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Small Bodies Non-Uniform Gravity Field On-Board Learning
Through Hopfield Neural Networks

&1% Stefano Silvestrini®?, Andrea Capannolo®?, Paolo Lunghi®#,

Michele Lavagna®?®

Andrea Pasquale

@ Politecnico di Milano, Via La Masa 34, 20156, Milano

Abstract

Small bodies environment is usually difficult to be modelled for a number of reasons.
Among the others, the uncertainty associated to the non-uniform gravitational field re-
quires in-situ observations for its refinement, or its identification. This operation becomes
even more challenging in case the orbiting platform is a CubeSat or, in general, a plat-
form with reduced computational power as well as a high autonomy requirement. In this
paper, a new approach to reconstruct on-board the gravity field of either unknown or
partially known bodies is presented. In particular, the use of a Hopfield Neural Network
(HNN) to reconstruct the coefficients of a Spherical Harmonics Expansion (SHE), that
is assumed to approximate the gravity field of the body, is described. A comparison with
an Extended Kalman Filter (EKF) used for parameter estimation is presented and the
differences of the two methods are critically discussed: due to the structure of the HNN,
the former results to be computationally faster and lighter than a stand-alone EKF used

for parameter estimation.

Keywords: Hopfield Neural Network (HNN), asteroid proximity operations, gravity

field identification, online learning, parameter estimation




20

1. Introduction

Asteroid and comets have become of great importance during the last decade, due to
the enormous scientific return they can provide to understand the origins of our Solar Sys-
tem. Their exploration, however, poses enormous challenges from an engineering point
of view. Generally, poor knowledge of physical properties of these objects, such as mass
and density, and of their shape, translates into a rough estimation of the gravitational
environment. In missions design, risks coming from this lack of knowledge are generally
mitigated by a safe trajectory design, limiting the spacecraft proximity to the targeted
body, at the cost of lower quality in observations and measurements. To reduce distance,
rapidity in the operations becomes of the utmost importance, and only autonomous sys-
tems for the guidance, navigation and control of the spacecraft can be adopted. To do
so, the spacecraft must be able to reconstruct the dynamical environment and counteract
the gravitational perturbations coming from the uneven shape of the asteroid and other
sources, such as the solar radiation pressure. At the current time, there have been a
certain number of missions that use radio-science to estimate the higher-order terms of
the gravitational potential of those kind of objects [I [2, [3]. This technique, however,
works well for large bodies but its accuracy decreases drastically for smaller bodies due
to the uncertainties arising from the Solar Radiation Pressure (SRP).

Past studies dealt with the problem of reconstructing the unknown acceleration terms

of the dynamics, for example exploiting an augmented Kalman filter for the estimation of
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such unmodelled inputs [4, [5l [6]. While this approach can be advantageous from a pure
guidance and navigation perspective, it lacks insight for what concerns the direct knowl-
edge of the target’s shape and gravitational properties, being them blended to the other
perturbative effects in the overall disturbance acceleration. In such sense, it is desirable
to exploit a technique dedicated to the reconstruction of the small body’s shape and
gravity field, to aid the navigation of the spacecraft, while enriching the science output
of the mission. There have been a number of studies that propose different applications
of machine learning to this problem: in [7] a single layer forward network, designed and
trained by means of Extreme Learning Machines, is shown to be capable to learn the rela-
tionship between the spacecraft position and the gravitational acceleration. In [], neural
reinforcement learning is used to control a spacecraft around a celestial body whose grav-
ity field is unknown. In [9], finally, an efficient gravity field modeling method based on
Gaussian process regression is presented, that uses a kind of (supervised) Bayesian re-
gression to reconstruct the relationship between the gravitational acceleration and check
point. However, those methods have to be trained before use. This is possible if the
target body shape is already available and so need a detailed a-priori knowledge of the
target body is available.

Other examples can be the use of Back Propagation Artificial Neural Networks
(BPANN) for the Earth gravity field approximation is presented in [I0] and the use
of Artificial Neural Networks (ANN) in [I1] for a body gravity field interpretation. It is
of interest from this point of view, the use of Radial Basis Function (RBF)-based net-
works that are an alternative to the popular Multi-Layer Perceptron (MLP) (e.g. the
Single Layer Forward Network (SLFN) and the ANN discussed before) [12]. Moreover,

in [13] and [12] it has been shown that a RBF-based networks can be used for the online
3
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identification of non-linear system.

More recently, in [14] the use of a neural network based on a Modified State Observer
(MSO) is presented. It uses the MSO for estimating the uncertainties that a satellite
may experience while in orbit, with the primary advantage that the neural network
is trained online. This method appears to be one among the most promising but it
reconstructs the gravity field in a indirect way: in fact, the accelerations time history
along three axis as (@, ay, a,) is reconstructed, without giving any other information. A
forward least-square optimization method must be then used in order to have a global,
time independent representation of the gravity field in the form of a spherical harmonics
expansion.

In this paper we explore the possibility to use a specifically tailored Hopfield Neural
Network (HNN) to overcome this problem and to estimate the attractor’s gravity field
directly online, with no a-priori knowledge of the attractor and recovering a global repre-
sentation of the field. Through a numerical simulation campaign, HNN is demonstrated
to be a valid solution to the problem, due to its flexibility, adaptation to new inputs and
the reduced computational burden. The HNN results then the perfect candidate for fast
autonomous correction in the implemented dynamics and target reconstruction. In brief,

the contributions of the paper are:

e to propose an HNN to be used to reconstruct the global gravitational field of

unknown or poorly known bodies;

e to highlight the dependence of the HNN hyper-parameters to the physical properties

of the target body as well as to the orbit used for the identification;

e to extend the gravitational field identification problem to multi-body dynamical
4
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environments (binary systems in this case);

e to compare performances and computational cost of a EKF-HNN combination,
for state & parameter identification respectively, with a EKF used for both tasks

together.

The paper is organized as follows. Section[2]is dedicated to he review of the dynamics
background, as well as the theory behind the neural network. Section [3| describes the
procedure to reconstruct the gravity field through the adopted network. Section [5| in-
troduces and tests a Kalman filter with extended state for the estimation of coefficients,
and compares its results to the proposed network approach, in terms of performance
and computational time. Finally, conclusions on the proposed method are discussed in

Section

2. Background & Tools

Some assumptions are made both on the dynamical environment as well as the output
of the reconstruction in order to solve the problem of the reconstruction of the gravi-
tational field of an unknown, arbitrary shaped body directly on-board of a spacecraft

orbiting it.

2.1. Dynamical Environment

The orbital environments about small bodies are among the highly perturbed environ-
ments found in the solar system [I5]. In this work two simplified environmental models
are considered: the one associated with a single body, based on the so called Perturbed

Two-Body Problem (P2BP), and the one associated to a binary system of bodies, based
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Figure 1: Geometry of the MCR3BP

on the Modified Circular Restricted Three-Body Problem (MCR3BP). This, in order to
test the scalability of the network to different dynamical environments, both from the
formulation as well as from the identification performance point of view. These models

are extensively discussed in [16],[I7].

2.1.1. The P2BP

The detailed derivation of the dynamical environment model associated to a single
body relies on the P2BP model. Here the equations of motion for a reduced order model
are briefly recalled. Under the assumption that the body rotates about its principal

inertia axis with uniform angular velocity €2, the equations of motion written in the
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body-fixed frame are:

& =20y =% +ar,
i+ 20d = Q% + ar,, (1)

Z=0ar,z

wherein the acceleration model adopted can be expressed as:

N

ar(r,s,dy_,) = ac(r) + asrp(r,s) + ZaBrdk(radkfa) (2)
k=1

being ag the gravitational acceleration due to the gravity field of the body, agrp the
acceleration contribution due to the SRP and as.q, the acceleration contribution due to
the k-th third-body. In this work, since the aim is to focus the attention on the gravity
field reconstruction, the other perturbations are neglected and the gravitational model
used as ground truth is the constant density polyhedron [18]. Then, the model is a

subclass of the P2BP, called in this work Shape-Based Two-Body Problem (S2BP).

2.1.2. The MCR3BP

The geometry and the formulation of the MCR3BP starts from the one of the Circular
Restricted Three-Body Problem (CR3BP). The only difference is that the two bodies are
assumed to have a certain shape and not to be point masses. In particular, the MCR3BP
may be formulated as follows.

First of all, the angular velocity associated to the two-body motion of the primaries
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is computed:

G(m1 +ms)

Qg = (3)
di,

with mq and mo are the mass of the primary and the secondary, di2 the distance
between them and G the gravitational constant. Then, with reference to Fig. the

following reference frames are defined:

o Ts = (C; X, Y5, ZS), a quasi-inertial frame, fixed at the center of mass of the two

primaries;

o T, = (C; &s,70s, 2s), a synodic frame, fixed at the center of mass of the two primaries

and rotating with g which respect to Tg;

o TF = (Gi; i*, 7% k), a quasi-inertial frame, centred in the k-th body and parallel

to Ts;

o T) = (Gk; 13’1“, 5’5, 13’5), a body frame, centred in the k-th body and rotating with €

with respect to T,*;

Then the spacecraft position vector r, in the 7, frame can be expressed in the k-th

body fixed frame, 7,F according to:

r®) =Tk TE (r— 1) (4)

where here 1j; is the distance of the primary to the centre of mass of the system in

the T, reference. Note that the product T¥ - Tgs can be re-arranged, having defined the
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differential rotation as AQy = Qg — Qy, since:

cos(AQgt)  sin(AQxt) 0
T
Tas - Th = | —sin(AQut) cos(AQt) 0| = TA(D) (5)
0 0 1

The equation of motion in the 7, frame results, according to [16]:

F 4+ Qg x (Qg x 1) + 206 x 1 = TlA(t)Vul (r(l)) + TZ(L‘)VUQ (r(2)> (6)

Here U, is the gravitational potential of the primary and Uy the one of the secondary.
This work implement a simpler version of Eq. [6] In particular, the bodies are assumed
to be locked with the respect to the synodic frame resulting in a Shape-Based CR3BP

(SCR3BP):

r+ Qg X (ﬂsXI‘)-I-QQerzvul (P1)+VUQ (I‘g) (7)

where here U;(+) is the gravitational potential associated to the i-th body.

2.2. The Parametric Identification Problem

As a global approximation technique of the true gravitational field, the Spherical
Harmonics Expansion (SHE) has been largely studied and applied for mission analysis
purposes in the past years [19],[20],[21]. Being an analytical model, it results to be
computationally efficient and light to be evaluated, if compared with constant density
polyhedron or mascons models, which makes it suitable for various applications. In a

SHE, the gravity field of the body is assumed to be represented through a potential of
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the form:

n

<
|
= \t

m=1

/;fi:: (RO) [J PY(cos0) = Y (Cpm cos(mA)+ Sy sin(mA)) Py (cos ) | (8)

Here 6 is the colatitude, A the longitude, r the radial distance to the center of mass

of the body, Ry a reference radius, P’ (x) Associated Legendre Polynomials (ALP) of

degree n and order m and p the body gravitational parameter. For the peculiar properties

of the model, the SHE is assumed to be reconstructed in this work. Hence, the objective

becomes to estimate the coefficients J,,,C., and Sy, of the expansion, while p is assumed

to be known. In particular, the model to be reconstructed, in the case of the S2BP, is

the following;:

F+Qx(2xr)+2Qxr=VU(r)

Writing the SHE in a matrix form, then the model can be written as:

F+Qx (@xr)+22xr=-Lria@r-C
T

(10)

Where here, the vector C contains all the coefficients of the expansion to be estimated.

Now, defining:

M
y:i‘+29xf*+ﬂx(ﬂxr)+G—r
r

The model can be written in the so called Linear-in-parameters (LIP) form:

y=A(r)-C

10

(11)
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Figure 2: The Hopfield Neural Network structure.

154 According to [22] 23], being the model linear in the parameters, the identification
155, problem can be reformulated as an optimization problem. In particular, defining the

16 prediction error e =y — A - C*, where C* is the estimation of C, the resulting combina-

a
=

; torial optimization problem is [17]:

o (570)) w

158 With a similar procedure, the formulation can be extended to the MCR3BP.

1!

o

10 2.8. Hopfield Neural Networks

160 HNN s are a kind of ANNs formulated by Hopfield in its paper [24]. The model as well
161 as its stability has been extensively studied in the last decades. In the original Hopfield’s

162 formulation of the network, the dynamics of the neuron 4 is governed by the ODE, [22]:

N
CZ.: = —pi(t) + > wijd;(p;(t)) — bi(t) (14)

j=1

11
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where p;(t) is the total input to the neuron 4, ¢; is a continuous non-linear, bounded
and strictly increasing function called activation function, and w;; and b; are parameters
corresponding respectively to the synaptic efficiency associated with the connection from
neuron j to neuron i, and the bias of the neuron i. The neuron state is then obtained

through the activation function, ¢(z) = tanh z:

pi(t)
B

si(t) = tanh ( ) = ¢(pi, B) (15)

where 8 > 0 is a coefficient to eventually regulate the slope of the activation function.
According to [22] [24], in order to prove that the neural system defined in Eq. is stable,
Lyapunov stability theory is exploited. In this paper, Abe [25] modified formulation of
the network is used, being the most suited for combinatorial optimization problems. In

this case, the Lyapunov function is defined as:

V(S) = —% ZZwijsisj + Z b;s; (16)
=1

i=1 j=1

The key concept associated to the theory of HNN is the fact that:

88,‘ a dt

(17)

so that the network defines a gradient system and thus the network states evolve in the
direction that minimized the Lyapunov function. So the application of Hopfield networks
to the solution of optimization problems is a direct consequence of the dynamical prop-
erties of the network and, in particular, of the existence of the Lyapunov function. Then,

the HNN is formulated as an ODE, that can be represented as a recurrent dynamics, as

12
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in Fig[2}

dpi
(ZL = ;wij¢j(pj) —b; = net;(t) (18)

Applying the chain rule, the recurrent neuron dynamics can be reduced to:

ds 1
i ﬂD<Ws+b> (19)

where s(t) is neuron states vector, § an hyper-parameter of the network, D = diag(1—
s2), W= —ATA is called weight matriz and b = Wsg + ATy is called bias vector. Note
that both the weight matrix and the bias vector are associated to the SHE model and
can be recovered matching the Lyapunov function of the network with the cost function
of the optimization problem [26, 23]. Here sy = s(0). The proof of the stability of the

method is presented in [23] [16], thus is not reported here.

2.4. Discrete-time Hopfield Neural Network
Usual discrete versions of HNN include Backward Euler methods. However, according

to [27] a better discrete version of the network is:

(8i)k + tanh (%(neti)k)
(8i)ks1 =
1+ (s;)x tanh (%(neti)k)
where h is the time-step, (s;)x is the state of the i-th neuron at the k-th step and

(20)

(neti)i = Y (wig)r(si)n — (o) (21)
J
Note that this version is bounded but is not continuous whenever the denominator is zero.

In principle, this condition cannot be achieved since |s;| < 1, but, due to numerical round-

off errors, it has to be taken into account in a computer implementation of the discrete
13
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method. In this study, the choice is to set (s;)k+1 = (8;)r whenever the singularity is
encountered. This discrete version of the network, however, still suffers from the time

step choice [16].

3. Gravity Field Identification of Small Solar System Objects with HNIN

The gravitational field reconstruction of a group of test objects through the use of
a HNN is analysed in this section with the aim to highlight dependencies with respect
to initial orbital conditions as well as the network tuning parameters. Since the aim
is to test the HNN capability of computing correctly the SHE’s Stokes coefficients, the

following assumptions are considered:
e The minor body is considered to be non rotating;

e A perfect determination is assumed for the state of the orbiting object: the state
vector is, in fact, assumed to be known and expressed with respect to the exact
centre of mass of the body; this assumed only for this section, where the method

is developed and validated from the conceptual point of view.
e Sun third body gravitational perturbation and SRP are neglected.

e The mass of the body is considered to be known. This is a major assumption,
since it is a parameter to be estimated too, because the Stokes coefficients and M
are strongly correlated. Indeed, a simultaneous estimation of the mass and the
coefficients is not possible here, since in that case the LIP form in Eq. [I2] cannot
be recovered. However, as shown in [16], it is possible to estimate the mass of
the body prior to the one of the coefficients. Furthermore, the correlation of the

14
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coefficients on the gravitational parameter y = GM can be removed from the
estimation introducing a normalization to the equation of motion. In particular,

defining a reference two-body acceleration:

I
Qref = 55— (22)
Rref
and considering ¢ the normalized version of a quantity ¢, Eq. [1| becomes:
oy — 5 Ryet 2 : RZ; Uy
oy =r—\50) Pt 0w
2 2
~1/ s Rye Yy R ou, 23
Y42z —?J—(rf ey (23)
S — Ryet 2 Z Ri; OUy
z =) At e

This version of Eq.[I]is particularly useful to be used in the neural network since the
weight and bias matrix results to be normalized. This process is here presented for
the S2BP but can be extended to the SCR3BP. The choice of R,.¢ is also important:
to decouple the problem at the most with respect to both the body and the orbit,

Rt is taken to be equal to r(tx), in such a way:

r2(t)
1

VU m (1) ' <1

where here U,, ,, is the n-th degree, m-th order SHE term of the expansion.

As highlighted in the previous section, the HNN and its convergence are fully de-
termined once B, W,b and sy are given. Thus, once the initial conditions on the orbit

ie. r(tg) and v(to) are given and the newtork is initialized with a given s(¢g), then the

15
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performances would depends on the value of the hyper-parameter, 8. Then, in general,

the i-th coefficient converge is a function of:

Ci (tk) =5 (bOdY7 X(tk)a 63 S(tk)) (24)

i.e. the i-th coefficient is coincident with the neuron state, s;(tx), which is determined
as s;(tr) = ¢(s(tg—1),8) where here ¢(-) is the activation function. In particular, the

neurons state dynamics is fully determined by:
e the body, in terms of its shape (5) and mass (M);

e the orbital state, x(t;): note that the dependence on the state can be written in
terms of the current osculating elements associated to the trajectory (a, e, i, Q, w, ).
Moreover, since x(t;) depends on x(tg) and tj, the latter can be considered as

independent variables.

e the network hyper-parameter, 3: with reference to Fig. [I5small values of 3 are
associated with a steeper activation function and so to an activation that is more
sensitive to the inputs. On the other hand, values of 8 > 1 make the activation

less sensitive.

e the network neuron states, s;(tx): since the i-th neuron dynamics is also asso-
ciated to all the other j-th neurons, as seen in Eq. This means that the neuron

state behaviour is associated to the number of coefficients (N¢) that are estimated.

Then, the neuron state can be expressed as:

Ob(tk) = 52(57 M7 a07607i05 QOaWOa /67 NCatkv SO) (25)
16



246 Finally, an integral measure of the error of the i-th reconstructed coefficient, C;(t),

27 with respect to its the real value, C;, is then introduced:

N _
1 (Ci(tx) — C;)?
iMSE; = — 4 2
IMSE; = o ; z (26)
218 This parameter of merit is an integral measure that weights both the accuracy and

29 the velocity of the network. In the following analysis the neuron convergence dependency
0 on the different parameters is analysed by means of the iMSE. The flowchart that brings

1 from the initial condition to the Stokes coefficients identification is then the following:

25 1. The initial orbit is propagated for a certain period, T', with a time-step h using the
253 P2BP model;

254 2. The network is initialized with sg = 0;

255 3. Positions and velocities at each instant tj, are retrieved;

256 4. yi in Eq. [11]is computed, approximating by finite differences the acceleration and
257 assuming the body to uniformly rotating about its principal inertia axis;

258 5. The weight matrix W () and the bias vector b(¢;) are computed;

250 6. The neuron state (discrete) dynamics is retrieved by means of Eq. providing

260 the estimates for C;s at each instant.

w1 3.1. Dependency on body mass

262 The normalization introduced cancel the direct dependency on the body mass. Then:

Ci(t) = s:(S, -, ag, eo, 10, Qo, wo, B, Nc, ti, So0) (27)

17
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However the body mass re-enter the problem in the optimal choice of 5:

g*=p"(M,...) (28)

Being the dependency on mass and body shape strictly connected, the optimal 3 is
not trivial. However, as shown in the following paragraph, the actual dependence on the

body shape is negligible. Therefore, as shown in [16]:

e In general, the optimal 3 choice is case dependant.

e A choice of a small 3, say 1le-6, can eliminate the dependence on the mass but can

lead to instability of the network.

e As a rule of thumb, a log-linear dependence of the optimal 8 on the body radius
could be considered. This radius is here considered to be Ry. Being the mass
proportional to the cubic power of the body radius, then an (indirect) dependence

on the mass is recovered.

In general, since it is possible to preliminary have information about the mass of the
body that has to be visited (e.g. from inverse light curves or other methods), a tuning
process of 3 is performed to recover the optimal 5. Note that also in case this is not an
option, the HNN could be robustly used to identify the mass of the body. This can be,

then, used within the tuning process.

3.2. Dependency on body shape

In order to show the effect of the shape on *, the following analysis is performed:

e A tri-axial ellipsoid is defined by («, 1,7);

18
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Figure 3: 5* dependency on («, 7).

e a body with Ry = 1km and an homogeneous density p = 2200 kg/m? is assumedﬂ

e (3Ry, 0, 45°, 0, 0) is selected as orbital initial condition and the orbit is discretized

in time with At of 30 seconds;
e the body’s Js is estimated and the iMSE is computed.

B*, is extracted minimizing the iM SE. The results are presented in Fig. [3]where a slight
dependence of 8* on the degree of body’s irregularity is shown (here as irregularity is
intended the non-roundness of the body). In particular, it can be seen that the more the
body is regular the more the 5*s converge to a single value, while the more the irregular
the body is, the more the 8* values are spread. This suggests that a fine tuning of the
method could be beneficial in case of highly irregular bodies [16], however since the order

of magnitude of 8* remains the same, the shape is considered an higher order parameter

Shere Ry is the Brillouin sphere.
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of the problem, thus:

Cl(tk:) ~ Si(ﬂ - a07607i0a 907("}0’ 67 NCat/mSO) (29)

3.3. Dependency on the orbit

To highlight the dependency on the spacecraft orbit, the following analysis is per-

formed:

e An oblate spheroid with flattening f=0.5 is defined, resulting in a tri-axial ellipsoid

defined by (1,1,0.5);

e a body with Ry = 1km and p = 2200 kg/m? is assumed;

the orbit is initialized as a function of ag and ig: circular orbits are considered and

the RAAN influence is not relevant since an oblate spheroid is considered.

the orbital path discretized with At = 30 seconds and 10 revolutions about the

body are considered.

the body’s J, is estimated and the iMSFE is computed.
The results for the {M SE are presented in Fig. [4

1. From Fig. da] it seems that the dependence on the inclination of the orbit is not a
dominant parameter. However, this is something not expected since zonal contri-

butions to the potential is:

un():_

B

aM (RO) " JuP(cosh) (30)

r r

20



309

310

10°

—_
(=]
T

A3 (non-dim)
- =
2 2
log,, iIMSE
Iog10 iMSE

H
<

1072

2 4 6 8
r/Ry (non-dim)

1073

0 30 60
Inclination (deg)

(a) Slice of the surface along ag = 3Rmax- (b) Slice of the surface along 8 = 15.

10°

10!
= w ’fﬁ u
o » 8 9]
T = S =
= 10 = 5} )
S = z 5
2 g = g
= o
107!
1072
10 3

3 4 5 6 7 8 9 10
r/Ry (non-dim)

(c) Slice of the surface along ¢ = 45 °. (d) Slice on ¢ = 45 °, /Ry = 3.

Figure 4: Results for the orbit dependency test case. Different slices of the hyper-surface defined by

Eq. Iﬂ are presented.

i.e. it is experienced in case the colatitude 6 # 0. However, in this simplified case

in which the only J5 coefficient is estimated, the HNN is still capable to correctly

21



311

312

313

314

315

316

317

318

319

320

321

322

323

324

0 0 x1073 20 x1073
-0.01 9 15 -
~ -0.02 ) 10
-0.03 S ©
-0.04 0
0 50 10 150 0 50 10 150 0 50 100 150
Time (days? Time (daysg Time (days)

Figure 5: Network neural dynamics for ag = 3Ry, as a function of the orbit inclination (color scale -

from black, 0° to red, 90°)

estimate it. This is not the case for higher order harmonics, as can be seen from

Fig.[5l Then, dependence on the orbit inclination is to be taken into account.

2. Fig. shows instead that there is a stronger dependence on the distance to the

body r(t).

3. A cross-dependence between § and r(t) is instead highlighted in Fig. [4c| where it is

evident that 5* has a decreasing monotonic behaviour with respect to r(t). Note
that on the top right of the surface the iMSE gets larger. This means that the
network convergence velocity gets smaller (in all cases presented in this analysis

the network do converge in the given time window).

. Fig. [Ad highlight a slight dependence on the time discretization At, coupled to the

choice of 3.

Thus, assuming to initialize the network with sy = 0 (i.e. worst case, in which no

prior information about the harmonics are available):

Ci(tr) = si(r(tx)/Ro, 0, B, No, ti, so) = si(d(tk), %0, B, N¢) (31)

Here d(t;) = r(tx)/Ro. Note that, as far as the orbit is non-equatorial, the depen-
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Figure 6: Neuron states dynamics as a function of the time, the number of the estimated coefficients

and B (color scale, from black 3 =1 to red 8 = 1079).

dency on the inclination can be considered to be an higher order one [16], thus:

Cz(tk) ~ si(d(tk)aBaNC) (32)

3.4. Dependency on N¢
To highlight the dependency of the network state dynamics on the number of coeffi-

cients that are estimated a dedicated analysis is performed. In particular:
e An oblate spheroid with flattening f=0.5 is considered;
e a body with Ry = 1km and p = 2200 kg/m? is assumed;
e the orbit is initialized with ag = 2R and 79=90°;

In Fig. [6] are presented the results: it can be noticed that there is a dependence on Ne¢,

due to the cross correlated weights of the network, w;;. However, this does not influence
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the ability of the network to correctly reconstruct the value of the coefficients, as far as
a good choice of (§ is performed. Therefore, the neural state dynamics dependencies are

reduced to:

Ci(tr) = si(d(tk), %) + O(S, Ne) (33)

3.5. Dependency on (8

As a result of the previous discussion, the optimal tuning of the network hyperpa-

rameter 3 is function of:
e The body mass, M,
e The body degree of irregularity, S;
e The distance with respect to the body, r(t)/Ro;

i.e. Eq. 2§ becomes:

B* :6*(Ma S’ d(tk)) (34)

Thus, there is no general rule for the optimal choice of 3, however, according to [16]
and [I7] a reasonable initial guess to be used in a grid search can be extracted as a
function of the body mass M as well as the orbit altitude d(t;). Then the initial guess
can be refined for different body shapes with a grid search or multiple parallel executions
of the network could be used in the estimation. Note that, according to [16], a choice
of B* ~ 107'2 could in principle eliminate the dependence on the mass but such a small
value would lead to network instability of higher order harmonics in real applications,

especially for highly irregular bodies.
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4. Applications to realistic gravitational environments

In this section a set of trajectories are generated considering the dynamical environ-
ments represented through the P2BP and the MCR3BP, in order to address the perfor-
mances of the neural network in reconstructing the gravitational field of realistic objects
in their gravitational environment. In order to simplify the approach to the problem,

some assumptions are made:

1. The environment does not include SRP nor Sun third-body perturbation.

2. The orbital states are assumed to be reconstructed through a navigation filter. The
state estimates are assumed to be the real ones perturbed with a zero-mean white
Gaussian noise. In particular, position and velocity are perturbed by o, = 102 m
and o, = 10*2%, which are typical state’s navigation uncertainties [28] 29].

3. Orbits with a retrograde acceleration component (90° < i < 270°) are preferred,
for their inherent stability properties .

4. Orbit discretised with a time step of 30 seconds.

Moreover, since the parametric analysis shown an intrinsic dependency of the network
convergence depending on the choice of the hyperparameter 5, multiple networks are run
together on the estimation of .Jo, with different values of 5 for a given period of time and
the optimal 8* is extracted. Then, the estimation is run again for all the coefficients to
be identified, with the obtained 5* value.

To show the flexibility of the method, applications in different dynamical environ-
ments are presented. First of all, the HNN-based identification method is applied to
some representative minor bodies, namely Castalia, Kleopatra and Phobos. Then, a

binary system case is shown.
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Figure 7: Asteroid Castalia results: ag = 2Rmaz, 20 = 135° circular orbit. Dashed lines represent the

true values of the coefficients.

4.1. Minor bodies representative cases: Castalia, Kleopatra and Phobos

In Figs. [7} [§] [0] are presented the results cases of Castalia, Kleopatra and Phobos,
which are the minor bodies selected for this analysis. Here, the state vector is normalized
using the maximum body radius R4, and the orbital time using the initial " Keplerian”
orbital period P, in such a way the figures represent non-dimensional quantities. In
Table[T] are presented the cumulative results for the identification of the Stokes coefficient

of these bodies, which convergence is hereafter commented.

e Castalia: in this case, the optimal choice for 3 results to be 10~2 and the neuron
dynamics is shown in Fig. [fb] Note that in this case the HNN is capable to
reconstruct all the coefficients with a relatively small number of revolutions around

the body.
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Figure 8: Asteroid Kleopatra results: ag = 2Rmaz, t0 = 135° circular orbit. Dashed lines represent the

true values of the coefficients.

e Kleopatra: also in this case, the optimal choice for 8* results to be 10~3. However,
to avoid network instabilities (see [I6] for details of this phenomenon), a value of
1.58* is selected. As for the Castalia case, good convergence of all the coefficients

is achieved.

e Phobos: in this case, due to the highly irregularity and the fast rotation of the
body, a circular orbit is placed at higher altitude from the body surface, to avoid the
possibility to crash on or escape from the body. Differently for the other cases, in
this case the convergence exhibit large oscillations and an estimation offset. This

can be due to the extremely chaotic environment generated by the fast-rotating

body.

Note those results could be easily extended if other higher order gravitational pertur-
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7 bations or non gravitational ones are taken into account. This can be seen in the example

s shown in Fig. where the effect of the introduction of third-body perturbation (Sun)
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perturbation is shown to be negligible, while the SRP introduce a constant perturbation
to the network (i.e. a linearly increasing term in time), which could be easily removed

adding a simplified SRP model into the dynamical model used in the HNN.

4.2. Binary asteroids case: Didymos

The case of Didymos binary system is analysed in order to assess the scalability of
the network to a different dynamical environment. According to [30], the dynamical
environment can be represented through a polyhedron model for the primary body and
a ellipsoid model for the secondary [3I]. The network is implemented here in the un-
normalized form associated to the SCR3BP. In this case, g as well as the mass of the

two bodies is assumed to be known so that from Eq. [7}
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y:i‘+Qs><(ngr)+295xr+%r1+%r2 (35)
1 2
A= [Amain(rl); Amoon(rQ)} (36)

Where the LIP form of Eq. is y = A - C,s where Cpy = [Chnain; Cimoon]. Some
orbital families were analysed in order to assess the capability of the network to work in
such a perturbed environment.

In this paper, the results for the case of a L1 Halo orbit are presented in Fig. [I0]
This trajectory is chosen for the presence of out-of-plane components, fundamentals in
the identification of zonal harmonics, as well as, being in L1, give the possibility to test
the network sensitivity to both the primary and the secondary gravity harmonics. In this
case an optimal § value is selected to be 10~7, to boost the sensitivity of the network.
However, it can be seen that, while the Dimorphos harmonics are well reconstructed
(in mean), the method is not capable to properly capture Didymos harmonics. This
is apparently in contrast with radio science simulations [32], but is due to the network

tuning, which in this case was optimised for Dimorphos’ harmonics reconstruction.

5. Comparison with EKF-based Parameter Identification

The parameter identification problem has been studied in different technical disci-
plines. One common technique to estimate internal parameters of nonlinear systems is
to use an augmentation of the traditional Extended Kalman Filter, under certain ob-
servability conditions [33]. The comparison presented hereby focuses on evaluating two

approaches both relying on Extended Kaman Filter techniques, in particular:
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1. Coupled EKF-HNN: the EKF is coupled with the presented HNN. The filter is

dedicated to reconstruct the state vector of the system, whereas the HNN approx-
imates the unknown spherical harmonics coefficients. The coupling between the
EKF and HNN could be performed by using the reconstructed HNN coefficients in
the prediction step of the EKF, i.e. adopting the Spherical Harmonics Expansion
as gravitational model in the filter process model. Nevertheless, for coefficient re-
construction purposes, the performance results to be equivalent if the point-mass
gravity is adopted instead of the SHE, as shown in Fig. In particular, the figure
presents the difference in the convergence in the case in which the network receive
the state vector from the true dynamics propagation (red), the EKF estimation
with a point mass gravity model (blue) and the EKF estimation with SHE model
(coupled case, grey). It can be noticed that not major differences are present in
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case the point-mass of the SHE model are considered within the EKF.
2. Augumented EKF': the EKF is used both for estimating the state and the un-
known coefficients. Thus, the augmented state of the filter comprises the set of

coefficients to be identified.

In order to compare the performance of the HNN approach for estimating spherical
harmonics coefficients, an EKF-based estimation algorithm has been developed as in [34]

for both cases and are specified in the following sections.

5.1. Augmented filter formulation
In this section the augmented filter formulation is presented. In particular, the state

vector of the EKF is augmented as follows:
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where r and v are the position and velocity vectors respectively; {Cy,, } is a stacked vector
containing the SHE coefficient, whose length depends on the application scenario being
N¢ the number of coefficient. The dynamics of the augmented state space resembles the

one presented for the HNN-based algorithm, namely:

A%
X = | VU (r, Crm) + 292 % 7 + Q2 x (2 x 1) (38)

Onm

where it is important to note that the gradient of the potential is dependent on the
estimated SHE coeflicients. This guarantees system observability for estimating the
aforementioned internal parameters. The state transition matrix is approximated using
the first order Taylor expansion [28], so that the Jacobian of the dynamics, which is

calculated analytically, can be constructed as follows:

03x3 Isxz Osxyp
IJ= VU Mo Al) (39)
Opx3 Opxs Opxp
where Mg = i)g—vu = 2[Qx].

For the sake of simplicity, in this paper the EKF measurement equation is assumed

to be linear, with the measurement matrix reading:

H = [Isx6 Onm] (40)

Therefore the complete algorithm, including the update step, is reported in Algo-
rithm [

33



464

465

466

467

468

469

470

471

472

473

474

475

Algorithm 1 EKF

1: X; = b f(X(’T))dT, Xk,1 = kal, Xar = X()

te—1
9
2: J = % A ,Hy=H
Xk-1

3 Py = ®(ty, t,_ )P @ (ty,t,-1) + Q, PJ =Py
4: K, = P;HE(H]CP];HE + Rk)_l
5 X =X, + Ki(Y, - HX})

6: P = (I - KiHy)P,, (I- K Hy)" + K,RKY

Here the process covariance matrix Q is assumed to be fixed in time and after a brute

force tuning process, is considered to be equal to:
Q = diag(|s? - ones(3), s2 - ones(3), s - ones(Np)}) (41)

where N, is the number of coefficients to be estimated, ones(z) is an operator that
provide a vector of ones of length z, s, = le-1, s, = le-3 and s¢ = 0. Real application
scenarios of an asteroid mission will require more sophisticated measurement function

and behavioural model relying on low-observability measurements, as described in [2§].

5.2. Numerical results and comparison

The dynamical environment described in Section [2.1]is used for numerical simulations.
The measurements are generated through propagation of the aforementioned dynamical
models. Furthermore, the state measurements are assumed to be perturbed with zero-
mean white Gaussian noise. In particular, position and velocity are perturbed using
o = 102 m and o, = 10’2%. For the sake of comparison, three test cases have been
assessed, namely asteroids Castalia, Kleopatra and the moon Phobos.

For the parametric identification of gravitational field coefficients, being the number

34



0.05
E 0
?
C
(@]
£
=
O -0.05
-0.1
0 5 10
t/P0 (non-dim)
(a) Castalia
0.3 C
¢
CAD O
0.2
. o -0.05
E B
1 ©
T 01 —
c [e]
2 P"\‘,M“____. £ 015
g X
= 0 % 02
(©] (_)N
-0.25
-0.1 1
V\, 03+
0.2 ‘ ‘ ‘ -0.35 : : : :
0 1 2 3 4 5 0 1 2 3 4 5
t/PO (non-dim) t/P0 (non-dim)
(¢) Phobos

(b) Case Kleopatra

Figure 14: SHE coefficients estimation using EKF.

of parameters always >1 and usually > 1, the use of a method other than the EKF can

476

a7 be beneficial from a computational point of view. In fact the computational cost of a

as  filter step do increase at least linearly with the number of elements of the augmented
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vector X. In Fig.[I2]a comparison between the two methods is presented considering the

case of asteroid Castalia (4 parameters):

e In green, the computational time for a single step of the HNN is reported. The

mean ppn, ~ 15 ps while the standard deviation opn, ~ 12 us.

e In grey, the computational time for a single step of a EKF used for the state-only
estimation is reported. In this case, the mean ppn, ~ 600 ps while the standard
deviation opn, ~ 386 us. The gravitational model used in the EKF in this case is

the pure Two-Body Problem.

e In red, the computational time for a single step of a EKF used for both the state
and the parameters estimation. In this case, the mean pp,, ~ 6.25 ms while the

standard deviation oppn, ~ 2.15 ms.

The previous results are computed on a machine with a quad-core, i7-7700, 3 GHz
CPU and highlight that the computational time associated to a EKF+HNN in the state
& parameters estimation is one order of magnitude smaller than the one associated to
an augmented EKF, being beneficial also from a volatile memory point of view.

From the parameters estimation point of view, instead, both the methods are capable
to reconstruct the selected Stokes coefficients, as reported in Tab. In particular, for
asteroid Castalia, the HNN estimation results are presented in Fig. [7] while the one
associated to the EKF in Fig. in this case the HNN exhibit better convergence
properties with respect to the filter that converges slower. It is the opposite for the case
of asteroid Kleopatra, Fig. 8] Fig. [[4D] Finally, in the case of Phobos, that is critical
for the highly perturbed environment associated to the large centrifugal forces, both
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methods have troubles in the estimation, giving an offset on the final estimate. Note
that, in general, the coefficients estimated by the EKF results to be more stable than the
one computed by the HNN. This issue can be easily solved choosing a more conservative
value for 8 and allowing the network to run longer in time.

As a drawback, the HNN is not capable to quantify the uncertainty of the recon-
structed coefficients. However, the temporal evolution of the reconstructed term may
be used to derive the variance of the signal and therefore recover an indication on the
uncertainty. Moreover, running more than one HNN in parallel, could be used as an

unscented approach to estimate coefficients uncertainty.

6. Conclusions

In this paper, the exploitation of an HNN for spherical harmonics coefficients identi-
fication and the comparison between EKF and an HNN for the parameter estimation of
the gravitational field of small bodies were analysed. The criticalities of the HNN for this
task have been highlighted and consist in the tuning of the activation function through
a parameter 8. This parameter 3 results to be dependant on the distance to the body
mainly and to have a dependence on the degree of irregularity of the visited body. In
particular, for high irregular cases, a conservative choice of 8 should be made. These
results are then validated in the real gravitational environment of some selected bodies,
namely Castalia, Kleopatra and Phobos. The case of a binary system (Didymos) is pre-
sented too: the re-formulation of the network’ associated dynamics appears to be simple
as well as all the consideration valid for a single body can be used for the tuning of the
network. From the other hand, the same tests are performed with an augmented-EKF.

The performance of the EKF, as expected, results to be good also in this task. However,
37



Table 1: HNN/EKF results compared for Castalia, Kleopatra and Phobos. The root mean square error

and the standard deviation are computed on the last 5 periods of a 10 periods simulation.

True  HNN (RMSe) HNN (std) EKF (RMSe) EKF (std)

Castalia
Ca  -0,089 2,0e-3 6,5e-4 1,93e-2 3,5e-3
Caz  0,0362 7,0e-4 2.78e-3 8,0e-4 1,2e-3
Csy  -0,0124 2,6e-3 7.35e-4 7,0e-3 1,3e-3
Cy 0,0152 1,64e-3 5.46e-4 3,7e-3 1,2e-3
Kleopatra
Co  -0,149 1,1e-2 1,77e-3 0,0 le-7
Caa  0,0734 4,6e-3 4,52e-3 0,0 le-7
Cy  0,0405 7,0e-4 2,42e-4 0,0 4e-7
Phobos
Cy -0,0622 1,6e-2 2,67e-2 1,3e-2 4,8e-4
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from the computational point of view, the augmented-EKF result to be heavier than the

couple EKF+HNN. Finally, from the previous results we can conclude that the use of a

HNN online gravity field estimation is a good alternative to an EKF as well as can be

use to validate the results of the filter itself.

Future works include application of the presented methodology to autonomous guid-

ance algorithms.
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