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Abstract— In this paper, we propose an improved variant
of an aircraft conflict probability estimation method recently
introduced in the literature. The key innovative aspect consists
in the adoption of an inner and outer block cover of the conflict
zone that is tuned to the local conflict probability estimation
error, thus resulting in a spatial multi-resolution scheme. As
in the original method, an estimate of the conflict probability
with accuracy guarantees is provided.

Simulation results show that the proposed method is more
efficient than the original one, in that it provides a coverage
of the conflict zone for conflict probability estimation that is
adapted to the probability distribution of the aircraft relative
distance. Computational time is then smaller because of the
lower number of blocks needed for the inner and outer covers
of the conflict zone.

I. INTRODUCTION

Safety in an air traffic management system (ATMS) is
maintained by monitoring the trajectories of aircraft to pre-
vent them getting closer than a predefined safe distance.
This situation is called conflict and when a conflict is
predicted, aircraft trajectories are changed to avoid its actual
occurrence. This task is performed by air traffic controllers
(ATCs) on a mid-term time scale of 10 to 20 minutes.

ATMS is facing a constant growth in air transportation
[1], which is causing an increase of the ATCs workload.
Free flight demand and the integration of unmanned aerial
vehicles into civil airspace [2], [3] are further challenging
ATMSs. Such challenges prompt the need for a moderniza-
tion of the current ATMS structure. A key goal of ATMS
modernization is increasing safety. A promising approach to
increase safety in future airspace is to develop methods that
perform conflict detection (CD) in a more scalable, flexible,
and automated way.

CD methods are divided into nominal, worst-case, and
probabilistic methods [4]. In the nominal method, the refer-
ence trajectories of the two aircraft are considered to predict
if the distance of two aircraft will get smaller than the safety
value. In the worst-case approach, all possible trajectory
realizations are considered and a conflict is detected if
the safety threshold is violated by any of the admissible
trajectories. The probabilistic method resorts to a stochastic
characterization of the aircraft relative distance and compute
the conflict probability as a measure of the likelihood that
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a conflict occurs, thus avoiding the conservativeness of the
worst-case approach.

In this paper, we propose a new method for conflict prob-
ability estimation that is useful for mid-term probabilistic
CD. The method is inspired by [5] where conflict probability
for two-aircraft encounters is estimated with deterministic
accuracy bounds by using an inner and outer block coverage
of the conflict zone. The present work further improves
the performance of the method in [5], while retaining the
accuracy bounds. This is achieved by implementing a spatial
multi-resolution scheme where the blocks covers are tuned
to the relative aircraft distance probability distribution while
imposing a desired accuracy level on the conflict probability
estimate.

The remainder of this paper is structured as follows.
Section II presents a short review of the probabilistic CD
methods that are relevant to the present work. Section III
describes the adopted aircraft and wind model. Section
IV formulates the conflict probability estimation problem.
The proposed method is introduced in Section V. Finally,
numerical results and conclusion are presented in Sections
VI and VII, respectively.

II. REVIEW OF RELEVANT PROBABILISTIC
CONFLICT DETECTION METHODS

Probabilistic CD methods can be classified as randomized
methods, where the conflict probability or related quanti-
ties are estimated via simulation-based methods, [6]–[10],
and approximate methods, where a set of approximations
and/or suitable transformations are performed to compute
the conflict probability relying on its analytic expression, [5],
[11]–[20]. The approach in this paper belongs to the latter
category.

In [11], [12], an algebraic approximation of a quadratic
form of the relative aircraft distance ∆r is adopted to
compute the conflict probability, using a linear model subject
to Gaussian uncertainty in two-dimensional (2D) encounters.
The quality of the approximation can be improved by in-
creasing the number of terms of a Laurent series expansion.
In [13] and [14] the probability density function (pdf) of
∆r is computed at the minimum distance in 2D encounters.
Then, the conflict probability is computed by integrating the
obtained pdf. In [13] only one-leg trajectories are studied,
whereas in [14] multi-leg trajectories are considered. No
accuracy of the obtained estimate is provided in [11]–[14].

A method to compute the conflict probability for a 2D
linear model is proposed in [15]. In this method, risk is
obtained by integrating the conflicted part of the pdf of ∆r.



Then, sum of the risks computed along a reference time
interval is taken as an estimate of the conflict probability,
which involves propagating at every time step the part of
the pdf of ∆r outside the conflict zone. Although the initial
pdf is assumed to be Gaussian, the propagated pdf does not
remain Gaussian. Hence, this process requires propagation
of a distorted pdf which is complicated.

A method called probability flow is proposed in [16].
In this method, the rate of probability entering/exiting the
conflict zone is calculated and then integrated to compute
the conflict probability, based on a three-dimensional linear
model subject to Gaussian uncertainty. A reformulation of
the probability flow method is studied in [17]. In all formu-
lations, the method provides inaccurate estimates for long
conflict scenarios [21], and no accuracy bound is provided.

In the seminal work in [18], the relative aircraft distance
∆r in 2D en-route airspace is modeled as a 2D Gaussian
variable and a coordinate transformation is adopted so that
its covariance matrix becomes the identity matrix and the
two Gaussian components independent. This transformation
reshapes the conflict zone in 2D en-route airspace from a
circle to an ellipse, which is then extended over one of
the space axes under constant relative heading and velocity
assumptions, to the purpose of estimating the maximum con-
flict probability in encounters. In the case when the relative
heading and velocity are not constant, reference is made
to the minimum distance configuration. Inspired by [18], in
[19] an upper bound on the instantaneous conflict probability
for a 2D linear Gaussian model of the relative distance is
computed by rotating the (transformed) ellipsoidal conflict
zone so that its axes are aligned with the coordinate axes.
The ellipse is then over-approximated via two appropriately
chosen blocks, which ease the estimation of an upper bound
on the instantaneous conflict probability via integration of
the 2D Gaussian pdf. By using a multi-block cover of the
ellipsoidal conflict zone, a more accurate over-approximation
of the instantaneous conflict probability is determined in
[20]. In both [19] and [20], no accuracy bound is provided.
In [5], the use of an inner and an outer multi-block cover of
the ellipsoidal conflict zone allows to calculate both an upper
and a lower bound of the instantaneous conflict probability,
from which estimate and accuracy are derived. Accuracy is
then adjusted by increasing the number of blocks according
to a uniform coverage strategy.

In this paper, we propose a variant of [5] where the ellip-
soidal conflict zone is approximated in a more efficient way,
through a strategy tuned to the relative distance probability
distribution. The new approximation method implements a
spatial multi-resolution scheme for both the inner and the
outer covers, which allows to provide an accuracy bound on
the instantaneous conflict probability estimate as in [5].

III. AIRCRAFT AND WIND MODEL

We consider aircraft flying at the same constant altitude
and use the following 2D version of the aircraft and wind

model presented in [22]:
ẋ = vcosψ + wx

ẏ = vsinψ + wy

ψ̇ = Lsinφc

mv

ṁ = −γT

(1)

Vector r = [x y]> denotes the aircraft position in the
inertial frame, ψ and m are aircraft heading angle and
mass, respectively. Moreover, γ, T , L, φc, and v are fuel
consumption rate, thrust, lift, commanded bank angle, and air
speed, respectively. The terms wx and wy are the components
along the x and y axes of the inertial frame that are sampled
from the spatially and temporally correlated Gaussian wind
field model described in [22], [23]. The mass and nominal
trajectory of aircraft are assumed to be known. At each
simulation time, φc is calculated so that the aircraft follows
its flight-plan path, defined by a sequence of way-points (see
[22] for more details).

IV. CONFLICT PROBABILITY ESTIMATION
PROBLEM

Consider two aircraft, A and B, traveling at the same
constant altitude with air speed vA and vB, respectively. The
position vectors of two aircraft can be expressed as{

rA = r̄A + r̃A

rB = r̄B + r̃B

,

where r̄ and r̃ denotes the nominal and stochastic part of
the r. The relative position of the two aircraft can then be
written as

∆r = ∆r̄ + ∆r̃

where ∆r̄ = r̄A − r̄B and ∆r̃ = r̃A − r̃B. The covariance
matrix of ∆r is finally given by

V = E[∆r∆r>] = E[r̃Ar̃>A ] + E[r̃Br̃>B ]

−E[r̃Ar̃>B ]− E[r̃Br̃>A ]
(2)

Note that E[r̃Ar̃>B ] and E[r̃Br̃>A ] are cross-correlation terms
that can be computed through Monte Carlo simulations (see
[22]). These terms are usually assumed to be zero, which is
however a reasonable assumption only when aircraft are far
apart.

If the absolute value of the relative distance ‖∆r‖ is
smaller than the safety distance, which is defined by reg-
ulations as Sc = 5 nmi in en-route airspace, then a conflict
occurs. Thus, conflict probability can be defined as

pc =

∫
D

f(s)ds, (3)

where f is the pdf of ∆r and D = {v ∈ <2 : v>v ≤ Sc
2}

denotes the conflict zone that is a circular area centered at
the origin with radius equal to Sc.

The uncertainty which affects the aircraft can be assumed
to be Gaussian [18], [23], [24]. Consequently, ∆r is a 2D
Gaussian random variable and eq. (3) can be rewritten

pc =

∫
D

G2(s; ∆r̄,V)ds, (4)



where G2 denotes a 2D Gaussian pdf.
As the components of ∆r are dependent and the domain

of integration is circular, the integral in eq. (4) is hard
to compute. In the next section we describe the proposed
method to approximate such an integral.

V. PROPOSED CONFLICT PROBABILITY
ESTIMATION METHOD

This section presents the proposed conflict probability
estimation method. As explained in Section II, space coordi-
nate transformation is a commonly adopted idea to compute
the conflict probability. This transformation is obtained by
applying Cholesky decomposition to the covariance matrix
V = LL>, and setting T = L−1. The transformed conflict
zone is an ellipse with an arbitrary orientation. A rotation
matrix, R, can then be employed to rotate it so as to obtain
an ellipse D′ with axes aligned with the coordinate axes,
[25]. Finally, the new coordinate variables and the associated
relative position covariance matrix are given by[

ξ η
]>

= RT
[
x y
]>
,M = (RT)V(RT)> = I,

where I denotes the 2D identity matrix. As a result, eq. (4)
can be rewritten as [18], [19]

pc =

∫
D′
G(ξ; ξ̄, 1)G(η; η̄, 1)dξdη, (5)

where [ξ̄ η̄]> = RT∆r̄.
Eq. (5) entails that, if the integration domain were rect-

angular, then, the conflict probability could be determined
by integrating each one-dimensional Gaussian pdf over the
associated coordinate and then computing the product. The
idea is then to estimate the conflict probability by approxi-
mating the ellipse with some blocks with dimensions parallel
to the coordinate (ξ, η) axes. The process of computing
the upper and lower bounds of the conflict probability and
approximating the ellipse by a suitably chosen set of blocks
is explained in Section V-A and V-B, respectively.

A. Upper and lower bounds of the conflict probability

Let us consider an inner and an outer block-cover of
the ellipsoidal conflict zone, as shown in Figure 1. De-
note the dimensions of the i-th block as [ξUB

i,min, ξ
UB
i,max]

and [ηUB
i,min, η

UB
i,max] = [−ηM

i , η
M
i ] for the outer cover and

[ξLB
i,min, ξ

LB
i,max] and [ηLB

i,min, η
LB
i,max] = [−ηm

i , η
m
i ] for the inner

cover.
Consider the outer cover. An upper bound on the conflict

probability for the i-th block can be computed as

pUB
c,i =

(
Ψη̄(ηM

i )−Ψη̄(−ηM
i )
)
·
(
Ψξ̄(ξ

UB
i,max)−Ψξ̄(ξ

UB
i,min)

)
with Ψα(x) :=

∫ x
−∞ G(v;α, 1)dv as cumulative distribution

function of the standard normal Gaussian pdf. Similarly, a
lower bound of the conflict probability for the i-th block can
be computed as

pLB
c,i = (Ψη̄(ηm

i )−Ψη̄(−ηm
i )) ·

(
Ψξ̄(ξ

LB
i,max)−Ψξ̄(ξ

LB
i,min)

)
.

Fig. 1: Outer and inner covers of the conflict zone.

If we define the estimate of the conflict probability as

p̂c,i =
pUB

c,i + pLB
c,i

2
(6)

and the estimation error as

εi =
pUB

c,i − pLB
c,i

2
(7)

The maximum conflict probability error over blocks is then
given by

εmax = max
i=1,2,..,N

εi

The actual value of the probability of conflict pc,i satisfies

pc,i ∈ (p̂c,i − εi, p̂c,i + εi).

Considering the total covers, the conflict probability is de-
termined as

p̂c =

N∑
i=1

p̂c,i (8)

and the error of the estimate can be computed as

ε =

N∑
i=1

εi. (9)

As a result, p̂c− ε and p̂c + ε represent a lower and an upper
bounds on the conflict probability.

B. Multi-resolution algorithm

We now describe the proposed multi-resolution scheme to
build the inner and outer covers of the ellipsoidal conflict
zone.

The idea is as simple as follows. We start from a rough
cover and keep dividing each block in two equal-width parts
along the ξ axis as long as the conflict probability error
computed over that block is larger than a predefined value.
In this way, a refinement of the block-cover is performed
not all-over the conflict zone (as it is done in [5] where
a uniform space partitioning is considered on the ξ axis),
but only locally, in those regions where the contribution to
the overall estimation error is larger. This corresponds to
repeatedly applying a binary partitioning.

Algorithm 1, called multi-resolution conflict probability
computation (MR-CPC), performs the described recursive
block partitioning. First, corresponding interval related to
the upper bound and lower bound blocks are determined



(lines 5-13). Then, p̂c and ε are computed using eq. (6) and
eq. (7) (line 14). If the desired accuracy εdes is not reached
yet and number of iterations, D, is less than the maximum
number of iterations, Dmax, then, the block is divided into
two equal-width child blocks. Then, the process is iterated
for each derived child block (lines 15-20). The final estimate
and accuracy p̂c and ε are obtained by summing up the values
of p̂c and ε obtained for the child blocks. Function fη(ξ) in
Algorithm 1 computes the value of the η coordinate of the
point in the ellipsoidal conflict zone that is in the positive η
half-plane and has ξ coordinate.

Algorithm 1 MR-CPC

Input: ξmin, ξmax, ηmin, ηmax, D,Dmax, εdes

Output: p̂c, ε
1: ξUB

min = ξmin and ξUB
max = ξmax

2: if D = 1 then
3: ξUB

min = 0
4: end if
5: calculate η1 = fη(ξUB

min) and η2 = fη(ξUB
max)

6: ηM = max(η1, η2) and ηm = min(η1, η2)
7: if ηm = 0 then
8: ξmid = | ξmin+ξmax

2 |
9: ηm = fη(ξmid)

10: ξLB
min = max(−ξmid, ξmin) and ξLB

max =
min(ξmid, ξmax)

11: else
12: ξLB

min = ξmin and ξLB
max = ξmax

13: end if
14: Compute p̂c and ε using equations (6) and (7)
15: if ε > εdes and D < Dmax then
16: ξmid = ξmin+ξmax

2
17: [p̂c,1, ε1] = MR-CPC(ξmin, ξmid, ηmin, ηmax, D +

1, Dmax, εdes)
18: [p̂c,2, ε2] = MR-CPC(ξmid, ξmax, ηmin, ηmax, D +

1, Dmax, εdes)
19: p̂c = p̂c,1 + p̂c,2 and ε = ε1 + ε2
20: end if

VI. NUMERICAL RESULTS
In this section, we compare the proposed MR-CPC method

with those presented in [19], [20] and [5], which in the
sequel will be referred to as I-CPC, MB-CPC and ULB-CPC
methods (see Section II for a short description).

For comparative purposes, we estimate the conflict proba-
bility by running 1000 Monte Carlo simulations of the two-
aircraft encounter, using a MATLAB version of the aircraft
motion simulator described in [22] and [23], which includes
a fully spatially and temporally correlated Gaussian wind
field model. The simulator is also used to provide a Monte
Carlo estimate of the covariance matrix of the aircraft relative
distance, which is needed in each scenario to determine
the conflict probability via I-CPC, MB-CPC, ULB-CPC and
MR-CPC methods.

Recall that I-CPC approximates the conflict zone with two
blocks, whereas MB-CPC and ULB-CPC can improve the

conflict probability estimate by adding blocks to the conflict
zone cover. However, only the ULB-CPC method can be used
to automatically improve the accuracy as it provides accuracy
bounds on the estimated conflict probability. This is done
in Algorithm 2, where the conflict probability, the conflict
probability error, and the maximum conflict probability error
over blocks are estimated for a predefined number of blocks
(line 2), and then, if the error is not satisfactory and the
maximum number of blocks is not reached, the number of
blocks is increased and estimates are again computed for the
new block number (lines 3-6).

Algorithm 2 ULB-CPC with accuracy refinement

Input: εdes, Nmax

Output: p̂c, ε
1: N = 20
2: [p̂c, ε, εmax] = ULB-CPC(N)
3: while εmax > εdes and N < Nmax do
4: N ← N + 10
5: [p̂c, ε, εmax] = ULB-CPC(N)
6: end while

The numerical results presented in this paper refer to the
following set-up. The number of blocks is set to 50 for the
MB-CPC method. The desired accuracy εdes is set to 0.005
for the MR-CPC and ULB-CPC methods. Finally, Dmax and
Nmax are set to 20 and 200 in Algorithm 1 and Algorithm
2, respectively.

A. Description of the considered scenarios

Figure 2 represents the nominal and Monte Carlo real-
izations of two aircraft in the considered scenarios 1 and
2. Velocity of aircraft is set equal to 500 nmi/h in both
scenarios. The origin and destination of the aircraft are given
in Table I.

TABLE I: Origin and destination of the aircraft

Scenario No. Aircraft No. r> = [x (nmi) y (nmi)]
Origin Destination

1 1 [1.0 76.0] [101.0 76.0]
2 [271.0 76.0] [13.0 76.0]

2 1 [41.0 86.0] [251.0 86.0]
2 [121.0 12.5] [121.0 87.5]

B. Conflict probability estimation

Figures 3 show the inner and outer block covers of the
conflict zone for scenario 1 and 2. The space partitions refer
to t = 1000 and t = 540 seconds and are obtained with
the MR-CPC method in scenario 1 and 2, respectively. As
expected, the blocks that are far from the mean value ∆r̄
of the relative aircraft distance (reported in the new (ξ, η)
coordinates) are not divided, whereas those that are closer
are divided into smaller ones.

Figure 4 plots the conflict probability obtained by the I-
CPC, MB-CPC, ULB-CPC, and MR-CPC in scenarios 1 and
2. As for the I-CPC estimate, it provides an upper bound on
the probability of conflict and it can hence deviate from the



(a) (b)

Fig. 2: Nominal aircraft trajectories and Monte Carlo realizations: a) Scenario 1, b) Scenario 2
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Fig. 3: Scenario 1: a) outer cover and b) inner cover of the conflict zone; Scenario 2: c) outer cover and d) inner cover of
the conflict zone

values computed via Monte Carlo simulations as shown in
Figure 4b. As for the MB-CPC, ULB-CPC, and MR-CPC
methods, from Figure 4 it can be noted that they provide very
close, basically identical estimates. The conflict probability
estimates of the MB-CPC, ULB-CPC, and MR-CPC methods
are close to the conflict probability pc determined via Monte
Carlo simulations. This is not surprisingly since the aircraft
relative distance covariance matrix computed via Monte
Carlo simulations is adopted.

Table II presents the computation time of the ULB-CPC
and MR-CPC methods measured in a Matlab environment

using a personal notebook with Intel core i7 processor and
with 8 GB ram capacity. As the estimate of I-CPC and
MB-CPC methods cannot be automatically refined, their
computation time are not reported in Table II. Notably, the
MR-CPC method proposed in this paper provides a more
efficient block coverage of the conflict zone than the ULB-
CPC method, with a smaller number of blocks needed to
reach the same accuracy level. Therefore, MR-CPC requires
less computation time compared to the ULB-CPC method.
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Fig. 4: Conflict probability estimation during the 2-aircraft encounter: a) Scenario 1, b) Scenario 2

TABLE II: Computation time of 100 runs

Scenario No. t (s)
ULB-CPC MR-CPC

1 29.7 21.2
2 21.4 20.6

VII. CONCLUSIONS
In this paper, we proposed a new method for aircraft

conflict probability estimation, which uses an innovative
spatial multi-resolution scheme when building the outer and
inner block covers of the conflict zone adopted for conflict
probability estimation.

The block covers are automatically tuned to the underlying
probability distribution of the aircraft relative distance, which
results in less computation time with respect to competitive
methods when requiring the same accuracy level in the
conflict probability estimation.

The method is introduced with reference to level flight.
Further work is needed to extend it to a three-dimensional
airspace setting.
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