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Abstract

A parameter optimization of the Radial Point Interpolation meshless Method
(RPIM) is presented in this work for solving the static bending analysis of
Kirchhoff nanoplates which include the second order strain gradient theory.
Optimization in meshless strategies is often required since shape parameters,
of the Radial Basis Functions (RBFs) used, might vary due to different plate
geometries and various boundary conditions are studied. Due to the intro-
duction of a second strain gradient theory within Kirchhoff plate framework,
to approximate the bending degrees of freedom, a Hermite RPIM is used.
The results of the static analysis are compared with the solutions available
in the literature and good agreement among all presented results as well as
convergence behavior is shown.
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1. Introduction

In recent years, the field of research on the topic of mesh free methods has
proven do be dynamic and in continuous evolution. The idea of the methods
is to discretize the continuum domain using a set of randomly scattered nodes
rather than discretize it by means of a mesh. The absence of a mesh allows
to spare a significant amount of time during the analysis and introduces a
huge degree of flexibility in terms of introducing or removing nodes from the
domain. However, if the problem is studied in its weak formulation, a mesh
has to be introduced for the sole purpose of integrals numerical evaluation.

Mesh free methods have been widely applied to classical structural me-
chanics analysis [1]. A number of methods exist each one characterised by a
different procedure used to calculate the shape functions [1, 2]. Among them,
the Radial Point Interpolation Method (RPIM) can be convenient since it
possesses the Kronecker delta function property which allows to impose the
essential boundary conditions in the same way as in conventional FEM [3, 4,
5]. In its Hermite formulation, it also allows to consider additional degrees
of freedom in the description to better represent the behaviour of the solid
[6].

On the other hand, researcher’s attention is growing towards nano struc-
tural components. Both MEMS (Micro-Electro-Mechanical-Systems) and
NEMS (Nano-Electro-Mechanical-Systems) require the employment of nano
structures to which classical theory don’t apply [7, 8, 9, 10, 11]. In fact, the
mechanical behaviour of micro and nano structures is strongly affected by
the mechanic of the material and by the long range interactions between par-
ticles [12, 13]. These aspects, while weak at macroscale, become significant
on microscale. Classical theories are not able to account for these micro-
scopic effect. Nonlocal theories, instead, have been widely applied for both
the static [14, 15] and dynamic [9, 16, 17] analysis of structures in which
nonlocal effects are not negligible.

Bending analysis of micro-sized beams based on the Bernoulli-Euler beam
theory has been studied within the modified strain gradient elasticity and
modified couple stress theories. The influence of size effect and additional
material parameters on the static response of micro-sized beams in bending
has also been studied. The bending values obtained by these higher-order
elasticity theories have a significant difference with those calculated by the
classical elasticity theory [13]. Faghidian et al. [18] proposed a mixture
stress gradient theory of elasticity conceived via consistent unification of the
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classical elasticity theory and the stress gradient theory within a stationary
variational framework. In particular a boundary-value problem associated
with a functionally graded nano-bar is rigorously formulated. Static bend-
ing response of single-walled carbon nanotubes (SWCNTs) embedded in an
elastic medium has also been investigated on the basis of higher-order shear
deformation microbeam models in conjunction with modified strain gradient
theory. The results obtained show that the bending behavior of SWCNTs
is dependent on the small-size, stiffness of the elastic foundation and also
effects of shear deformation, especially for smaller slenderness ratios [19].
Large-amplitude nonlinear vibration response of symmetric porous function-
ally graded (FG) nanobeams carrying several fullerenes has been analyzed in
[20] where the influence of various porosity distributions as well as position
and mass of fullerenes on the nonlinear vibrational behaviour is particularly
studied. Piezoelectric effect of porous nanobeams has been analysis using a
meshless DQ method for vibrations in [21].

One of the most used theory in the analysis of nanostructures is Eringen’s
nonlocal elasticity theory which can be improved by adding additional pa-
rameters thus obtaining an enhanced Eringen differential model. Bending of
nano/micro beams under concentrated and distributed loads and subjected
to various types of boundary conditions have been investigated using such
differential model [22].

A number of numerical finite element implementation of the nonlocal
strain gradient theory applied to thin laminated composite nanoplates using
Kirchhoff theory (known as Classical Laminated Plate Theory or CLPT).
Hermite interpolation functions are used to approximate membrane and
bending degrees of freedom according to the conforming and nonconform-
ing approaches [23, 24, 25, 26].

To the best of the authors’ knowledge, mesh free Methods and nonlocal
theories have not yet been used together to solve structural mechanics prob-
lems. The challenge of the present work is to implement a RPIM to solve
the static bending problem of nanoplates modelled via negative strain gradi-
ent theory and to search for an optimal combination of shape parameter to
obtain the most accurate results possible [27].

The paper is organized as follows. The present introduction precedes a
section dedicated to theoretical notions on thin isotropic Kirchhoff plates and
strain gradient formulation. Which is then followed by a detailed explanation
of the Radial Point Interpolation Method, shape functions construction and
numerical implementation. Within this context, a section on the importance
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of the nondimensional parameters is introduced and the optimization proce-
dure is widely explained. The last section presents the numerical results and
convergence plots that validate and compare the present analysis against the
analytical solutions available in the literature. Finally, a conclusion sections
summarize the previous topics and closes the work.

2. Isotropic thin plate model

The behaviour of a thin isotropic plate subjected to a uniformly dis-
tributed transverse load is studied. The plate has dimensions a × b being
a the length along the x-axis and b along the y-axis. The thickness h is
considered uniform along the whole plate and the transverse static load of
magnitude qz is applied in the z direction.

2.1. Kinematics

According to Kirchhoff flexural plate theory [28], the displacements u, v
and w along the x, y and z axis respectively, are written as a function of the
degrees of freedom on the mid section of the plate. For isotropic plates in
bending the only degree of freedom is the transverse displacement w of the
mid-point (x, y, 0):

u(x, y, z) = −z
∂w(x, y, z)

∂x
(1)

v(x, y, z) = −z
∂w(x, y, z)

∂y
(2)

w(x, y, z) = w(x, y, z) (3)

Subsequently, the strains are written as:

εεε = zDw(x, y) (4)

where εεε =
{
εxx εyy γxy

}⊤
is the three dimensional strain vector and D is

the differential operator defined as:

D =
[
− ∂2

∂x2 − ∂2

∂y2
−2 ∂2

∂xy

]⊤
(5)
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2.2. Strain gradient theory

Under plane stress assumptions, the stress-strain relationship is expressed
through the constitutive law. The negative strain gradient theory enters
directly the constitutive law introducing a nonlocal parameter ℓ:

σσσ = (1− ℓ2∆2)Q̄εεε (6)

where σσσ = {σxx σyy τxy}⊤, ∆2 = ∂2/∂y2 + ∂2/∂x2 denotes the Laplacian
operator and Q̄ is the matrix of reduced material constants.

2.3. Equations of motion

The equations of motion of the problem are derived from the principle of
virtual work (PVW): ∫

A

(
δεεε⊤σσσ − δw(x, y)qz

)
dA = 0 (7)

being A the plate surface and qz is transverse distributed load applied to the
plate.

Recalling Equation (4) and the constitutive law as given in Equation (6),
it can be rewritten as follows:∫

A

{
δw⊤

[
D(b)⊤DD(b) + ℓ2

(
D(b)

,x

⊤
DD(b)

,x + D(b)
,y

⊤
DD(b)

,y

)]
w + δw⊤qz

}
dA = 0

(8)

where

D,x = − ∂

∂x
D D,y = − ∂

∂y
D (9)

In the previous equation, D is the material constant matrix expressed as:

D =
Eh3

12(1− ν2)

1 ν 0
ν 1 0
0 0 1−ν

2

 (10)

for plane strain problems. Here, E is the Young’s modulus and ν is the
Poisson’s ratio.
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3. Mesh free Model

In the present work the numerical analysis makes use of a meshfree ap-
proach termed Radial Point interpolation Method (RPIM). Thus, on the one
hand no mesh is required to discretize the problem. The domain and the
boundaries are simply represented by a regularly distributed set of nodes.
On the other hand, the RPIM posses the Kronecker delta function property
which allows to impose the essential boundary conditions in the same way
as in conventional FEM.

Differently from FEM, however, the shape functions built with the RPIM
do not already embed all the necessary degrees of freedom at the node. This
poses an issue for the imposition of the boundary conditions. In the case of
a Kirchhoff plate, the only degree of freedom is the transverse deflection w.
In this work, however, due to the higher order derivatives introduced by the
strain gradient formulation, both the deflection w and its first derivatives wx

and wy are taken as variables. Any higher-order derivative can be simply
obtained by derivation. Therefore, it is more convenient, if not necessary, to
use the Hermite-RPIM rather than the classical formulation [6].

The approximation of the field function w(x, y) is written as a linear
combination of radial basis functions (RBF) and their derivatives at all the
n nodes falling within a local domain called support domain:

w(x, y) =
n∑

i=1

Ri(x, y)ai +
n∑

i=1

Ri,x(x, y)a
x
i +

n∑
i=1

Ri,y(x, y)a
y
i (11)

= R⊤(x)a+R⊤
,x(x)a

x +R⊤
,y(x)a

y

where Ri(x, y), Ri,x(x, y) and Ri,y are the RBF and its derivatives and ai,
axi and ayi the corresponding unknown vectors of coefficients.

There are many RBFs to choose from. In this work, the multi-quadrics
(MQ) RBF [30, 29] is used in the form:

Ri(x) = [(x− xi)
2 + (y − yi)

2 + C2]q (12)

where q and C = αCdc are the shape parameters. Both q and αC nondimen-
sional parameters require some tuning to ensure numerical accuracy of the
results.

The derivative of the field function w(x, y) is considered equal to the
derivative of its approximation function. The vector of coefficients in Equa-
tion (11) are obtained by enforcing the field function and its derivative to be
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satisfied at all the n nodes enclosed in the support domain. This leads to a
system of 3n linear equations [31] written in matrix form as:

W =


w
w,x

w,y

 =

 R R,x R,y

R,x R,xx R,xy

R,y R,xy R,yy

 a
ax

ay

 = Ga (13)

where w, w,x and w,y are vectors of function values in the form:

w = [w1 w2 . . . wn]
⊤ (14)

w,x = [w1,x w2,x . . . wn,x]
⊤ (15)

w,y = [w1,y w2,y . . . wn,y]
⊤ (16)

Solving Equation (13) and substituting into Equation (11) we obtain:

w(x, y) =
[
R⊤ R⊤

,x R⊤
,y

]  a
ax

ay

 (17)

=
[
R⊤ R⊤

,x R⊤
,y

]
G−1W

The Hermite-RPIM shape functions are then written as:

ΦΦΦ⊤(x) =
[
R⊤ R⊤

,x R⊤
,y

]
G−1 =

[
φφφ φφφx φφφy

]
(18)

=
[
φ1 . . . φi . . . φn φx

1 . . . φ
x
i . . . φ

x
n φy

1 . . . φ
y
i . . . φ

y
n

]
Once the shape functions have been obtained, the procedure is the same

as in conventional FEM. The approximation is directly introduced in the
weak form of the equation of motion:∫
A

δW

[
D(b)ΦΦΦ⊤DD(b)ΦΦΦ+ ℓ2(D(b)

,x ΦΦΦ
⊤DD(b)

,x ΦΦΦ+D(b)
,y ΦΦΦ

⊤DD(b)
,y ΦΦΦ)+ΦΦΦ⊤qz

]
dA = 0

(19)
Equation (19) can be written for every node in the domain. The assemble

of all contributions yields the usual, well known equation of motion:

KW = F (20)

The stiffness matrix of the previous equation is the summation of two
terms:

K = Kc +Ksg (21)
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where:

Kci =

∫
A

B⊤
i DBidA (22)

is the classical component of the stiffness matrix for the i-th node, and

Ksgi =

∫
A

ℓ2
(
B,x

⊤
i DB,xi + B,y

⊤
i DB,yi

)
dA (23)

is the corresponding strain gradient component. Moreover, the three matrices
of shape functions derivative are expressed as:

Bi = DΦΦΦi B,xi = D,xΦΦΦi B,yi = D,yΦΦΦi (24)

Following the same procedure, the load vector for the i-th node is writte
as:

F =

∫
A

ΦΦΦiqz dA (25)

4. Influence of parameters

The MQ radial basis function [32, 33] depends on the two nondimensional
parameters C and q, as shown in Equation (12). It has been widely shown [1]
how the tuning of the shape parameters affects the numerical results of the
analysis. The tuning is not completely arbitrary since the admissible values
of these parameter are bounded by limits provided in literature. Still, even if
some numbers emerged which give better results, it is not always guaranteed
that they may give good results for every geometry or boundary condition
considered.

Moreover, the construction of shape functions in meshfree methods is
performed using only the information of nodes falling inside a local domain
called support domain. The size of which can be expressed as:

ds = αsdc (26)

where dc is the average nodal spacing dc =
√
∆x2 +∆y2 and αs is another

nondimensional parameter to be tuned.
Overall, there are three parameters that affect the quality of the results of

the analysis. In this case, in particular, the use of the strain gradient theory
to model the plate complicates things due to the need of computing higher
order derivatives which contributes to the reduction of the accuracy of the
results.
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4.1. Optimization

In this work, an optimal combination of the three parameters is sought
to assess whether a certain combination that grants good results exists. The
analysis is performed by seeking the best possible results for plates with
different geometries and considering different kind of boundary conditions.
More specifically, each geometry is optimised independently while seeking
one single combination of the three nondimensional parameters which grants
the best results for all the boundary conditions considered.

The solution of merely the analysis is a vector containing the nondimen-
sional mid deflections of the current plate expressed as:

w̄ =
1000wmaxD

qza4
(27)

where wmax is the maximum deflection, qz is the magnitude of the external
load (considered uniform) and D is the bending rigidity D = Eh3/12(1−ν2).
Each entry of the vector corresponds to the deflection relative to a different
boundary condition.

Similarly, a vector of percentage error is computed in the same way. Each
entry refers to a different boundary condition and is defined as:

err% = 100
|we − w̄|

we

(28)

where w̄ is defined in Equation (27) and we is the exact solution taken
from Ref [15]. The object that is optimized is the norm of such error vector
and the optimization itself is performed by means of the Genetic Algorithm
MATLAB Toolbox.

4.2. The Genetic Algorithm

The problem here described is a constrained optimization problem. The
aim is to find an optimal combination of nondimensional parameters which
grants the minimum percentage error between the numerical and analytical
solution. The constraint comes by the limits on the values that the parame-
ters can assume. As stated in [1], these ranges are given as:

1 ≤αc ≤ 3 (29)

−3.5 ≤q ≤ 3.5 (30)

1.8 ≤αs ≤ 3 (31)
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The Genetic Algorithm (GA) allows to solve both constrained and uncon-
strained optimization problems using a procedure which emulates biological
evolution and the natural selection process it is based on. The function to
optimize is called fitness function and, in the case described in this work,
it is given by the program performing the static analysis of the nanoplates
considered, which takes into account different geometries and boundary con-
ditions.

The GA is an iterative process which begins with the creation of an initial
population. In the present paper, this is given by a first initial guess of the
three dimensionless parameters αc, q and αs. Then, the algorithm generates
a sequence of new populations by selecting individuals in the current gen-
eration to create the next one. This procedure is made by following some
intermediate steps.

Each member of the current population is scored according to its fitness
value, called raw fitness score. The latter is converted in a more usable value
called expectation value. According to their expectation, some members of
the current population are chosen to be parents. The ones with the lowest
fitness value are chosen as elite and are certainly passed on to the next gener-
ation. The parents selected with this process, produce children in two ways.
Either a single parent undergoes a random change, called a mutation, or two
parents are combined in a process called crossover. The current generation is
then replaced by these new children [34]. The GA stops when the stopping
criterion is met.

Concerning the constraints, [1, 2] state that q can not assume an integer
value. Since the Genetic Algorithm does not contemplate any such kind of
constraints, a manual check is introduced directly inside the fitness function.
Using an if conditional statement, every time an integer value of q is chosen
in a generation, an additional 0.01 is added to that value so that the input
to the fitness function never contains an integer q parameter.

5. Results and discussion

As aforementioned, different kinds of boundary conditions are accounted
for. Table 1 shows the constraints which are used either as stated or ar-
ranged in different combinations. More specifically, five different boundary
conditions are considered: SSSS, CCCC, SCSC, SFSF, SCSF. Here the first
and third edges represent x = 0, a while the second and fourth y = 0, b.
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It can be observed that the simultaneous optimization of plates under
different kinds of boundary conditions makes the process of searching for the
best solution harder than it would be if only one type of constraint would
have been considered. Nevertheless, the results show good convergence with
the analytical solution. Numerical results tend to degrade as the value of
the nonlocal parameter ℓ increases. This trend may be explained by the
relative weight that higher order derivatives have as the nonlocal parameter
value changes. In fact, the strain gradient theory requires the computation of
higher order derivatives of the RBF of the meshfree method, which introduces
numerical errors. As the value of ℓ increases, the weight of the higher order
derivatives in the computations increases as well, causing the degradation of
accuracy of the results of the analysis.

Table 1: Basic Essential boundary conditions.

BCs x = 0, a y = 0, b

Supported w = ∂w
∂y

= 0 w = ∂w
∂x

= 0

Clamped w = ∂w
∂x

= ∂w
∂y

= 0 w = ∂w
∂x

= ∂w
∂y

= 0

Free – –

The analysis is performed considering 15×15 regularly distributed nodes
to represent the domain. Moreover, 3× 3 Gauss points are used to evaluate
the integrals shown in Equations (22), (23) and (25).

The results are shown in Tables 2 to 5.
A graphical representation of the variation of the behaviour with the

number of nodes is also presented in Figures 1 to 4. The nondimensional
parameters αC , q and αs are obtained with the optimization procedure de-
scribed in Section 4.2 and their value changes as the number of nodes varies.

6. Conclusion

The analysis of isotropic rectangular nanoplates modelled according to
the second order strain gradient theory is presented. The aim was to apply a
meshfree RPIM to strain gradient Kirchhoff nanoplates and find an optimal
combination of non dimensional parameters via an optimization procedure.
The thin plates are characterised by different aspect ratios b/a and subjected
to different constraints: SSSS, CCCC, SCSC, SFSF, SCSF. The bending
analysis is performed as an external distributed transverse load is applied
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Table 2: Non dimensional values of w̄ for b/a = 0.5 obtained for αC = 1, q = 1.01 and
αs = 2.3

ℓ (nm) Analytical Present Error (%)

SSSS

0 0.6330 0.6321 0.1422
0.2 0.6218 0.6214 0.0643
0.5 0.5680 0.5773 1.6373
1 0.4316 0.4787 10.9129

CCCC

0 0.1583 0.1597 0.8844
0.2 0.1477 0.1482 0.3385
0.5 0.1109 0.1108 0.0902
1 0.0590 0.0586 0.6780

SCSC

0 0.1632 0.1645 0.7966
0.2 0.1523 0.1528 0.3283
0.5 0.1146 0.1145 0.0873
1 0.0612 0.0608 0.6536

SFSF

0 14.6446 14.4269 1.4866
0.2 14.5814 14.3486 1.5966
0.5 14.2561 13.9893 1.8715
1 13.2005 13.0033 1.4939

SCSF

0 3.6392 3.6332 0.1649
0.2 3.5976 3.5830 0.4058
0.5 3.4102 3.3764 0.9911
1 2.9111 2.8330 2.6828
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Table 3: Non dimensional values of w̄ for b/a = 1 obtained for αC = 2.25, q = 0.1 and
αs = 2.2

ℓ (nm) Analytical Present Error (%)

SSSS

0 4.0624 4.0481 0.3520
0.2 4.0330 4.0197 0.3298
0.5 3.8844 3.8824 0.0515
1 3.4231 3.4794 1.5132

CCCC

0 1.2653 1.2688 0.2766
0.2 1.2333 1.2357 0.3405
0.5 1.0979 1.1061 0.7469
1 0.7946 0.8101 1.9507

SCSC

0 1.9171 1.9174 0.0156
0.2 1.8783 1.8797 0.0745
0.5 1.7093 1.7169 0.4446
1 1.3040 1.3255 1.6488

SFSF

0 15.0113 14.9837 0.1839
0.2 14.9470 14.9181 0.1933
0.5 14.6165 14.6244 0.0540
1 13.5415 13.8130 1.9778

SCSF

0 11.2359 11.2265 0.0837
0.2 11.1703 11.1589 0.1021
0.5 10.8454 10.8431 0.0212
1 9.8416 9.9234 0.8312
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Table 4: Non dimensional values of w̄ for b/a = 2 obtained for αC = 1.45, q = 0.4 and
αs = 2.2

ℓ (nm) Analytical Present Error (%)

SSSS

0 10.1287 10.0658 0.6210
0.2 10.0833 10.0201 0.6268
0.5 9.8502 9.8101 0.4071
1 9.0886 9.1925 1.1432

CCCC

0 2.5330 2.5393 0.2487
0.2 2.4861 2.4933 0.2896
0.5 2.2799 2.2983 0.8071
1 1.7741 1.8168 2.4069

SCSC

0 8.4450 8.4164 0.3387
0.2 8.3887 8.3573 0.3743
0.5 8.1145 8.0858 0.3537
1 7.2820 7.3155 0.4600

SFSF

0 15.2022 15.2614 0.3894
0.2 15.1373 15.1641 0.1770
0.5 14.8040 14.7387 0.4411
1 13.7211 13.6624 0.4278

SCSF

0 14.9491 15.0169 0.4535
0.2 14.8838 14.9188 0.2352
0.5 14.5493 14.4889 0.4151
1 13.4658 13.3879 0.5785
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Table 5: Non dimensional values of w̄ for b/a = 3 obtained for αC = 1.5, q = −0.25 and
αs = 2.5

ℓ (nm) Analytical Present Error (%)

SSSS

0 12.2328 12.3211 0.7218
0.2 12.1839 12.2706 0.7116
0.5 11.9324 12.0541 1.0199
1 11.1046 11.4793 3.3743

CCCC

0 2.6172 2.6660 1.8646
0.2 2.5706 2.9041 1.3032
0.5 2.3639 2.3893 1.0745
1 1.8518 1.8687 0.9126

SCSC

0 11.6813 11.7718 0.7747
0.2 11.6286 11.7172 0.7619
0.5 11.3623 11.4797 1.0332
1 10.5039 10.8382 3.1826

SFSF

0 15.2181 15.5101 1.9188
0.2 15.1532 15.3223 1.1159
0.5 14.8196 14.6152 1.3793
1 13.7361 13.0677 4.8660

SCSF

0 15.2035 15.4984 1.9397
0.2 15.1385 15.3109 1.1388
0.5 14.8049 14.6037 1.3590
1 13.7212 13.0548 4.8567
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to the plate. According to the current state of the art, an implementation
of RPIM with higher-order partial differential equations has never been pre-
sented in the literature. The paper provides a detailed explanation of the
RPIM implementation together with theoretical notions presented in matrix
form. A description of the working principle of the MATLAB Genetic Algo-
rithm, used to perform the optimization, is also provided. Numerical con-
vergence with the analytical results achieved in recent literature was studied
as well as numerical convergence as the nodal density varies.
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Figure 1: Convergence analysis for nanoplates with ratio b/a = 0.5.

25



25 81 121 225
-3.5

-3

-2.5

-2

-1.5

-1

(a) SSSS

25 81 121 225
-3

-2.5

-2

-1.5

-1

-0.5

(b) CCCC

25 81 121 225
-4

-3.5

-3

-2.5

-2

-1.5

-1

-0.5

(c) SCSC

25 81 121 225
-3.5

-3

-2.5

-2

-1.5

(d) SFSF

25 81 121 225
-4.5

-4

-3.5

-3

-2.5

-2

-1.5

(e) SCSF

Figure 2: Convergence analysis for nanoplates with ratio b/a = 1.
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Figure 3: Convergence analysis for nanoplates with ratio b/a = 2.
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Figure 4: Convergence analysis for nanoplates with ratio b/a = 3.
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