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Abstract

A novel general framework for the study of I"'-convergence of functionals defined over
pairs of measures and energy-measures is introduced. This theory allows us to identify
the I'-limit of these kind of functionals by knowing the I'-limit of the underlying
energies. In particular, the interaction between the functionals and the underlying
energies results, in the case these latter converge to a non-continuous energy, in an
additional effect in the relaxation process. This study was motivated by a question in
the context of epitaxial growth evolution with adatoms. Interesting cases of application
of the general theory are also presented.

Keywords Gamma-convergence - Phase-field models - Functionals defined on
measures - Convex sub-additive envelope
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1 Introduction

Mathematical models for epitaxial crystal growth usually assume the interfaces to
evolve via the so-called Einstein—Nernst relation (see, for instance, Fonseca et al. 2011,
2007a, 2012, 2015). For solid—vapor interfaces, it has been observed in Spencer and
Tersoff (2010) that the usually neglected adatoms (atoms freely moving on the surface
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of the crystal) play an important role in the description of the evolution of the interface.
For this reason, Fried and Gurtin (2004) introduced a model that includes the effect of
adatoms, an additional variable whose evolution in time is coupled to the evolution in
time of the interface of the crystal. In the simple case of a crystal growing on a general
shape, i.e., not graph constrained, but without considering elastic effects or surface
stress, the free energy of the system reads as:

G(E,u) := / W(u) dHL (1.1)
0*E

Here E C R? is a set with finite perimeter representing the shape of the crystal, and u €
L! (0*E; [0, + 00)) is the density of the adatoms. The Borel function ¥: [0, 4+ c0) —
(0, + 00) is assumed to be non-decreasing and satisfying inf ¢ > 0. From the physical
point of view, this latter hypothesis is motivated by the fact that, energetically, even
an interface without adatoms cannot be created for free.

The interest in considering model (1.1) lies in the intriguing and challenging math-
ematical questions that are connected to the related evolution equations. In order to
perform numerical simulations of the evolution equations obtained formally as the
gradient flow of (1.1), Ritz and Voigt (2006) (see also Burger 2006) considered, for
e > 0, the following phase field model inspired by the Modica—Mortola functional
(Modica 1987; Modica and Mortola 1977)

1
Ge (¢, u) 1=/ (—W(cb) +8|V¢|2> ¥ (u) dx. (1.2)
R4 &

Here ¢ € H'(R?) is the phase variable, W: R — [0, + 00) is a continuous double well
potential vanishing at O and 1, and u € C O(Rd; [0, 4+ 00)). The authors worked with

the special case ¥ (t) :== 1 + % Since the Modica—Mortola functional approximates,
in the sense of I'-convergence, the perimeter functional, it is expected that the phase
field model (1.2) approximates the sharp interface energy (1.1). The identification of
the correct I'-limit in the weakest topology ensuring compactness along sequences of
uniformly bounded energy is currently missing in the literature. The main aim of this
work consists in such an identification. The identification of the I"-limit is an important
ingredient for the study of the convergence of the solutions of the gradient flow of the
phase field energy (1.2) to the solution of the gradient flow of the sharp interface
energy (1.1). In Rétz and Voigt (20006), this convergence was justified by using formal
matched asymptotic expansions. We would like to draw the attention to the fact that
energies of type (1.1) are also used in model the evolution and equilibria configuration
of surfactants in which a chemical additive is considered to be present on the interface
of a bubble, driving the evolution (Acerbi and Bouchitté 2008; Alicandro et al. 2012;
Baia et al. 2017; Fonseca et al. 2007b).

As observed in Caroccia et al. (2018), energy (1.1) is not lower semi-continuous
with respect to the L' x w* topology, where the density u is seen as the measure
uH4=" L 9*E. (Note that this topology allows for very general cracks in the crystal.)
Therefore, the functional G cannot be the I'-limit of the functionals G,. Note that
the L' convergence for sets only implies the weak* convergence of the distributional
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derivative of the characteristic functions of the sets. Therefore, the relaxation of the
functional G does not follow from the results of Buttazzo and Freddi (1991), for
which the weak™* convergence of the total variation of the distributional derivative of
the characteristic functions of the sets would be required. In Caroccia et al. (2018), the
authors identified the relaxed functional G of G with respect to the L' x w* topology.
The question is then the following: given that the Modica—Mortola functional

1
Fe(@) I=/ (—W(¢) +8|V¢>|2> dx
R4 &

is known to I'-converge to the perimeter functional F, is it true that the functionals
G., which can be seen as adatom-density weighted versions of the functionals F,
I"-converge to G, the adatom-density weighted versions of the functional F?

The above problem was the motivation to undertake the study of the Gamma con-
vergence of such kind of functionals in a more general framework. The advantage in
doing so is in getting a better insight on the technical reasons leading to the answer of
the question, other than developing a theory comprehending a variety of other interest-
ing situations. We now introduce this general framework. Let & C R? be a bounded
open set with Lipschitz boundary and denote by A(£2) the family of open subsets of
Q. For ¢ > 0, consider the functionals

Fo: LY(Q) x A(Q) — [0, +00], F:L'(Q) x AQ) — [0, + 0]

where each F; is lower semi-continuous in the first variable on each open set A €
A(R). For every ¢ € L', the maps

FO() = Fu(p; ): AQ) — [0, + 00, FO() := F(o; -): AQ) — [0, + o],

are assumed to be the restriction of Radon measures on A(€2). Suppose that for every
open set A € A(Q) the family {F;(-; A)}e~0 is [-converging in the L' topology to
F(; A). Let ¢: [0, 4+ 00) — (0, + 00) be a Borel function with inf ¢ > 0 and define
the functionals

d
G7e (. ) :=/Qw (d;;) dF? (1.3)

over couples (¢, 1), where ¢ € L'(€2) and  is a finite nonnegative Radon measure
on 2 absolutely continuous with respect to the measure ]—'g . G%¢ is set to be + 00
otherwise. In the same spirit is defined

F _ AT
G (¢,u>._/gw<df¢)df.

The question we want to investigate is the following: is the I'-limit of the family
{G7¢},~0 related to the relaxation of the functional G¥ in the L' x w* topology?
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This question is reminiscent of a classical problem studied by Buttazzo and Freddi
(1991) (see also Buttazzo 1989) on the I'-convergence of functionals defined over
pairs of measures. Given a sequence of nonnegative Radon measures v, on €2, they
studied the I"-limit of functionals of the form

d
Hoa () :=/ f (x, d—”“) dvy, (1.4)
Q Vn

defined over vector-valued Radon measures @ on Q2. Here f: 2 x RN — [0, 4+ 00) is
a continuous function, convex in the second variable. In Buttazzo and Freddi (1991),

. . . . r .
it is proved that, under suitable assumptions on f, if v,—* v, then H,, — H with
respect to the w* convergence, where

— d“’ 0 dML 1
H(u) -—Lf(x,a) at [ 1 (x, dw) dlut,

where u = %v + 't is the Radon—Nikodym decomposition of 4 with respect to
v, and f*° is the recession function of f. Our framework includes their result for
scalar-valued measures, and with f independent of x € 2 and sub-additive in the
second variable. Indeed, it is possible to reduce the study of functionals (1.4) to our
setting by taking F, and F constants.

The novelty of this paper is in the treatment of the problem in this general setting,
where the convergence v,—* v is replaced by the I'-convergence of the underlying
functionals F, to F. Since for each ¢ € L' () we will ask that there exists {¢,} C
L(Q) with ¢, — ¢ in L!(£2) such that F2" —* F9_in a sense the result in Buttazzo
and Freddi (1991) can be seen as a pointwise convergence in our setting. When F is
not continuous in L', the interaction between the underlying functionals ; and the
function ¢ gives rise, for a class of non-continuous functionals F, to an additional
relaxation effect for G7. Because of the technical difficulties we have to deal with,
the techniques we employ to prove our results, except for the liminf inequality, are
independent from the ones present in Buttazzo and Freddi (1991).

1.1 Main Results and Idea of the Proofs

In the main result of this paper, Theorem 3.8 we are able to prove that the I'-limit of
the functionals G7* is G: the relaxation of the functional G7 in the L' x w* topology.
In particular, an application of Theorem 3.8 (Proposition 5.5) is used to prove the
I'-convergence of G to G.

We focus on a particular class of functionals for which continuity fails. Since we are
assuming lower semi-continuity for the functional F, continuity at some ¢ € L'()
fails when

F(g) < lim_F(g,)
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for some {¢,}neny C LY() with ¢, — ¢ in L1 (). The class of functionals we
consider are those for which the above loss of upper semi-continuity holds for all
¢ € L'(Q) and locally in a quantitative way. Namely, we consider the family of
functionals (Definition 3.1) for which for all ¢ € L'(Q) and forall r > 1itis possible
to find a sequence {¢,}neny C L'() such that ¢, — ¢ in L' (Q), and

lim F(gu; E) > rF?(9; E), (1.5)

for all Borel sets E C Q with F?(3E) = 0. This class of functions contains some
interesting cases, such as the perimeter functional and the total variation functional
(Sects. 5.1, 5.2, respectively). In the former case, the validity of (1.5) was proved
in Caroccia et al. (2018, Theorem 2) by using a wriggling construction: given a set
of finite perimeter F C €2, local oscillations of the boundary of ¢ = 1p, whose
intensity is determined by the factor r, were used in order to get (1.5). For this class
of functionals (Theorem 3.8), the I'-limit of the family (GT Ym0 is

F e cs ﬂ (] ces, L

Here ¥<* is the convex sub-additive envelope of v (Definition 2.1) and

o S (¢t
O := lim L4 ().

t——4 00 t

Note that @ < + 00, since ¥“* has at most linear growth at infinity (Lemma 2.5).
Moreover, ¥ < 1¢. Therefore, the quantitative loss of upper semi-continuity of the
functional F results in having a lower energy density for the limiting functional.

We report here the ideas behind the proof of Theorem 3.8. The main technical
difficulty of the paper is the fact that the underlying measures F¢ we consider come
from the energy F. The assumptions we require do not seem to be too restrictive.

The liminf inequality (Proposition 4.1) follows easily from classical results on
lower semi-continuity of functionals defined over pairs of measures originally proved
in Buttazzo and Freddi (1991).

The construction of the recovery sequence is done by using several approximations.
In particular, we pass from ¢ to ¥“* in two steps: first from 1 to ¢ and then from ¢
to ¥*. This is possible because (¥ °)“* = ¥*: the convex sub-additive envelope of
the convex envelope corresponds to the convex sub-additive envelope of the function
itself (Lemma 2.5).

Given ¢ € L'(Q) and a nonnegative Radon measure x on €2, we consider its
decomposition with respect to F%. We first treat the singular part and we show that it
can be energetically approximated by a finite sum of Dirac deltas whose, in turn, can
be approximated by regular functions (Proposition 4.2). The main technical difficulty
here is in having to deal with general Radon measures F%.

We then turn to the absolutely continuous part of the measure . After having
showed that it is possible to assume the density u to be a piecewise constant function
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(Proposition 4.4), we prove that it suffices to approximate the energy with density ¢
(Proposition 4.5).

Finally, in Proposition 4.6, given a couple (¢, u) we construct a sequence of pairs
{(#n, un)}nen such that

limsup/ V() dF P S/ Y (u) dF?.
Q Q

n——+ oo

The technical construction is based on a measure-theoretical result, Lemma 6.1. This
result allows to disintegrate €2 in sub-domains containing, asymptotically, a certain
percentage of % (2), and such that ¢ does not charge mass on their boundaries.

We also present applications of our general results to some interesting cases: the
perimeter functional, a weighted total variation functional and the classical Dirichlet
energy (Sects. 5.1-5.3, respectively). In the former case, the lack of lower semi-
continuity was already provided in Caroccia et al. (2018, Theorem 2). Therefore,
using the general theory we developed, we can answer the question raised by the
application in Continuum Mechanics (Proposition 5.5).

In the second case, the family of approximating functionals we consider is the
one introduced by Slepcev and Garcia-Trillos in the context of point clouds (Trillos
and Slepcev 2016), and that are of wide interest for the community (Bresson et al.
2013; Calatroni et al. 2017; Chambolle et al. 2010; Cristoferi and Thorpe 2018; Garcia
Trillos and Slepcev 2015, 2016; Szlam and Bresson 2010; Thorpe et al. 2017; Thorpe
and Slepcev 2017; Thorpe and Theil 2017; van Gennip and Schonlieb 2017; Caroccia
et al. 2020). The main technical result in studying this case is a wriggling result for the
weighted total variation functional (Proposition 5.8), that allows us to use Theorem 3.8
to identify the I'-limit in Proposition 5.14.

This paper is organized as follows: In Sect. 3, we state the main hypotheses and
results of the paper. After introducing the main notation in Sect. 2, we devote Sect. 4
to the proofs of Theorem 3.8. Finally, the above-mentioned applications are treated in
Sect. 5.

2 Notation and Preliminaries

In this section, we introduce the basic notation and recall the basic facts we need in
the paper.

Convex and Convex Sub-Additive Envelope  We collect here some properties of the
convex sub-additive envelope of a function that we used in the paper. Since in this
paper we always work with nonnegative functions, in the following all the definitions
and statements are adapted to this particular case.

Definition 2.1 Let f:[0,4+0o0) — (0,+00) be a Borel function. We define
f€: 10, 4 00) — (0, + 00), the convex envelope of f,and f°: [0, 4+ co) — [0, 4 00),
the convex sub-additive envelope of f, as

fe@) :=sup{o() | ¢ < f, ¢ convex},
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and
@) :=sup{p@®) | ¢ < f, ¢ convex and sub-additive},

respectively. Moreover, we set

0 = tim @

t——+4 00 1

The first result is the key one that allows us to construct the recovery sequence in
two steps.

Lemma 2.2 Let f:[0, +00) — (0, + 00) be a Borel function. Then (f€)* = f.

Proof Itis immediate that, if g < f is convex and sub-additive (since it is in particular
convex), we have g < f¢. Henceforth f° < f¢, yielding

fCS S (fC)CS.

On the other hand, if g < f€ is convex and sub-additive function, it holds in particular
g < f.Hence, from g < [ we get

( fC)(,‘S < fCS
yielding the desired equality. O

Remark 2.3 Let us note that, in general, (f€)* # f°5. Here, with f*, we denote the
sub-additive envelope of a function f. Indeed, in general

(f* > f.

As an example, let us consider the function f(¢) := max{2|¢| — 1, 1}. Since f is
convex, we have f¢ = f and thus (f€)® = f*. It is possible to check that f* is not
convex. Therefore, it cannot coincide with the convex function 5.

The following characterization of f¢ is well known [see, for instance, Braides
(2002, Remark 2.17 (¢))].

Lemma 2.4 Let f: (0, +00) — (0, + 00) be a Borel function. Then
FE@ =inf (Af(t) + (=2 f@) |2 €[0,1], 11,12 € (0, +00), Aty + (1 =My =1},

forallt € (0, 4 00).

A useful geometrical characterization of the convex sub-additive envelope of a
convex function has been proved in Caroccia et al. (2018, Proposition A.9 and Lemma
A.l1).
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Lemma2.5 Let f:[0,+00) — (0,+00) be a convex function. Then there exist
{ai}ien CR, {bi}iey C [0, + 00) such that

f @) = suplait + b;}, O = supfa;}.
ieN ieN

Moreover, there exists ty € (0, 4+ 00] such that f<° = f on [0, tg), while f°° is linear
on [ty, + 00).

Combining the results of Lemmas 2.2 and 2.5, we get the following.

Lemma 2.6 Let f:[0, 4+ 00) — (0, 4 00) be a Borel function. Then there exists ty €
(0, + o0] such that

fe@ ift €0, 1),

CcS
t == C
7o 1 L0 it e (19, 4 00).

2.1)

In particular, if ty < + oo, then

0 f C(lo).
Io

['-convergence We refer to Dal Maso (1993) for a comprehensive treatment of I'-
convergence. In this paper, we just need the sequential version of it for metric spaces.

Definition 2.7 Let (Y, d) be a metric space and let F: Y — [0, 4+ co]. We say that a
sequence of functionals {F},},cN, where F,,: Y — [0, + oo], ["-converges to F with

. . r-d _ .
respect to the metric d, and we write F,, —> F, if

. d
(i) For every x € Y and every {x,},en C Y such that x, — x,

F(x) < liminf Fy(xp);
n—-+ 00

.. . d
(ii) For every x € Y there exists {x;,},eny C Y such that x,, — x and

lim sup F, (x,) < F(x).

n—-4 0o
In the proof of Theorem 3.8, we will make use of the following.

Remark 2.8 Letx € Y. Assume that, foreach § > 0, there exists a sequence {x, },en C
Y such that x, — x and

lim sup F,(x,) < F(x) + 4.

n—+ 00
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Then, by using a diagonal procedure, it is possible to find a sequence {y,},en C Y
with y, — x and

lim sup Fy, (yn) < F(x).

n—+ o0

Radon Measures We collect here the main properties of Radon measures we will
need in the paper. For a reference, see Ambrosio et al. (2000, Section 1.4), and Maggi
(2012, Section 2).

Definition 2.9 We denote by M ™ (Q2) the space of finite nonnegative Radon measures
on Q. We say that a sequence {it,},en C MT(RQ) is weakly* converging to . €
MTF(Q), and we write t,—* pu, if

lim @ dpn :/ pdup
Q Q

n—+ 00

for every ¢ € Co(2).
The following characterization of weak* convergence will be widely used in the
paper.
Lemma2.10 Let {plnen C MT(Q) such that sup,cy pn(Q) < +o0o. Then,
Un—" u, for some u € M*(Q), if and only if
lim  w,(E) = u(E), (2.2)
n—+ 00

for all bounded Borel sets E CC 2 such that f(dE) = 0.

In order to use the metric definition of I'-converge, we need a metric on the space
M () that induces the weak* topology. This is possible because C(£2) is separable.
For a proof, see De Lellis (2008, Proposition 2.6).

Lemma 2.11 There exists a distance d g on M™ () such that

we—="pn & lim dyg(ur, p) =0 and  sup ur(R2) < oo.
k—)OO kEN

3 Main Results

In this section, we state the main result of the paper, along with a corollary. In the
following, @ ¢ R? will always denote a bounded open set.

Definition 3.1 Denote by .A(Q) the family of open subsets of Q. Let F: L' (Q) x
A(2) — [0, 4+ oc] be a functional and set

Xi=[pe L@ F@: D < +00}.
We say that F is an admissible energy if it satisfies the following conditions:
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(Adl) Foreveryopenset A C €, the function ¢ — F(¢; A) is lower semi-continuous
on L;

(Ad2) Forevery ¢ € X, the map F¢ .= F(¢p; ): A(R2) — [0, + 00] is the restriction
of a Radon measure on 2 to A(Q);

(Ad3) For every ¢ € X, and every open set A € A(R) with F(¢; A) = 0, the
following holds: for every U € A(2) with U CC A, and for every ¢ > O,
there exists ¢ € X with ¢ = ¢ on Q\U such that

16 —oll <e FPOU)=0, 0<FPA)=FU) <e;

(Ad4) F? is purely lower semi-continuous. Namely for all ¢ € X and for all f €
LY (Q, F?), with f > 1 F?-a.e., there exists a sequence {¢,},eny C X such
that

¢n — ¢ inL', Fo*fro

We denote the class of admissible energies by Ad.
From now on, we will consider our functional F to be defined on X.
Remark 3.2 Note that if 7 € Ad, then from (Ad1) it follows that
F(@: A) =F W A)
if ¢ = ¢ in A, for A € A(Q). Hypothesis (Ad3) is a non-degeneracy hypothesis
needed to treat null sets for the measure F?.

Remark 3.3 Note that if F satisfies Definition 3.1, it is indeed lower semi-continuous
and it has the property that any element ¢ € X can be approached in L! with a
sequence {¢y, }neN, Which locally increases the energy of the prescribed amount f > 1
(which acts as a Jacobian). Indeed, the convergence F% —* fF? implies

lim F%(E) = / fdrF?
n—-+ oo E

for all Borel sets E CC Q with F?(dE) = 0. In particular, this also justifies in (Ad4)
the name purely lower semi-continuous which encodes the fact that around any point
¢ € X aliminf-type inequality for F is the sharpest bound that can be expected.

We now introduce the class of approximating energies.

Definition 3.4 We say that a sequence {F},},en of functionals F,, : L' (Q) x A(Q) —
[0, 4 oo] is a good approximating sequence for an energy F € Ad if

(GA1) For every open sets A € A(Q), and every {¢,},en C L' () with ¢, — ¢ in
LY(Q), we have

F(¢; A) < liminf Fy (dn; A);
n—-+ 00
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(GA2) Foralln € N, and ¢ € LY(Q) with Fu(d; Q) < + oo, the map .7-',?(~) =
Fu(¢; -) is the restriction of a Radon measure on 2 to A(S2);

(GA3) Forevery ¢ € X, there exists a sequence {¢, }peny C X with ¢, — ¢ in L1 (Q),
such that .7-",? " is non-atomic for all n € N, and

Fon*Fo FIQ) — FO(Q).

The class of good approximating sequences for F will be denoted by GA(F).

Remark 3.5 Itisimmediate from the definition that if {F}, },,cn is a good approximating

sequence for F, then F;, iN F with respect to the L' topology. Hypothesis (GA3) is
asking for the existence of a recovery sequence satisfying the additional requirement
of recovering the energy also locally.

From (GA1), we deduce the following closeness property: if {¢,}pen C L'(S)
with ¢, — ¢ in L'(Q) is such that

sup .7:,‘{"‘ () < + 00,
neN

then ¢ € X.

Remark 3.6 Notice that if 7 € Ad is non-atomic, i.e., F? is a non-atomic Radon
measure for all ¢ € X, then the constant sequence F,, := F is a good approximating
sequence for F.

We are now in the position to define the main objects of our study.

Definition 3.7 Let v: [0, + 00) — (0, + 00) be a Borel function with inf ¢ > 0. For
F: X x A(Q2) — [0, 4 oo], satisfying property (Ad2) of Definition 3.1, we define the
JF-relative energy gf: X x MHT(Q) = [0, +00] as

Jov ) dF? if p=uF?,

) 3.1
+ 00 otherwise.

GT (b, ) = {

The main result of this paper concerns the behavior of sequences of F;,-relative
energies for a good approximating sequence {F,}, € GA(F) of an admissible energy
F. The interaction between the underlying functional F and the functional G7 results
in a lower limiting energy density, since {“* < ¢°.

Theorem 3.8 (I'-convergence for F € Ad) Let F € Ad, and{F,}nen € GA(F). Then
G7n ["-converges to le}; with respect to the L' x w* topology, where the functional

Gl 1 X x MHY(Q) — [0, + 0]
is defined as

F — cs ﬂ ) cs, L
Gise (@, 1) -—/Ql/f <df¢> dF? + 0% u=($2). (3.2)
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du

i F® + ut is the Radon—Nikodym decomposition of v with respect to

Here u =
ad

Remark 3.9 Note that @ < 4 oo, since ¥ is at most linear at infinity (Lemma 2.6).

In particular, combining the above theorem with Remark 3.6, allows to identify,
for certain energies in Ad, the relaxation of the F-relative energy G in the L' x w*
topology.

Corollary 3.10 Let F € Ad be non-atomic. Then, the relaxation of G with respect to
the L' x w* topology is gf;.

Remark 3.11 From the properties of ¢ and ¥“* and using Remark 3.5, it is possible
to deduce the following compactness property. Assume that a good approximating
sequence {F,},en enjoys this compactness property: if {¢,},en C LY(Q) is such
that

sup Fy(¢pn) < 00,
neN

then ¢, — ¢ in L'(Q) for some ¢ € X. Then, for every {@n}yeny C L'(Q) and
{n)neny C MT(R) such that

SUp G (B, in) < + 00
neN

it is possible to extract a subsequence (not relabeled) in such a way that ¢, — ¢ in
L' and p,,—* u, for some ¢ € X and u € MH(Q).

4 Proof of Main Theorems

Hereafter, v : [0, + c0) — (0, 4 c0) will be a Borel function with inf ¥ > 0. We will
denote by d a metric on the space L'(Q) x M*T(), which induces the L' x w*
topology on bounded sets (Lemma 2.11).

4.1 Liminf Inequality

The proof of the liminf inequality for the I"-convergence result of Theorem 3.8 follows
from the argument in Proposition (Ambrosio et al. 2000, Lemma 2.34). For the reader’s
convenience, we report it here.

Proposition 4.1 Let (¢, 1) € L'(Q) x MT(RQ), and {(¢n, tn)lnen C LY(Q) x
M™T(Q) be such that (¢, un) — (¢, w). Fix F € Ad and consider a good approxi-
mating sequence {F,}nen for F. Then

) du ”
. . ]:n cs ¢ cs L
}llglilégg (Bns tn) = /QW <_d.7-'¢’) dF? 4+ 0% u= () 4.1
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Proof Assume, without loss of generality, that

rsllelg {Qf”(tﬁn, Mn)} < +o00.

Therefore, pu, = gn.?’-','i5 " for all n € N. Since inf > 0, using Remark 3.5 we have
that ¢ € X. Note that > “*, and that, by Lemma 2.5 there exist two sequences
{aitien C R, {bilien C [0, 4 00), such that

V< (x) = supla;x +b; | bi > 0}, O = sup{a;}. (4.2)
ieN ieN

Let {A j}j}”: | be a family of pairwise disjoint of open subset of €2 and, for each j € N,
letv; € C°(Aj), with vj € [0, 1]. We have that

/ Y (gn) dFPn z/ Y (gn) dFPn z/ (viajgn +bj) ad
Aj Aj

j
= | vjajgndFP +b;FP(A)).
LY j8n sy i/ \Aj

J

By summing over j = 1, ..., M, taking the limit as n — 4 oo, exploiting the lower
semi-continuity of 7, and using the fact that b; > 0 together with u,—* 11, we get

Fu
lim inf G (¢n,,un)>Z/I;.Ujajdl/«+‘zbj/;‘.vjd}—¢
j=1 J j=1 J
M
=j_1/Aj v]< d}_¢(x)+b ) df¢+Zf vjajdut.

4.3)
Taking the supremum in (4.3) among all finite families {A;} <, of pairwise disjoint

subsets of 2, and v; € CSO(AJ-) with v; € [0, 1], we get

liminf G77 (¢, ) > Sup[ Z/ 1//+(x) dx | {Aj}jes, Aj C Q pairwise disjoint } .
n—+ o0 oy
J

Here wj(x) := max{y;(x), 0},

_du ,
Yi(x) = {a] e () +bj onQ\N,
4j on N,
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being N a set where u' is concentrated and A = F¢ + . Using Ambrosio et al.
(2000, Lemma 2.35), we can infer

sup Z/ w;"(x)dk [ {Aj}jes, Aj C Q pairwise disjoint =/ sup{lﬁ,‘(x)"'}d)».
jerv Al ' ' Q jeN

Hence, using (4.2), we get

< du .
. +d,\:/ “<_>df¢+®“isz.
/ngg{w,(x) } Qlﬂ a9 n(£2)

This concludes the proof. O

4.2 Limsup Inequality

The proof of the limsup inequality uses several approximations that we prove sepa-
rately. We start by proving a density result that will allow us to construct the recovery
sequence only for absolutely continuous couples, namely for pairs (¢, hF?) with
h e LY(Q; F?) (Fig. 1).

Proposition4.2 Let F € Ad, ¢: [0, + 00) — (0, + 00) a convex function such that

O := lim & < +o0. “4.4)

t—+4+00

Then for any (¢, 1) € X x MT(Q), there exist {¢y}neny C X and {hy}nen with
hy € LY(2; F#) such that

. On _
n_l)l?oo d (((ﬂn, hn]: )’ (¢9 M/)) - Oa

and

du
1 Pn — ¢ ) 1
nETOOng(hn)df = /Qg <d}_¢> dF? + O pu—(Q).
Proof Let n € N and consider a grid of open cubes {Q’}} jen of edge length 1/n.
Without loss of generality, we can assume F% (9 Q’} N Q) = 0 forevery j € N. Write
w=gF?®+ ut, where g := dd—}’fd,. We divide the proof in four steps.

Step 1 We claim that there exists a sequence {A,},en C MT () of the form

M,
b =) (@, 45)

Jj=1
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sptut
g sptF® P Ta
"
J SptF?
) P
{
|
iR
spty n
(a) We are given (pyp) € X x (b) We divide Q2 in small cubes and
MF(Q) where p = gF® + put we select only the cubes Qf such that

QEnspt pt # 0. We then select ¥ €
Qfﬂspt wt which will provide an ap-

prozimation of u with Dirac deltas.
We identify the points of type "a” (in
red) as those points xf € spt ]-'¢ and
the points of type "b” (in green) as
thos points opf ¢ spt F?.

—B T (-T;L)

Lele]”
®
®
@ ®
( n
"
sptF hn= g+ B
(€) We find suitably small balls (d) we accordmgly define functions
B, (z%) cc Q% around each point ho as ]-'¢(B (ZI for points of type
z;c where we suitably modify the
function ¢. 7a” and as —5(TJ(T for point of
type 7b”.
Fig. 1 Construction of the approximating sequence (¢, hp F#1)
with x;.' € Q’J’. N spt ut, for all j=1,..., M, such that
1 1
Jim [ a2 + Oclut (@) — 2@ ] = 0. (4.6)

Define
Tro={ieN 1 sputng; 0},
For every j € j:l, choose x;’ e sptut N Q;? with

dF?

m J_(x")—O
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and define

b= ) uH(Q@)S.

J 617: 1
Note that

sup A, (2) < + o0.
neN

Let E CC 2 be a bounded Borel set with yﬂ-(aE) = 0. Set
Tl = € T | Q) NOE # 1),

Fix n > O and let U D 9E be an open set such that u(U) < . Take ng € N large

enough so that j € j:i,aE implies Q;! ccC U forall n > ng. Note that

An(E) = p(E)| < ) 1n(Q) — 2 (Q)
J

< Y uHOH+ D] (@D

“7;’11,35 ‘7:#315
<2ut(U) < 2. 4.7)
Therefore,
lim A, (E) — nt(E)| < 2n. (4.8)
n——+ oo

Since 1 > 0 is arbitrary, from (4.7) and (4.8) we get
lim |An(E) — pt(E)| = 0.
n——+ oo

This proves the claim.
Step 2 Let {A,}pen € MT(R) be the sequence provided by Step 1. Then

M}l
b =) Q8
j=1

forxy,..., x,’f,ln € spt ut. Note that, for every n € N, the cubes {Q’}}yjl are pairwise

disjoint. The idea is to locally deform the function ¢ around each point x;‘ and define
a corresponding density h’} in a neighborhood of x;.’. Let

I = |j=1,...,Mn | QI NQ#0, x;’esptﬂ’},
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p=lim ) gine A g spuFt).

Fix n € N. We show how to recursively define h;’ and (;5;?. Set ¢ := ¢, and hjy := g.
Assume ¢?7] and h;L] are given and define ¢;’, and h;‘ as follows.

Case one j € 7). In this case, for any r > 0 we have F?(B, (x;.’)) > 0. Moreover
using Ambrosio et al. (2000, Theorem 2.22), we get

it (B ()
m-———-— =
r—0 .7-'¢(Br(x;?))

In particular, we can find r, < 1 such that B, (x;.’) C Q’}. and

10

¢ nyy 0] n
FO@B, (0] =0, 0<F(B, () < —

(4.9)

for all j € Z!. Then we define q‘);' = ¢’;71, and

@D

=g g, o 1 ".
T FO(B,, () P T ()

Case two x; € IZ. Therefore, there exists ro > 0 such that for all rp > r > 0 we
have

FP(By(x})) =0.

Fix r, << 1 such that By, (x;.‘) C Q", and invoke property (Ad3) of Definition 3.1
with A = Ba, (X)), U = By, (x}), &5 := (Myn)~" min;—1 __u, {1 (Q)} to find
¢" € X such that ¢ = ¢_| on Q\B, (x;), ¥ (9B, (x})) = 0 and

1 Lepn
I8) =0 il < 5= 0 < F(B, () < —— (4.10)
n n
forall j € Z;. Define
o Q%) ) o
= e 1B, () i—1LQ\B,, (x")-
S

Set ¢, = q)’;,,n and h, = h’]{,ln. Note that ¢, = ¢ that h,, = g outside Uj@l B, (x;?),
that

M}l
hy =nM, on ] By, (xy). 4.11)
j=1
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and that, by construction, ¢, € X. Moreover, F% (3 B,, (x;?)) =0and

() '

lon — Sl < Y 197 = ¢7_ 1 lpiq) <

Jj€Zp

Step 3 We claim that
lim [ ¢(h,)dF* = / ¢(g)dF? + Ot ().
n——+ 00 Q Q

Indeed, recalling Remark 3.2, we get

M,

(hn) ut(
C(hy) dFP = / c(g)dF? + . (4.12)
/sz QAU By () Z

Fix 89 > 0. Using (4.11), it is possible to take n large enough so that

‘( (hn)

—e,l<s
h, 5‘— 0

forall j =1,..., M,. In particular,

M, M,
h n hn
ZC (0 — On(@)| < Z(gh;n‘ ) —@;) o

j=1 J

Mn
<D 8o (Q) = 80k ().

j=1

The arbitrariness of §o > 0, together with (4.6), yields

h
,H+OOZ§( & WO = O ut(9). (4.13)
Now, set

My
A= Br, &,
j=1

and note that from (4.9) and (4.10) we get that

FP(Ay) <

1
s LN (4.14)
n
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asn — +o0o0. Since g € L' (Q; F?), using (4.4), we get £(g) € L'(Q; F?). There-
fore, the Lebesgue-dominated convergence theorem yields

lim c(g)dF? = / c(g)dF?. (4.15)
Q

=00 Jo\ Ui, By, (<)

Using (4.12), (4.13) and (4.15), we get the claim.
Step 4 To complete the proof, it remains to show that i, F¥»—* u. Note that

sup/ h, dF% <+ oo.
neNJQ

Let E CC Q2 be a bounded Borel set such that u(dE) = 0. Fix n > 0 and take an
open set U C Q2 with U D 0F such that u(U) < n. Set

Ji={jeN| QS CE}, T :={j eN|Q|NIE # )

and take no € N large enough so that j € Jj, implies Q’}- cc U forall n > no.
Then

Leon
n=(Q%)
hfvan:/ dF? Lon L Fen(EN B, (x")).
WFUE = [ gdF 'Z w0 + 'Z Frd . (EN By ()
n Jejg jej{;lE n ]
Recalling (4.5), we get
Mn Fén(E N By, (x"))
n n L,An nj
n FOE) = (8F? 4 ) (E)] = ) g% (Br, () + ’Z WO\ g omy !
j=1 J€T}e J
<[ serte ¥ uteps [ ear st
Ap . n ' Ap
JeT5e
5/ gd.?'-"ZJ +n.
An
Therefore, using (4.14) and the arbitrariness of n > 0, we get
lim |h, Fo(E) — (¢F® + ) (E)| = 0. (4.16)
n—+ 00
The claim follows at once by (4.5), (4.16) and the triangle inequality. O

The next result will allow us to consider only a special class of absolutely continuous
couples. Let us introduce the following notation for partition of 2 into cubes. Let
0= (—%, %)d. For p € R? and ¢ > 0, we define

G = {(p+£z+EQ)ﬂQ|zeZd}
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and we write 0G , ¢ for
0Gpe=an| | Jp+tz+€00)
zeZ4

Definition 4.3 We say that (¢, ) € X x MT(Q) is a regular absolutely continuous
couple if © = gF? where g € L'(Q, F?) is of the form

M
g§= Zailﬂi,
i=1

where a1, ..., oy € (0,4 oc0), and {Qi}f‘il = G ¢ for some p € RY and ¢ > 0, is

such that
F@Gp,) = 0.

We denote by R(2) the class of all regular absolutely continuous couples.

Proposition4.4 Let F € Ad, ¢:[0,+00) — (0,4 o0) be a convex function, and
(¢, 8F?) € X x MT(Q), with g € LY (Q, F®). Then there exists {gnlnen C
LY (Q, F®) with {(¢, 8. F®)Inen C R(R), such that

gnF?—="gF?,
and
Jim [ cenar? = [ cwar.
Proof Forn € N let p, € R? be such that
FOOGp, 1) =0
Let {Q;?}g/]:"] be the cubes such that G, .1/n = {Q'} N Q}?/I:"1 and set
o {j: Lo My | FP(QE N Q) >0].

For j € J7, set

1
O — dFe?, (4.17)
I FQIND) Jorne®
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and for j ¢ j_;f.d, set

Define
M,
gn = Z ol o
j=1
We claim that g, F?—* g 7¢. Note that

sup/ gndF? < 4 0.
neNJQ

Let E CC  be a bounded Borel set with g F¢(dE) = 0. Fix n > 0, and let U D JE
be an open set with g 7¢(U) < 7. Let

T =1j=1....M,| Q"NIE # 0},

and take n € N large enough so that j € J; implies Q;f C U for all n > ng. Then

1
RIS SR T B
R 0"NE n
JeTyE J
F®(Q"NE) 1
< Z R B | / gdF? 4+~
- d(O" n
ey 7O o "

1
=eFU) +
1
=n+-.
n
Therefore,

lim |g.F(E) — gF?(E)| < n.
n—-+ 00

Since n > 0 is arbitrary, we get the claim. To conclude the proof, we have to show
that

im [ (g dF? = / £(g) dF?.
n—+0o0 Jo Q
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Using the convexity of f, we have

M,
) dF? = / "y dF?
/Q;(g) ; m;(o:])

1
Y. Fhinay (mg,} 79 Joyna® )

2 n
Je€T Ly

> / ¢(g)dF?
INQ

: n
]6j]__¢

/ ¢(g)dF?.
Q

IA

IA

Therefore,

lim sup [ C(gn) dF? < / c(g)dF?. (4.18)
Q Q

n—+ 00

On the other hand, using g, F?—* gF?, the convexity of f, and Ambrosio et al.
(2000, Theorem 2.34), we get

f £(g) dF? < liminf / C(gn) dF?. (4.19)
Q n—-4 oo Q

Using (4.18) and (4.19) we conclude. O

Proposition 4.5 Ler F € Ad, and (¢, g}"f’) € R(R). Then there exists { (¢, h, F*)}
neN C R(2) such that

lim d(((Pn,hn]:%)’ (¢a g]:¢))

n—+ 00

and

lim / VS (hy) dF9 = / Ve (g)dF?.
Q Q

n——+ 00

Moreover, if we write h, = Zlﬁil K;’]lglr_z, we can ensure that k' =< ty for all i =
1,..., My, andn € N, where ty > 0 is given by Lemma 2.6.

Proof If ty = + oo, then there is nothing to prove, since this would mean that ¢ =
¥¢. Thus, assume 7y € (0, 4+ c0). Write g = Zf‘il o;lg,, where o; > 0, and let

IT:={i=1,...,M | > 1t}
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Define the function

M
f=)_Bila,
i=1
where

o

4ifieZ,
Bi == {1 iti¢T, (4.20)

Let {¢n}nen C X be the sequence given by Definition 3.1 such that ¢, — ¢ in X,
and

Fon* fF0, 4.21)

In particular, for alli =1, ..., M, it holds FPn(3;) — 0. Itis then possible, for all
n sufficiently large, to choose §, > 0 such that

Fo(0%)s,) < % (4.22)

foralli =1,..., M. Here (0%2;)s, := {x € R? | dist(x, 8Q;) < 8,}. By definition
of regular absolutely continuous couple, we have that {Qi}iﬂi 1 = Gp,¢ for some
p € R4 ¢ > 0. Since F? is a Radon measure, it is possible to slightly translate the
underline grid of cubes of a small vector so that G 4 ¢ do not charge energy F % on
0G p1v,¢(82). More precisely, we can find a sequence {v,},en C R? with |v,| < 8,
such that

(@) = G pau,.c
and
Fo Q) =0,

foralli = 1,..., M and n € N. Define, forn € N,

h, = ZtoJlﬁ? + Zaiﬂﬁ?'

iel i¢T

We claim that h, F® —* ¢ F®_ Indeed,

sup/ hy dF? < + 00
neNJQ

@ Springer



1746 Journal of Nonlinear Science (2020) 30:1723-1769

and, for any bounded Borel set E CC 2 with .7-'¢(8 E) = 0, we have that

V hndf¢n—fgdf¢
E E

<Y 1 F" (@ NE) — o, F*(Qi N E)|

ieZ
+ ) o | FMQ N E) — FO(Qi N E)|
i¢T
<) lF"(Qi N E) — o F? (2 N E)|
ieZ
+ 10 ) |FP( N E)— FO(Qi N E)|
ieZ
+ Y | F@ N E) - FO(Q N E)
i¢T
+a; Y _|FP Qi NE) — F(Qi N E)|
i¢T
<Y 10F?(Qi N E) — i FP(Q N E)| + CF ((9%)s,)
ieZ
+ o Y |FP(QiNE) — F(Qi N E)|
i¢T

1
<Y 10F"(QiNE) — i FP(Q N E)| + C—
n

iel
+ i Y |FP(QiNE) — FY(QiNE)|, (4.23)
i¢Z
where C := max{#y, 1, ..., @y}, and in the last step we used (4.22). We now observe

that F%(3(Q; N E)) = 0. Since f = 1, this also implies f.7-"¢(8($2,- N E)) = 0. Using
(4.21), we get

lim F%(Q;NE) :/ fdF? = %f"’(ﬁi NE) foralli e Z, (4.24)
QNE 0

n— -+ oo
lim F"(Q;NE)= / fdF? = Fo(QNE) foralli ¢ 7. (4.25)
n— -+ oo QNE

Therefore, from (4.23)—(4.25) we deduce that

/h,,d]-"¢"—/gd]—'¢’=0.
E E

To conclude the proof, (4.21) together with (4.22) yields

lim
n—+ oo

lim /Q Y hg) dF = ggloo[Zf"’"(?z:?)wc (t0) + Y FP (@Hye (a»}

n—-4 0o
ieZ i¢T
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=Y F@e 3 @)y @)
£ o £
i€l i¢l

=Y FHQY @) + Y FPQY (i)

ieZ i¢Z

= / Ve (g) dF?,
Q

where in the third equality above we used Lemma 2.6. O

Proposition 4.6 Let F € Ad, and {Fylpen € GA(F). Then, for every (¢, gF?) e
R() there exists a sequence {(gn, hnF"Vnen C X x MT(Q) such that

lim _d ((¢n. BaFE"). (9. 8F9)) =0,
n—-+ oo
and

limsup/ W (hy) dFPn sft/f”(g)df“’-
Q Q

n——+ oo

Proof Write g = Zf‘i 1 @i lg;, where o; > 0. By exploiting property (GA3) of Def-
inition 3.4, it is possible to find {¢,},eny C X such that F¢" is non-atomic for each
neN, ¢, = ¢inL1(Q), F"—* F¢, and F" (Q) — F?(K). Using Lemma 2.4, for
alli =1,...,M,andn € N, itis possible to find A}, € [0, 1], and 5], 2 € [0, + 00)
with

At (1=t = o (4.26)
such that
MU (i) + (1= M)W (eh) < Y€ (o) + 8, (4.27)
and
. . . . M
nlii“oo<i_?“PM {s:,, th, Y (sh), w(t,z)} ) YR =0. (428

=l i=1

where 6, — 0 as n — 4 0o. Up to a subsequence, not relabeled, we can assume
)»ﬁ, —AMe [0, 1], as n — + o0.

By invoking Lemma 6.1, foralli = 1, ..., M, there exists a sequence of Borel sets
{R! }men With R, C €; having the following properties:

(@ FrL an—\*_)»"]-',‘f” L Q; as m — + o0;
(b) Fi" L(Qi\R,)—* (1 = A)F" L Qi asm — +00;
(c) F"ARL) = F?@OR.) =0foralln e Ny meN,i=1,..., M.
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Using the fact that .7-",?”—\* F® and that F®(3$;) = O foralli = 1,..., M, itis
possible to select a subsequence {m,},cn With m, — 4 0o as n — + oo such that

FO LR, —~*MFOLQ, FPL(Qi\R, )= (1 —A)F? LQ;, (429
and

V(s F(RY, ) = M) |+ Y DI F (Qi\R), ) — (1= 2D FP(Qi) | — 0

(4.30)
asn — +ooforalli =1,..., M. Define
M
hy = Zs;;n &, + t,’;ngi\%.
i=1
We claim that
lim daq(h, FPr, gF?) =0. (4.31)

n—-+ 00

Let E CcC 2 be a bounded Borel set with g]-"d’(aE) = 0. Then, using (4.26) and
property c, we get

fh,,d]—",‘f” —/ gdF?
E E

M
<Y shFP(RL NE) = A FPENQ))
i=1

M
+ D FE N (@Q\R],) — (1= A)FPEN Q)
i=1

M
+ ( sup {si, ! )Z]—‘,‘f"(aﬂi)
i=1,...M

i=1

=1,...,

Thanks to (4.28), (4.29) and the fact that A/, — A/, we conclude that

lim
n——+ oo

/ hy dFPn — / gdf¢‘ =0. (4.32)
E E

Since

sup/hnd}'d’" < 400,
neN JQ
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we obtain (4.31). Finally, we note that

/ V) 8 = 3 W FE (R ) + ) (@\R), )

i=1

s (Y)Y () Zf*"n(asz)

=1 i=1

M
< zmmz) + (1= AU ) 17 ()

+_sup {w(s) v, )}Zﬂ"(am

i=l,..., i—1

+ Z V(s FE(RE, ) — A FP () |

M
+ Y WEDIF(Q\RL ) — (1= M) FP(Q) |

i=1

M
<Y (V) + 8,) Fr )+ sup {W(s) v (@, >}Zf“’"<asz)
i=1

""" i=1

+ Z W(sh) | FP(RL ) — M FO () |

i=1

M
+ YY) | F QAR — (1= A FP () |

i=1

/ Ye(g) dF? + 4, f¢(9)+ sup {w(sn) e )}prn Q)

""" i=1

M
+ Y UG I F (R, — M FP Q) |

i=1

M
+ Y W) [ F QiR — (1= A F () |-

i=1

Thus, taking the limit as n — + oo and using (4.28), (4.29) together with the fact that
A, = A', we get

lim | y(h,)dF < / Ye(g) dF?. (4.33)
n—+ o0 Q Q
This concludes the proof. O
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4.3 Proof of Theorem 3.8
The liminf inequality follows from Proposition 4.1. Let (¢, u) € X x M*(Q), and

write @ = gF® 4+ ut. Fix § > 0. By Proposition 4.2, there exist ¢; € X and
hy € LY(Q2: F®) such that

1)
<-.
—4

d((e1, L1 F?Y), (¢, n) + ‘/9 Y (hy) dF# —th/f”(g)d]-“” — O ut(Q)
(4.34)

Proposition 4.4 yields the existence of iy € L'(Q2, F#') such that (@1, iy F?') €
R(2) and

)
< —.
— 4

d((p1, 2 F?), (@1, i F?)) + ‘/ Y (h) dF? —/ ¥ (hy) dF?
Q Q
(4.35)

Thanks to Proposition 4.5, we can find ¢» € X, and h3 € L' (2, F¥2) such that
(g2, h3F?2) € R(2) and

8
< -.
=4

(4.36)

d(((ﬂz,h3f“’2),(wl,hzu”:“”))Jr‘/Qllfc(hs)d}"”—/Qllf”(hz)d}"p'

Finally, let (¢, hn 5]—",?;‘3) € X x M™T(R) be given by Proposition 4.6 such that

: 8
4 ((@ns hn ") (g2 s F#)) < 2. (4.37)
and
. )
| vnare < [ veomare g (4.38)
Q Q

Therefore, from (4.34)—(4.38) we get

4 ((nss hns F1i). @2 10)) <6,

and
f U () dFS < / P (Q)dF? + 0% () + 6,
Q Q

We conclude by using Remark 2.8. O
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5 Selected Applications

In this section, we assume the open set 2 C R? to have Lipschitz boundary.

5.1 Perimeter Functional

As a first application of the general theory developed in the previous sections, we
consider the perimeter functional. In the following, we will identify the space X :=
BV (£2; {0, 1}) with the space of sets with finite perimeter in £2. We define the functional
F: X x ARQ) — [0, +00) as

F(¢: A) :=[D¢|(A) = P({¢ = 1}; A),
where P({¢ = 1}; A) denotes the perimeter of the set {¢ = 1} in A. The following

result has been proved in Caroccia et al. (2018) (Caroccia et al. 2018, Theorem 2).

Theorem 5.1 Let E C R? be a set of finite perimeter, and f € L'(0*E; [1, + 00)).
Then there exists a sequence of smooth bounded sets {Ey}nen C RY with 1 g, = 1E
in L', such that

lim P(E,: F) =/ fdHI,
n—+00 9*ENF

for all Borel sets F cC R4 with P(E; 9F) = 0.
Using the above result, it is possible to obtain the following.

Proposition 5.2 The functional F is a purely lower semi-continuous admissible
energy.

Proof In order to show that the functional F is an admissible energy, we just need
to prove property (Ad3), since the others are trivially satisfied. Let £ C 2 be a set
of finite perimeter such that [D1g|(A) = O for some open set A C 2. Then, 1 is
constant on A. Assume ¢ := 1g = 0 on A. The other case can be treated similarly.
Let U CC A be an open subset, and ¢ > 0. Pick Bg(x) CC U and forr € (0, R) set
@ =1+ 1p,(x). Then F(¢; dU) =0, [|p — pll;1 < wqr?, and

0 < F(p; A) = F(@; U) <dwgr?™!.

Taking

1

& d—T1
r<|-—
(d wq )
we get the desired result.
Finally, the fact that the energy F is purely lower semi-continuous follows by
Theorem 5.1 localized in 2. Indeed, the wriggling procedure used in the proof of
Theorem 5.1 is a local construction. O
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5.1.1 The Modica—Mortola Approximation of the Perimeter

We now consider, for ¢ > 0, the Modica—Mortola functional F;: L1 () x A(Q) —
[0, + oo] defined as

Fe(g; A) :=/A[§W(¢>+E|V¢|2} dx,

where W e C%(R) is nonnegative potential with at least linear growth at infinity, and
such that {W = 0} = {0, 1}. We report here the classical result by Modica (Modica
1987; Modica and Mortola 1977).

71
Theorem 5.3 We have that F, r-L owF, where

1
ow = 2/ VW(t)de.
0

Moreover, if {¢pn}nen C LY(Q) is such that

SUP]'—en(fﬁn; Q) < + o0,
neN

for some ¢, — 0, then, up to a subsequence (not relabeled), ¢, — ¢ in L', where
¢ € BV(2;{0,1})

A careful analysis of the proof of the above results yields the following.

Proposition 5.4 Let {&,},cN be such that e, — 0, and set F,, := F, forn € N. Then,
the sequence {F, }neN is a good approximating sequence for F.

Proof We just have to prove property (GA3), being the others trivially satisfied. The
statement of Theorem 5.3 holds for every open set U C 2 with Lipschitz boundary,
and such that |D¢|(dU) = 0. Therefore, by using Lemma 6.2, we get (GA3). O

Proposition 5.4 allows us to use the abstract results proved in the previous section.
In particular, we obtain the following.

Proposition 5.5 Ler ¢: [0, +00) — (0, + 00) be a Borel function with inf ¥ > 0.
For e > 0, consider the F;-relative energy

1
Ge(9, 1) :=/Q[EW(¢)+8|V¢|2]I//(u)dx,
if¢ € HU(Q), p € MHY(Q) such that p = u(2W($) + ¢|Ve|) LY, and + oo

otherwise in LY () x MT(Q). Then, G, 5 G with respect to the L' x w* topology,
where

G(E. 1) == ow / O ) dH 4 00 (@),
0*E
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is defined on any E C QQ set of finite perimeter and for the Radon—Nikodym decom-
position of L = u (UWH‘F] L B*E) + 't with respect to HY™! L 9*E.

Remark 5.6 The functional G, has been used in Ritz and Voigt (2006) as a phase field
diffuse approximation for a model describing the evolution of interfaces in the epitaxial

growth with adatoms. The authors worked with the special case ¥ (1) := 1+ % In the
same paper, it has been claimed that the solutions of the gradient flow of the phase field
model converge to the solution of the sharp interface one. This claim was supported
by formal matching asymptotics. It is worth noticing that the evolution equations
for the sharp model do not account for the recession part and neither for the convex
sub-additive envelope of .

Proposition 5.5 answers the question posed in the introduction.

5.2 Total Variation Functional

In this section, we generalize the result of Sect. 5.1 by considering the total variation
functional defined over the whole class of functions of bounded variation. Let p €
() N %) such that

0 <minp <maxp < + oo,
Q Q

and consider the energy F: BV (2) x A(R2) — [0, + 00):

F(p; A) :=/Ap2 d|Dg|.

Proposition 5.7 F € Ad.

We start by proving that the total variation is a purely lower semi-continuous func-
tional.

Proposition 5.8 (A wriggling result for total variation) Let ¢ € BV () and f €
LYy, | D)) with f > 1. Then there exists a sequence {¢x}xen C BV (R2) such that

klim |D¢k|(E)=/fdlD¢|,
—+ 00 E

for all Borel sets E CC Q with |D@|(0E) = 0.

The main technical step needed to get the above proposition is given by the following
result.

Lemma5.9 Fixp > landlet Q1 C R? be a cube centered at the origin of edge length
L>0.Letop € C®(Qr)N CO(QL) and let r > 1. Then, there exists a sequence of
piecewise C' maps S,: Q1 — Qy such that

S, =1d ondQyr, S, — Id uniformly on Qy,
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and

(1) im0 [, V(@0 S)IPdx =7 [, [VHIP dx;
(2) sup,en IVSullLe < + o00.

Proof We divide the proof in several steps.

Step one ¢ affine Write ¢ (y) = y - v + ¢. First of all we note that it suffices to
show that, given 8 > 1 and a cube Q' C Q with two of its faces orthogonal to v,
there exists a sequence of maps 7, : Q" — Q' suchthat 7, =Id on 0Q’, T,, — Id
uniformly on Q’ and

n—+ 00

lim / V(¢ o T,)|" dx =ﬂ/ IVo|P dx.
o' o'

Indeed, by simply extending the map 7, to the whole cube as the identity outside Q’
we get

/ |V<¢oTn>|"dx=f |V<¢>oTn>|f’dx+/ 2%
oL o’ or\Q’

- ﬂ/ |V¢|”dx+f [Vo|P dx
o' 01\Q'
= Ivlp(ﬁlQ’I +10\Q'l)

- ﬁ(ﬂ|Q|+|QL\Q ) [ s

= ——(BIQ'I+101\Q I)/ IV$|” dx. (5.1

QLI oL

Since the map

B 0, I(/3|Q|+|QL\QI)

is surjective on [1, + 00), given r > 1 it is possible to find 8 > 1 such that

0, |(IB|Q|+|QL\Q|)

Thus, using (5.1) we conclude.
Therefore, we can assume without loss of generality thatv = peys, L = 1, Q1 = Q.
For b > 0, let s5: R — R be the periodic extension of the function

t > (bt +Db)L_1,0/(t) + (b — bt)Lo,1;(2),

fort € [— 1, 1]. For n € N, define the function g,,: [— 1, 1] — [0, 4+ 0c0) as

gn(t) = 3 1sb((2n + D). 5.2)
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Moreover, let Q,, C Q be a cube of side length 1 — rlz’ and fix a smooth cutoff function
on:R — [0, 1] with ¢, () = 1 for || <1 — % and ¢, (r) = 0 for |¢| > 1, and such
that

[Von| < Cn, (5.3)
for some constant C > 0 independent of n. Define the function 7;,: 0 — Q as

T, (x) :=x + @u(x - eq)gn(IP(x)| V ey,

where P(x) := x — (x - e4)eqs. We have

P
VTu() = Id + gn(x - e)gy (B V D eg ® % + an (P Vv Dyl x - eq)eq ® eq.
and
V(o T (x) = pea VT (x)
P
_ [ed +on(y -e)gl (BOIV 1) % 1 gn (PG| v 1 (x - ed)ed] :

Note that 7,,(Q) = Q, T,, = Id on dQ and that
IVTallLe < Co, (5.4)

where C;, > 0 depends only on b. Set L,, := 1 — %, 0, = (—L,, Ln)d, QZ‘I =
(—=Ly, Ly)?". Then

/ \V(tboTn)(X)Ipdx:Pp/ lea VT (x)|P dx
On Q

- p”/ (1+g2(P@)| v 1) dx
On
Lp/2 p

=p”/ f 1+ g2 (P v 1) 2 dH ™ (v dr
=Ly /2 JQnN{eg-x=t}

4 —
= pPLn fQH(l +er ()2 dH @)

d—1 1
_ L
= p"Ln ((1 - %) L+ (7) was [ 19204508 dz)
0
ya wd—1
- (1 T ((1 e . 1) 2{;‘7_1> /Q [V ()| dx.

Hence,

lim V(¢ o Ty)| dx = (1 + (m— 1) (;3:11

n——+ oo 0

)/Q|V¢<x>|f’dx.
(5.5
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On the other hand, using the definition of g,, of Q,, and (5.3), we get
f V(¢ oTy)|?” dx = 0. (5.6)
O\Qn

Since the function

b (1+((1+b2)§—1) ‘;jj)

is surjective on [1, + 00), given r > 1, it is possible to find b > 1 such that, using
(5.5) and (5.6), we get

lim f|V(¢oTn)|pdx=r/ |V|? dx. (5.7)
0 0

n——+ oo

The required convergence on 7,, — Id follows at once.

Step two ¢ € C*°(Qy). Forn € N consider the grid {Q?}?L of cubes of size %, with
centers x;' partition Q. Fix § > 0 and observe that there exists ng9 € N such that for
all n > ng it holds

max max |Ve(y) — Vo (x| < id. (5.8)
or L

i=1,..nd ye
Set v := V¢ (x]') and define
Vi) =y v+ o).

For every i = 1, ...n%, thanks to the previous step, it is possible to find a map

T': QF — QF with T;* =1d on 9 Q7 such that

/ V(@] o T/)|P dy — r/ Ve dy| < —. (5.9)
o! o! n
Define 7,,: 0 — Q as
I‘ld
T, = Z T/ 1lgn.
i=I
Using (5.4) and (5.8), we get
e
max [VT,(»)Ve(T,(y) — VL)' = = (5.10)
YeQL L
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where the constant C > 0 depends only on L and r. Therefore, from (5.8), (5.9), and
(5.10), we get

nd
=
i=1

'/ |V(¢>0Tn)|pdy—r/ [Ve|? dy
or or

/ |V(¢oTn>|de—/ V(g o Tw)l” dy
oy o

I‘ld
+2
i=1

[ v omoray—r [ wepay

i

/ |V¢?|de—/ V1P dy
o o

i i

nd
+ rZ
i=1

<(14+C+r)s,

where in the last step we used the inequality |a? — b?| < |a — b| (ja|P~" + |b|P~1).
Since § > 0 is arbitrary, we conclude. |

It is now useful to introduce the following notation. For a given Radon measure p,
we define the class of regular multipliers m(S2, i) as the family of f € L'(Q, u) of
the form

N
f=) rila,
i=1

where
O ri =1
(i1) {Ai},N: | is a finite family of pairwise disjoint open subset of € with Lipschitz
boundary;
@iii) u(@A;) =0foralli =1,...,N.

By standard arguments of measure theory, it is possible to prove the following
density result.

Lemma5.10 Let u € M™(Q) be a Radon measure and pick f € LYy, ) with
f =1 p-a.e. on Q. Then there exists a sequence {filren C mM(2, n) such that

Sen—* f .

Therefore, we just need to provide the wriggling construction for functions f €
m($2, |D¢|). This will be done in the next result.

Lemma5.11 Let ¢ € BV (2) and let f € m(S2, |D¢|). Then there exists a sequence
of maps {¢p}nen € WHN(Q) such that ¢, — ¢ in L' and | D, |—* f|D|.

Proof We divide the proof in three steps. -

Step one Fix an open set A C Q, ¢ € C®(2) N C%(Q) and r > 1. The goal of this

step is to construct a sequence {@x}reny C w1() such that ok = ¢ on Q\A and
|Doi| LA—"r|Dgp| L A, o — ¢ inL'.
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For each k € N, consider a grid of cubes {Qlj}jeN with side length 1/k and define the
finite set of indexes

Jy=1{j eN| Q" cc A}.
Using Lemma 5.9, for each Q’; there exists a smooth map S;? :Q — € such that

S;? =1d on Q\Q’; and

ID(p 0 SHIQ5) —r|D¢|<Q’;>( +lgo Sy — ol < (5.11)

#TOk
Define

o= Y (po S§)1Q§.
jeTs

Note that gy € W1(Q), o = ¢ on Q\A and by construction gy — ¢ in L'. We now
need to show that |Dgy| L A—~*r|Dg| L A. For, note that

sup | D (A) < + 0.
N

ke

Let E CC 2 be a bounded Borel set such that |[Dg|(0E) = 0. Take an open set
U C A with U D 9E such that | Dg|(U) < n and define

Thp=0€Ts| Q5 CE) Th,sp=1{jc€Typ| QSNIE #0).
Then,

D@ (AN E) = [Dp|(ANRYNE)+ Y [Dgl(ENQH+ > [Decl(Q%)

JEJ/]f,aE j€‘7/]§-5
ID[(ANE) = [Do|(ANRYNE)+ Y [Dpl(ENQH+ > [Del(0).
jEJI{ﬁc.BE ij,{xc.E
where
Re=a\| | 0]
jedk

Take k large enough so that j € jakE implies Q]; C U, and
|Der|(U) + [De|(U) =< 3n.
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Then, from the definition of ¢ and (5.11) we get

ID@|(ANE) = rIDpl(ANE)| < | Y |Dgi|(Q%) — r|Dg|(05)
jEJf]{.E
+ |Dpl((AN R NE)(r — 1)
+ |Dei|(U) + |Do|(U)

<3+ % + (= DID@|((AN R N V).

(5.12)
Since
[ R = (2\A),
keN
by taking the limit as k — + oo in (5.12) we get
lim [[Dgr[(ANE) —r|De[(ANE)| < 3n.
k—+ 00
Since n > 0 is arbitrary, we conclude that
lim |Dgi|(ANE)=r|Dp|/(ANE),
k—+ 00
getting |[Dyy| L A—=*r|Dg| L A.
Step two Let ¢ € BV(Q), and f € L' (2, |D¢|) of the form
N
=) rila,
j=1
where A, ..., Ay C Q are pairwise disjoint open sets. A density argument (Ambro-

sio et al. 2000, Proposition 3.21, Theorem 3.9) provides a sequence of maps {¢, }nen C
C*®(2) N C°(Q) such that

¢~ ¢ LY, |Dgn| = V| L"—7 | D]

For any n € Nandi = 1,..., N, the previous step yields a sequence of maps
{6f , Jken € WI1(Q) such that ¢¥, = ¢, on Q\A; and

|D@f,| LAi—*ri| Dl L Ai, ¢f, — ¢u inL'(Q)ask — +o0.
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Define
N
O = B, la;
i=1

Note that
ok — ¢ in LY(Q), DL~ fID@y,

as k — 4 o0. Since by assumption |D¢|(0A;) = O foralli = 1,..., N, we also
have

F1D¢n|—" D¢,
as n — + oo. Therefore, a diagonalization argument allows us to conclude. O

We are now in position to prove that the total variation is purely lower semi-
continuous.

Proof of proposition 5.8 Fix ¢ € BV (), and f € L'(Q, |D¢|). By Lemma 5.10
applied to u = |D¢|, we find a sequence of {filren € M(S2, |D¢|) such that
fx|Dp|—* f|D¢|. Then, Lemma 5.11 applied on each f; € m(R2,|D¢|) yields a
sequence of maps {¢§}neN c WHI(Q) such that |D¢§|A* frI Do, ¢,’§ — ¢ in
L'(Q) as n — + oo. Thus, we conclude by using a diagonalization argument. O

We can now conclude the proof of Proposition 5.7

Proof of Proposition 5.7 Properties (Ad1) and (Ad2) follow easily by the definition of
F.

In order to prove property (Ad3), we argue as follows: Let ¢ € BV (£2),and A C Q
an open set such that F(¢; A) = 0. Fixe > Oandanopenset U CC A.Letx € U
and R > 0 such that_BR(x) C U.Then ¢ = c on Br(x). Let r € (0, R) that will be
chosen later and set ¢ := ¢ + 1p (r). Then

F(g;9U) =0, |lg — ol < war?,

and

0<ﬂam§/

p2 dre! < <max ,02) dawgr?=!.
9B, Q

Taking

we get the desired result.
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Finally, we show that F is purely lower semi-continuous. Fix ¢ € BV (RQ2), f > 1,
f e LY(Q, F?). Let {¢,}nen be the sequence given by Proposition 5.8 such that
¢pn — ¢ in L'(Q) and

|Dgy|—" fID. (5.13)
We claim that
Fon* fF9.
For each k € N, consider a partition of Q into cubes { Q’j‘.}ﬁi"1 such that
|D¢|(3Q’;.) =0 and
2 ) 1
max p- — min p°| < — (5.14)
otn@ okng k
forall j =1,..., M. Note that, for any open set A CC €2, the following estimates

hold

min p? [ 1DGI(Q) N A) < F(g: 0 N A) < [DYI(Q] N 4) | max p?
g;nA

Take a bounded Borel set E CC € such that F?(3 E) = 0. Consider bounded open
sets E1 CC E CC Ej. Then, using (5.14), we get

Fgus Bz Y | minp® | DgI(Q))
okccE Qj
OknE 0

1
2 k
= D [maxp? = [1DgulQ)).
okccE Q;j
oknE#0

By taking the limit as n — 4 0o on both sides, and using (5.13) and (5.14), we have
1
. . 2 2
Jm Foemz Y[ fmaxe? =) sipgl
ofccE i\ 9
OSNE 1#0
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1
> ¥ [ () ravel
QfccE 9
O*NE #0

1
z/ p2fd|D¢|—E/ FdIDg].
Eq Q

Similar computation shows also

im Fg E) <
Ql]{ CCE>
Q’;mE;&(A

1
5/ pzdeD¢|+E/ £dIDg).
E; Q

i 1
/k (mlkn ,02 + %) fd|D¢|
;i\ ¢

Being the above valid for all k¥ € N yields
[ #ravel< i FouE) < [ prae
E; n——+ oo E»
Moreover, since E| and E; are arbitrary and F' ?(9A) = 0, we conclude that

lim f<¢n;E>=/ P2 f dIDg|.
n——+ 0o E
Since

sup Fo(Q) < + o0,
neN

we conclude that Fén —~* f Fo i
5.2.1 A Non-Local Approximation

The non-local approximation of the weighted total variation we consider in this section
is the one used by Trillos and Slepcev (2016) in the context of total variation on graphs.
Let n:[0, +00) — [0, 4 00) be a compactly supported smooth function with
O+°° ndt = 1. For ¢ > 0, consider the energy F,: L'(Q) x A(Q) — [0, + 00]

defined as
Fe(g; A) := /A (/Q Mne(lx —yDo(y) dy) p(x)dx

where 7, (1) := n(te " "e¢. Fix a sequence {&,},en such thate, — Oasn — + oo,
and set F,, := F,. In Trillos and Slepcev (2016), the authors proved the following
I"-convergence result.
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Theorem 5.12 It holds that F, AN F with respect to the L' convergence, where

F(: A) = oanﬁdle,

and
+ o0
oy :=/ t"n(r)dr.
0

Moreover, if {¢n}nen C LY Q) isa sequence for which

sup Fu(¢n) < + 00,
neN

then, up to a not relabeled subsequence, ¢, — ¢ in L' (), where ¢ € BV ()
It is possible to improve the above I'-convergence result and obtain the following.
Proposition 5.13 The sequence {F, },eN is a good approximating sequence for F.

Proof Property (GA1) follows from the liminf inequality of Theorem 5.12, while
property (GA2) is immediate from the definition of F,.

In order to prove property (GA3), we follow the same steps used in the proof of
Theorem 5.12 (Trillos and Slepcev 2016, Section 4.2), that we briefly report here for
the reader’s convenience. Given ¢ € BV (£2), we extended it to a BV function defined
in the whole RY in such a way that the extension, still denoted by ¢, is such that
|D¢|(9€2) = 0. For any § > 0, having set

= {x e R? | dist(x, Q) < 8}
let {¢,}nen C C*°(25) be a sequence such that ¢, — ¢ in LY(Qs), and
p*|Dgn|—* p*|D|  on MT ().

Let E CC 2 be a Borel set with |[D¢|(dE) = 0. Assume [0, M] is the support of 7.
Then it holds that

Fun: E) = / / Mnsn(lx WDp()p(y) dy dx

/ / e, (IX — ¥
B(x,Mep)

5/ / n(lhl)/ [V (z) - hlp(z — tenh)p(z + (1 — t)eph) dt dh dz
Eep J{Ih|<M} 0

/ Vonp(x +1(y —x)) - (y —x)dt | p(y)p(x)dydx

ZJh/ IV (2)|p? (2) dz + Ry k.

cn
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where we used the change of variable i := % and z = x + 7(y — x). In the case p
is Lipschitz, it is possible to prove that

Rok < C8n[ |V¢n|,02 dz,
E

&n

for some constant C > 0 independent of k. Therefore,

lim sup 7, (¢; E) < F(¢; E) = F(¢; E).

n—-+ 00
O
The result of Proposition 5.13 allows us to apply Theorem 5.7 to get the following.

Proposition 5.14 Let i : [0, + 00) — (0, + 00) be a Borel function with inf ¢ > 0.
For ¢ > 0, consider the functional

Ge(, 1) :=/Q[/Qwnm—y|)p<y>dy}w<u<x>)p(x>dx,

ifp € LY(Q), u € MT(Q) such that
= up (/Q OO =01 y|)p(y>dy> e

and + oo otherwise on L' (Q) x M1 (). Then G, EN G with respect to the L' x w*
topology, where

0@, 1w) =y [ V707 DB+ Ot (@),
where we write L = u (0,7,02|qu|) + ,ul.

5.3 Relaxation of the p-Dirichlet Energy

In this last section, we would like to note that the choice of the L! convergence is not
fundamental for the validity of the main results of this paper. Indeed, Theorem 3.8 holds
alsoifthe L' converge is replaced by the L” convergence. Of course, in Definitions 3.1
and 3.4 one also has to replace the L' convergence with the L? one.

As an example of application of our results in the L” case, we consider, for p > 1,
the energy F: LP(2) x A(2) — [0, 4+ oc0) given by

F(p; A) 22/ [V |P dx.
A
when ¢ € WP (Q), and + oo otherwise.
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Proposition 5.15 Forany p > 1, F € Ad.

Proof 1t is easy to see that assumptions (Ad1),(Ad2) and (Ad3) are satisfied. Thus,
F € Ad. The fact that F is purely lower semi-continuous is obtained by using a
slight variation of the proof of Proposition 5.8 by applying Lemma 5.9 for p > 1,
Lemma 5.10 on u = |V¢|? L" and Lemma 5.11 suitably adapted. O

Noting that the constant sequence F,, := F is a good approximating sequence for
F and using Corollary 3.10 we obtain the following Proposition.

Proposition 5.16 The L” x w* lower semi-continuous envelope of G (¢, 1) is
g, 12/ YO )|V dx + 0 ut(Q),
Q

where we write i = u|Ve|PL" + put.
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Appendix

We here provide some technical results that have been used in the development of our
arguments.

The first is a technical result, a Crumble Lemma, namely a tool that allows us
to disintegrate the domain of a non-atomic measure F in sub-domains containing,
asymptotically, a certain percentage of the total mass . This result plays a key role
in the proof of Proposition 4.6.

Lemma 6.1 (Crumble Lemma) Let u be a non-atomic positive Radon measure on
0= (—%, %)d, and {lun}neN be a sequence of Radon measure on Q. Then, for any
A € (0, 1) there exists a sequence of Borel sets {R;} jcn, with Rj C Q such that

(@ uLRj—%Au;
() L O\R;—" (1 =M,
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() un(ORj) =0foralln,jeN.

Proof Fix j € N. It is possible to find x; € R? such that Gx;,1/j is such that

n(@Gy;,177) = 0. Let {Q{}yz"l denote the elements of the grid. For every i =
1,..., Mj,since u is not atomic, it is possible to use (Fonseca and Leoni 2007, Propo-
sition 1.20) in order to find a ;-measurable set Sl.j - Qij such that ,u(Sij) = A/L(Q{).
We claim that there exists gl/ C Qlj such that u(8§ij )=0

oy ; 1
1(Sh = k@Dl = 0 ©.1)
J

Indeed, consider the measure ul] =L Sl.j, and let f,, := //Ll] * pn, Where {p, }ren 18
a sequence of mollifiers. Let n be large enough so that

<

J

! — nd .
1l (0) /Q fds| <
Fort > 0, let §ij := {fu > t}. Using the fact that each p, is a Radon measure, and
thus for all but countably many ¢ > 0 it holds u, (9 §lj ) = 0, itis possible to find ¢t > 0
such that 11,(9S7) = 0 forall n € N, and

ﬁjjfndx—/andx

<

2jM;’

Define, for each j € N

<

J
7
R =5/
1

From the definition, it follows that w(dR;) = O for all j € N. To prove that
w L R;—*pu, take a Borel set E C Q with u(dE) =0.Fixn > 0,andletU D dE

be an open set with u(U) < n. Let j large enough so that Qij NJE # ¥ implies
Q! cU.Setl:={i=1,...M;|Q] NIE # #}. Then

M;
WENR) =) uE NE)
i=1
=Y u@ e+ wE np
iel i¢l
<n+Y u NE)
i¢l
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1
< 17+ZML(Q‘,~’)+;
i¢l

1
<2n+Au(E) + 7

where we used (6.1). Therefore, we conclude by sending j — + 0o, and using the
arbitrariness of 7. O

The second result is a test for the weak* convergence of measures.

Lemma 6.2 Let {i,}nen be a sequence of nonnegative Radon measures on an open
bounded set @ C R with Lipschitz boundary such that w,(U) — w(U) for all open
sets U C Q with Lipschitz boundary such that w(3U) = 0. Then 1, —* .

Proof Let E C 2 be a Borel set with w(dE) = 0. We want to show that u,(E) —
w(E). Fix ¢ > 0. Using the outer regularity of u, it is possible to find an open set

V' D E such that u(V) < w(E) + 5, and an open set W D 9E with u(W) < 5.

Since JE is compact, there exists r > 0 such that B,(x) C W forall x € dE. Let
U := V U W. Using mollification, it is possible to find an open set U, with Lipschitz

boundary, such that £ C U, C U. Then
w(Uz) < u(E) +e. (6.2)
Using the inner regularity of u, it is possible to find a compact set K C E\JE
such that u(K) > w(E) — . Note that here we used the fact that £ (0 E) = 0. In the
case E\JE = {J, we can just take K = . Since K C E\JE, and Q2 is bounded, we

have that dist(K, dE) > 0. Therefore, using mollifications, it is then possible to find
an open set U with Lipschitz boundary, such that K C Uy C E\JE. Then

M(E) —e < pn(Uy). (6.3)
Note that
pn(U1) < pn(E) < pn(U2). (6.4)
Since by assumption we have that
un(U1) = w(Ur),  wn(U2) = n(U2),
from (6.2) to (6.4), we get

H(E) —e = lim+inf un(E) < limsup un(E) < n(E) +e.
n— o0

n——+ oo

Using the arbitrariness of ¢ > 0, we conclude that i, (E) — w(E), getting the desired
result. =
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