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Abstract: We prove existence and multiplicity results for periodic solutions of Hamiltonian systems, by the
use of a higher dimensional version of the Poincaré-Birkhoff fixed point theorem. The first part of the paper
deals with periodic perturbations of a completely integrable system, while in the second part we focus on
some suitable global conditions, so to deal with weakly coupled systems.

Keywords: Periodic solutions, Poincaré—Birkhoff theorem, perturbation theory

MSC 2010: 34C25, 47H15

1 Introduction

This paper provides some results on the existence of periodic solutions for Hamiltonian systems which may
be considered as time-periodic perturbations of an autonomous system of the type

3z = VH(2). (HS)

Here, 7(: R?N — Ris a continuously differentiable function and J is the standard symplectic matrix, i.e.,

(0 -Iy
3_(111\; 0>‘

There is a large bibliography on this problem, mainly motivated by models from classical mechanics. Remark-
ably, we observe that the literature on this issue can be split into two quite disjoint streams.

One of the two currents has a more topological spirit, and aims at minimal regularity assumptions.
This kind of results finds a fertile ground mainly in the planar case, where, among others, a powerful tool,
the Poincaré—Birkhoff fixed point theorem, can be used to prove the existence of periodic solutions of the
perturbed system. Indeed, the case N = 1 is privileged by the fact that, for an autonomous planar system
like (HS), any periodic orbit is always surrounded by an annulus of periodic orbits. Then, assuming that
the periods of the corresponding solutions do not remain the same, the needed twist condition is naturally
obtained, and the Poincaré—Birkhoff theorem applies (see, e.g., [29] and the references therein).

On the other hand, when N > 2, a more analytical approach has usually been followed, requiring some
additional structural assumptions on the unperturbed system (HS). Usually, the system is assumed to be com-
pletely integrable, and more regularity is asked for the Hamiltonian function. Moreover, some rather restrictive
nondegeneracy conditions are needed so to obtain the existence of periodic solutions of the perturbed system
(see, e.g., [4, 9]).

*Corresponding author: Alessandro Fonda: Dipartimento di Matematica e Geoscienze, Universita di Trieste, p.le Europa 1,
I-34127 Trieste, Italy, e-mail: a.fonda@units.it

Maurizio Garrione: Dipartimento di Matematica e Applicazioni, Universita di Milano—Bicocca, via Cozzi 55, I-20125 Milano,
Italy, e-mail: maurizio.garrione@unimib.it

Paolo Gidoni: SISSA — International School for Advanced Studies, via Bonomea 265, I-34136 Trieste, Italy,

e-mail: pgidoni@sissa.it



368 —— A.Fonda, M. Garrione and P. Gidoni, Periodic perturbations of Hamiltonian systems DE GRUYTER

The aim of this paper is to provide a common framework for the two kinds of approach depicted above.
Using a recent result by the first author and Urefia [31], where an extension of the Poincaré-Birkhoff theo-
rem to higher dimensional Hamiltonian systems has been proposed, we will be able, on one hand, to relax
the usual structural assumptions on the Hamiltonian function and, on the other hand, to extend to higher
dimensions some existence results already established in the planar case.

Before entering into details, we will now spend a few words on the framework where our results are to be
settled.

The general framework

A classical approach to the study of the Hamiltonian system (HS) is the search for constants of motion, since
they can be used for suitably transforming the system into a simpler one. The most remarkable case occurs
when (HS) has N constants of motion which are independent and in involution: In this case, the system is
said to be completely integrable, and one has a foliation of the space in N-dimensional surfaces, which are
invariant for the flow.

The Liouville-Arnold theorem then assures that, when one of these surfaces is bounded and con-
nected, it has to be an N-dimensional torus. Moreover, for any such invariant torus T, there exists an open
neighborhood A of T and a canonical transformation z = (x, y) + (¢, I), mapping A onto TV x 2 (where
T = R/2nZ and 2 is an open subset of RV), and reducing the Hamiltonian function to the simpler form
H(p, I) = 2 (I). The coordinates I = (I1,...,Iy) € Z are usually known as action variables, whereas the
coordinates ¢ = (¢1,...,PnN) € T are called angle variables.

Eachvalue I = I° isassociated with an invariant torus I'° = TV x {I°}, where the dynamics of the system is
completely described by the frequency vector w® = V.# (I°). When the components w‘l), e wl?, are rationally
independent, the solutions are quasiperiodic and each orbit is a dense subset of the N-torus I'°. Such tori are
called nonresonant. Otherwise, we have a foliation in M-dimensional tori, where M < N is the rational rank
of the components of w®, and the orbits will be quasiperiodic with respect to these lower dimensional tori.
A special case occurs when the components of w® are all pairwise commensurable. Then, all the solutions
on the torus are periodic with the same period, and the N-torus I'° admits a foliation in invariant 1-tori, each
one defined by the orbit of a solution.

Since for every general Hamiltonian system (HS) a constant of motion is always given by the Hamiltonian
function H, we immediately deduce that every planar Hamiltonian system is completely integrable. In higher
dimensions, a classical example of a completely integrable system comes from the Kepler two-body problem,
or even from every central force field [38]. On the contrary, if more than two bodies are involved, the system
is not completely integrable any more. However, assuming the masses of the “planets” to be small compared
to the mass of the “Sun”, the system may be seen as being decomposed in n independent two-body systems,
with the addition of a small perturbative term accounting for the other interactions (cf. [18, 19] and references
therein). Such problems of Celestial Mechanics have probably been the main stimulus in the development of
integrability and of Hamiltonian perturbation theory.

As a matter of fact, completely integrable Hamiltonian systems are rare, and most often the Hamiltonian
function is their unique constant of motion [8, 50]. Yet, generic Hamiltonian systems may be considered as
perturbations of completely integrable systems [42, 47], usually called nearly integrable systems. A glance of
this scenario was already grasped by Henri Poincaré [46], who referred to Hamiltonian perturbation theory as
the Probléme général de la Dynamique. The efforts made by Poincaré and, among many others, by Birkhoff, led
to a broad development of the theory. We suggest [5, 7] for a detailed introduction to Hamiltonian perturbation
theory and [26] for a friendly overview.

As we have seen, complete integrability reveals strong properties of the dynamics. A natural question is:
How much of this structure is preserved under a small perturbation? In particular, one could wonder whether,
near an invariant torus of the unperturbed system, it is possible to find periodic or quasiperiodic solutions
for the perturbed system with the same frequency.
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A series of positive results are known for a large family of nonresonant tori, those with a Diophantine
frequency. These results are usually collected under the name of KAM theory, recalling its main contributors
Kolmogorov, Arnold and Moser. We remark that, beyond a nondegeneracy assumption on the torus, strong
smoothness of the perturbation is always needed, cf. [2, 35, 48]. While these strongly nonresonant tori survive
under small perturbations, the same is not true for the other tori [11, 41, 51] and, in particular, for those made
of periodic solutions. Still, some traces of these tori can be found.

For instance, in the planar case, after the pioneering papers [39, 40], the survival of two periodic solutions
was obtained as a consequence of the Poincaré—Birkhoff theorem (see, e.g., [17] and [29], where an overview
on the use of the Poincaré-Birkhoff theorem for this kind of problems can be found). The required twist
condition is satisfied, in this case, under some rather weak nondegeneracy assumptions. A fainter kind of
traces of an invariant torus is provided by the so called Aubry—Mather theory (cf. [43] and the references
therein), showing the existence of a Cantor set, called cantorus, that preserves, in a generalized sense, the
rotational properties of the original torus.

For higher dimensional Hamiltonian systems, a local approach to the problem has been proposed by
Bernstein and Katok [9], who showed the survival under small perturbations of N + 1 periodic solutions,
requiring a convexity assumption on the Hamiltonian function (see also [4, 27, 52]). This result has been
later refined by Chen [21], who replaced the convexity by a classical nondegeneracy assumption.

A rather different type of problem arises when one looks for the existence and multiplicity of periodic so-
lutions when only the global behavior of the nonlinearity is assumed to be known. In this case, the approach
is no longer perturbative, and it usually combines topological and variational methods.

In this respect, there is a large literature in the planar case, mainly motivated by some models involving
scalar second order differential equations, where the Poincaré—Birkhoff theorem has been successfully ap-
plied (see, e.g., [15, 25, 30, 34, 36], or again the review in [29]). The twist condition is generated by assuming
a difference between the growth of the nonlinearity near a given periodic solution and at infinity, producing a
gap in the rotation numbers of the corresponding solutions in the phase plane. A sharp use of the Poincaré—
Birkhoff theorem then ensures that the larger this gap, the larger the number of solutions found. Furthermore,
the same strategy applies also to the search for subharmonic solutions (see, for instance, [14, 25]).

Incidentally, the twist geometry has sometimes been recovered by detecting, in the unperturbed system,
an annulus of periodic orbits displaying a gap between the periods of the boundary orbits. This picture dis-
plays the same features already discussed when considering completely integrable systems. A quite common
way of producing this geometry is to require the strict monotonicity of the period function associated with
system (HS), a feature which has been studied by many authors (see, e.g., [22, 33, 45]) and which ensures
its nondegeneracy.

The first multiplicity results extending the Poincaré—Birkhoff philosophy to higher dimensions are due to
Amann and Zehnder [3], who introduced a twist condition between zero and infinity. A different perspective
was followed by Conley and Zehnder [24], where the existence of N + 1 periodic solutions was proved for
systems whose Hamiltonian function is 27r-periodic in the first N variables, and asymptotically quadratic in
the other N ones. These pioneering results have been generalized in several directions, in a long series of
papers (cf. [1, 20] and the references therein). See also [16, 44], where a further extension of the Poincaré-
Birkhoff theorem in higher dimensions involving a monotone twist has been exploited.

The main tool and an overview of our results

Let us now recall the result in [31], which will be our main tool in the search for periodic solutions. Consider
the Hamiltonian system

3¢ =V (t, ), (1.1)

where the continuous function 77 : R x RN x RV — R is also continuously differentiable in { = (£, n) € R?V.
Writing & = (1, ...,éy)and n = (11, . . ., Nn), the Hamiltonian function .77 is assumed to be T-periodic in ¢,
and 2m-periodic in each variable &1, ...,¢&y. Let D RY be a convex body, i.e., a compact, convex set with
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nonempty interior. For every y € 0D, we denote the normal cone by
Np(@) = {veRN: (v,y-y) <0foreveryy € D}.
Moreover, let B be an invertible symmetric matrix.

Theorem 1.1 ([31]). If every solution {(t) = (é(t), n(t)) of (1.1) departing with n(0) € oD is defined for every
t € [0, T] and satisfies
(&(T) - &(0),Bv) >0 foreveryv e Np(n(0)) \ {0}, (1.2)

then system (1.1) has at least N + 1 geometrically distinct T-periodic solutions

) = (EHO, @), .. V) = (EN @), VD)
such that n*(0) € D foreveryk=1,...,N + 1.

We recall that two solutions of system (1.1) are geometrically distinct if one of them cannot be obtained just
by adding suitable integer multiples of 277 to some components &;(t) of the other one.

We now briefly describe the main results of this paper, obtained by the use of Theorem 1.1.

The first part deals with small time-dependent perturbations of completely integrable systems. In Sec-
tion 2, taking an invariant torus made of periodic solutions of the unperturbed system, and assuming a rather
weak nondegeneracy condition, we prove the survival of N + 1 periodic solutions for the perturbed system.
Our main theorem thus improves some previous results of Bernstein and Katok [9] and Chen [21] in two di-
rections: First, the Hamiltonian function is assumed to be only once continuously differentiable and, second,
our nondegeneracy assumption does not even imply the invertibility of the frequency function. Moreover, it
is shown that the nondegeneracy extends also to nearby tori, so that other families of periodic solutions can
coappear.

In Section 3, still dealing with completely integrable systems, we gradually abandon the local point of
view and move to a large scale perspective. Assuming a twist-type condition on the product of N planar annuli,
which is shown to persist for small perturbations, we thus obtain the survival of N + 1 periodic solutions,
generalizing the planar result in [29].

In Section 4, we deal with weakly coupled systems with a T-periodic forcing term, depending on some
parameters. We impose suitable conditions at zero and infinity for each of the N equations, producing a gap
in the rotation numbers of the uncoupled systems. Using Theorem 1.1, we then prove the existence of N + 1
periodic solutions having period T, and a number of subharmonic solutions which increases with the width
of the gap. As an application, we can deal with weakly coupled systems of pendulum-like equations, gener-
alizing the main result in [32].

Notation. In all the paper, (-, -) denotes the Euclidean scalar product in RN, with its associated norm | - |.
We write %A(xq, r) for the open ball centered at xo with radius r > 0, and #[xg, r] for the closed ball.

2 Periodic perturbations of completely integrable systems

Let us consider a completely integrable Hamiltonian system on TV x &, where TV is the N-dimensional
torus (R/2nZ)N, and 2 is an open subset of RY. The continuously differentiable Hamiltonian function
H: TN x 9 — R can be written in the form H(p,I) = 2 (I). Werecall that I = (I4, ..., Iy) € Z are the action
variables, while ¢ = (¢1,...,0n) € T N are the angle variables.

ForeveryI* € 2,thetorus .7 * = TN x {I*}isinvariant for the flow, and its evolution in time is determined
by the associated frequency vector

w* =(wi,...,wy) =V UI").

We are interested in the case when the dynamics on the torus .7 * consists of a family of periodic orbits with
minimal period T*. This happens if and only if there exist N integers a, . .., ay such that

T"w{ =2na; foreveryi=1,...,N,
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and T* is the minimum positive real number with such a property. The integers a; count the number of ro-
tations made by each periodic solution around the i-th component of the torus in a period T*; the sign of a;
describes the sense of rotation.

A standard approach to study such a system, defined on TV x 2, is to consider its canonical lift to RN x 2.
The Hamiltonian system then becomes

£ = v (n),
{ ¢ (n) @
n=0,
where & = (&1, ...,8&n) € RY and n=,...,Nn) € 2. To be more precise, denoting by Iy the identity on

RY and by Py: RY — TV the standard projection on the torus, the map (Py, Iy): RV x R¥N - TN x R¥ is a
local change of variables which transforms (&, n) into (¢, I). Each translation of 27 in the ; coordinate for
system (CI) corresponds to a single rotation in the ¢; coordinate for the original system.

Let us now consider a general nearly integrable Hamiltonian system on TV x 2, with time-dependent
Hamiltonian function X: R x TN x 2 — R, sufficiently close to .. The canonical lift then leads to the Hamil-
tonian system on RY x 2 given by .

{ é,’ = VyK(t, &, 1), (Clyr)
n= _V€I<(t’ {’ Tl)

The Hamiltonian function K: R x RN x 2 — R is assumed to be continuous, T-periodic in the first variable,
2m-periodic in each variable ¢;, and continuously differentiable in { = (¢, 7).

Wenow fixan I° € 2 and introduce some kind of nondegeneracy condition at I°. Usually, in the literature
(see, e.g., [4, 9, 21]), it is assumed that %" is twice continuously differentiable, and that

det(.#"(I%)) # 0. (2.1)

Here, we only ask .#" to be once continuously differentiable, and that there exists an invertible symmetric
N x N matrix B such that

0c cl{p €10, +eol: min (V.4(1) = Vo (1), B~ %) > 0}, 2.2)

-I°|=p

where cl A denotes the closure of a set A. Notice that (2.1) implies (2.2), taking B = .#"'(I°). On the other
hand, the function .7 (I) = ||I - I°||% satisfies (2.2) with B = I, but not (2.1) if a > 2. Moreover, we observe
that (2.2) does not even require the local invertibility of V.#". An easy example, with N = 1, is provided by
the function .7 (I) = fé f(s) ds with

fs) = {wo + |s|sin<%> ifs+0,

w° ifs=0.

Clearly, this function . is only once continuously differentiable at I° = 0, and V.# = f is not invertible, but
our nondegeneracy condition (2.2) is still satisfied, with B being the identity on R.

We will show that the nondegeneracy condition (2.2) extends by continuity to a neighborhood U of I°.
As a consequence, we will prove that for every I* € U as above, if there exist two positive integers m* and n*

satisfying .
=" (2.3)
n
then the perturbed system (Cl,e;) has at least N + 1 geometrically distinct m* T-periodic solutions. These so-
lutions stay near the corresponding solutions of the unperturbed problem, and their projections on TV x &
will maintain the same rotational properties of .7 *.

Here is our main result.

Theorem 2.1. Suppose thatthere existI° € & and aninvertible symmetric N x N matrix B such that (2.2) holds.
Then, for every o > O there exists an open neighborhood U < 9 of I°, with the following property: Given any
positive integer m, there exists € > 0 such that if

IVeK(t, & Il + IVyK(t, &) - VA ()l < € forevery (t,&,1) € [0, T x [0, 271N x 2, (2.4)
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then for every I* € U being associated with an invariant torus of periodic solutions for (CI) with frequency vec-
tor w* = (w73, ..., wy) and minimal period T* satisfying (2.3) for suitable positive integers m* < m and n*,
system (Clper) has at least N + 1 geometrically distinct m* T-periodic solutions

(&', ), ..., V0, VWD)
with
14 (t) - £0) - tv.2 () + In* () - T"l < o (2.5)
foreveryt e [0,m*Tlandk =1, ..., N + 1. Moreover, for each solution (.f"(t), nk(t)), its projectionon TN x 9
makes exactly (w}/2m)m*T rotations around the i-th component of the torus in a period m*T for every
i=1,...,N.

Proof. We can assume, without loss of generality, the function .# to be defined on the whole space RN,
Indeed, after replacing the set 2 by a smaller open set, containing I°, where .#" is bounded, we can construct
a continuously differentiable extension of .#” on RY. The solutions we are interested in will nevertheless be
contained in the smaller set, where % has not been modified. Similarly, for our purposes we can assume
without loss of generality that the Hamiltonian system (Cl,e,) is defined on R x RN x RN,

Let us fix any o > 0 such that Z[I°, 0] ¢ 2. By assumption (2.2), there exist £ > 0 and p; €]0, 0/4] such
that

In-1I°1=p1 = (VA (n) -V (I°,B(n-1°) > 4e.

By continuity, there is an open neighborhood U of I°, contained in #[I°, p1], such that for every I* € U,
In-I"l =p1 = (VA () - VA I"), B(n 1)) > 2¢. (2.6)
For any arbitrary I* € U, with frequency vector w* = (w73, ..., wy) = V& (I*), let us define
K*(t, & m) = K(t, § + w™t, ) — ™, 1),
and consider the Hamiltonian system .
3¢ = ViK™ (¢, §). (2.7)
Claim. For any fixed positive real numbers m and ¢, there exists € > 0 such that if (2.4) holds, then for every
I* € U, every solution {(t) = (&(t), n(t)) of (2.7) with initial point satisfying |n(0) — I*|| < p; will be such that
1€(6) - §0) - (V. (n(0)) ~ @1l + In(6) - n(O)| < € for every ¢ € [0, mT]. (2.8)

Proof of the claim. Arguing by contradiction, assume that there is a sequence (I3), € U with w} = V.7 (I}),
and a sequence (K,), of Hamiltonian functions as above (in particular, they are T-periodic in t), such that,
writing

K3 (t, & n) =Ka(t, § + wit,n) — (wy, n),

one has that

IVEK; (&, &l + IVyK; (6, &) = VA () + will < 5 forevery (£, £,1) € RxRY x 2,

< =
A

and, accordingly, a sequence ({*); with {* = (£4, n?), solving 3¢ = V(K (t, {1, such that [n}(0) - I}|| < p1,
while (2.8) does not hold, i.e., for every A there exists tj € [0, mT] for which

1€2(t2) = £4(0) - AV ((0)) - w311l + I (&) — n*(O)] > €. (2.9)

Since the Hamiltonians K/’{ are 2m-periodic in the variables &3, . . ., &y, we can assume that & 20) € [0, 2m]V.
Hence, passing to a subsequence, ( 2(0) converges to some point { tel0,2mN x B[I°, 2p1]. Moreover, for
a subsequence, I} converges to some [ f, and w) = V¥ (I)) converges to w? = V¢ (I'). Finally, for a subse-
quence, ty will converge to some t! € [0, mT]. By alemma of Kamke (cf. [49]), for a further subsequence ({’ A,
we have uniform convergence on [0, mT] to the solution of

&=V (n) - wh,
n=0,
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given by

n(t) = n(0).
On the other hand, passing to the limit in (2.9) yields

IE(£%) - £0) - [V (n(0)) - Il + In(¢}) - n(O)l = € > 0,

which is a contradiction, since the left-hand side is equal to zero. The claim is thus proved. O

{ &) = &0) + (VA (n(0) - wh),

We can now conclude the proof of Theorem 2.1. Let m be a fixed positive integer, and choose ¢ such that

_ . { Te o}
¢ <min{——, —t.
IBllp1 " 4
We now focus our attention on those I* € U whose associated invariant torus is composed of periodic solu-
tions for (CI) with minimal period T*, such that there exist two positive integers m* and n* with m* < m and
T* = m*T/n*. We observe that every m* T-periodic solution of (2.7) corresponds to an m* T-periodic solu-
tion (&(t), n(t)) of (Clper), such that every &;(t) makes exactly (w; /2m)m* T turns around the origin in the time
m* T. We will apply Theorem 1.1 to system (2.7).
Let D = B[I*, p1], and let {(t) = (&(¢t), n(t)) be a solution of (2.7) with n(0) € oD, i.e., [n(0) - I*|| = p1.

Then, by (2.6) and (2.8), we get

(§(m*T) - §(0), B(n(0) - I")) = (§(m"T) - §(0) - m"T[V# (n(0)) - V£ (I")], B(n(0) - I"))
+(m* T[V# (n(0)) - V& (I")], B(n(0) - I"))

IBllpy + 2m* T > m*Te > 0.

“IBlpy
We can therefore apply Theorem 1.1, so to get N + 1 geometrically distinct m* T-periodic solutions of (2.7),

3o =@, '), ..., N = (EFHo, V),

such that n%(0) € D for every k =1, ..., N + 1. Moreover, by (2.8), we have that |n(t) - I*|| < ¢ < 0/2 for
every t € [0, m* T]. On the other hand, a continuity argument can be used, taking smaller values for ¢ and &,
to infer that [|£¥(¢) — £X(0) - tv.7 (I*)|| < 0/2 for every t € [0, m* T]. So, (2.5) holds, as well, and the proof is
thus completed. O

Notice that, taking m sufficiently large, it is possible to find an arbitrarily large number of values I* € U for
which the assumptions of Theorem 2.1 are satisfied, thus assuring the survival of N + 1 subharmonic solu-
tions from each of the corresponding invariant tori. This scenario may be compared with Birkhoff-Lewis type
results [10, 13, 23], showing the existence of a family of periodic solutions with large period, accumulating
towards an elliptic equilibrium. Such behavior has been observed also in the framework of Hamiltonian PDEs
[6, 12].

A simple case is given by the choice I* = I°, when I° is associated with an invariant torus .7° of periodic
solutions for (CI) with frequency vector w® and minimal period T°.

Corollary 2.2. Suppose that there exists I° € 9 and an invertible symmetric N x N matrix B such that (2.2)
holds, and that there exist two positive integers m® and n° satisfying T° = m°T/n°. Then, for every o > O there
exists € > 0 such that if

IVeK(t, & m)ll + IVyK(t, &) - VoZ ()l <& forevery (t, &, n) € [0, T] x [0, 211V x 2,
then system (Clyer) has at least N + 1 geometrically distinct m° T-periodic solutions
@ . @), ..., ("0, 0" @)
with the same rotational properties of the torus .7° and such that
165t - £40) -ty O + In“(6) - I’ < 0
foreveryte [0,m°Tlandk=1,...,N+1.
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3 Twist conditions for weakly coupled period annuli

In the previous section, we have described the local phenomenon of the survival of some periodic solutions of
system (CI) for the perturbed system (CIper). We now turn our attention to finding some conditions at a larger
scale which guarantee the existence of multiple periodic solutions.

We still consider system (Clpe;) as a perturbation of system (CI), but we now look for periodic solutions
(&(t), n(t)) starting with n(0) in some rectangle

D = [a1, B1] x -+ x [an, BN],

contained in 2. We denote the faces of this rectangle by

Ji={meD:ni=a}, I7={neD:ni=}pi

Theorem 3.1. Suppose that there exist N couples of real numbers w; < w; such that for everyi=1,...,N,
either
o0 > w] foreveryneJ;,
ER Ul B e (3.1)
ni w; foreveryn e J7,
or
o <w; foreveryneJ;,
o .m){ L oreveryn <5 62
ni > w; foreveryneJ;.
Let w* = (w7, ..., wy) be the frequency vector associated with a torus 7 * of periodic solutions of system (CI),

with minimal period T*. If
w* e Q=lw],w[x-x]wy, vyl

and there exist two positive integers m* and n* such that (2.3) holds, then there exists € > O such that every
perturbed system (Clper) satisfying (2.4) has at least N + 1 geometrically distinct m* T-periodic solutions

('O, n' ), ..., VO, D),
preserving the same rotational properties of .7 *.

Proof. By the Poincaré—Miranda theorem (cf.[28, 37]), there existsanI* € D suchthat w* = V.7 (I*). We con-
sider the Hamiltonian system

3¢ = VeK*(t, Q) (3.3)

with K*(¢, &, n) = K(t, &+ w*t, n) — (w*, n).
Let us pick any p > O such that

p <dist(D,RV\ 2) and p <m*Tdist(w*, RV \ Q).

By the same argument used in the claim within the proof of Theorem 2.1, there exists £; > 0 such that if (2.4)
holds with € €]0, &1, then every solution {(t) = (&(t), n(t)) of (3.3) with initial point n(0) € D remains in
RN x 9 for t € [0, m* T], and satisfies

1§(6) = §(0) = t[V2 (n(0)) = w* Il + In(t) - n(O) < p

for every t € [0, m* T]. Assume that 7(0) € 0D; we analyze four different cases.
If n;(0) = a; for somei € {1, ..., N}, and condition (3.1) holds, then

&(m*T) - &(0) > m* T[w] - w;]1-p > 0.

The same is true if n;(0) = B; and (3.2) holds.
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If n:(0) = a; and condition (3.2) holds, then
&(m*T) - &(0) < m* Tw; - w]+p <0,

and the same is true if n;(0) = B; and (3.1) holds.

Let us define the N x N diagonal matrix B with, for eachi=1,..., N, B;; = -1 when (3.1) holds, and
B;; = +1 when (3.2) is true. The estimates above ensure us that system (3.3) satisfies all the assumptions of
Theorem 1.1, and the conclusion easily follows. O

Let us now describe a particular situation when Theorem 3.1 can be applied, generalizing the planar setting
studied in [29]. We start by considering the autonomous Hamiltonian system

Jz = VH(z), (3.4)
where H: R?N — R is a continuously differentiable function of the special form

Hx,y) = Ha(x1, y1) +--- + Hy(xn, YN)

withx = (x1,...,xy) e RN andy = (y1, ..., yn) € RY. Here we have used the notation z = (x, y).
Hence, for everyi =1, ..., N, the functions 7;: R? — R are planar Hamiltonians, and we can consider
the corresponding Hamiltonian systems

Xi = aiyijfi(xi, Vi), Vi= —aixiﬂfi(xi, Vi), (HS;)
for each of which we assume the following:
o The planar system (HS;) has a periodic solution (x;(t), y;(t)), which is non-constant and has minimal
period T; > 0.
o Each of such solutions has a corresponding planar open tubular neighborhood .A; such that all the solu-
tions of (HS;) with initial point in .A; are periodic, and their orbits are not contractible in A;.
 There exist two positive real numbers T;, T;r, with T; < T; < TIT, such that the periods of the solutions
in A; cover the interval [T}, T;].
Let us define the set

A={0x,y) e RN (x;,y:) € A; foreveryi=1,...,N},
and consider the Hamiltonian system
Jz =V H(t, 2), (Hsper)

where H: R x A — R is continuous, T-periodic in its first variable for some T > 0, and has a continuous
gradient with respect to its second variable z = (x, y).

Foreveryi=1,...,N,letuspick T; € |T;, T; [ for which there exist two positive integers m;, n; such that
m;T
Ti= —.
nj

Denoting by as, ..., ay the minimal positive integers such that

mi mpy

ay—=--=av—,

ni ny

we set
T*—alTl— —aNTNs

and define the frequency vector
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Moreover, we choose the two least positive integers m*, n* such that
- m'T
=

T*
Theorem 3.2. In the above setting, there exists € > 0 such that every perturbed system (HSyer), satisfying
IV H(t,z) - VH(z)| < & forevery(t,z) € [0, T]x A, (3.5)
has at least N + 1 distinct m* T-periodic solutions
2, ..., 2NN,

whose orbits lie in A. Moreover, for each solution z¥(t), the number of rotations of the i-th component zf.‘ (t) along
the annulus A; in a period m* T is exactly equal to n* a; foreveryi=1, ..., N.

Proof. By standard arguments (cf. [29]), each of the systems (HS;) admits a canonical transformation in
action-angle coordinates (¢;, I;). Without loss of generality we can assume that ¢;(t) > O for every t. The
product of all such transformations is canonical, it reduces system (3.4) to the form (CI), and maps the set A
onto TN x 2, where 2 ¢ R is a product of open intervals.

Foreachi=1,..., N, wedefine a; and f; as the values of the I;-coordinate associated with two solutions
of (HS;) having periods T; and T;, in such a way that a; < f8;, and we set

_ 2nm +  2m
(Ul- = F, a)l- = F.
i i

Theorem 3.1 then applies, and the proof is readily completed. O

4 Weakly coupled pendulum-like systems

In this section, we consider a weakly coupled system of the type
Jz1 = A1VH1(z1) + Ri(t, z1, . . ., ZN)s
P)
Jzny = ANVHN(zN) + Ry(t, 215 .. ., ZN),s

where ] is the 2 x 2 standard symplectic matrix, namely

0 -1
- ( - ) ,
and A1, ..., Ay are positive real parameters. For everyi = 1, ..., N, we assume that H;: R? - Ris continu-
ously differentiable, and R;: R x RN — R is continuous, T-periodic in ¢ and continuously differentiable in
(z1,...,2N).
We assume that system (P) can be reduced to a Hamiltonian system by a linear change of variables. More

precisely, there exist N invertible 2 x 2 matrices My, ..., My, having positive determinant, such that the
linear operator £ : RN — R?N, defined as

L:(z1,...,2zy) —» (M121, ..., My2zNn), (4.1)

transforms system (P) into a Hamiltonian system. With such an assumption, we will say that (P) is a positive
transformation of a Hamiltonian system.
Let us introduce the following notation for a closed cone in R? determined by two angles 91 < 9;:

@(191, 92) = {(p COch,pSiIlag) p = 0, L91 <9< 82}

We are now ready to state the main theorem of this section.
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Theorem 4.1. Let (P) be a positive transformation of a Hamiltonian system. For everyi=1, ..., N, let the fol-
lowing assumptions hold:
(e#1) There exists C; > O such that

[VH;(w)| < Ci(]w]l + 1) foreveryw € R2.
(%) There exist r; > 0 and m; > O such that
(VHi(w), w) > mi|lw|®>  for every w € [0, r;].

(o#3) Forevery o > 0, there exist R; > 0 and 9, < 95, with 9, — 9% < 2, such that

{% cw e, 9)\ .%’(O,R,-)} <o(9, - 9). (4.2)
Then, for every fixed positive integers vy, . . ., V, there exist A > 0 and € > 0 such that if A; > A and
[Ri(t, w1, ...,wy) <& foreveryte|[0,T)andwy,...,wy € R? (4.3)
foreveryi=1,...,N,then system (P) has at least N + 1 distinct T-periodic solutions

2K = k), ..., ZK(0)

such that for every k =1, ..., N + 1, each planar component zl’.‘ (t), withi=1,...,N, makes exactly v; clock-
wise rotations around the origin in the time interval [0, T.

Some comments on the hypotheses of Theorem 4.1 are in order. Assumption (&) is needed to ensure the
global existence of the solutions to the Cauchy problems associated with (P). Concerning (%), it will guaran-
tee that the small amplitude planar components of the solutions do rotate around the origin, clockwise, with
a least positive angular speed. Our hypothesis (.2%), on the contrary, will ensure a small rotation number for
large amplitude components. It could be compared with assumption (H. ) in [14, Theorem 4.1].

We now start the proof of Theorem 4.1. For a solution z(t) of system (P), whose i-th component is such
that z;(t) = (x;(t), yi(t)) € R? \ {0} for every ¢t € [0, T], we denote by Rot(z;(t); [0, T]) the standard clockwise
winding number of the path t — z;(t) around the origin, namely

T

Rot(z(0); [0, T]) = — j Yzi(0), zi(0)

= dt.
2n ] lzi ()11

Our first lemma concerns solutions z(t) whose i-th component z;(t) is small. We assume without loss of gen-
erality that H;(0) = 0, and consider the level set

F? = {w e R? : Hy(w) = h}.

By (), if h > 0 is sufficiently small, then 1"? is a strictly star-shaped Jordan curve around the origin. We will
denote by D;‘ the bounded, closed and connected region of R? with an' = I‘;‘.

Lemma 4.2. Foranyi=1,..., N and every positive integer v;, if (<71) and (#5) hold, there exist three positive
constants A;, &; and h; such that, if A; > A;, h €]0, h;] and

IRi(t, w1, ...,wy)| <& foreveryte[O,T]andw1,...,wy € R?, (4.4)
then any solution z(t) of (P) with z;(0) € Ff‘ satisfies
Rot(z;(t); [0, T]) > v;.

Proof. Leti € {1,..., N}andv;befixed. We can choose h > Oand 7 € ]0, r;[, where r; is as in assumption (.2%),
in such a way that
#(0,#) c DI c D" c D3 c B(0, 1v). (4.5)
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We now claim that if (4.4) holds with a suitable choice of &;, then for every solution z(t) of (P) with z;(0) € 1"1.2"
one has
h < Hi(z;i(t)) < 3h foreveryt € [0, T].

Indeed, set

h
ﬁ )
and assume by contradiction that z;(0) € l"l.zh and there exists t; € [0, T] suchthat h < H;(z;i(t)) < 3h for every
t € [0, t1[, and either H;i(z;(t1)) = h or H;(zi(t1)) = 3h. In view of (4.5),

C = max{||[VH;(w)|| : w € [0, 1]}, & =

|%Hi(zl-(t)>| = [(VH;(zi(6)), AVHiz:i(0) + Ri(t, 21, - . ., zw)))|

h
= |<]VHi(Zi(t)), Ri(t,z1,5 ... ,ZN)>| <Cé& = 5T

forevery t € [0, t1], so that
h
[Hi(zi(t1)) — Hi(zi(0))] < ﬁtl <h,

a contradiction.
Consequently, if z;(0) € T?", we have that

r<|zi®)| <r; foreveryte [0, T],

so that the rotation number of z;(t) around the origin is well defined. Writing z;(¢) in polar coordinates, namely
zi(t) = (pi(t) cos 9;(6), pi(t) sin 9; (1)),

using (%) and (4.4), we thus have

Jzi(t), zi())  (AiVH;(zi(1)) + Ri(t, z1, . . . , ZN), 2i(1)) &
-9i(¢t) = = >Aim;— —.
' i (6)]12 llzi(6)]12 T
Choosing finally
~ 2mrvi + T
Aj=—————
m;rT
we easily conclude the proof. O

Now we need a control on the rotation number of the large planar components of the solutions.

Lemma 4.3. Foranyi=1,...,N,let A; and &; be as in Lemma 4.2, and assume that A; > A; and (4.4) holds.
Then, there exists R; > 0 such that any solution z(t) of (P) with |z;(0)|| > R; satisfies

Rot(z(t); [0, T]) < 1.
Proof. Fixo = 1/(2A;T)andletR; > 0and 9} < 9, with 9, — 9} < 271, be asin (). Choose R; > R; such that
= 2&;T
P20 it
9 -8

In view of assumption (¢#;), there exists R; > R; such that if [|z;(0)|| > R;, then ||z;(t)| > R; for every t € [0, T].
In particular, the rotation number of z;(t) is well defined. Let us assume, by contradiction, that ||z;(0)|| > R;
and Rot(z;(t); [0, T]) > 1. Then, writing

zi(t) = (pi(t) cos ;(t), pi(t) sin 9;(t)),
aslong as 9i(t) € ©(9, 9)), since p;(t) > R; > R;, we can use (4.2) and (4.4) to obtain
(AiVH;(zi(t)) + Ri(t, z1, . . ., ZN), Zi(1))

-9i(t) =
' llzi(6)12
SAIZAiT(SZ 81)+Ei <=

Consequently, the time needed to clockwise cross the sector @(Si s .95) is greater than T, a contradiction. [
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Proof of Theorem 4.1. Foranyi € {1,...,N},let4; >0and & > O be as in Lemma 4.2, and set
A=max{4;:i=1,...,N}, e=min{§:i=1,...,N}.

Take A; > A and assume that (4.3) holds. Then, take R; as in Lemma 4.3 for everyi = 1, ..., N, and consider
the annulus A; = 2(0, R;) \ Df’f . Recall that, taking h; > 0 sufficiently small, the inner boundary of A; is star-
shaped. Then, by Lemmas 4.2 and 4.3, for every solution z(t) of (P), if z;(0) belongs to the inner boundary
of A;, then z;(t) makes more than v; clockwise rotations around the origin in the time T, while if |z;(0)|| = R;,
it makes less than one clockwise turn in the same time.

We now use the fact that (P) is a positive transformation of a Hamiltonian system, and consider the linear
transformation £ defined in (4.1). Being all the matrices IM; invertible with positive determinant, the set

AZL(A1X-'~XAN)

is thus of the type A7 x - -- x Ay, where each A; is a planar annulus with star-shaped boundaries with respect
to the origin. Since the change of variables preserves the above described rotational properties of the solu-
tions, we can apply [31, Theorem 8.2] to the Hamiltonian system obtained from (P) through the change of
variables given by £. We thus obtain at least N + 1 distinct T-periodic solutions

2Kty = &), ..., 2K)

such that for every k=1, ..., N + 1, each component 25‘ (t), withi =1,..., N, makes exactly v; clockwise
rotations around the origin in the time interval [0, T[. Setting

2t = (MK, . .. MREK (D),
we obtain the solutions of (P) we are looking for, and the proof is thus completed. O

Remark 4.4. Theorem 4.1 exploits a gap between the rotation numbers of the solutions at zero and at infinity.
With reference to the assumption at infinity, another possibility could be to replace (.«73) with the requirement
that for some i € {1, ..., N}, the system Jz; = VH;(z;) has a homoclinic orbit surrounding the origin (in the
spirit of [32, Theorem 3.3]). Indeed, by continuity, small perturbations of trajectories next to the homoclinic
would have small rotation number, since the homoclinic spends an infinite time to rotate around the origin.
In this setting, assuming moreover (%), it would then be possible to construct the gap which allows to ap-
ply [31, Theorem 8.2], taking a level curve of H; sufficiently near the homoclinic orbit as outer boundary of
the required annulus in the i-th planar component. The same line of thought can be also adapted when the
homoclinic is replaced by heteroclinics. One could also combine assumptions at infinity like (.%3) for some
indicesiq, ..., i, € {1, ..., N} and existence of homoclinics for the other indicesi € {1, ..., N} \ {i1, ..., i;}.
We omit the details for briefness.

As a particular case, we can deal with a system of scalar second order equations like

.. oW
%1 +Afi1(x1) = a_xl(t’ X15.4e5XN),

(4.6)

. ow
XN+ Ajfu(xy) = m(f, X1y 0es XN)»

where the continuous function W: R x RV — R is T-periodic in ¢, and continuously differentiable with re-

spect to (x1, ..., xy). Indeed, we can write the equivalent system

W
_(t9 X1y an),

. 10
Vi= A - e i=1,...,N,

Xi = Ajyi,
which is in the form (P), with z; = (x;, y;), taking

1
Hi(Xl" )/1) = 5)’,2 +Fi(Xi),
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where F; is a primitive of f; and

1 (22, X1, ..., Xn)
Ri(t, X1, V1, ..+, XN, =—— [ 7Y ’ .
i(t, X1, Y1 XN YN) Ai< o

Notice that (4.6) is a positive transformation of a Hamiltonian system, with the linear function £ in (4.1) given

by
1 O
M; = , 1=1,...,N.
! (O Ai) !

As a consequence, we have the following statement, where, for simplicity, we only consider the case
vi=---=vy=1.

Corollary 4.5. Assume that the continuous functions f;: R — R satisfy

liminfm >0, lim @ =0.
s—0 S—+0c0 S
Moreover, foreveryi=1,..., N, let K; > 0 be such that
AN
Fye —(t,X1,...,xp)| <K; foreveryte [0, T]andxy,...,xy € R. (4.7)
l

Then, there exists A > O such thatif A; > A foreveryi=1,..., N, system (4.6) has at least N + 1 distinct peri-
odic solutions
XK@ty = (<k), ... xK @)

with minimal period T. Moreover, forevery k =1, ..., N + 1, each component xf.‘(t), withi=1,..., N, has ex-
actly two simple zeros in the interval [0, T[.

Proof. First, we notice that (<) is fulfilled, in view of the growth assumption on the nonlinearities. Let us
now check («%). We know that there exist a; > 0 and f8; > O such that

Then, if |(x;, y)ll < Bi,

(VHi(xi, yi), (i, yi)) _ Xifil) + 7
G, yi)ll? X7 +y?

> min{a;, 1} > 0,

as desired.
We now verify («). Fix 0 €]0, [, and take 9 = 0, 9} = 0/2. Writing
zi = (Xi, i) = (pi cos 9y, p; sin 9y),
we have that if z; € ©(0, 6/2), then

(VHi(zi),zi) _ (picos 9)fi(pi cos 9;) + (p; sin 9;)*

Izl p?
<sin2 9 + lf,(pl cos 9;) - |f1(pzcos'9) _
pi cos J; picosI;
Taking R; > 0 large enough, if z; € (0, 0/2) \ %4(0, R;), then
(VHi(2)),z) 0> 02 o
——— 2" < — + — =09, - 9)).
llzi12 4 4 2t

The proof is thus completed, noticing that it suffices to choose A; large enough in order to make
Ri(t, z1, ..., zy) as small as desired. O



DE GRUYTER A. Fonda, M. Garrione and P. Gidoni, Periodic perturbations of Hamiltonian systems =— 381

As an example, Corollary 4.5 directly applies to the following system of N coupled pendulums,

.. . oW
%1+ A?sinxg = —(t, X1, ..., Xn),
ax1

. . ow
Xy + A% sinxy = aT(t’ X1y nes XN,
N

where %—X\i] (t,x1,...,xy)iscontinuous and bounded fori = 1, ..., N, and the constants A4, . .., Ay are large
enough. We are thus able to recover the results obtained in [32], by the use of the Poincaré—Birkhoff theorem,
for a single equation modeling a forced pendulum having a very small length.

Funding: The authors have been partially supported by the Gruppo Nazionale per ’Analisi Matematica, la
Probabilita e le loro Applicazioni (GNAMPA — INdAM).
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