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Abstract. We present the results of the simulation of two-phase CO2 flows at low-Mach number, ob-
tained through a pressure-based Baer-Nunziato type model. The underlying full non-equilibrium model
enables the description of each phase with its own thermodynamic model, so it circumvents the require-
ment of the definition of the speed of sound of the vapor-liquid mixture. The primitive formulation,
combined with a special pressure scaling to correctly capture the behavior in the zero-Mach limit, is
well-suited to model weakly compressible flows, and makes easier the use of arbitrary thermodynamic
models. At the interfaces, the phasic velocity and pressure are driven toward the equilibrium by means
of relaxation processes, whose velocities are controlled by user-defined parameters. The set of seven
partial differential equations describing the flow evolution is discretized through a finite-volume scheme
in space and an hybrid implicit-explicit time discretization, to avoid the stringent time step limitation
imposed by the acoustics. We compare the results of a shock-tube problem, initially containing saturated
CO2, obtained according to the stiffened gas model and to the Peng-Robinson equation of state.

1 INTRODUCTION

Among the technologies able to contrast the global warning, carbon capture and storage (CCS) is re-
garded as a crucial and effective approach. Consequently, the numerical investigation of carbon dioxide
(CO2) flows under the different conditions we can encounter within the CCS framework is becoming
more and more important. In this work, we focus in particular in unsteady weakly compressible two-
phase flows. Such kind of flows may occur in the transport pipelines, because of fluctuating in the
CO2 supply, impurities, or during transient events, such as start-up, shut-down or depressurization [1].
From a numerical point of view, these flows present different challenging aspects. First of all, the weak
compressibility—that is the condition where the flow velocity is considerably smaller than the speed
of sound but compressibility effects cannot be neglected—makes inefficient and inaccurate the standard
compressible solvers. Second, the multitude of spatial scales and the presence of dynamic interfaces
that separate the different phases call for an effective modeling that avoids the full resolution of the flow
field but takes into consideration the relevant flow features. Third, a flexible implementation of the ther-
modynamic modeling for the CO2 is recommended to be able to customize it according to the different
applications.
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To answer these demands, we propose here a pressure-based multiphase solver based on a non-equi-
librium Baer and Nunziato (BN)-type model. In this model, no equilibrium is assumed between phase
pressure, velocity, nor internal energy and the flow dynamics is described by an hyperbolic relaxation
system, where closure terms model the phase interaction and source terms control how phase equilibrium
is reached. Although the large number of equations and the consequent complexity could hinder the use
of BN-type models, they present some peculiar features we consider beneficial for this work. First of
all, each phase is described by its own thermodynamic model and it is not required to define a speed
of sound for the mixture, preventing possible issues related to its continuity at phase boundaries. Then,
according to a diffuse-interface method (DIM) approach, the interfaces are not explicitly tracked, but
they are modeled as thin, numerically diffuse zones, and this is important to easily deal with moving
interfaces in unsteady simulations. Moreover, since each numerical cell contains at least an arbitrarily
small amount of all phases, the same numerical method can be used in every cell, regardless whether it
contains this or that phase or both [2]. Finally, the model contains several parameters, e.g., the relaxation
terms, which could be tuned according to experimental data or to represent different flow topologies.

The numerical tool we develop here is based on a previous work [3], in which we derive a pressure-based
BN-type model, particularly suited to flows at low Mach number. In this work, we discuss the relaxation
process, both considering finite and infinite relaxation parameters, and we compare the results obtained
by different thermodynamic models for CO2.

The paper structure is the following. In the first part of Sec. 2, we briefly recall the pressure-based BN-
type model for weakly compressible flows and the adopted thermodynamic models. Then, we discuss the
numerical discretization and, in Sec. 2.2.2, we explain how we solve the relaxation process considering
finite and infinite parameters. Finally, Sec. 3 presents the results with the different models for the shock-
tube test involving CO2 at saturated conditions and Sec. 4 draws the conclusions of the work.

2 METHODOLOGY

The model we use to describe the two-phase flow is derived from the symmetric variant of the Baer and
Nunziato (BN) model proposed by Saurel and Abgrall [2], which involves seven equations: the equations
for the balance of mass, momentum and energy for each fluid, and an evolution equation for the volume
fraction α of one of the phases. The volume fraction of other phase is simply computed from α1+α2 = 1,
where the subscripts 1 or 2 refer to the phase, but, being the model symmetric, there is no distinction
between liquid or vapor phase.

In this work, instead of solving the equations for the total energy (a conservative variable), we solve
the equations describing the evolution of the pressure (a primitive variable), of each phase. This choice
helps to prevent the occurrence of spurious pressure oscillations and makes easier the use of arbitrary
equations of state [4, 5]. The two-phase, pressure-based, BN-type model reads
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where the last three equations are repeated also for the other phase. The variables are α the volume
fraction, ρ the density, u the velocity and P the pressure, and the subscript i refers to the phase (if
indicated after a group of variables, it applies to whole group, e.g., αρi = αiρi). On the left-hand side
of the equations, we have the terms similar to the ones in the Euler equations, while on the right-hand
side we have the non-conservative and the source terms. In red, we highlight the closure terms for the
interface velocity uI and interface pressure PI, which are defined as the weighted averages of the phasic
velocity and pressure as in [2, 6], and the term ci,I which represents a kind of interface speed of sound, as
defined in the following paragraph. As concerns the velocity and the pressure relaxation, the operators
∆u and ∆P denote the jumps in each variable between the phases ( ∆1u = u1−u2, ∆2P = P2−P1, etc.),
while the parameters λ and µ, in blue, determine the velocity of relaxation processes. In this work, we
consider both the case of finite and of infinite relaxation parameters.

To complement the governing equations in (1), a thermodynamic model for each pure phase is intro-
duced. Provided that each fluid has a convex equation of state, it is always possible to define the speed
of sound of each phase as

c2 = χ+κ
P+ e

ρ
where χ =

(
∂P
∂ρ

)
e

and κ =

(
∂P
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)
ρ

where the subscript i is omitted for brevity. By using a similar expression, we define the interface speed
of sound for each phase so that c2

i,I = χi+κi
PI+ei

ρi
. We remark that this definition results from the process

of deriving the pressure equations of the BN-type model [3], but it has no thermodynamic meaning
and, given a pressure interface, can be always defined, independently from the adopted thermodynamic
model.

In this work, we consider two thermodynamic models: the stiffened gas and the Peng-Robinson equation
of state. Widely used for vapor-liquid flows, the stiffened gas model can be considered an extension of
the polytropic ideal gas able to take into consideration the repulsive and agitation molecular effects [7].
The pressure and the internal energy (for a single phase) are given by

P(e,ρ) = (γ−1)e− γP∞− (γ−1)ρq , e(T,ρ) = cvρT +ρq+P∞ (2)

where the ratio of specific heats γ, the specific heat capacity at constant volume cv, the parameters P∞

and q are constants that depend on the material and can be determined by fitting experimental data, e.g.,
the saturation curve [8]. Despite its simplicity, the stiffened gas model is relatively accurate in the region
close to the chosen reference point. The values for the CO2 used in this work are taken from [9] and
summarized in Table 1.
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Table 1: Stiffened gas parameters for the CO2 used in this work, as given [9].

γ [−] P∞ [Pa] cv [J/kgK] q [J/kg]
Liquid 1.23 1.32 108 2440 −6.23 105

Vapor 1.06 8.86 105 2410 −3.01 105

Cubic equations of state (EOS), such as Peng-Robinson (PG) [10], are widely used in industrial appli-
cations as they combined computational efficiency, robustness and accuracy. In this work, we use the
particular implementation of the Peng and Robinson model, provided by an in-house thermodynamic
library developed at SINTEF Energy [11], specifically suited for vapor-liquid CO2 flows. This version,
with respect to the standard Peng and Robinson EOS, exploits the corresponding state concept to enhance
the accuracy of certain properties, such as the density and the speed of sound for the liquid phase.

2.1 Low-Mach scaling

Being interested in the simulation of weakly-compressible flows, we introduce a special scaling of the
equations (1), to recover the correct scaling of the pressure with the Mach number M, for M→ 0 [12].
The idea is to define the dimensionless pressure as P = P̃−Pr

ρru2
r

, where P̃ is the dimensional pressure,
Pr is a reference (dimensional) pressure, while ρr and ur are the reference (dimensional) density and
velocity, as in standard adimensionalization. According to this modeling choice, we are filtering out
the acoustics, while the dimensionless pressure P is responsible to fulfill the pressure equations, but it
looses its thermodynamic meaning [13]. Applying this scaling to (1) modifies only the shape the pressure
equation, which, for phase i, reads [3]
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where Mr is the reference Mach number, defined as M2
r = ρru2

r
Pr

amd representative of the global level of
compressibility of the problem under investigation. This equation has the nice feature that, for Mr→ 0,
only the terms in the first square brackets of the right-hand side play a role, which, taking into con-

sideration the equation of the volume fraction evolution, impose that
∂αi

∂t
+

∂(αiui)

∂x
= 0. This is the

desired incompressibility constraint on the velocity, which guarantees the recover of the correct pressure
behavior in the zero-Mach limit.

2.2 Numerical discretization

The complete model consists in the volume fraction equation in (1), the mass and momentum equations
in (1) for each phase, and the the pressure equation (3) for both phases. We solve this set of seven
equations by using the Strang splitting approach: first, we compute the solution of the hyperbolic part,
that is left-hand side of the equations plus the non-conservative terms, then we take into consideration
the source terms.
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2.2.1 Hyperbolic operator

The hyperbolic operator is based on an implicit-explicit time integration, which integrates implicitly
the acoustic terms but explicitly the convective ones. This choice represents a compromise between
efficiency and complexity: the time step limitation imposed by the CFL condition is mitigated, as it
depends only on the convective velocities u, but it is independent from the speeds of sound (and in
low Mach problems ui� ci), and the equations exhibit only a mild non-linearity, which is treated by a
Newton’s linearization. As concerns the spatial discretization, we use a finite-volume approach over a
staggered grid. The hyperbolic operator is described in [3], so we report here only the main features.

As done commonly in pressure-based, uniform-Mach schemes [14, 15], we solve the equations in a
segregated way. In particular, we split the momentum equations in two steps: first, we compute an
intermediate value αρu∗i by considering explicitly the pressures (i.e., by using Pn

i instead of Pn+1
i ), then

we correct the momentum from αρu∗i to αρun+1
i by taking into account the contributions due to the

pressure correction δPi = Pn+1
i −Pn

i [3]. Hence, at the time step tn+1

1. we solve the equation for the volume fraction α1, considering the velocities at tn,

2. we solve the equations for αρ1 and αρ2,

3. we compute, per each phase, the intermediate value of the momentum αρu∗i ,

4. we solve both pressure equations in a coupled way, by considering implicitly the velocity di-
vergence, that is by introducing here an approximation of the velocities un+1

i obtained from the
momentum correction equation,

5. we compute, per each phase, the momentum correction due to the pressure correction δPi,

6. we re-compute the densities αρ1 and αρ2 by using the update velocities.

The last step has proved to be critical to prevent spurious density oscillation across contact discontinuities
while dealing with extremely low Mach numbers.

For the spatial discretization, we adopt a Godunov method and first order Rusanov scheme for the con-
vective fluxes. The discrete expression of the non-conservative terms is derived by explicitly imposing
the fulfillment of the non-disturbance condition, according to which a two-phase flow initially uniform
in pressure and velocity should stay uniform in these variables also while evolving in time [16]. The
resulting expressions of the non-conservative terms are given in [3].

2.2.2 Source operator

We account for the source terms responsible for velocity and pressure relaxation by solving two ODE
problems: the first one evolves the solution obtained by the hyperbolic operator by imposing the velocity
relaxation, the second one imposes the pressure relaxation, starting from the solution of the first ODE
problem. Gathering the relaxation terms in two vectors, Rλ and Rµ, the discrete ODE problems can be
written as

U�−U.

∆t
= Rλ∆u ,

U?−U�

∆t
= Rµ∆P
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where U is the vector of solution variables, and the superscripts ., �, and ? denotes the solution resulting
from, respectively, the hyperbolic operator, the velocity relaxation, and the pressure relaxation.

As mentioned before, we consider here both finite and infinite relaxation. In the former case, the ODE
system for the velocity relaxation yields

∆1u = (u.1−u.2)
αρ1 αρ2

αρ1 αρ2 +λ∆t(αρ1 +αρ2)
with αρi = αρ

�
i = αρ

.
i and α

�
i = α

.
i ,

from which the variation on the other variables can be straightforwardly computed. The solution of
the ODE problem modeling the pressure relaxation is not so trivial, because of the highly non-linearity
resulting from the thermodynamics. For this reason, we introduce an approximation and evaluate all
thermodynamic variables at the known state U�. The resulting non-linear system, composed by three
equations for α1, P1, and P2, is solved by using the non-linear solvers available in the scientific library
PETSc [17].

For the instantaneous relaxation, that is when we consider λ and µ as infinite, we proceed following [2].
The velocity relaxation, which does not modify the densities and the volume fraction, gives the equilib-
rium velocity u� = u�1 = u�2 =

αρu.1+αρu.2
αρ1+αρ2

. Then, to update consistently the pressure of each phase, we
approximate as in [2] the interface velocity as uI i =

1
2(u

.
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integration. This yields to
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Concerning the pressure relaxation, as in the finite-parameter case, the ODE problem is more complex:
mimicking again [2], we introduce an approximation for the thermodynamic quantities and we proceed
iteratively. First of all, we substitute the volume fraction equation into the pressure equations and we
integrate them. While computing this, we substitute the term c2

I,i by ci,I
2 = χi +κi

(
PI i + ei

)
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, where

αi is unknown, while PI i and ei are suitable approximations, defined in the following, kept constant
during the integration. The resulting expressions are
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where the only unknown in the right-hand side is α = α?
1. So, we look iteratively for the value of α that

solves f (α) = P?
1 (α)−P?

2 (α) = 0. At each iteration k, we re-compute the pressures Pk
i = Pi(α

k) and the
approximation PI i =

1
2(P

.
I +Pk

i ) and ei =
1
2

(
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k
i ,P

k
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)
, where we evaluate ei through the equations

of state using ρk
1 = αρ�1/αk and ρk

2 = αρ�2/(1−αk).

3 RESULTS

This section show the results of the simulations of a shock-tube problem filled with CO2 at saturation
conditions1. In the left chamber the saturation temperature is TL = 260 K (corresponding to a pressure
PL = 23.98 bar), while in the right chamber it is TR = 280 K (corresponding to a pressure PL = 41.5 bar).

1In thermodynamics, a saturation condition is a state lying along the vapor-liquid equilibrium curve
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The mixture composition is different: on the left, the liquid volume fraction is (α1)L = 0.75, while on the
right (α1)R = 0.25. Initially, the liquid and the vapor are at rest and they have the same temperature and
pressure. When the diaphragm between the chambers is removed, the flow starts to interact. We compute
the solution after 0.05 s, using Nt = 500 time steps and discretizing the domain −60 m≤ x≤ 60 m (the
initial discontinuity position is at x = 0) with a uniform grid of 1200 cells.

We compute the results using different sets of relaxation parameters and thermodynamic models. Fig-
ure 1 shows the profiles of the volume fraction, the mixture density, the pressures and the velocities
computed in different tests:

• blue test: Peng-Robinson equation of state and the mild set of finite relaxation parameters;

• orange test: Peng-Robinson equation of state and the strong sets finite relaxation parameters;

• yellow test: Stiffened gas model and the mild set of finite relaxation parameters;

• violet test: Stiffened gas model and the strong set of finite relaxation parameters;

• green test: Stiffened gas model and infinite relaxation parameters.

The sets of finite relaxation parameters are defined in Table 2. Figure 2 displays some zoomed views
of these results. As expected, because of the mild pressure jump, the flow velocities are pretty low,
especially compared to the speed of souns. Indeed, the Mach number is everywhere below 0.1.

First of all, we have to say that, starting from the same initial pressure and temperature, different ther-
modynamic models generate different values for the density, as it can be seen in the top right pane of
Fig. 1, especially for the left chamber. Other than that, though, no significant differences can be noticed
between different models, at least in the plateau values. On the contrary, the effects of the different sets of
relaxation parameters are significant. Comparing the finite ones, the strong set leads to steeper variations
(e.g., see the expansion wave in the pressure profile in Fig. 2). From 2, we can also see that, although the
two thermodynamic models give different values of the mixture density, they result in the same slope of
the density variation. This probably means that in this test the influence of the relaxation process on the
solution is higher than the one of the thermodynamic models, at least considering Peng-Robinson and
Stiffened gas models.

Concerning the magnitude of the relaxation parameters, both the mild and the strong sets drive, as ex-
pected, the phasic pressures toward the equilibrium. This is not true for the velocity, because the smallest
value of λ is somehow not sufficient for a match, as shown by the not-overlapping blue and yellow lines
in Fig. 2 (bottom-right picture).

In addition, we have repeated the test also imposing instantaneous relaxation (for brevity, only with the
stiffened gas). By comparing these results (in green in Figs. 1 and 2, we can say that this process gives
significantly different results from the finite relaxation. Notably, it generates faster waves, so even the
positions, not only the magnitude, of the relevant flow features are different.

The results of the orange test are plotted also in Fig. 3, which displays the thermodynamic plane P− v
with the saturation curve. This picture gives a clear idea about where the test takes place and how the
relaxation process handles the phasic equilibrium.
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Table 2: Sets of finite relaxation parameters used in this work.

λ [kg/(m3 s)] µ [ms/kg]
Mild 104 101

Strong 1010 107

Figure 1: Results of the CO2 shock-tube, at tF = 0.05 s in five different simulations. The blue and orange results
are computed assuming the Peng-Robinson (PR) equation of state, using two different sets of finite relaxation
parameters, the mild and the strong one, respectively (the units are not reported for brevity, but are given in
Table 2). The yellow and the violet results are computed assuming the Stiffened-Gas (SG) model, using the same
two different sets of finite relaxation parameters, that is the mild and the strong one, respectively. The green results
are still computed assuming the Stiffened-Gas (SG) model, but imposing instantaneous relaxation, that is λ = ∞

and µ = ∞. In the top row, we have the liquid volume fraction α1 and the mixture density αρ = αρ1 +αρ2. In the
bottom row, we have the pressure and the velocity for each phase: in these plots, the color distinguishes the test,
whereas the line format distinguishes the phases, with the liquid phase shown by thin dashed line and the vapor
phase by ticker dot markers.
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Figure 2: Results of the CO2 shock-tube, at tF = 0.05 s in five different simulations, as described in Fig. 1. Here,
the details for some portion of the grid are shown. In the top row, the liquid volume fraction and the mixture
density are shown for x = [−15,0], so in the left chamber. In the bottom row, the pressure in the right chamber
close to the expansion fan is shown, along with the velocity in the region across the initial discontinuity.
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Figure 3: Results of the CO2 shock-tube over the thermodynamic plane P− v. The Peng-Robinson equation of
state and the strong set of finite relaxation parameters (defined in Tab. 2) are used. Triangular marks refers to the
initial conditions. The flow field at tF = 0.05 s is displayed by circle marks: cyan ones refer to the liquid phase,
dark orange to the vapor phase, and dark yellow to the mixture.

4 CONCLUSIONS

In this work, we have presented the results of the numerical simulation of a two-phase CO2 shock-tube,
obtained according to a pressure-based full non-equilibrium model. The underlying model is the sym-
metric Baer and Nunziato one, with pressure and velocity relaxation to impose the interfacial equilibrium
between phases. A benefit of this kind of models is the possibility to define an equation of state for each
phase, without the need to define a mixture speed of sound. In this work, we have compared the results
of the stiffened gas and the Peng-Robinson equations of state. Besides different density values, they
give comparable results for the conditions under investigation. In addition, we have compared different
sets of finite relaxation parameters: the main differences can be observed in the velocities, which do
not match when using λ = 104, but they do for λ = 1010. This result does not undermine the validity
of the method, but can be seen as an additional degree of freedom it provides. Finally, even if larger
values of the relaxation parameters lead to the phasic equilibrium, the results of this process are different
from the instantaneous relaxation process. This is probably due to the different approximations, concern-
ing especially the thermodynamics, introduced while solving the ODE systems for the relaxation terms.
Currently, we are studying the possibility to avoid some of these simplifications, to reach more accurate
results.
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