixture 2 0 0 0
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have been extensively proven in literature with commercial 
software implementations.

The proposed method allows the direct linearization of 
the tolerance analysis problem, i.e., the evaluation of the 
first-order sensitivities of the output error with respect to 
the input errors. This property is commonly recognized 
as the main advantage of the MIC over the DMC, which 
repeats the calculation of output errors a large number (at 

least thousands) of times to estimate their standard devia-
tions. Like the MIC, therefore, the static analogy allows to 
calculate the tolerance stackup without the need to wrap 
the procedure in Monte Carlo simulation. Assuming normal 
distributions for the random errors, the confidence limits of 
the distortion at each point can be estimated with an RSS 
equation, possibly with covariance terms taking into account 
statistical dependencies between part errors. The reduction 
in computing time with respect to simulation is negligible in 
the two-dimensional PCWR case, but could be relevant for 
more complex cases of compliant tolerance analysis.

Compared to the MIC, the static analogy requires more 
FEM runs to calculate the sensitivities, but on models with 
generally fewer elements. For the example of Section 5.2, 
the first step of both methods involves four runs (one for 
each input error) on a single-element model. In the second 
step, the MIC would have required only two runs (forces 
and torques on the assembly) on a model with 50 elements 
(n1 + n2). The static analogy has required 30 runs on a model 
with 30 elements (n1) and 20 runs on a model with 20 ele-
ments (n2). With an overhead for the setup of the stiffness 
matrices, the same calculation could have been done with 50 
runs on different models, each with just two elements. The 
difference in computing times is negligible in this case, but 
could be noticeable in perspective applications to either 3D 
problems or bent sheet metal parts. Overall, the disadvantage 

Table 4   Displacements at 
selected points for the example 
(direct method)

i Error Fi, N Mi, Nm yi3, mm yi7, mm yi9, mm

1 δ1  − 0.031 0.0047 0.189 0.498 0.182
2 θ1 0.035  − 0.0070  − 0.218  − 0.405  − 0.075
3 δ2  − 0.013  − 0.0013  − 0.070  − 0.502  − 0.318
4 θ2  − 0.012  − 0.0016 0.062 0.486 0.315
- Total  − 0.021  − 0.0052  − 0.037 0.078 0.103

Fig. 11   Distortion of the assembly for the example (comparison)

Fig. 12   Cases with pure bending: a same δi; b inverted δi
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of the static analogy decreases if the number of input errors 
increases and if the distortion is to be estimated at fewer 
points.

The static analogy was initially proposed to solve 2D 
tolerance analysis problems on rigid parts with hand calcu-
lations. This has been shown to be feasible also in simple 
cases with compliant parts, as in the symmetric PCWR case 
of Section 5.1. The calculation of the sensitivities of errors 
δ and θ at the joint location boils down to the resolution of 
a fixed–fixed beam with uniform section under two sym-
metrical loading conditions, allowing the straightforward use 
of known results. In comparison, the same sensitivities are 
calculated with a long analytical derivation using the direct 
method, and by solving a larger number of static models 
(four cantilever beams and eight fixed–fixed beams) using 
the MIC. The calculation of the sensitivities at the individual 
points of the assembly would have simply required finding 
the support reactions of a doubly fixed beam with unsym-
metrical load, also available in statics textbooks. In all cases, 
the static analogy requires a simpler procedure than the 
other methods, because it does not require any calculation 
of deflections from external forces or vice versa.

7 � Conclusions

The paper has proposed a new method for compliant tol-
erance analysis, which extends the static analogy already 
proposed for the corresponding problem with rigid parts. 
The method has been applied to the PCWR case on flat rec-
tangular parts, treated as a 2D problem with straight beam 
elements. Although such case is only the simplest of the 

possible applications of the problem, it has allowed to verify 
the correctness and the potential of the method. The results 
confirm that it gives correct results in comparison with exist-
ing methods through both analytical derivation and FEM 
analysis. They also show that it has a different workflow 
from other methods, and that it can be easily applied to prob-
lems of statistical tolerance analysis.

The proposed method allows the calculation of the first-
order sensitivities of the output errors on the assembly to 
the input errors on the individual parts. Under the assump-
tions of small displacements and normal distributions of 
errors, the linearization avoids the use of Monte Carlo 
simulation. This is an advantage on the DMC approach, 
which involves a high computational effort due to the need 
to repeat the FEM analysis for many random instances 
of part errors. On the other hand, the static analogy can-
not easily be extended to nonlinear problems involving 
material plasticity or thermomechanical effects of weld-
ing, where DMC has been tested through more advanced 
formulations.

Compared to the MIC, the linearization requires a higher 
number of FEM runs but on lighter models, with a predictable 
disadvantage in overall efficiency. However, the static analogy 
does not require the calculation of deflections, but finds the 
sensitivities through the sole calculation of support reactions 
and internal forces. For the simple cases dealt with in the 
paper, this implies that the distortion of the assembly can also 
be calculated using known results of statics, avoiding the use 
of FEM analysis. Without further evidence, it is obviously 
not said that such advantage can be possibly achieved when 
scaling the method to more complex problems.

Another contribution of the work is a procedure for the 
random generation of part errors. Each of them is decom-
posed into a form error and a deflection, so that the covari-
ances between linear and angular errors could be easily 
included in the RSS stackup equation. The application 
example has shown that the two error components have 
qualitatively different effects on the distortion profile due to 
possible clamping torques.

The above results seem to encourage the further devel-
opment of the static analogy, with the aim of dealing with 
PCWR cases on bent sheet metal parts and generic 3D prob-
lems of compliant tolerance analysis. Such goal will require 

Fig. 13   Confidence intervals of the distortions along the assembly for 
the example

Table 5   Tolerance stackup at point j = 21 for the example

Tolerance Value, mm Sensitivity Contribution, %

TB1 2 0.1383 36
TF1 0.3 1.1295 54
TB2 1 0.0587 2
TF2 0.3 0.4228 8
 → Tj 0.459 - (100)



	 The International Journal of Advanced Manufacturing Technology

more complex FEM modeling as well as the solution of 
problems already addressed in the MIC, such as geometric 
covariance and contact modeling. At the same time, it will 
be investigated whether approximate force analysis on 3D 
overconstrained parts can provide a possible alternative to 
FEM in supporting streamlined manual or computer-based 
calculations.
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