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Abstract We give explicit combinatorial formulas for the parabolic Kazhdan-Lusztig
R-polynomials of the quasi-minuscule quotients of the classical Weyl groups. As an ap-
plication of our results we obtain explicit combinatorial formulas for certain sums and
alternating sums of ordinary Kazhdan-Lusztig R-polynomials.

1. INTRODUCTION

In their fundamental paper [18] Kazhdan and Lusztig defined, for any Coxeter
group W, a family of polynomials, indexed by pairs of elements of W, which have
become known as the Kazhdan-Lusztig polynomials of W (see, e.g., [16, Chap.7]
or [2, Chap.5]). These polynomials play an important role in several areas of
mathematics, including the algebraic geometry and topology of Schubert varieties
and representation theory (see, e.g., [2, Chap.5], and the references cited there). In
order to prove the existence of these polynomials Kazhdan and Lusztig introduced
another family of polynomials, usually called the R-polynomials, whose knowledge
is equivalent to that of the Kazhdan-Lusztig polynomials.

In 1987 Deodhar ([9]) introduced parabolic analogues of all these polynomials.
These parabolic Kazhdan-Lusztig and R-polynomials reduce to the ordinary ones
for the trivial parabolic subgroup of W and are also related to them in other ways
(see, e.g., Proposition 1 below). Besides these connections the parabolic polyno-
mials also play a direct role in several areas including the geometry of partial flag
manifolds [17], the theory of Macdonald polynomials [14], [15], tilting modules [22],
[23], generalized Verma modules [7], [1], canonical bases [12], [26], the represen-
tation theory of the Lie algebra gl,, [20], quantized Schur algebras [27], quantum
groups [11], and physics (see, e.g., [13], and the references cited there).

In this paper we study the parabolic Kazhdan-Lusztig R-polynomials for the
quasi-minuscule quotients of Weyl groups. These quotients possess noteworthy
combinatorial and geometric properties (see, e.g., [19] and [25]). The parabolic
Kazhdan—Lusztig R-polynomials for the minuscule quotients have been computed in
[3], and [4]. In this work we turn our attention to the quasi-minuscule quotients that
are not minuscule (also known as (co)-adjoint quotients). More precisely, we obtain
explicit combinatorial formulas for the parabolic Kazhdan-Lusztig R-polynomials
of these quotients for classical Weyl groups, and derive some consequences of these
results for the ordinary Kazhdan-Lusztig R-polynomials.

Key words and phrases. Kazhdan-Lusztig R-polynomial, quasi-minuscule quotient, Weyl
group, combinatorics, Kazhdan-Lusztig polynomial.
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The organization of the paper is as follows. In the next section we recall defini-
tions, notation and results that are used in the rest of this work. In §3 we prove
our main results, and derive some consequences of them.

2. PRELIMINARIES

In this section we collect some definitions, notation and results that are used in

the rest of this work. We let P %' {1,2,3,...} and N e PU{0}. The cardinality

of a set A will be denoted by |A|. For n € P we let [n] %ef {1,2,...,n} and

[£n] def {-n,...,—2,-1,1,2,...,n}. Given a sequence (ay,...,a,) € Z"™ we let

Ni(ai, ..., an) def {i € [n]|a; < 0}]. Given a,b € Z we let x(a < b) M yifa<b
and x(a < b) 410 otherwise.

We follow [2] and [16] for general Coxeter groups notation and terminology.
Given a Coxeter system (W, S) and u,v € W we denote by £(u) the length of u in

W, with respect to S, and we define ¢(u,v) def L(v)—L(u). If s1,...,8, € S are such

that u = s1--- s, and r = £(u) then we call s1---s, a reduced word for u. We let

D(u) ot {s € S|(us) < £(u)} be the set of (right) descents of u and we denote by

e the identity of W. Given J C S we let W be the parabolic subgroup generated
by J and

W {u e W|l(su) > £(u) for all s € J}.
Note that W% = W. We always assume that W is partially ordered by Bruhat
order. Recall (see e.g. [2, §2.2]) that this means that z < y if and only if for one
reduced word of y (equivalently for all) there exists a subword that is a reduced
word for z. Given u,v € W7, u < v we let

J def

[u, ] {weW|u<w< v},

and [u, v] def [u,v]?.

The following two results are due to Deodhar, and we refer the reader to [9,
§§2-3] for their proofs.

Theorem 1. Let (W,S) be a Cozeter system, and J C S. Then, for each x €
{—1, ¢}, there is a unique family of polynomials {Ri’f}(q)}uwewJ C Z[q] such that,
for all u,v € W:

i): RI2(q) =0 if u £ v;

ii): Ry(q) =1;

iii): zfu <wv and s € D(v) then

Riﬁvs(‘]): Zf us < u,
R (q) =14 (¢—DRIE(q) +qRIE,(q), ifu<useW/,
(q -1- x)Ri:fzs(Q)v qu <us ¢ WJ'

Theorem 2. Let (W,S) be a Cozeter system, and J C S. Then, for each x €
{—1,¢}, there is a unique family of polynomials { P;/%(q)}uvews C Zlg], such that,
for all u,v € W:

i): Pl(q)=0ifugv;

ii): P;]jﬁ(q) =1;

iii): deg(P;¥(q)) < Ll(u,v) if u < v;
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iv):

1 , "
R D S Rt
q z€[u,v]’

ifu<w.

The polynomials R;%(q) and P;¥(q), whose existence is guaranteed by the two
previous theorems, are called the parabolic R-polynomials and parabolic Kazhdan-
Lusztig polynomials (respectively) of W+ of type x. It follows immediately from
Theorems 1 and 2 and from well known facts (see, e.g., [16, §7.5] and [16, §§7.9-
1)) that RY; (q) (= RY4(q)) and PP 1(g) (= P4(g) are the (ordinary) R-
polynomials and Kazhdan-Lusztig polynomials of W which we will denote simply
by Ry.»(¢) and P, ,(g), as customary.

The parabolic R-polynomials are related to their ordinary counterparts in several
ways, including the following one.

Proposition 1. Let (W, S) be a Cozeter system, J C S, and u,v € W7. Then we
have that

Rqﬁi(Q) = Z (_x)l(w)Rwu,'u(Q)'

weW

A proof of this result can be found in [9] (see Proposition 2.12).

There is one more property of the parabolic R-polynomials that we will use and
that we recall for the reader’s convenience. A proof of it can be found in [10,
Corollary 2.2].

Proposition 2. Let (W, S) be a Coxeter system, and J C S. Then
1 _
IRz (1) = (IR @)

for all u,v € W.

The purpose of this work is to study the parabolic R-polynomials for the quasi-
minuscule quotients of Weyl groups. The parabolic R-polynomials for the minuscule
quotients have been computed in [3] and [5]. In this work we consider the quasi-
minuscule quotients that are not minuscule. These quotients (also known as (co)-
adjoint quotients) have been classified (see, e.g., [8]) and there are three infinite
families and four exceptional ones. Using the standard notation for the classification
of the finite Coxeter systems, the non-trivial (co)-adjoint quotients are: (A,,S \
{81’ 871})? (Bn’ S \ {571—2})7 (Dm S \ {Sn—Q})’ (EG’ S \ {50})7 (E7’ S \ {51})a (E8a S\
{s7}), and (Fy, S\ {s4}), where we number the generators as in [2] (see Appendix
A1 and Exercises 20,21,22,23 in Chapter 8, and also below). The following result
follows from the above classification and standard facts. Given a Weyl group W
we denote by ®(W) its root system and by ®,(W) its set of long roots (see, e.g.,
[16, §2.10]) where, if W is of type By, we mean the root system of type B,.

Proposition 3. Let (W, S) be a Weyl group and J C S be such that (W, J) is a
(co)-adjoint quotient. Then |W”| = |®,(W)|. O

It is well known (see, e.g., [2, Chap. 1]) that the symmetric group S, is a Coxeter
group with respect to the generating set S = {s{!,...,s2 |} where s = (i,i + 1)
for all ¢ € [n — 1]. The following result is also well known (see, e.g., [2, §1.5]).
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Proposition 4. Let v € S,,. Then £(v) = |{(i,7) € [n]* : i < j,v(i) > v(j)}| and
D(w)={@,i+1) € S:v()>v(+1)}.

We follow [2, Chap. 8] for combinatorial descriptions of the Coxeter systems of
type B, and D,, as permutation groups. In particular, we let SZ be the group

of all bijections w of [£n] to itself such that w(—i) = —w(¢) for all i € [n], s; def
(J,i+D)(—=j,—j—1)forj=1,....,n—1, s def (1,-1), and Sp def {80y .oy Sp—1}. If
v € SE then we write v = [a1,...,a,] to mean that v(i) = a;, for i = 1,...,n. It

is well known that (SZ, Sp) is a Coxeter system of type B,, and that the following
holds (see, e.g., [2, §8.1]). Given v € SZ we let

inv(v) € {(0,5) € [+ i < J, v(i) > v()};
Ny (v) 4f Ny (v(1),...,v(n)) and
No(w) € 1{(0:4) € [n]? i <y o(i) +0(7) < 0},
Proposition 5. Let v € SZ. Then ((v) = inv(v) — > v(j), and D(v) =

{j€ln): v(4)<0}
{s;i € Sp: v(i) > v(i + 1)}, where v(0) defy,

We let SP be the subgroup of SP defined by

(1) sb 2 {we SP: Ny(w)=0 (mod 2)},

30 def (1,-2)(2,-1), and Sp def {50,815y Sn—1}. It is then well known that

(SPSp) is a Coxeter system of type D,,, and that the following holds (see, e.g.,
2,'58.2)).

Proposition 6. Let v € SP. Then {(v) = inv(v) + Na(v), and D(v) = {s; € Sp :
v(i) > v(i+ 1)}, where v(0) < —v(2).

Let, for simplicity, 57[12’"_2] ef (Sn)s\{sf’sffl}. Then by Proposition 4 we have

that
SEn=2 — fye S v H2) << v n— 1))

Hence the map v +— (v=1(1),v"1(n)) is a bijection between SZ"~% and {(4, §) €
[n)? : i # j}. For this reason we will freely identify these two sets and write
v=_(i,j)ifve S and i = v~1(1), j = v~1(n). The following result is proved
in [6, Prop. 10].

Proposition 7. Let (a,b)

,(i,7) € S22 Then (a,b) < (i,7) if and only if a <@
and b > j. Furthermore £((a,b)) =

b))=a—b+n—1— Ny(b—a).

Let, for simplicity, BY" ™% def (8B)Se\sn—2} Then, by Proposition 5, we have
that

Bl ={veB,: 0<v (1)< <o (n—=2),v  (n—1) <o '(n)}.

Hence the map v — (v=!(n—1),v7%(n)) is a bijection between B and {(i,7) €

[+n]?: i < j, i # —j}. For this reason we freely identify these two sets and write
v=(i,j)ifv e By and i = v~} (n — 1), j = v=1(n). The following result is
proved in [6, Prop. 11].
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Proposition 8. Let u,v € B,(L"_Q), u=(a,b), v=_(i,5). Then u < v if and only
ifa>1iand b > j. Furthermore, {(u) =2n—1—a—b— Ni(a,b,a+b).

Let, for brevity, (D,,)"~2 e (SD)Sp\{sn—2} Then, by Proposition 6, we have
that

(D))" ={veD,: v (=2)<v (1) < - <o Hn=2), v (n—1) < v ' (n)}.

Hence, if v € D™, then v_l(—l) < v_1(2) and v_l(—2) “1(2) s0 0 <
v H2) < v7i3) < ... < vTi(n —2) and vH(=2) < v71(1), v ( 1) < v71(2).
Since N1 (v) =0 (mod 2) for all v € S2 we conclude that the map v — (v=1(n —
1),v~%(n)) is a bijection between (D, )(” 2 and {(i,7) € [£n)?: i <3, i# —j}.
The following result is proved in [6, Prop. 12].

Proposition 9. Let u,v € Dﬁlnfz), u = (a,b), v = (i,7). Then u < v if and only

ifa > i; b > j7 (1’ _1) ¢ {(a77:)’ (bv.j)}; (aabviaj) ¢ {(1’27 _27 1)’ (_172’ _27_1)}'
Furthermore, £(u) =2n —1—a —b—2Ny(a,b) — Ni(a +b).

For w = (i,j) € S et (—i,7) € B2, The following result is a
special case of Proposition 13 in [6].

[2,n—2]

Proposition 10. Let u,v € S . Then

_ n—2),x
Ry = YT

for all x € {—1,q}.

3. MAIN RESULTS

In this section we prove our main results, namely we give explicit combinatorial
formulas for the parabolic R-polynomials of the (co)-adjoint quotients of classical
Weyl groups.

Note that, by Proposition 2, it is enough to compute the parabolic R-polynomials
of type q.

Let u,v € B2, u< v, u=(a,b), v=_(i,5). Welet D(u,v) < {a,b}\ {i,}
and

def | 2, ifj <a,
da(u,v) = { 1, otherwise.

We also find it convenient to let dp(u,v) . We say that (u,v) is genericif a # i,
b # j, and (a,b) # (—j,—i). Then, by Proposition 8, i < a, j < b. We say that
(u,v) are in relative position 1 (respectively, 0, —1) if a < j (respectively, = j,
> j). Note that the multiset {d,(u,v) : r € D(u,v)} depends only on the relative
position of u and v.

Theorem 3. Let u,v € B,(ln_2), u<w, (a,b) =u, (i,j) =v. Then

w (u,v)+1 . o
ro-2a — ) v repuo@—a" ) +(a=Dg =, if (a,0) = (=), —i),
wr eutv [ epum (1 — g (wv)), otherwise.
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Proof. Let, for simplicity, R, def Rg(cn; 29 for all T,y € Bﬁ]’”). We will prove the
equivalent statement that
(g — D) (gt — ¢ +1), ifa=—j>0and b= —i,
Ru,v: (q_l)(qa+b_q+1)7 ifa:_j<0andb:_iv
Euv HTED(u U)(l — qdr(u,v)), otherwise.

Note that

H (1 — g¥ )y = (1 — q)IP@(1 4 g)xU<a),
reD(u,v)

We proceed by induction on £(v) > 1, the result being easy to check if ¢(v) = 1.
So assume that £(v) > 2.
Assume first that a = 9. We may clearly assume that ¢(u,v) > 1.

If j = —1let s 4 5. Then s € D(v) and u(l) = 1 so u < us ¢ B"~?
and we have from Theorem 1 and our induction hypotheses that R, , = —Ry s =
def

—euEps(1l — q), as desired. We may therefore assume that j # —1. Let s =
(4,4 +1)(=j,—j —1). Then s € D(v). We have three cases to consider.

i): s € D(u).
Then, since u € By, —(n—1)<u(j)<n—Tland u(j +1) < —(n—1) so we
have from Theorem 1 and our induction hypotheses that
Ru,v = Rus,vs = Eus Evs(l - Q)7
as desired.
ii): u<use€ B,(l"_2).
Then, since u € B, u(j) < —(n—1andn—-1>u(G+1) > —(n—-1), so
v(j+1) > —(n—1) and from Theorem 1 and our induction hypotheses we conclude
that
Ru,v = qRus,vs + (q - 1)Ru,vs
= q5u35v5(17q)+(q71)5u5vs(17Q)
= eusla(l—q) +(1—9)%,
as desired.
iii): u <us ¢ B,S"_Q).
Then —(n — 1) < u(j) < u(j +1) < n —1 so from Theorem 1 and our induction
hypothesis we conclude that Ry, = —Ryus = —€u€ps(l — q), and the result again
follows.

Assume now that b = j. We may again assume that £(u,v) > 1. It is easy to see
that we may also assume that b = j = n.

Ifi=—11let s so. Then s € D(v) and u(1) = 1 and the result follows esactly

as in the case a = i, j = —1 above. We may therefore assume that ¢ £ —1. Let

s & (4,1 + 1)(—i,—i —1). Then s € D(v). We again have three cases to consider.
i): s € D(u).

Then, since u € BY"™?, —(n—1) =u(i+1) <u(i) < n—1 and we conclude exactly

as in case i) above.

ii): u<use B
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Then —(n — 1) =u(i) <u(i+1) <n—1s0i<0<a=—iand, since {(u,v) > 1,
a > 1, and we conclude exactly as in case ii) above.
iii): u <us & B2,

Then —(n — 1) < u(i) < u(i+ 1) <n —1 and, since £(u,v) > 1, we conclude as in
case iii) above.

If a = —j and b = —i then v = u(a, —b)(b, —a) so (u,v) is odd and a + b > 0
hence b > 1.

Assume first that a + 1 < b. Let s % sp—1. Then s € D(v). If b— 1 = —a then
u = vs and the result follows. Else we have from Theorem 1 and our definitions
that

Riap) (ig) = 4 R@p—1).(ir1.5) T (@ = 1) Rap) (ir1,)-

But, by our induction hypotheses,

w O(us,vs)+1
Rap-n)r1y=— ] A=a*™)+(q-1)q >
reD(u,v)

while
Rawiviy = ] (—g"™)
reD(u,v)
(note that ¢((a,b), (i+ 1,7)) is even) so the result follows.
If a+1="bthen s,_; € D(v). If a =1 then sy € D(v) so we have from Theorem
1 and our induction hypotheses that

Ry, = qRusoust+ (q - 1) Ryvs0

L(usqg,vsg)+1
= q(-(1-?+ -1 )+ (g- 1)1 -0,
and the result follows. If @ # 1 then let s def (a,a — 1)(—a,—a +1). Then s €
D(v), u < us € B, D(us,vs) = {a — 1,b}, D(u,vs) = {a,b} = D(u,v) and
do—1(us,v8) = do(u,vs) = do(u,v), dy(us,vs) = dp(u,vs) = dp(u,v), so we have
from Theorem 1 and our induction hypotheses that

£(u,v) =1
2

Ru,v = q - H (1 - qdr(u,v)) + (q - 1) +
reD(u,v)
@-1) J[ a-g"v)
reD(u,v)

and the result again follows.

We may therefore assume that (u,v) is generic. Then (us,vs) is generic for all
s € Sp such that us,vs € B,S”*Q) and us < vs.

Suppose first that D(v) N {s1,...,sn—1} # 0. Let k € [n — 1] be such that
sk € D(v). Then v(k) > v(k + 1). Hence, since v € B, v(k+1)<n-—1.

Suppose first that sy € D(u). Then, since u € B, u(k+1) <n —1. Hence
(u,v) and (usg,vsi) are in the same relative position so the result follows from
Theorem 1 and our induction hypothesis.

Suppose now that u < usy ¢ B{"™? . Then, since u € B{"™?, either u(k), u(k +
H<—(n-1),or —(n—1) <ulk),uk+1)<n—1,orn—1<wulk),u(k+1). In
the second case (u,vsy) is generic and (u,vsg) and (u,v) are in the same relative
position so the result follows from Theorem 1 and our induction hypotheses. In
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the first case, (u,vsy) is generic and (u,vsk) and (u,v) are in the same relative
position except if v(—k — 1) > n — 1 in which case we have that R, , = —Ry s, =
—€u€y s, (1 — q) and the result follows. In the third case, since v(k + 1) < n —1,
the situation is the same except if v(k) > n — 1 in which case we have that R, , =
—Ryus, = —€utvs, (1 — q) and the result again follows.

We may therefore assume that u < usy € Br(Ln_Q). We have two main cases to
. . def
consider. Let, for brevity, s = sy.
1): v(k) >n—1.
We then have three cases to consider.
a): uk)<—-(n—-1)<ulk+1)<n-1
If v(k4+1) > —(n — 1) then (u,vs) is generic, us < vs and (u,v), (u,vs), (us,vs)
are all in the same relative position and the result follows from Theorem 1 and our

induction hypotheses. If v(k+1) < —(n—1) then us £ vs and Ry 15 = €y€vs(1—q)
80 Ry = (¢ — 1)Rys = €veu(1 — q)? and the result again follows.

b): u(k) < —-(n—-1)<n—-1<wu(k+1).
Then, since (u,v) is generic, v(k+ 1) > —(n — 1) s0 Ry us = cuvs(l — q), us £ vs
80 Ry v = (¢ — 1) Ry vs = (¢ — 1)eueys (1 — q), and the result follows.
c): —(n—1)<uk)<n—1<ulk+1).
Then Ry s = €ycvs(1 —¢q). If us < vs then Ry ps = uscuvs(l — q)?, so
Ru,v = qRus,vs + (q - 1) Ru,vs = Eufu (1 + 11)(1 - Q)Qa
and the result follows. If us £ vs then Ry, = (¢ — 1) Ry s = €u&o (1 — q)?, and
the result again follows.
2):n—1>wvk)>—-(n—1).
Then, since v € B2, v(k+1) < —(n—1) and we have two cases to consider.
a): u(k) < —(n—-1) <u(k+1).
Then we conclude exactly as in case 1)c¢) above.
b): —(n—1) <wu(k) <n—1<ulk+1).
Then, us < vs, (u,vs) is generic, and the relative positions of (u,v), (u,vs), and
(us, vs) are the same so the result follows.
Suppose now that D(v) N {s1,...,8,—1} = @. Then, since (u,v) is generic,
v(l) <v(2) <—(n—-1) <v(3) <--- <v(n) <n—1. There are then three cases to

consider. Let, for brevity, s def S0-
a): u(l) >n-—1.
Then u < us € BSL”*Q), Ry s = €ucus(1 — q), us < ws, so
Ry = q Rusvs + (4 — 1) Ruws = q2uscus(1 = 9)* +eugu(1 - g)?,
as desired.
b): n—1>u(l) > —(n—1).

Then v < us & B, (u,vs) is generic and (u,v) and (u,vs) are in the same
relative position so the result follows.

c): u(l) < —(n-—1).
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Then u > us, and (u,v) and (us,vs) are in the same relative position so the result
again follows from Theorem 1 and our induction hypotheses.
This concludes the induction step and hence the proof. O

As a consequence of the previous theorem we obtain the following explicit com-
binatorial formula for certain sums and alternating sums of ordinary R-polynomials
of the Weyl groups of type B.

Corollary 1. Let u,v € Br(lnfz), u<w, z€{-1,q}, and J def Sp\ {sn—2}. Then

Z (*I)e(w) Rupuw(q)

weWy
equals
2 dr(u,v) 2 2y ey
@-a-neor I a-(2) Hra-5(Z) 7
reD(u,v)
if (wt(n—1),u"t(n)) = (—v"(n),—v"t(n—1)), and
2\ dr(u,v)
@-a-neo T a-(2) )
re€D(u,v)

otherwise.
Proof. This follows immediately from Theorem 3, and Propositions 1 and 2. U

As a further consequence of Theorem 3 and of Proposition 10 we obtain the
following result, which computes the parabolic R-polynomials for the (co)-adjoint
quotients of type A, and also follows from Theorem 4.2 of [21].

Corollary 2. Let u,v € 57[?’”72], u<wv,u=(ab),v=_(i,7). Then
euer(l —q), ifa=1orb=j,
REr=21 =0 (¢—1)(¢" = q+1), if(a,b)=(j,i),
cuto(1—q)?, otherwise.

Proof. This follows easily from Theorem 3, Proposition 10, and the fact that, by
Propositions 7 and 8, £(2) = €(z) +n — 1 for all z € 51272 where the first length
is taken in BT(Ln_Z) and the second one in S,[LZ’”_Z]. O

We now compute the parabolic R-polynomials of the (co)-adjoint quotients of
classical Weyl groups of type D.
Given u € DI u = (a,b), we let u* o (=b,—a). For u,v € D",

u=(a,b), v=_(i,7), we let
def | 1, ifa=—jorb=—i,
X(u,v) = { 0, otherwise,

Mu,0) €1 = x(a < j)x(u,0)

and

D*(u,v) def D(u,v) \ D(u,v").
Note that D*(u,v) = {a,b} N {—i,—j}. In particular, |[D*(u,v)| = 2 if and only if
(a,b) = (—j,—1), while |[D*(u,v)| = 1 if and only if u # v* and either a = —i or
a=—jorb=—iorb=—j.
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Theorem 4. Let u,v € Dén_g), u < v, u=(a,b), v=_(i7). Then 5U5UR1(ZLU_2)"1
equals

£(u,v)+1—2N;(—a)
2

IT a—e"™)+1-q)4q — (1= gV ("2 4 ),
reD(u,v)
if D*(u,v) = {a,b},
H (1— qdr(u,v)) —(1— q>~<(u»v))|D(uﬂ))|qk—d[ik](wv)7
reD(u,w)
if D*(u,v) = {k}, where dizgy(u,v) < |{a, 4,5} 0 [£(k = 1)]| + x(a < j), and
I a—g™t,
reD(u,w)

otherwise.

Proof. Let, for simplicity, R,y et R;"y_ 24 for all TS Dén_2

Note first that

H (1 — %)) = (1 — q)IP@2I(1 4 g)xU<a),
reD(u,v)

) def -
,and sg = .

We proceed by induction on ¢(v) > 1, the result being easy to check if £(v) = 1.
So assume that £(v) > 2.

Let D*(u,v) = {a,b}; in this case a = —j, b = —i and |D(u,v)| = 2. We have
two main cases to consider.

1): a>0.

Then i < j <0< a < band ¢(u,v) =2(a+b) — 5. In this case we have to prove
that Ry = cuco(1—q)(¢*T073 + (¢ —1)(¢" 2+ ¢%) + 1 — ¢*). We have three cases
to consider.

If a > 1 then s,—1 € D(v) \ D(u) and usq—1 € D™ Therefore

Ruw = qRa—1),(—b—(a—1)) T (@ = 1) Riap),(—b,—(a—1))
= Eusv(]((l - Q)(l - q2) + (1 - Q)qa+b74
—(1=@*(@" 4+ ¢ ") +ewes(l— (L +q—¢"?),
and the result follows.

If a =1and b > 2 then sp_1 € D(v) \ D(u) and usp_1 € D" and the
result follows as in the previous case. If @ = 1 and b = 2 then ¢(u,v) = 1 so
R, = euen(l — q), as claimed.

2): a <0;
Then i <a <0< j<band ¢(u,v) =2(a+0b) — 1; moreover s; € D(v) \ D(u) and
us; € D2 In this case we have to show that Ry =ecuen(1—q)(¢*T" — g+ 1).
We have two cases to consider.
If a +b> 1 then
Ruv = qR@a-1b),(—b,—(a-1) + (@ = 1) Rap),(~b,—(a—1))
cugoq(1 — Q) (¢" 77" — g+ 1) + euen (1 - 9)%,

as desired.
If a+b =1 then ¢(u,v) = 1 and the result again follows.
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Suppose now that D*(u,v) = {k} and a > j. In this case |D(u,v)| = 2 and we
have to show that R, ., = c4e,(1 — ¢)?(1 + g — ¢*~4=x(w)) There are four main
cases to consider, depending on whether a = —i, a = —j, b= —t or b = —j.

1): a = —i.
Then k =a, b# —j and i <0 < a < b. In this case dj1)(u,v) = 1. We then have
five cases to consider. Define

g def [ 85, it j >0,
o S—j—1, if 7 <0.
a): If j >0and a—j > 1 then s € D(v)\ D(u) and us ¢ D" In this case

Ruw = —Riap)(—ajt1) = cuco(l—q)*(1+qg—¢* ).

b): If j >0 and a =j + 1 then s € D(v) \ D(u) and us € D", So
Ruw = qRa—1),(~(a=1),0) T (@ = 1) R(ap),(—(a—1),a)
= cugoq(l = q)° (1= ¢"7%) +eucu(1 - q)?
= cuso(1-q)*(L+q—q"7").
c): If j < —1 then s € D(v) \ D(u) and us ¢ D", So
Ry = —Rap),(—ajr1) = uco(1 = @)*(1+¢—¢*7").

d): If j= —1 and a > 2 then s € D(v) \ D(u) and us & DS~ Then

Ru,v = _R(a,b),(fa,Q) = Eugv(l - Q)2(1 +q- qa—l)-

e): If j =—1and a =2 then s € D(v) \ D(u) and us € D" So us £ vs
and
Ruw=(q- 1)R(Z,b),(l,z) = euy(l — q)Q’
since £(u,vs) = 1.
2): a=—j.
Then k = a and i < j < 0 < a < b; in this case dj44)(u,v) = 0. Let s def Sq; then
s € D)\ D(u) and us € D" If a > 1 we have that

Ruw = qRa-1b).6,—(a-1)) T (@ = D) R(ap).(i,—(a—1))
= eugoq(1—@)*(1+ ¢ —¢" ") +eus(1+9)(1 - g)°
= euso(l -9’1 +q—q").
If @ = 1 we find the result by similar calculations.
3): b= —i.
Then k = b, a # —i and 7 < 0 < b; in this case d[+4)(u,v) = 2 and there are two
main cases to consider. Define
Sdéf{ Sh_1, ifa+j >0,
s_j_1, ifa+j<O0.

(n—2)

a): Let a+j > 0. Then s € D(v) \ D(u). If b—a > 1 then us € D, . So

Ry, = qR(a,b—l),(—(b—l),j) + (g — 1)R(a,b),(—(b—1)7j)
eucnq(1 = @)*(1+q— ") +eues(1+ ¢)(1 — ¢)®
= eueo(l—q)*(1+q—¢"?).
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Ifb—a=1then us ¢ DY 2. So
Ruv = —Raat1).(~ai)
= euso(1-9)*(1+q—¢*)
eugo(1—q)*(1+q—¢"?).
b): Let a+j < 0. Then j < 0 and s € D(v) \ D(u). If j + |a| < —1 we have
that us ¢ D"~ and

Ry = —Rap) (-bjt+1) = cuso(l = 0)*(1+ ¢ — ¢"7?).
Otherwise, if j + |a| = —1 and @ < 0 then us € D2 and

R.,, = qR(a—l,b),(—b,a) + (g — 1)R(a,b)7(—b7a)
= EuEv(I(l - q)2 + Eugv(l - q)2(1 - qb_2)
cuto(1=q)°(1+q—¢"?).

If j +|a| = —1 and a > 0 then s € D(u) and

Ru,v = R(a+1,b),(—b,—a) = Eugv(l - (J)2(1 +q- qb_2)~

4): b= —j.
Then k = b, a # —iand i < j <0 <1 < b. In this case dj4j)(u,v) = 1 and there

are two cases to consider. Let s % Sp_1-
a): If b—a > 1then s € D(v) \ D(u) and us € D" Therefore

Ruv = qRap-1),6,-0v-1) + (@ = 1D Rap),(i,—v—1))
cugnq(1— @)’ (1+q—¢" ) +eucn(1+ 9)(1 — @)
= (1-¢*(U+q—¢"")
b): If b—a =1 then s € D(v) \ D(u) and us ¢ D", So
Ru,v = _R(a,a+1),(i,—a) = Eugv(l - Q)2(1 +q- qa)
= cueo(1—q)2(1+q—¢" ).

Suppose now that D*(u,v) = {k} and a = j; in this case b = —i, dj44)(u,v) = 2,
and |D(u,v)| = 1. We have two main cases to consider. Define

def | Sq, ifa >0,
s = i
S_q_1, ifa<D0.

1): a>0.
If b—a > 1then s € D(v) N D(u). So
Ruw = Riar1b)(-bat1) = cuco(l — @)(1 — ¢"72).
If b—a=1, then s € D(v) \ D(u) and us ¢ D" Hence
Ruw = ~Raa+1)(~aat1) = Cuto(l = )(1 = ¢"71) = cueu(1 — q)(1 = ¢"2).

2): a <0.
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In this case s € D(v) N D(u). So, if a < —1, we have that
Ru,v = R(a+1,b),(—b,a+1) = EuEv(l - Q)(l - qb_2)'

If a = —1 then, by Proposition 9, b > 2 and us € D,Sniz). So

Ruw = qRep)(—b2) + (@ = 1)R_1p),(-b,2)

= cutod(l = @)1= ¢" %) +euco(l —9)* = cusu(l — (1 — ¢"72).
Suppose now that D*(u,v) = {k} and a < j; in this case djy(u,v) = 1. We

have to prove that R,., = c,&,(1 — q)P®?I(1 — (1 — x(u,v))g* ). There are
again four main cases to consider depending on whether a = —i, a = —j, b = —i
or b= —j.

1): a=—i.
Then, by Proposition 9, i < 0 < 1 < a < j < b so |D(u,v)|] = 2; moreover
Sa—1 € D(v) \ D(u) and usq—1 € D" Then

Run = qRa—1),(=(a=1).5) + (@ = 1) Rap),(=(a=1).5)
cucuq(l — Q)ziﬁb’j (1- qaiz) +eugu(1 - 9)376}7"7
= cus(1— )Pl —g* ).
2): a = —j.

Then b # —iand i < a < 0 < j < b; in this case s; € D(v)\ D(u) and us; € D",

Then, if b+ a > 1,
Ruv = qR@-1),6,—@a-1) + (@ = 1) R@ap),(,—(a-1))
= eucuq(l— q) +eucu(l — q) = cucu(l — )%
If b+a =1 then
Ruw = qRa-1,—a),(i,~(a—1)) T (@ = 1) R(a,—(a—1)),(1,— (a—1)) = ucu(l — @)%,
3): b= —i.
Thena # —jandi < 0 < b; if b—j > 1then s,_1 € D(v)\D(u) and usp_1 € DY,
So
Ruv = qRap-1),(-0-1)5) T (@ = DRap),(—6-1).5)
= €u5v(J(1 - Q)2 + EuEv(l - q)3 = EuEv(l - q)2'
If b—j =1 then sp—1 € D(v) \ D(u) and usp—1 € D", Then
Ruw = qRap-1),(—(b-1)0) + (@ = D Rap),(—v—1)6) = uco(l — ).
4): b= —j.
Then, again by Proposition 9, ¢ < a < j < 0 < 1 < b. In this case sp_1 €
D(w)\ D(u) and usp—1 € D{""?. Then
Ruv = qRup-1),6,-0-1) + (@ = D) Rap),6,—b-1)
= cucoq(1 = @)% (1= ¢"7?) + uey (1 — g)* 0o
— Euffv(l _ q)\D(u,v)\<1 _ qb—l).

Finally, suppose that D*(u,v) = (). We have three main cases to consider,
depending on whether a > j, a = j, or a < j.
1): a>j.
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In this case [ (1 — ¢ ")) = (1—¢)?(1+ q). Define
reD(u,v)

g def [ 85, it j >0,
B S_j—1, if 7 <0.
Therefore s € D(v).
a): If j > 0 then s & D(u).
i): fj+i=-lorj+i#—1anda—j>1 then us ¢ D" and

R == _R(a7b))(i+177i)7 if] +Z = _17
o 7R(a7b)a(i7j+1)7 Otherwise,

= cwe(l-9)*(1+q).
ii): If a — j = 1 then us € DI . So
Ruv = qR@a-11),6,0) + (7= 1)Reap),(ia)
= cugnq(l—q)* +eusn(1 -9 = (1 - 9)*(1+ ).
b): Let j = —1. Then a > 1.
i): If i=—2o0ri< —2and a > 2 we have that us ¢ D" g0

n _ ] TRanao ifi=-2
w,v —Rap),(i,2), otherwise,

= eueo(1—¢q)*(1+q).
ii): If a = 2 then s ¢ D(u) and us € D" Therefore
Ry, = qR1),62) +(@—1)Rep. 62
- Euqu(l - q)2 + EuEv(l - q)2 = (1 - q)2(1 + q)
c): Let j < —1.

i): 1fb+j # —1 and |a| +j # —1 then s ¢ D(u) and us ¢ D"~ So
Ru,v = *R(a,b),(i,jﬂ—l) = 5u5v(1 - Q)Z(l + q)'

ii): fbo+j=—-1lorb+j# —1and a+j = —1 then s € D(u). Hence
RU v

3

Rapt1),6i,-b), ifo+j5=-1,
Ray1,0),(i,—a), otherwise,

= euso(1-9)°(1+9).

iii): 1 b+j # —1and —a+j = —1 then s ¢ D(u) and us € D%,
Therefore

Ruv = qR@a-11),6,0) + (@ — 1) Rap),(i,a)
= cugod(l = @) +eues(1—9)° = (1 - q)*(1 +q).
2): a =j. Then j < n and s € D(v), where
sdéf{Sj, if j > 0,
s_j—1, ifj7<0.
We have to prove that R, , = e,&,(1 — q).
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i): Let j > 0. Then, if b — a # 1 we have that us < u and, if j +14 # —1

n o — § Baip)caarn, ij+i=-1,
o Riay1,0),(6,a+1)5 otherwise,
= eu&p(1—q).

Ifb—a=1; then us ¢ D" and j+i#—1,s0
Ruv = —Rp),ib) = cuu(l —q).

ii): The cases j = —1 and j < —1 are analogous to the previous one and
are therefore omitted.
3): a<j.
In this case  [] (1 — ¢@ ) = (1 — ¢)IP@I We have six main cases to
reD(u,v)
distinguish.
a): j = n. Then b = n. In this case, if u # v, then (1 — )PV =1 — ¢,
Define
s def Si, if 7 > O,
o S_i—1, if ¢ < 0.

So s € D(v) and, if u < us # v then D*(u,vs) = & and |D(u,vs)| = 1.

We assume ¢ > 0, the cases i = —1 and ¢ < —1 being analogous, and simpler.
Then, if a—i # 1 we have that us ¢ DI and Ryy = —Ran),(i+1,n) = Euto(1—7).
If a—i=1then u < us =vso0 Ry, = eue,(1 — ¢), and the result follows.

b): 0 < j <n.

Let s % sj. Thens € D(v). If b= jthen s € D(u) 50 Ry = Ruysvs = Eustvs(1—0q),
and the result follows. We may therefore assume that 7 < b. If b = j + 1 then
s ¢ D(u) and us € DI so

Ruw = qRap—1).ip) + (0 — V) Riap).(ip) = Euco(l — q)* 0

and the result follows. We may therefore assume that b > j+ 1. If j+1 = —a
then s € D(u) and Ry .y = R(a41,0),(i,—a) = Euco(l — q)?, as desired. If j +1 # —a
and j+1 = —i then s ¢ D(u) and us ¢ DI 5o Ruw = —Rap),(—jj+1) =
euco(l — ¢)%. Finally, if j + 1 ¢ {—a,b,—i} then s ¢ D(u) and us ¢ D" So
Ruw = —Rap),(i,j+1) = uo(l — q)*7 %, and the result again follows.

c): j=-1.
Then s_;_1 € D(v). If b= —i—1 then u < us_;_; € D,(L"ﬁ) and

Ru,v = qR(a,bJrl),(fb,j) + (q - 1)R(a,b),(fb,j)
= cuenq(l = q)* + cusu(1— ¢)° = cucu(1—q)°
as desired. We may therefore assume that b # —i — 1. If —a = —i — 1 then

u<uS_;_1 € D;H_Q) and
Ruw = qRa 1) (a.5) + (@ = DR(ap) (a,) = cucu(l — q)?

so the result again follows. Finally, if —¢ — 1 ¢ {—a,b} then u < us_;_1 ¢ D
50 Ruw = —Rap),(i+1,j) = Euol(l — q)? and our claim again follows.
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d): j<-1<0<b.
Then s_j 1 € D(v). If b= —j —1then s_; 1 € D(u) and Ry = R p41),3i,—b) =
eucy(l — q)? % as claimed. If b # —j — 1 then u < us_;_1 ¢ DY g Ry, =
—Rab),(i,j+1) = Euto(l — q)* % and the result again follows

e): j<—-1,b<0.

Let s % s, ;. Then s € D). If a =i and b = j+ 1 then ¢(u,v) = 1 so

R, = €ueu(l —q) as desired. If a =i and b > j+ 1 then s_;_ 1 € D(v) \ D(u)
and us_j_1 ¢ DI 50 Ry = —Rap),(a.j+1) = Euco(l — ¢) and the result again
follows. We may therefore assume that a > 4. If a =i+ 1 then u < us € Dg"iz)
and, by Proposition 9, us £ vs, so

Ru,’u - (q — 1>R(a,b),(a,j) = 5u5v(1 _ q)|D(u,US)H-1

and the result follows since |D(u,vs)| +1 = |D(u,v)|. Finally, if @ > ¢ 4+ 1 then
us ¢ D%nd) SO

Ru,v == 7R(a,b),(i+1,j) = Eugv(l - q)|D(u,vs)\
and the result again follows since |D(u,vs)| = |D(u,v)].
This concludes the induction step and hence the proof. ([l
We illustrate the preceding theorem with an example. Let u def [1,2,8,3,4,5,6,9,7],
v [~1,2,-8,3,4,9,5,6,7). Then u,v € D", u < v, u = (3,8) and v = (—3,6).

Hence D(u,v) = {3,8}, D*(u,v) = {3} so k = 3, x(u,v) = 0, x(u,v) = 1 and
di+3)(u,v) = |{3,-3,6} N [£2]| + 1 = 1. Therefore by Theorem 4 we have that

R (q) = (1- )2 — (1— )% =1-2q+2¢° — ¢"

In the same way as Corollary 1 follows from Theorem 3 we obtain from Theorem
4 the following explicit formulas for certain sums and alternating sums of ordinary
R-polynomials of the Weyl groups of type D.

Corollary 3. Let u,v € D%”fQ), u<w, z€{-1,q}, and J def Sp \ {sn—2}. Then

Z (_x)é(w) Rupuw(q)

weW

£(u,v)+1—2N1(—u" L (n—1))
2

B e N A A (R B NS CE)
O R N (IO |
q q q
2 d,«(u,v) 2 X(u,v) ‘D(u’v)‘ 2 k—d[i ](u,v)
(g1 (1_(96) >_(1_<x> ) (=)
D(u,v) q q q
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if {fu=t(n — 1), u"t(n)} N {—v=t(n —1),—v"(n)} = {k}, where disr)(u,v) def

{u™H(n = 1),v7 (n = 1), 07 ()} N [E(k = D]+ x(u™ (n — 1) <v™'(n)), and

2\ dr(u,v)
(¢-1-a)™ ] 1—(I) :

reD(u,v) q

otherwise.

We conclude by noting the following consequence of Theorems 3 and 4. Its proof
is a routine verification, which we omit.

Corollary 4. Let u,v e W/, u<v, W’ € {B,(znﬂ),D,({%Z)}. Then
Rl =R},..0

vF,u*
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