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Abstract

An anisotropic model for two-dimensional electrical conduction, elasticity and fracture is pro-
posed in the peridynamic theoretical framework. Material particles interact through elastic
non-central pair potentials and inelastic pair potential functions of pairwise elastic and inelas-
tic deformation measure, allowing to obtain a bond-based type model for conductive Cauchy
orthotropic media without restrictions in the number of independent material constants. The
elasticity of pair interactions can be described mechanistically by equivalent normal and shear
springs, whose stiffness varies continuously with the spatial orientation of the ligament and,
preserving the elastic symmetries of the material, depends on four elastic material parameters
defining in-plane orthotropic classical elasticity. The macroscopic anisotropic conductivity is
described instead by continuous functions of the micro-conductive properties of the interparti-
cles interactions. Moreover, non-uniform material toughness is modeled adopting an anisotropic
energetic failure criterion related to direction-dependent fracture energy functionals.
The accuracy of the proposed model has been assessed by several problems including the
anisotropic electrical conduction in multi-phases laminae with a central hole and evolving cracks,
and the fracture and damage sensing in cortical bone considering different orientation of the
material reference system.
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1. Introduction

Mechanistic models in applied sciences based on the concept of action at a distance have
shown to provide an effective and intuitive description of a wide variety of physical phenomena
spacing from elasticity, fracture, diffusion and coupled behaviors [1, 2, 3]. Suitability to fracture
problems of these molecular theory of elasticity [4, 5] inspired models was clearly demonstrated,5

among others, by Silling [6] who proposed a mechanical non-local displacement-based formu-
lation, namely Peridynamics, in which the governing equations remain valid in the presence of
discontinuities such as cracks [1, 7]. Silling’s theory is non-local, which means that material
points interact within a cut-off distance, the horizon, that can be considered a generalization
of the concept of ray of molecular activity characterizing Cauchy and Navier molecular models10

[8]. As for the latter, in the original proposed theory, referred to as bond-based, forces depend
on the distance between pairs of molecules and act long the line joining the points, hence, as
in Navier’s theory [8, 9], Cauchy relations hold [10]. A non-local continuum formulation re-
sults useful in a computational context, as it allows, in principle, for decoupling the analytical
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mathematics of the model from the lattice topology of the discretized medium. This aspect15

is particularly important for direction-dependent material properties, and in fracture problems
since it drastically reduces intrinsic mesh dependency of the results and failure anisotropy typ-
ical of lattice models [5]. To overcome restrictions imposed by Cauchy relations, more general
formulations were introduced [11], named state-based and non-ordinary state-based [12], in
which the pairwise force between two particles depends on the deformations of all nodes within20

their neighborhood. Hence, material points still interact through forces acting at a distance,
requiring however the definition of point-wise deformation measures, namely the deformation
states [13]. A first attempt to overcome the aforementioned limitations maintaining a pairwise
formalism, is due to Gerstle et al. [14] augmenting degrees of freedom in classical peridynamics.
The general formulation used to describe mechanical problems allows the concept of action at25

a distance to be generalized and extended to other physical fields involving diffusion [15], elec-
tromigration [16], electrical conduction [17, 18], heat transfer [19, 20] and pitting corrosion [21].
Other applications of peridynamics for thermo-mechanics or other multi-physics problems can
be found in [22, 23, 15, 24].
In any case, much attention has been paid to isotropic materials, whose stiffness, conductivity30

and strength properties are not direction-dependent, while relatively few studies of anisotropic
materials have been carried out [25, 26, 27]. In the context of anisotropic elasticity, contin-
uum peridynamic formulations without internal constrains affecting the material moduli, were
possible only by disregarding the paradigm of purely pairwise interactions [28, 26], being the
other continuum bond-based type models affected by restrictions in the number of independent35

material constants [27, 29, 30]. Recently, a continuum-kinematic inspired peridynamic model
for orthotropic materials has been presented [31], which is characterized by three over four
independent moduli defining Cauchy in-plane orthotropic elasticity. For the best of authors’
knowledge, a continuum model with pairwise interactions (functions of pairwise deformations
and constitutive parameters) for orthotropic elasticity, conductivity and fracture in Cauchy40

materials without limitation in the number of independent material constants, along with a
general framework for deriving the related model parameters, have not been proposed so far.
Actually, a purely pairwise formalism provides an easier understanding and a very intuitive
description of several physical phenomena, since each pair interaction can be described mech-
anistically as an independent multi-physical device. In this paper, we propose an anisotropic45

non-local continuum model using a purely pairwise description of deformation, elastic parame-
ters, strength and conductivity properties. The elastic part of the model is inspired by Voigt’s
studies on crystals in the context of molecular theory of elasticity [32], and is capable to over-
come Cauchy relations for orthotropic materials without introducing any multi-body potential
or point-wise deformation measure. Following Voigt’s idea, we defined potential functions of50

elastic and inelastic pairwise deformation measures, from which interactions exerted between
pairs of particles can be derived, leading to a mixed mechanistic/energetic mathematical for-
mulation. Anisotropic conductivity and non-uniform strength properties, related to a direction-
dependent fracture energy function, are described analytically by continuous functions of the
ligament orientation angle. Therefore, the mathematical formulation is, in principle, indepen-55

dent of the discretization and particles topology, whereas the material parameters are derived
using a rigorous generalized approach based on energetic equivalence, without the need of any
particular assumption on the deformation and electric fields. It should be noted that the
mathematical formulation here presented extends the findings of previous studies [33, 34] and
introduces a general framework for modeling anisotropic response of materials. The mechani-60

cal model couples the intuitive simplicity of the pairwise description of deformation, with the
mathematical formalism of a continuum formulation for anisotropic materials. The proposed
formulation can also be adapted to other diffusion problems and coupled behaviors in Cauchy
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materials or to the context of micropolar elasticity [35].
The analytical formulations of orthotropic conduction and elasticity of Cauchy materials are65

detailed in Sections 2 and 3, as well as the analytical description of the mechanical and elec-
trical material model constants. In Section 3.1, an energetic failure criterion for anisotropic
brittle conductive materials is proposed. It relates ligament strength to direction-dependent
fracture energy functions. The accuracy of the proposed model is illustrated in Section 4 sim-
ulating: the effective anisotropic electrical conductive behavior of laminae with homogenized70

anisotropic properties; the variation of electric resistance in specimens due to an evolving cen-
tral crack (Section 4.1); the fracture propagation and damage sensing in cortical bone compact
tensile test specimens considering different orientation of the material reference system (Section
4.2).

75

2. The electrical conduction model

The field equation of the electrical conduction for a continuum whose material points x
within a finite distance δ interact through pairwise potentials, e.g. peridynamic continuum, is
[34, 18] ∫

Hx

fI(x,x
′, ϕ, ϕ′)dVx′ + ω(x, t) = ceϕ̇(x, t) for x ∈ Ω, (1)

where Ω is the domain occupied by the continuum body and the variable t identifies the time.
The integral is defined over a region Hx called horizon region of radius δ or family of x [6].
ϕ = ϕ(x) and ϕ′ = ϕ(x′) are the electric field potentials at x and x′, ce is the electrical
capacitance of the material, ω is the net current per unit volume at x. The kernel or integrand
function fI has the dimensions of an electric current per unit volume squared [19, 18].
The steady-state equations are obtained setting the right term of Eq. 1 equal to zero (the time
dependent accumulation of electric charge is neglected).
The proposed electrical conduction model is based on the definition of a pairwise parameter
e = − (ϕ′−ϕ)

|ξ| where x′ − x = ξ is the relative position between the material points x and x′,
that can be considered as the equivalent of a pairwise deformation measure in elasticity, and is
function of the ligament electric field defined by

e = −(ϕ′ − ϕ)

|ξ|
ξ

|ξ|
(2)

Figure 1: Schematics of the horizon region of particle i, and conductive bond configuration connecting particles
i and j in the local/global coordinate system for the proposed electrical conduction model.
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It is worth underlying that for the general case of electro-mechanical problems, the bond electric
field is directed along the line connecting the two particles in the deformed configuration.
However when using linearized electro-mechanical formulations, Eq. 2 holds [34]. The pairwise
constitutive equation characterizing the electrical model is derived from the definition of a
specific pair inelastic potential function for electrical conduction

we =
kee

2

2
=
ke(ϕ

′ − ϕ)2

2|ξ|2
(3)

where ke is the ligament conductivity parameter, namely microconductivity of the electrical
model 1, having the dimension of an electric conductivity per unit volume.
The electrical pairwise interaction (namely electrical response function) is then obtained as the
first derivative of the potential function we

fI =
∂we

∂ηϕ
=
ke e

|ξ|
=
ke(ϕ

′ − ϕ)

|ξ|2
(4)

where ηϕ = (ϕ′ − ϕ). The bond micro-current density vector can be then defined as

qI = ke e (5)

The analytical expression of the stiffness operator of the implicit model for electrical conduction
can be derived by defining the electrical energy density, namely macroelectrical energy density
as

Φe(x) =
1

2

∫
t

∫
Hx

we dVx′ dt =
1

2

∫
t

∫
Hx

kee
2

2
dVx′ dt =

1

2

∫
t

∫
Hx

ke(ϕ
′ − ϕ)2

2|ξ|2
dVx′ dt (6)

where we is defined in Eq. 3, thus the expression of the macroelectric power density

Pe(x) =
1

2

∫
HX

we dVx′ =
1

2

∫
Hx

kee
2

2
dVx′ (7)

Considering that the total macroelectrical energy functional of the body is

Φ̂e =

∫
Ω

∫
t

∫
Hx

kee
2

2
dVx′ dt dVx =

∫
Ω

∫
t

∫
Hx

ke(ϕ
′ − ϕ)2

2|ξ|2
dVx′ dt dVx (8)

and that the work L associated with the external actions (the net current) per unit volume ω
can be expressed as

L =
1

2

∫
Ω

∫
t

ωϕ dt dVx (9)

the equivalence of the internal and external works of the balanced system (qI = kee, ω) and the
compatible system (e, ϕ) is

Φ̂e = L →
∫
Ω

∫
t

∫
Hx

ke(ϕ
′ − ϕ)2

2|ξ|2
dVx′ dt dVx =

1

2

∫
Ω

∫
t

ωϕ dt dVx (10)

1A piezoresistive behavior could be modeled considering the electrical microconductivity ke function of an
elastic deformation measure [34].
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Eq. 10 has to be valid at any point of the domain Ω and at any time t. Hence, from Eq. 10
the indefinite equilibrium equation in steady-state conditions at x is set∫

Hx

ke(ϕ
′ − ϕ)

|ξ|2
dVx − ω(x, t) = 0 (11)

Being ξ = x′ − x, we can write

ke(ϕ
′ − ϕ)

|ξ|2
= fI(x,x

′, ϕ, ϕ′) = fI(ϕ
′ − ϕ, |x′ − x|) (12)

Thus, considering Eq. 1, it is demonstrated that the functional fI depends upon the magnitude
of the vector x′ − x and not upon its direction.
Adopting a meshfree discretization approach, the domain occupied by the body Ω is divided into
a set of finite sub-volumes associated to each particle i. Then, a neighboring search algorithm
selects particles j belonging to Hi according to the one-point quadrature scheme described Hu
et al. [36, 37] that accounts for partial neighbor intersections.
The discretized form of the integral balance equation in steady-state regime is:∑

j=1

fI(x
i,xj, ϕi, ϕj)∆Vj + ωi = 0 (13)

where subscript j denotes a particle within the horizon region of particle i. Thus the sum in
Eq. (13) is over all nodes j such that |xj − xi| ≤ δ (i.e. neighboring particles of particle i).
Being the primary field of the electrical model the particles electric field potential, for a couple
of connected particles (see Fig. 1) we can define {ϕ} and {f ∗

I } as

{ϕ} = {ϕi ϕj}T ; {f ∗
I } = {f i

I f j
I }

T (14)

where {f ∗
I } is the vector of external actions in the electrical conduction model.

The compatibility equation relating the particles primary field ϕ to the magnitude of the bond
electrical field e is instead

e = {b}T{ϕ} −→ {b}T = − 1

|ξ|
{−1 1} (15)

The discrete form of the balance of the variation of the macroelectrical energy per unit time
and the external electrical work per unit time of the interaction between particles i and j can
then be written as

1

2
{ϕ}T 1

2
α∆Vi∆Vj{b}ke{b}T{ϕ} =

1

2
{ϕ}T{f ∗

I } (16)

which leads to the linear system [K]e{ϕ} = {f ∗
I }, and then to the expression of the pairwise

equivalent stiffness operator corresponding to a half interaction

[K]e =
1

2
α∆Vi∆Vj{b}ke{b}T (17)

α is the volume correction coefficient that takes into account the partial neighbor intersec-
tion [38]. The global matrix is given by

[K]E =
∑
j=i

∑
j=1

[K]ije (18)

It can be noted that in Eq.6, the factor 1/2 is included because the energy stored in each
bond is associated equally with the two particles connected by the ligament. In the present
implementation, the volume method for correcting the peridynamic surface effect is adopted
[39].80
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2.1. Micro-conductivities

In the classical theory of homogenized elastic orthotropic materials, the electrical conduc-
tivity typically exhibits a directional dependent variation, whereas the current density vector
is not necessarily parallel to the electric field. The relationship between the orthogonal com-
ponents of the current density and the electrical field in the principal material system, inclined
at angle ζ with respect to the horizontal, is given by

qI = Dee −→
{
qI1
qI1

}
=

[
Ke11 0
0 Ke22

]{
e1
e2

}
(19)

In Eq. 19, De is symmetric, second-rank tensors called electrical conductivity tensor of com-
ponents Keii .
Assuming here for simplicity that ζ = 0, and considering an arbitrary coordinate system x̃, ỹ
related to an orthonormal basis rotated by ψ with respect to the horizontal, Eq.(19) can be
rewritten as

q̃I = D̃eẽ (20)

being D̃e defined as

D̃e =

[
Kex̃x̃ Kex̃ỹ

Kex̃ỹ Keỹỹ

]
= QeDeQ

T
e = Qe

[
Ke11 0
0 Ke22

]
QT

e (21)

where Qe is

Qe =

[
cosψ −sinψ
sinψ cosψ

]
(22)

The off-axis conductivity Kex̃x̃ can be written as function of the direction defined by angle ψ,
and in terms of the two material constants defined in Eq. (19) as

Kex̃x̃(ψ) = Ke11cos
2ψ +Ke22sin

2ψ (23)

By analogy with the phenomenological classical description of anisotropic conductivity, we
can assume for instance that the ligament microconductivity ke is function of ψ (the bond
inclination angle) as Kex̃x̃ described by Eq 23, namely

ke(ψ) = ke1cos
2ψ + ke2sin

2ψ (24)

where ke1 and ke2 are the peridynamic inelastic micromoduli along the principal material axes.
Thus, two independent microconductivities are defined for describing the conductive behavior
of a two-dimensional orthotropic solid.
The relationship between the aforementioned microelectrical constants ke1 and ke2 of the pro-
posed model and the conventional orthotropic continuum parameters can be obtained by equat-
ing the energy flow density per unit volume (namely the macroelectrical power density) of the
proposed model and classical continuum for a general homogeneous electric field, which is

PE(x) =
1

2
e · qI =

1

2

[
Ke11 0
0 Ke22

]{
e1
e2

}
·
{
e1
e2

}
=

1

2
(Ke11e

2
1 +Ke22e

2
2) (25)

The corresponding quantity of the proposed model is instead given by the general integral

Pe(x) =
1

2

∫
Hx

we dVx′ =
1

2

∫
Hx

ke(ψ)e
2(ψ)

2
dVx′ =

1

2

∫
Hx

ke(ψ)(e1 cosψ + e2 sinψ)
2

2
dVx′ (26)
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in which, assuming ke(ψ) described by Eq. 24, leads to

Pe(x) =
1

32
[e21(3ke1 + ke2) + e22(ke1 + 3ke2)]δ

2πh (27)

where h is the thickness. Hence, comparing Eqs. 25 and 27, and collecting the terms that
multiply the same electric field components, we obtain the system of two equations WE(x)i =
Φ(x)i, i = 1...2  δ2(3ke1 + ke2)πh = 16Ke11

δ2(ke1 + 3ke2)πh = 16Ke22

(28)

which provides

ke1 =
2(3Ke11 −Ke22)

πhδ2
; ke2 =

2(3Ke22 −Ke11)

πhδ2
(29)

In the special case of isotropy we have Ke11 = Ke22 = Ke. Hence ke1 = ke2 = ke, where

ke =
4Ke

πhδ2
(30)

which is the same expression of ke for isotropic materials derived in [19, 34].
It should be noted that ke1 and ke2 can be considered general inelastic equivalent stiffness
kei, i = 1, 2, of the non-local conductive micro-model. The macroscopic anisotropic conductive
behavior is then the result of the microconductive properties assigned to the pairwise interac-
tions. It should be noted that this mechanistic description of the directional dependency of
the electrical conductivity, could be very useful to design real lattice materials with specific
effective macroscopic anisotropic properties.
The micro-conductive parameters can satisfy the condition kei > 0, kei < 0, or kei = 0. If
kei < 0, qI and e in Eq. 2 would have opposite direction. In any case, negative parameters can
introduce material instability, especially in presence of non-linearities. The choice of adopting
Eq. 24 for describing the orientation dependence of the ligament conductivity parameter, is
based on the specific assumption of trigonometric dependency of ke(ψ) on ψ, which is similar
to that of Kex̃x̃ (i.e. Eq. 23). Actually, other laws of variation of the bond inelastic modulus
with respect to the ligament inclination angle can be assumed. For instance, a more general
description of ke(ψ) as function of the ligament orientation is

ke(ψ) = ke2 + (ke1 − ke2)cos
nψ (31)

where n = 2N , with N ⊆ N+ (Eq. 24 is got assuming n = 2 in Eq. 31). The higher is the value
of n, the higher is the degree of anisotropy of ke(ψ), whose coefficients ke1 and ke2 have to be
calculated, as usual, to reproduce the conductive properties of a material. Hence, following one
of the two analytical procedures descried in this section for deriving the micro-conductivities
ke1 and ke2, it is found that n allows for modeling materials with various levels of anisotropy, as
it leads to non-negative micro-conductivities for Ke11/Ke22 ≤ n+ 1. As an example, assuming
n=4 and then solving Eq. 27 we obtain

ke1 =
7Ke11 − 3Ke22

πhδ2
; ke2 =

5Ke22 −Ke11

πhδ2
(32)

whereas for n = 12 is

ke1 =
991Ke11 − 595Ke22

99πhδ2
; ke2 =

13Ke22 −Ke11

3πhδ2
(33)
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Hence, adopting Eqs. 32 and 33 together with Eq. 31 it is possible to model the conductive
anisotropy of a material characterized by Ke11/Ke22 up to 5 and 13, respectively, avoiding
negative inelastic stiffness. Besides, all these configurations lead, in principle, to the same
results since the corresponding parameters ke1 and ke2 are calculated analytically to match the
effective anisotropic conductivity of the material. By increasing n for a given anisotropic ratio
Ke11/Ke22, a progressively less smooth transition between the two values of micro-conductivities
ke1 and ke2 is obtained. For this reason, when considering discrete array of particles instead of
material points in a continuum, n should not be too large with respect to Ke11/Ke22 for a given
m = δ/∆x, in such a way to reduce mesh dependency of the results. Another consideration is
when n = 2 in Eq. 31. The law of variation of ke(ψ) is similar to that proposed for the elastic
axial bond stiffness in classical bond-based orthotropic elastic models based on central pair
potentials, and then characterized by two independent elastic parameters [27, 40]. Moreover,
it can be demonstrated that the eight-order spherical harmonic expansion proposed in [27]
for elasticity, is a special case of the proposed two parameters anisotropic function by setting
n = 12 in Eq. 31.
When principal material directions are not aligned with the horizontal and vertical directions,
(being ζ ̸= 0), Eq. 31 can be rewritten as

ke(ψ, ζ) = ke2 + (ke1 − ke2)cos
n(ψ − ζ) (34)

3. The micropolar mechanical model

The linear and angular momentum equilibrium equations in elastostatics of a two-dimensional
continuum whose oriented material points within the distance δ, interact through non-central
pair potentials [5, 14, 32] are∫

Hx

f(x,x′,u,u′, θ, θ′)dVx′ + b(x, t) = 0 for x ∈ Ω, (35)

∫
Hx

m(x,x′,u,u′, θ, θ′)dVx′ + c(x, t) = 0 for x ∈ Ω, (36)

where, as in Eq.1 of Section 2, Ω is the domain occupied by the body, and Hx defines the
horizon region of radius δ [6]. The applied body forces and couples are b and c, while f and
m are the pairwise forces function and micromoment functions, respectively. In Eqs. 35-36
u′ = u(x′), u = u(x), θ′ = θ(x′) and θ = θ(x). In what follows, the vector u′ − u = η denotes
the relative displacement between the oriented material points x and x′, respectively. The
mechanical model is based on the definition of three linearized pairwise deformation measures
that can be independently defined as functions of the displacements and rotations of a couple
of interacting oriented material points. The deformation in the direction of the material points’
joining line is the stretch s,

s =
1

|ξ|

(
η · ξ

|ξ|

)
=
ηn
|ξ|

=
(u′n − un)

|ξ|
(37)

where ηn is the component of η along the undeformed bond of unit vector ξ/|ξ| = n. The
shearing deformation is defined as the difference between the rotation angle of the ligament
and the particles’ average rotation

γ =
ηt
|ξ|

− θ̄ =
(u′t − ut)

|ξ|
− (θ′ + θ)

2
(38)
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where ηt is the component of η along the direction t orthogonal to n The third pairwise
deformation measure is function of the relative particles’ rotation ϑ = θ′−θ and is here defined
as χ = ϑ/|ξ|.
The mechanical non-central interactions between pair or particles can be derived from the
definition of a differentiable scalar-valued potential function

w = (ws + wγ + wϑ) =
kns

2|ξ|
2

+
ktγ

2|ξ|
2

+
kχχ

2|ξ|
2

(39)

where kn, kt and kχ are the micro constitutive parameters related to the pairwise deformation
measures defined s, γ and χ. As in [41, 33], being the attention here focused on Cauchy
materials, the definition of a rotational stiffness is not strictly required, and is given here only
for the sake of completeness. The first derivative of the potential function w (namely the
micropotential energy function) gives

fn =
∂ws

∂ηn
; ft =

∂wγ

∂ηt
; mϑ =

∂wϑ

∂ϑ
(40)

Eqs. 39-40 state that the material is conservative (satisfies the conditions of microelasticity
[6]), and each pair of material points x and x′ interact through pairwise potentials or elastic
springs whose reaction forces depend on deformation of the ligament.
The general form of the elastic energy per unit volume in the body Φ(x), namely the macroe-
lastic energy density for the proposed model, is obtained by considering the force and couple
components in Eq. 47 and their work-conjugate ligament deformation measures

Φ(x) =
1

2

∫
Hx

w dVx′ =
1

2

∫
Hx

{
kns

2|ξ|
2

+
ktγ

2|ξ|
2

+
kχχ

2|ξ|
2

}
dVx′ (41)

The total macroelastic energy of the body is then given by

Φ̂ =
1

2

∫
Ω

∫
Hx

{
kns

2|ξ|
2

+
ktγ

2|ξ|
2

+
kχχ

2|ξ|
2

}
dVx′dVx (42)

The discretized form of the linear and angular momentum equilibrium equations is:∑
j=1

f(xi,xj,ui,uj)∆Vj + bi = 0;
∑
j=1

m(xi,xj,ui,uj)∆Vj + ci = 0 (43)

where subscript j denotes a particle within the horizon region of particle i.
The particles forces, couples and displacements corresponding to each interaction in a local
coordinate system are described by

{f}T = {f i
n f i

t mi f j
n f j

t mj}; {u}T = {uin uit θi ujn ujt θj} (44)

The ligament compatibility equation of the discretized system can be written in a compact
form as

{h} = [B]{u} (45)

hence

{s γ χ}T =
1

|ξ|

−1 0 0 1 0 0
0 −1 −|ξ|/2 0 1 −|ξ|/2
0 0 −1 0 0 1

 {u} (46)
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The constitutive equation of the model can be written in matrix form as

{q} = [D]{h} −→ {fn ft mϑ}T = diag{kn kt kχ}{s γ χ}T (47)

where [D] is a diagonal matrix characterizing the elastic behavior of each ligament. It relates
the pairwise actions and deformations measures of a couple of particles and is also function on
the ligament orientation angle ψ in the case of non-isotropic elasticity. Note that mϑ represents
only the self-equilibrated part of the particles couples m referred to a specific interaction.
It is worth underlying that the rotational spring allows the proposed formulation to be extended
to micropolar elasticity. Actually, kχ is independent of the other stiffness parameters and
introduces an additional internal length into the model proper of micropolar continua [35].
Hence, considering a single interaction between two particles i and j, the discrete form of the
balance of the variation of the total macroelastic energy and the work W done by the external
nodal forces {p} is

Φ̂ =
1

2
{u}T 1

2
[B]T [D]ξ∆Viα∆Vj[B]{u} =

1

2
{u}T{p} =W (48)

where ξ = |ξ|.
The half ligament elastic pairwise stiffness operator in the global coordinate system can then85

be expressed by

[K]el =
1

2
α∆Vi∆Vj[R]

T [B][D]ξ[B]T [R] (49)

where [R] is the rotation matrix [5] and where the factor 1/2 is due to the definition of the
macroelastic energy density function.
The classical constitutive equation of an in-plane orthotropic material in the material reference
system inclined at angle ζ with respect to the horizontal can be written using Voigt notation
as:

σ = Cϵ −→


σ11
σ22
τ12

 =

 C11 C12 0
C12 C22 0
0 0 C66


ϵ11
ϵ22
2ϵ12

 (50)

Assuming first, for simplicity that ζ = 0, and considering a generic coordinate system x̃, ỹ
related to an orthonormal basis rotated by ψ with respect to the horizontal, Eq.(50) can be
rewritten as

σ̃ = C̃ϵ̃ (51)

being C̃ defined as

C̃ =

 Cx̃x̃ Cx̃ỹ Cx̃s̃

Cx̃ỹ Cỹỹ Cỹs̃

Cx̃s̃ Cỹs̃ Cs̃s̃

 = QCQT = Q

 C11 C12 0
C12 C22 0
0 0 C66

QT (52)

where Q is the transformation matrix [33].
According to Eq. 52, the off-axis axial Cx̃x̃ and shear Cs̃s̃ moduli can be written as function of
ψ, in terms of the four material constants C11, C12, C22 and C66 that define in-plane orthotropy

Cx̃x̃(ψ) = C11cos
4ψ + C22sin

4ψ + 2C12sin
2ψcos2ψ + 4C66sin

2ψcos2ψ (53)

Cs̃s̃(ψ) = C11sin
2ψcos2ψ + C22sin

2ψcos2ψ − 2C12sin
2ψcos2ψ + C66(cos

2ψ − sin2ψ)2 (54)
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In order to preserve the material symmetry, and in analogy with the classical continuum, we
assume that in our model the axial and shear ligament stiffness (i.e.kn and kt) have a directional
dependency similar to that of Cx̃x̃ and Cs̃s̃ described by Eqs.53-54, respectively

kn(ψ) = kn1cos
4ψ + kn2sin

4ψ + 2kvsin
2ψcos2ψ + 4ktsin

2ψcos2ψ (55)

kt(ψ) = kn1sin
2ψcos2ψ + kn2sin

2ψcos2ψ − 2kvsin
2ψcos2ψ

+ kt(cos
2ψ − sin2ψ)2 (56)

where kn1 and kn2 are the axial micromoduli along principal material axes, kt1 = kt2 = kt
is the shear micromodulus along the principal material axis and kv is related to the ratio
between kt(ψ) and kn(ψ) in each ligament direction. The relation between the orthotropic
microelastic moduli, kn1 , kn2 , kv and kt and the classical continuum elastic constants in Eq.50,90

is obtained following a general approach based on energetic equivalence without the need for
any particular assumption about the deformation fields, and similar to that used in 2.1 for the
micro-conductivities.
Considering a general two-dimensional homogeneous deformation field of components ϵ11, ϵ22
and ϵ12, the strain energy density of the classical Cauchy linear elastic orthotropic continuum95

is

φ(x) =
1

2
(C11ϵ

2
11 + C22ϵ

2
22 + 2C12ϵ11ϵ22 + 4G66ϵ

2
12) (57)

The corresponding quantity of the proposed model is instead given by the general integral 2

Φ(x) =
1

2

∫
Hx

{
kn(ψ)s

2(ψ)|ξ|
2

+
kt(ψ)γ

2(ψ)|ξ|
2

}
dVx′ (58)

in which, being the imposed deformation field affine, the deformation measures s(ψ) and γ(ψ) of
a specific ligament inclined at ψ are related to the homogeneous strain components ϵij through

s(ψ) = ϵ11cos ψ
2 + ϵ22sin ψ

2 + 2ϵ12cos ψ sin ψ (59)

γ(ψ) = ϵ12(cos ψ
2 − sin ψ2) + (ϵ22 − ϵ11) cos ψ sin ψ (60)

Hence, in the case of classical homogeneous deformation, s(ψ) = ϵx̃x̃(ψ) and γ(ψ) = 2ϵx̃ỹ(ψ) =
γ∗x̃ỹ(ψ). Substituting Eqs. 59 and 60 in Eq. 58, and assuming kn(ψ) and kt(ψ) by Eqs. 55-56,
the general solution of the integral in Eq. 58 is obtained

Φ(x) =
πhδ3

384
[ϵ211(19kn1 + 3kn2 + 12kt + 2kv) + ϵ222(3kn1 + 19kn2 + 12kt + 2kv) (61)

+ 2ϵ11ϵ22(kn1 + kn2 + 4kt + 6kv) + 4ϵ212(3kn1 + 3kn2 + 12kt + 2kv)] (62)

Comparing Eqs. 57 and 58, and collecting the terms that multiply the same strain components
ϵij, a system of four equations ϕ(x)i = Φ(x)i, i = 1...4 is obtained

C11

2
= hπδ3

384
(19kn1 + 3kn2 + 12kt + 2kv)

C22

2
= hπδ3

384
(3kn1 + 19kn2 + 12kt + 2kv)

C12

2
= hπδ3

384
(kn1 + kn2 + 4kt + 6kv)

C66

2
= hπδ3

384
(3kn1 + 3kn2 + 12kt + 2kv)

(63)

2In the case of homogeneous deformation fields and when modeling Cauchy materials, the rotational degree
of freedom is not activated, as shown in [5, 41].
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whose solution gives

kn1 =
12 (C11 − C66)

πhδ3
; kn2 =

12 (C22 − C66)

πhδ3
(64)

kv =
12 (3C12 − C66)

πhδ3
; kt =

3 (8C66 − C11 − C22 − 2C12)

πhδ3
(65)

In the case of isotropy, C11 = C22 and C12 = C11 − 2C66. Eqs. (64) and (65) provide two
independent microelastic constants in terms of C11 and C66 only, as

kn1 = kn2 = kn =
12 (C11 − C66)

πhδ3
; kt =

12 (3C66 − C11)

πhδ3
; kv = kn − 2kt (66)

Eqs. (55) and (56), define the values of the axial and shear microelastic stiffness at each ligament
orientation ψ. In other words, two anisotropic elastic potentials are defined, and then two
equivalent springs whose stiffness is continuous trigonometric functions of the bond orientation
ψ and the four elastic material constants that define classical Cauchy orthotropic in-plane
elasticity [41]. In the case of isotropic materials, the microelastic stiffnesses are independent on
the orientation of the ligament, hence their values are uniform.
The proposed formulation, that is inspired by Voigt’s molecular theory of elasticity [32], is
micropolar in the sense that particles are characterized also by a rotational degree of freedom
that is required to ensure rotational invariance of the model [5]. Being the pairwise forces
not directed along the particles centroids joining line (non-central forces assumption [32]),
rotations and hence micromoments ensure the balance of angular momentum of each ligament.
As a consequence, the shear deformation measure introduced accounts for particle’s rotations
[5].
It should be reminded that the rotational spring constant kχ is strictly related to a bending
stiffness, and in the case of Cauchy materials should be, in general set to zero. When principal
material system is not aligned with the horizontal, (being ζ ̸= 0), Eqs.(55) and (56) get the
general form

kn(ψ, ζ) = kn1cos
4(ψ − ζ) + kn2sin

4(ψ − ζ)

+ 2kvsin
2(ψ − ζ)cos2(ψ − ζ) + 4ktsin

2(ψ − ζ)cos2(ψ − ζ) (67)

kt(ψ, ζ) = kn1sin
2(ψ − ζ)cos2(ψ − ζ) + kn2sin

2(ψ − ζ)cos2(ψ − ζ)+

− 2kvsin
2(ψ − ζ)cos2(ψ − ζ) + kt[cos

2(ψ − ζ)− sin2(ψ − ζ)]2 (68)

Hence, given a specific value of the angle ζ, kn = kn(ψ, ζ) and kt = kt(ψ, ζ) are obtained from100

Eqs 67-68.

3.1. An energetic failure criterion for orthotropic materials

An energetic failure criterion for orhotropic materials based on the definition of an orienta-
tion dependent critical value of the ligament stored energy is proposed. This criterion, firstly
introduced by Foster et al. [42] for isotropic materials, then adapted to micropolar lattices by
Diana and Ballarini [33] for modelling orthotropic materials with theoretically uniform fracture
resistance, is here extended to the general case of anisotropic surface energy. The importance
of considering an energetic failure criterion in micropolar lattice formulations for anisotropic
materials relies on crack front which is in general locally associated to a mixed-mode deforma-
tion. Therefore, a classical critical elongation criterion is not, in general, recommended since
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it does not take into account the shear deformation of the ligament. This aspect could lead,
in principle, also to a non correct energy dissipation during crack extension. In fact, adopting
a deformation (axial) based failure criterion, a limit value for the fiber elongation related to
the mechanical behavior of the equivalent axial spring is considered. Nevertheless, in isotropic
materials at atmospheric pressure, the crack front is locally associated with a mode I defor-
mation leading to well simulated failure conditions and realistic crack paths using the critical
elongation criterion even in the case of pure mode II external loading [43, 44, 45, 46, 7, 47, 48].
However, the situation is different in the case of anisotropic materials which need a lattice
failure criterion accounting for shearing deformations to describe properly the crack nucleation
and kinking phenomenon [33]. The here proposed energetic criterion considers the rupture of
the bond when its stored energy, i.e. the elastic micropotential w reaches a critical value wu. It
takes into account both ws (i.e. the micropotential energy function corresponding to the axial
spring) and wγ (i.e. the micropotential energy function corresponding the shear spring). It
should be reminded that when modeling Cauchy materials, the rotational springs is not neces-
sary and its value is here set equal to zero. Assuming that the surface energy is not uniform, the
critical value of the ligament stored energy is not the same for each orientation ψ. The critical
value wu of the bond micropotential energy w = ws +wγ can be calculated setting the fracture
energy of the material G(ζ), where ζ is the orientation of the material reference system, equal
to the total work required to break all the bonds per unit of fracture surface, assumed here
orthogonal to the horizontal (see Fig. 2)

G(ζ) =

∫ δ

0

∫ δ

z

∫ cos−1(z/|ξ|)

−cos−1(z/|ξ|)
wu(ψ, ζ) h|ξ| dψ dξ dz (69)

Considering that experimental measures of the fracture energy of orthotropic materials is, in
general, given for two orthogonal orientation of the material reference system ζ = 0 and ζ = π/2
(with Gζ=0 > Gζ=π/2), wu(ψ, ζ) depends on the ligament orientation angle by a general two
parameter law similar to Eqs. 70- 31

wu(ψ, ζ) = wu2 + (wu1 − wu2) cos
n(ψ − ζ) (70)

By substituting Eq. 70 in Eq. 69 and considering ζ = 0 and ζ = π/2, a system of two integral
equations is obtained

Gζ=0 =

∫ δ

0

∫ δ

z

∫ cos−1(z/|ξ|)

−cos−1(z/|ξ|)

{
wu2 + (wu1 − wu2) cos

nψ

}
h|ξ| dψ dξ dz (71)

Gζ=π/2 =

∫ δ

0

∫ δ

z

∫ cos−1(z/|ξ|)

−cos−1(z/|ξ|)

{
wu2 + (wu1 − wu2)

× cosn(ψ − π/2)

}
h|ξ| dψ dξ dz (72)

Adopting n = 2, a system of two equations in the two unknown wu1 and wu2 can be derived
solving Eqs. 71- 72  9Gζ=0 = 2hδ3(2wu1 + wu2)

9Gζ=π/2 = 2hδ3(wu1 + 2wu2)
(73)

which results in

wu1 =
3(2Gζ=0 −Gζ=π/2)

2hδ3
; wu2 =

3(2Gζ=π/2 −Gζ=0)

2hδ3
(74)
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Figure 2: Schematics for computing the fracture energy of the material associated to a fracture plane orthogonal
to the horizontal and corresponding to a specific orientation of the material reference system ζ (left); Continuous
function wu(ψ, ζ) for a given material inclined at ζ = 0, with Gζ=0/Gζ=π/2 = 1.8 and corresponding to different
values of the exponent n in Eq. 70 (right).

If instead, n = 4 and n = 8 are adopted in Eq. 70, Eqs. 71- 72 lead to the following relations

wu1 =
3(12Gζ=0 − 7Gζ=π/2)

10hδ3
; wu2 =

3(8Gζ=π/2 − 3Gζ=0)

10hδ3
(75)

wu1 =
3(280Gζ=0 − 187Gζ=π/2)

186hδ3
; wu2 =

3(128Gζ=π/2 − 35Gζ=0)

186hδ3
(76)

In the case of uniform fracture energy, Gζ=0 = Gζ=π/2, Eqs. 74- 76 (same for any n) reduce to
the well known [42, 33, 49]

wu1 = wu2 = wu =
3G

2hδ3
(77)

being wu(ψ, ζ) a constant function. It is worth noting that wu1 and wu2 cannot be less than zero
otherwise bond rupture generates energy, then a restriction exists on the maximum possible
Gζ=0/Gζ=π/2 ratio corresponding to each value of the exponent n. Assuming for instance n=2
and n=8, the following restrictions hold Gζ=0 < 2Gζ=π/2 and Gζ=0 < 3.65Gζ=π/2, respectively.
Therefore, n allows for modeling materials with various levels of anisotropy of the fracture
resistance, as Eqn. 70, together with the corresponding values of w1 and w2, is able to model
the failure behavior of materials characterized by Gζ=0/Gζ=π/2 up to 2 and 3.65, respectively.
Increasing n for a given anisotropic ratio Gζ=0/Gζ=π/2, a progressively less smooth transition
between the two values of micropotential energies wu1 and wu2 is obtained, as shown in Fig. 2.
Hence, when considering a discretized model with a given Gζ=0/Gζ=π/2 ratio, higher exponent
n values could require an higher value of the density parameter m for an accurate angular
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discretization of the constitutive laws based on continuous trigonometric functions. In any
case, wu1 and wu2 are calculated to match, for any values of n, the experimental fracture
energy values of the material Gζ=0 and Gζ=π/2. However, since the integrals in Eqs. 71 and 72
are referred to specific orientations of the material reference system (or conversely, given ζ = 0
71 and 72 are associated with specific orientations of the fracture plane), the resulting fracture
energy assumes transition values between ζ = 0 and ζ = π/2.
A similar conceptual idea can be found in phase-field formulations of anisotropic fracture, in
which fracture anisotropy is modeled in a variational framework by considering an orientation
dependent fracture energy Gζ [50]. The convexity of the fracture energy decides the capability
of the model to capture different types of anisotropy [50, 51]. However, phase-field models
of fracture follow, in general, a phenomenological approach which allows to adopt directly
a specific anisotropic surface energy, whereas in mechanistic models macroscopic anisotropic
fracture properties are instead the result of micro-interaction failure properties.
An important aspect of the proposed energetic criterion, is that the failure properties of the
model are independent of the elastic anisotropic properties. Hence, when equating the total
work per unit of fracture surface and fracture energy of the material (i.e. Eq. 69), the integrals
do not involve neither microelastic moduli, nor kn(ψ) and kt(ψ) functions, with consequent
simplification of the calculation of the model critical parameters.
In order to specify the status of a specific bond ξij connecting two particles xi and xj, a
history-dependent pairwise scalar valued function µ is introduced [40]

µ(ξij, t) =

{
0 w ≥ wu

1 w < wu

(78)

Then, a local damage variable is defined and computed at each pseudo-time step t and for each
particle xi as

d(xi, t) = 1−
∑

j=1 µ(ξij, t)∆Vj∑
j=1∆Vj

(79)

where d is the point-wise local damage variable associated to the proposed failure criterion. It
should be noted that in coupled-electro-mechanical formulations the ligament global stiffness
is assembled as

[K] = µ
[
[K]e + [K]el

]
(80)

hence, the pairwise scalar valued function µ affects also the conductivity of the ligament. In
particular, when µ(ξij, t) = 0, the ligament is no longer able to conduct electric current.

4. Validation of the model105

The accuracy of the proposed formulation is illustrated by the simulation of: the effective
conductive behavior and electric field potential in square laminae with homogenized anisotropic
properties, the variation of electric resistance in a rectangular anisotropic specimen due to an
evolving central crack (Section 4.1), and the fracture propagation and damage sensing in cortical

Table 1: Homogenized conductive properties of composite materials: Volume fraction Vf and electrical conduc-
tivities of the two phases fiber-matrix characterizing the three RVEs considered in this work.

MAT ID Ke (Matrix) [S/mm] β = Ke (Fiber)/Ke (Matrix) Vf = vf/v
1 100 10 0.50
2 20 50 0.50
3 1 1000 0.35

15



Figure 3: Homogenized conductive properties of composite materials: Schematics of the representative volume
element (RVE) corresponding to the three 2D fiber composite materials considered (dimensions are related to
the unit cell square side).

bone compact tensile test specimens considering different orientation of the material reference110

system (Section 4.2).

4.1. Anisotropic electrical conduction

The validation of the anisotropic conductive model has been conducted using three different
in-plane effective anisotropic conductive properties resulting from an homogenization process
of representative volume elements (RVE) and corresponding to three different two-phases in-
clusion (e.g. fiber)-matrix polymer composites.
Calculation of homogenized anisotropic conductivity tensors has been made using heterogeneous

Figure 4: Normalized electric field potential ϕ/ϕmax (top) and normalized electric current density J/Jmax

(bottom) for the three RVEs considered as result of ∆ϕ(AD −BC).
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Figure 5: Normalized electric field potential ϕ/ϕmax (top) and normalized electric current density J/Jmax

(bottom) for the three RVEs considered as result of ∆ϕ(AB − CD).

finite element (FE) models in which matrix and inclusions are modeled as separate phases. For
simplicity reasons, most micromechanical models assume a periodic arrangement of inclusions
for which a RVE or unit cell can be isolated. The RVE is assumed to have unit thickness and
the same volume fraction Vf as the composite. The three RVEs considered are described in
Fig. 3 and the conductive isotropic properties adopted for each component (see Tab. 1) are
compatible with a multitude of multi-phase polymer composites made of carbon fibers and
polymer matrix with conductive fillers [52, 53].
Given two configurations of applied external potential difference at boundaries ∆ϕ(AD−BC)
and ∆ϕ(AB−CD), and corresponding to macroscopic electric fields directed along the princi-
pal material directions [54], once the electric field potential is evaluated, the components Ke1

and Ke2 of the second rank effective conductivity tensor for each material are calculated by
integrating the current density J across the boundaries AD and AB, respectively (see Figs. 4
and 5)

q̄AD =
1

SAD

∫
S

J dSAD; q̄AB =
1

SAB

∫
S

J dSAB (81)

where q̄AD and q̄AB are the macroscopic electric current fluxes (e.g. macroscopic current den-
sities) on AD and AB, respectively. As consequence of the applied electric fields, the current
density flows from the right to the left face in Fig. 4, and from the bottom to the top face in
Fig. 5, being the remaining surfaces assumed to be electrically insulated [55, 56]. The electric
current fluxes concentrate around the inclusions due to their higher conductivity properties.
Hence, by solving the equations of the effective electrical conduction of the RVE

q̄1 = q̄AD = Ke1 [∆ϕ(AD −BC)]; q̄2 = q̄AB = Ke2 [∆ϕ(AB − CD)] (82)
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Table 2: Homogenized conductive properties of composite materials: Effective anisotropic homogenized electrical
conductivities Ke1 [S/mm] and Ke2 [S/mm] corresponding to the three RVEs considered.

MAT ID Ke1 [S/mm] Ke2 [S/mm] Ke1/Ke2

1 297 210 1.41
2 510 39.3 12.98
3 122 276 0.45

for Ke1 and Ke2 , the components of the effective conductivity tensor corresponding to the
three RVEs considered (denoted by MAT 1, MAT 2 3 and MAT 3) are reported in Tab. 2. It
should be noted that only the diagonal terms of the conductivity tensor in the material refer-
ence system are non-zero for the RVEs. Composites with a non-orthogonal lattice of inclusions
and not aligned anisotropy axes of phase materials are expected instead to possess macroscopic
anisotropy of a general type [54]. Using the estimated effective conductivities of the composite
materials considered, the microelectrical conductivity functions ke(ψ) characterizing the pro-
posed model have been calculated by Eqs. 29, 33 and Eq. 31 (see Fig. 6 for details).
The accuracy of the proposed model is first assessed predicting the effective conductive behav-
ior of a homogenized anisotropic material. To this purpose, a rectangular lamina of unitary
thickness, length b=10mm, height 2b=20mm and electrical conductive properties as those of
MAT 2 (Ke1 > 10Ke2) has been considered. A potential difference of ∆ϕ= 10 V is applied to
the horizontal (top and bottom) boundaries, whereas the domain is discretized using different
regular grid spacing ∆x = 0.5 mm, ∆x = 0.25 mm and ∆x = 0.125 mm, resulting in a model
composed of 800, 3200 and 12800 particles, respectively. The δ/∆x=m density ratio is also
varied to investigate the influence of the range of non-local actions on the model accuracy.
Adopting four different orientation ζ of the material reference system, the net macroscopic cur-
rent I flowing into the lamina is calculated by summing up the electric reactions corresponding
to the boundary particles at which the negative electric potential is applied. Hence, using the

3The value of Ke1 calculated for MAT 2 is in perfect agreement with analytical calculations [57]

Ke1 = K∥ = Kf∥Vf +Km (1− Vf ) (83)

where K∥ is the effective conductivity parallel to the direction of the fibers, whereas Kf∥ and Km are the
conductivity of the fibers and matrix, respectively.

Figure 6: Homogenized conductive properties of the composite materials: Effective directional electrical con-
ductivity corresponding to the three RVEs considered (left); Off-axis microelectrical conductivities as function
of the ligament orientation angle ψ (right).
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Figure 7: Analytic and computed effective off-axis conductivity Keyy corresponding to different orientation of
the material reference system ζ and adopting different discretization parameters of the proposed model.

equations
R(ζ) = ∆ϕ/I(ζ); Keyy(ζ) = 2b/R(ζ)hb (84)

the electrical resistance R and the effective conductivityKeyy are evaluated from the simulations
for each angle of anisotropy ζ considered, and then compared to their theoretical values from
Eq. 23. Results in Fig. 7 show that when π/3 ≥ ζ ≥ 0, the model accurately predicts115

the material effective conductivity. For ζ = π/2, however, even adopting a medium refined
discretization, convergences to the theoretical result is obtained as the density parameter m
increases. Adopting m = 5, the anisotropic conductive behavior can be accurately modeled. It
is worth mentioning that for isotropic conductive materials,m = 3 has been proved to guarantee
a good accuracy of the numerical solution [34], while for modelling anisotropic behavior using120

a discrete representation of bond properties in a two-parameters orthotropic non-local lattice,
m = 5 was recommended [27, 30].
The effectiveness of the proposed formulation in predicting the electric field potential in

anisotropic media is assessed by a square lamina with the geometry in 8, unitary thickness and
made of material with the conductive properties of MAT 2 (2). The applied potential difference125

at the horizontal edge is ∆ϕ = 20 V, whereas the domain is discretized using a regular grid

Figure 8: Square lamina with central hole and made of MAT 2: The electric potential is assigned at the top
and bottom boundaries to produce a potential difference of ∆ϕ=20V.
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spacing ∆x = 0.5 mm resulting in a model of 6084 particles with m = 5 (δ = 2.5 mm).
The attention is here only on the electrical part of the model, hence no mechanical boundary
conditions are considered in this section. The geometric features of the lamina are chosen to

Figure 9: Square lamina with central hole and made of MAT 2: Solution obtained using the proposed model
(top row) and FE (bottom row), and corresponding to angles of anisotropy ζ = 0, ζ = π/12 and ζ = π/6.

Figure 10: Square lamina with central hole and made of MAT 2: Solution obtained using the proposed model
(top row) and FE (bottom row), and corresponding to angles of anisotropy ζ = π/4, ζ = π/3 and ζ = π/2.
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Figure 11: Square lamina with central hole and made of MAT 2: Comparison of nodal electric field potentials
along the central vertical line connecting points d and c, between the FE (solid line) and proposed model
(triangles) obtained with m=5 and ∆x = 0.25 and considering different angles of anisotropy ζ.

obtain a non-homogeneous electric field, and the results obtained using the present formulation130

are compared to a FE model in which an irregular mesh of 6152 elements is adopted 4. Figs. 9
and 10 show that predictions are in excellent agreement with the corresponding FEM solutions.
A quantitative comparison of the electric potential along a central vertical line connecting points
d and c (Fig. 8) is shown in Fig. 11. It confirms the accuracy of the proposed formulation and
its numerical implementation.135

4Four-nodes elements for coupled thermal-electrical analysis are used and uncoupled electrical analyses are
performed by omitting the thermal properties from the material description. Hence only the electric potential
degree of freedom is activated within the element and all heat transfer effects are ignored [34]

Figure 12: Electrical conduction in a orthotropic rectangular lamina made of MAT 2 with a horizontal crack:
(left) Layout of the problem; (right) Variation of the electrical resistance as function of the propagating crack
length for different ζ. The electrical resistances are normalized respect to the resistance R0 corresponding to
the uncracked lamina and the diamond markers represent finite element solutions.
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Figure 13: Variation of the electrical resistance in rectangular laminae made of MAT 1 (left) and MAT 3
(right) with a horizontal crack growth. The electrical resistances are normalized respect to the resistance R0

corresponding to the uncracked laminae.

As third application, a preliminary assessment of the numerical performance of the proposed
formulation is detailed for an orthotropic material with strong discontinuities such as cracks.
The layout is shown in Fig. 12, where a=400mm and b =200mm, and the assigned length of
the crack l is progressively increased from 0 to 0.9 b. The lamina is of unit thickness, effective
anisotropic electrical conductive properties are those of the three materials considered, and an140

external electrical potential difference ∆ϕ=2V applied to the horizontal edges. The discretized
model is composed by 3200 particles (regular grid of 80×40 particles with ∆x = 5mm and
m = 5). For each assigned pre-existing crack length, the electrical field potential is computed
using the proposed model, then the net current I flowing into the lamina is estimated by the
electrical reactions. In this way, applying Ohm’s law the electrical resistance R is obtained145

for each crack length and for each orientation of the material reference system ζ. Results of
numerical analyses are shown in Figs. 12 and 13. In Fig. 12, predictions of the present model
for MAT 2 (the material characterized by the highest anisotropy) are compared to finite element
results, again for highlighting the accuracy of the proposed anisotropic electrical model.

4.2. Fracture and damage sensing in conductive materials150

The proposed anisotropic electromechanical formulation is adopted to model fracture and
electrical conduction for damage sensing applications in cortical bone.
Bone is a conductive complex hierarchical composite which has natural mechanisms to resist
fracture [58]. Actually, the simultaneous activation of toughening mechanisms by collagen
fibers, lamellar structure of collagen fibers and osteon (Haversian canals) at various length
scales provides enduring strength and toughness.
In particular, the results from the experimental campaign performed by Behiri and Bonfield
[59, 60] are here considered to exploit the orientation dependence of the fracture of bovine corti-
cal bone tissues. These authors employed the compact tension (CT) test to obtain stable crack
propagation in fluid-saturated specimens at different orientations of the material reference sys-
tem, so that the crack length and the corresponding load can be recorded during quasi-static
loading [59]. Being cortical bone, in general, stronger in the longitudinal direction, loading
conditions typical of CT test lead to final crack paths almost parallel to the osteons.
Failure properties of this specific material, homogenized as orthotropic medium, have been con-
sidered in other studies for the validation of orthotropic mechanical fracture models, as in the
pioneering study by Ghajari et al [27]. However, it is worth underlying that differently from
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other previous studies of cortical bone fracture using mechanical formulation based on elastic
pair potentials as bond-based type formulations [29, 27], the here proposed model does not have
any restriction in the number of material constants that define the effective in-plane orthotropy
of the real material considered which is distinctively characterized by four independent elastic
moduli. This result is obtained eliminating the central-force assumption for pairwise interac-
tions. For bovine cortical bone, the elastic moduli were obtained from an experimental study
by Van-Buskirk et al. [61, 27]. Assuming axis-1 to be parallel to the anatomical axis of the
bone and 2-3 the plane of isotropy, C11=25 GPa and C22=16.25 GPa, whereas C12=5.89 GPa
and C66=6.65 GPa.
Regarding failure properties, Behiri and Bonfield measured average critical stress intensity fac-
tors in transversely oriented bovine cortical bone (ζ = 0 in Fig. 14), ranging from KIc2 = 3.2
to 4.0 MPa.m1/2 [62, 59, 60], whereas by grooving cortical bone compact tension specimens,
they determined average values of KIc1 from 6.3 to 6.5 MPa.m1/2. It should be noted that no
direct measures of the fracture energy of the longitudinal oriented material was performed by
the authors in their experimental studies.
However, in order to define critical micropotential energy parameters of the proposed fracture
model, critical strain energy release rates Gζ=0 and Gζ=π/2 are required. They were calculated,
consistently with elastic moduli adopted for cortical bone, by energy-release rate proposed in
[63] for a collinear extension of a pre-existing crack on one plane of material symmetry of an
orthotropic material subjected to the loading conditions here considered

Gζ=0 =
1

2
S22Im[−K2

Ic1(µ1 + µ2)µ1µ2]; Gζ=π/2 =
1

2
S11Im[−K2

Ic2(µ1 + µ2)µ1µ2] (85)

where Sii are components of the conventional compliance matrix (i.e. the inverse of matrix C
in Eq. 50) and µ1, µ1 or µ2, µ2 are the conjugate pairs root of the characteristic equation [64]
written as

S11µ
4 + (2S12 + S66)µ

2 + S22 = 0; S22µ
4 + (2S12 + S66)µ

2 + S11 = 0 (86)

for Gζ=0 and Gζ=π/2, respectively.
The electrical conductivity of cortical bone tissues instead, were measured by Reddy and Saha

Figure 14: Layout of the compact tension test on cortical bone specimens at different angle of anisotropy ζ,
and arrangement of current input leads and potential probe leads for potential drop crack length determination
(dimensions in mm).
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[65] in three orthogonal directions parallel to the principal directions of a long bone, demon-
strating the anisotropic nature of this material. The electrical properties were found to be
highly dependent on moisture content of bone and on frequency of the signal applied to the155

test specimen, being however nearly independent of frequency below 10 kHz [65]. In the case of
wet (fluid-saturated) compact bovine bone at low-frequency or even DC conditions, the effective
resistivity in the radial direction is approximately three times that in the longitudinal direction
[65], which is consistent with the findings of Chakkalakal et al. [66]. In particular, resistivity
in the radial direction is ρr=54 kΩcm, whereas in longitudinal direction ρz=17 kΩcm, hence160

ρz/ρr ≈ 3.2. This anisotropic behavior of the electrical characteristics of bone is expected hav-
ing higher porosity in the longitudinal direction due to the presence of Haversian canals [65].
The electromechanical setup under consideration is detailed in Fig. 14, where the longitudinal
and radial axes are aligned with axes 1 and 2, respectively. Compact tension tests on cortical
bone specimens in displacement control at different angle of anisotropy ζ as performed by Behiri165

and Bonfield [60] have been simulated using the proposed formulation. The mechanical and
electrical conduction models have been then coupled, in the hypothesis of small deformations,
[34] to study the effect of evolving discontinuities in cortical bone tissues effective conductive
behavior using the potential drop crack length determination technique [67, 68]. In Fig. 14
both the loading zones and the arrangement of direct electrical current input leads and poten-170

tial probe output leads are shown.
The microelastic moduli of the proposed mechanical model were calculated using Eqs. 64 and
65, while the micromoduli functions for cortical bone tissues were defined using Eqs. 55 and

Figure 15: Fracture profiles and electric field potential in cortical bone specimens. First row: electric field poten-
tial of uncracked specimens. Second row: electric field potential of cracked specimens; Third row: displacement
map of cracked specimens with indication of the experimental crack profiles from [60].
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56. By considering the peculiarities of this material, critical micropotential energy function was
determined using Eq. 70 along with Eq. 76, and adopting in Eqs. 85, the same values of the175

fracture toughness as in Ghajari et al. [27]. As for the electrical properties, the microconduc-
tivity function was determined using Eqs. 31-32.
The non-linear electromechanical problem was solved using different discretization parameters
(δ = δ1, δ = δ2 and m = 3.2, m = 5) and displacement control with adaptive pseudo-time
step refinement [69, 34]. It should be pointed out that our attention was focused on fracture180

and influence of crack propagation on effective macroscopic conductivity of the specimens at
different ζ, hence other possible electromechanical interactions in cortical bone tissues have not
been considered in this study. In any case, classic piezoelectric effects are observable only in dry
bone tissues [70]. The results, obtained adopting an almost uniform grid spacing ∆x = 0.3mm
and m = 5, hence with δ = δ1 = 1.5mm resulting in a model of 12312 particles, are shown in185

Fig. 15 along with experimental final crack path corresponding to angles of anisotropy ζ = 0,

Figure 16: Fracture profiles of CT cortical bone specimens: Experimental [60] (left column and gray-filled
triangles) and numerically predicted (central and right columns) crack propagation paths using δ = δ1 and
δ = δ2 with m = 3.2 corresponding to angles of anisotropy ranging from ζ = 0 to ζ = π/2.
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ζ = π/4, ζ = π/3 and ζ = π/2. The crack paths predicted using the micropolar model and the
proposed energetic failure criterion are in perfect agreement with experimental data [60]. It is
interesting to note that experiments show quite complex fracture pattern, as can be seen from
Figs. 15 and 16, especially for ζ = π/4 and ζ = π/2. Actually, the proposed model is able190

to predict the change of the average inclination angle of the fracture surface in cortical bone
specimens inclined at π/4 and the initial deflection that the crack profile experiences when
ζ = π/2, before propagating straight along the “strongest” direction (see Fig. 15 and 16).
Crack profiles agree very well with experiments (Fig. 16) even adopting coarser meshes and a
lower value of the m parameter (∆x = 0.47mm with m = 3.2 [33], hence δ = δ1 resulting in a195

model composed of 5472 particles, and ∆x = 0.35mm with m = 3.2, hence δ = δ2 = 1.1mm,
resulting in a model composed of 8097 particles). It is consequence of the continuous functions
used to model elasticity and fracture resistance of the material which allow the solution of this
problem to be decoupled from the particles specific topology adopted. In any case it should be
reminded that higher values of the exponent n in the anisotropic critical energy trigonometric200

function would require an higher value of the density parameter m, hence a finer angular dis-
cretization of Eq. 70.
Potential drop as function of the applied total displacement vs. force–displacement relation-
ship corresponding to cortical bone specimens with material reference system inclined at ζ = 0,
ζ = π/4, ζ = π/3 and ζ = π/2 are reported in 17. It is noted that the peak load corresponding205

to ζ = 0 is P = 96N. This value is in perfect agreement with the analytical value of P = 98 N
determined on the basis of experimental data using the procedure reported in [59, 27] with

Figure 17: Potential drop and force-displacement relationship corresponding to cortical bone specimens with
material reference system inclined at ζ = 0, ζ = π/4, ζ = π/3 and ζ = π/2. Results obtained using δ = δ1 and
m = 5.
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KIc2 = 4.0MPa m1/2 [62, 27] and thickness h = 1 mm.
It should be highlighted that in this study we adopted a two parameter function to describe
the anisotropic resistance of cortical bone, however the proposed energetic criterion can be210

extended to other generalized multi-parameter directional dependent functions.
The average slope of the ∆ϕ/∆ϕ0 curves depend on the angle of anisotropy ζ, on the crack
angle and crack pseudo-velocity. The latter effect can be excluded by reporting ∆ϕ/∆ϕ0 as
function of the crack length measured during the simulation. In this way, each angle ζ was
uniquely associated with a specific value of the average slope β of the ∆ϕ/∆ϕ0-l/a relationship,215

allowing for a direct determination of the actual crack length l from the value of ∆ϕ registered
by potential probe output leads (see Fig. 18). For the considered bone specimens, the angle
β is proved to decrease non-linearly as function of the angle of anisotropy ζ, evidencing as
expected, the sensitivity of the electric potential output probes which significantly decreases as
the angle of anisotropy of the specimen approaches ζ = π/2.220

5. Conclusions

In this paper a continuum model was proposed based on pairwise interactions for electri-
cal conduction, elasticity and fracture in conductive anisotropic materials. Using non-central
elastic pair potentials and inelastic potential functions, the analytical formulation of a coupled225

electromechanical micropolar model was detailed characterized by six independent material
moduli that define the in-plane behavior of orthotropic conductive materials. Elastic and con-
ductive anisotropy of the material along with its non-uniform fracture resistance were modeled
adopting continuous functions of the ligament orientation angle, allowing the mathematical for-
mulation of the model to be, in principle, independent from the particles topology considered.230

Moreover, the elastic and conductive parameters of the model were derived using a generalized
approach based on energetic equivalence, without the need for any particular assumption about
the deformation and electric fields.
The accuracy of the proposed electromechanical model has been assessed by several examples
that demonstrated its particular suitability in electromechanical problems involving disconti-235

nuities and fracture, such as the fracture and crack length determination by potential drop
technique in anisotropic tissues. Further studies and experimental data are needed to extend
the present formulation to other coupled phenomena.

Figure 18: ∆ϕ/∆ϕ0 vs. normalized crack length l/a for direct determination of the actual crack length l from
the value of ∆ϕ registered by potential probe output leads (left); β as function of the angle of anisotropy ζ
(right).
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