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ABSTRACT

The literature is rich with techniques for the design of small-size
Differential Microphone Arrays (DMAs), known for their almost
frequency-invariant beampatterns and low computational cost. Few
works, instead, discuss the properties of beamformers based on mul-
tiple DMA units. In this paper, we consider arbitrarily shaped pla-
nar arrays of DMA units. In turn, each DMA unit is a first-order
continuously-steerable differential microphone characterized by an
arbitrary configuration of omnidirectional sensors and a symmetric
beampattern. We present a beamforming technique that, assumed all
the DMA units to steer identical beams in the same direction, allows
us to approach the behavior of a Delay-And-Sum beamformer or
Super-Directive beamformer by solely varying a single scalar param-
eter. Efficient implementations of the proposed beamformers can be
developed by taking into account that, for a wide range of frequen-
cies, the values of such a parameter are practically invariant with
respect to the geometry of the array.

Index Terms— Microphone Arrays, Differential Beamforming

1. INTRODUCTION

In the recent years, several research works focused on the devel-
opment of strategies for the design of small-size Differential Mi-
crophone Arrays (DMAs) [1–8] because of their nearly frequency-
invariant beampattern, good directivity properties and low compu-
tational cost. Spatial responses of DMAs can be designed to match
beampatterns of arbitrary order, even though low-order (especially
first-order) DMAs are usually preferred in practice [1, 2, 9, 10]. In
fact, DMAs are affected by white noise amplification at low fre-
quencies, high sensitivity to misplacements of omnidirectional sen-
sors and gain or phase mismatches all the more as the order is in-
creased [3, 11, 12].

Most DMAs in the literature are characterized by linear or cir-
cular array geometries [7, 13–18]; however, in [19] a generalized
approach for the frequency domain design of DMAs with arbitrary
geometry and arbitrary order is presented. Starting from the results
in [19], highly efficient frequency domain and discrete-time domain
methods, essentially based on the linear combination of first-order
eigenbeams, are introduced in [20] for the implementation of steer-
able first-order DMAs with arbitrary geometry. Although the liter-
ature is rich with works regarding the design of small-size DMAs,
few publications discuss the properties of beamformers made of mul-
tiple DMA units [21, 22]. A first step in this research direction is
made in [21] where a beamforming technique based on a two-stage
filtering approach is applied to a uniform linear array of first-order
steerable DMA units, each composed of four omnidirectional sen-
sors. The first stage is the local filtering performed by the DMA units
(that are assumed to steer identical beams in the same direction); the
second stage is a delay-and-sum beamformer applied to the virtual
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Fig. 1: Example of planar array of DMA units. Green dots indicate
the reference points of the DMA units.

array (i.e., the array whose steering vector refers to the reference-
points of the DMA units). The resulting global beamformer can
efficiently morph between a Delay-And-Sum-like beamformer and
a Super-Directive-like beamformer just by varying a scalar parame-
ter that determines the shape of the first-order beams. Moreover, no
matrix inversion is needed for deriving the filters. A technique sim-
ilar to the one in [21] is discussed in [22] where Kronecker product
beamforming is applied to arbitrary arrays of identical DMA units.

In this paper, we extend the approach presented in [21] by con-
sidering configurations of sensors with both arbitrary geometry of
the DMA unit and arbitrary geometry of the virtual array. We solve
optimization problems to derive the first-order beam parameters that
maximize the White Noise Gain (WNG) and the Directivity Factor
(DF) of the global beamformer. We show that the derived optimal
parameters are nearly invariant w.r.t. the considered array geometry.
This fact makes the design of the proposed class of beamformers
extremely simple, with no need of matrix inversion for implement-
ing the filters. Even more efficient beamformers can be achieved by
combining the implementation strategies discussed in [20, 21] with
the proposed approach, paving the way towards computationally in-
expensive discrete-time realizations of spatial filters characterized by
arbitrary arrays of DMA units.

2. SIGNAL MODELS AND METRICS

Let us consider a planar array consisting of K DMA units, each
one having a potentially different number of sensors Mk, with index
k 2 {1, . . . ,K}. Both the geometry of the DMA units and of the
virtual array are arbitrary. Fig. 1 shows a configuration example,
where each green dot identifies the reference point of each DMA



unit (we conventionally consider the center of mass).

2.1. DMA Unit Signal Model

Under the far-field assumption, the propagation vector of a plane-
wave impinging the kth DMA unit from the azimuth direction ✓ is
[19, 20]

dk(!, ✓) =

h
e
j!k,1 cos(✓� k,1), . . . , e

j!k,Mk
cos(✓� k,Mk

)
i
T

(1)
where j is the imaginary unit, !k,m = !rk,m/c with ! = 2⇡f

the angular frequency, f > 0 the temporal frequency, c the speed of
sound, while rk,m and k,m are the distance and the angular position
of the mth microphone (with m 2 {1, . . . ,Mk}) in the kth DMA
unit w.r.t. its reference point, respectively. The signal sensed by the
kth DMA unit can be modelled as [19, 20]

yk(!) = dk(!, ✓)Xk(!) + vk(!), (2)

where Xk(!) is the source signal at the reference point of the kth
DMA unit and the vector vk(!) models an additive noise. The signal
yk(!) is processed with a filter wk(!) according to

Zk(!) = w
H

k (!)yk(!), (3)

where (·)H is the conjugate-transpose operator.

2.2. Global Array Signal Model

We define uk = [uk,x, uk,y]
T as the vector containing the spatial

coordinates of the reference point of the kth DMA unit, as indicated
in Fig. 1. Under the far-field assumption, the propagation vector of
a plane-wave impinging the virtual array from direction ✓, taking as
a reference the center of the coordinate axes, is

a(!, ✓) =


e
j!

u1,x cos ✓+u1,y sin ✓

c , . . . , e
j!

uK,x cos ✓+uK,y sin ✓

c

�
T

.

(4)
We can write the signal model of the global array by combining (1)
and (4) as

¯

y(!) = d(!, ✓)X(!) +
¯
v(!), (5)

where

¯

y(!) = [y
T

1 (!), . . . ,y
T

K(!)]
T
,
¯
v(!) = [v

T

1 (!), . . . ,v
T

K(!)]
T
,

d(!, ✓) = diag (d1(!, ✓), . . . ,dK(!, ✓))a(!, ✓)

with diag(·) the operator that builds a block-diagonal matrix with
the list of matrices in the argument and X(!) is the desired signal at
the center of the coordinate axes. The filtering process of the global
array is expressed as

Z(!) = g
H
(!)

¯

y(!). (6)

where g(!) is here called the global array filter 1 and can be conve-
niently decomposed as follows

g(!) = diag(w1(!), . . . ,wK(!))h(!), (7)

where h(!) will be referred to as virtual array filter. It is worth
noticing that the expression of the global array filter based on a block
diagonal matrix (7) used here is more general than the one based on
the Kronecker product used in [22], since it allows us to describe
virtual arrays with arbitrary geometry where also the DMA units can
have arbitrary geometry and different numbers of sensors.

1We use the expression global array filter in the sense employed in [22]
that differs from the sense used in [21] which, instead, refers to the filter
called virtual array filter in this manuscript.

2.3. Metrics

Spatial filters are typically designed in such a way that they optimize
a given metric. Two important metrics quantify the gain in Signal-
to-Noise-Ratio (SNR) (i.e., the ratio between the output SNR and
the input SNR) achieved by a beamformer. The first, called White
Noise Gain (WNG) [5], is referred to spatially white noise,

WNG[g(!)] =
|gH

(!)d(!, ✓)|2

gH(!)g(!)
(8)

while the second, called Directivity Factor (DF) [5], is referred to
diffuse noise with covariance matrix �dn(!),

DF[g(!)] =
|gH

(!)d(!, ✓)|2

gH(!)�dn(!)g(!)
, [�dn(!)]i,j =

sin[!⇢ij/c]

!⇢ij/c

(9)
where ⇢ij is the Euclidean distance between the ith and the jth mi-
crophones. Another fundamental metric is the beampattern, i.e., the
spatial response of the beamformer, expressed as a function of the
direction of arrival ✓ as [5]

B[g(!), ✓] = g
H
(!)d(!, ✓). (10)

3. TWO-STAGE BEAMFORMER DESIGN

In this section we describe the proposed approach to design the
global array filter g(!) in (7). First, we show the structure of the
filter of each DMA unit wk(!) and the virtual array filter h(!) and,
then, we set up an optimization problem in order to find the optimal
values of the free parameters that maximize the WNG and the DF.

3.1. DMA Unit Filter

As far as the local filters of the DMA units are concerned, we use
the filtering approach proposed in [20] that enables efficient imple-
mentations of first-order steerable DMA units with arbitrary planar
geometry. We thus define the kth DMA unit filter as

wk(!) = (1� q)[Pk]:,2 � q
2c

j!

⇣
<
n
([P

⇤
k]:,1)e

j✓

o⌘
, (11)

where the operator < {·} returns the real part of a complex num-
ber, (·)⇤ denotes complex conjugation and [P

⇤
k]:,i refers to the ith

column of matrix P
⇤
k, where Pk is defined as

Pk = �
H

k

⇣
�k�

H

k

⌘�1
(12)

with

�k =

2

4
rk,1e

�j k,1 rk,2e
�j k,2 . . . rk,Mke

�j k,Mk

1 1 . . . 1

rk,1e
j k,1 rk,2e

j k,2 . . . rk,Mke
j k,Mk

3

5 .

The parameter q 2 [0, 1] determines the shape of the beampattern of
the DMA unit (e.g., q = 0 leads to an omnidirectional beampattern
while q = 1 to a dipole) while the parameter ✓ 2 [0, 2⇡) controls
the steering direction of the beam. As in [21], we assume that all
the K DMA units are characterized by the same beam steered to
the same direction. Hence, the parameters q and ✓ are equal for all
DMA units. How to set the parameters q and ✓ will be discussed in
Sec. 3.3.



3.2. Virtual Array Filter

Similarly to what done in [21], as a virtual array filter, we decide to
adopt a simple Delay-and-Sum (DAS) beamformer defined as

h(!) =
a(!,�)

a(!,�)Ha(!,�)
. (13)

The only parameter to be designed for the virtual array beamformer
is thus the steering direction �.

3.3. Optimization problems

According to the previous subsections, the three parameters to be set
are: the DMA unit beam shape parameter q, the steering direction
of the DMA units ✓ and the one of the virtual array beamformer �.
For the sake of convenience, we rewrite (7) by making explicit the
dependence from such parameters

g(!, q, ✓,�) = H(!,�) [(1� q)wo + qwd(!, ✓)]

= qH(!,�) [wd(!, ✓)�wo] +H(!,�)wo

= q`(!, ✓,�) + (!,�)

(14)

where

`(!, ✓,�) = H(!,�) [wd(!, ✓)�wo] , (!,�) = H(!,�)wo

H(!,�) = diag(H1(!,�)IM1 , . . . , HK(!,�)IMk ),

wo =

h
[P1]

T

:,2, . . . , [PK ]
T

:,2

i
T

wd(!, ✓) =
�2c

j!

h
<
n
[P1]

H

:,1e
j✓

o
, . . . ,<

n
[PK ]

H

:,1e
j✓

oi
T

with IMk the Mk ⇥ Mk identity matrix and Hk(!,�) the kth ele-
ment of vector h(!) in (13).

In order to maximize the WNG and the DF, respectively, we
minimize the denominator of the right-side expression of eq. (8) and
eq. (9), by setting up the following optimization problem

argmin
q,✓,�

g
H
(!, q, ✓,�)R(!)g(!, q, ✓,�)

subject to w
H

k (!, q, ✓)dk(!, ✓s) = 1, k = 1, . . . ,K

h
H
(!,�)a(!, ✓s) = 1

0  q  1,

(15)

where ✓s is the desired steering direction of the global array beam-
former, R(!) = E

⇥
¯
v(!)

¯
v
H
(!)

⇤
is the noise covariance matrix

and E[·] the expectation operator. The first two constraints ensure
a distortionless response in the desired direction ✓s. It follows that
the first can be easily satisfied by setting ✓ = ✓s in (11) while the
second by setting � = ✓s in (13). Since the only parameter left to be
set is q, the optimization problem reduces to

argmin
q

q
2`H(!)R(!)`(!) + 2q<{`H(!)R(!)(!)}

subject to 0  q  1

(16)

In the next section we show the optimal values of q both when we
maximize the WNG, i.e., R(!) = I where I is the identity matrix,
and the DF, i.e., R(!) = �dn(!). The optimization problem in
(16) provides a value of q that depends on the angular frequency
!. However, it is well-known that the beampattern of small-sized
arrays is nearly frequency-invariant [15,17]. For this reason, we also
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Fig. 2: Frequency-dependent and frequency-independent q as a
function of frequency. Solid lines represent the mean while dashed
lines the standard deviation over the G different tested geometries.

set up another an optimization problem in which q does not depend
on frequency as

argmin
q

q
2

NX

i=1

`H(!i)R(!i)`(!i)+

+ 2q

NX

i=1

<{`H(!i)R(!i)(!i)}

subject to 0  q  1,

(17)

where !1, . . . ,!N are uniformly distanced samples of the frequency
axis.

4. STUDY ON ARRAY GEOMETRY

In this section we solve the frequency dependent (16) and the fre-
quency independent (17) optimization problems in order to derive
the values of the parameter q that maximize the WNG and the
DF. We test G = 1000 different array geometries characterized by
K = 10 DMA units, whose positions are identified by vectors uk

as shown in Fig. 1. The chosen norms and angles of vectors uk are
samples of the uniform distributions kukk ⇠ U(5 cm, 25 cm) and
\uk ⇠ U(0, 2⇡), respectively, where U(a, b) generally indicates
a uniform distribution with boundaries a and b. We constrain the
reference points of the different DMA units to be at least 10 cm
apart. The number Mk of omnidirectional sensors of each DMA
unit is randomly chosen according to Mk ⇠ U(4, 6), while the
positions of the sensors follows rk,m ⇠ U(0.3 cm, 1.5 cm) and
 k,m ⇠ U(0, 2⇡). Also for the sensors in each DMA unit we
constrain their positions to be at least 0.3 cm apart. For all the
simulations we fix the desired steering direction ✓s = 0

�.
Let us indicate with q̂WNG(!) and q̂WNG the solutions to (16)

and (17), respectively, obtained by setting R(!) = I (WNG maxi-
mization cases). Similarly, we call q̂DF(!) and q̂DF the solutions ob-
tained by setting R(!) = �dn(!) (DF maximization cases). Fig. 2
shows the mean and the standard deviation of the optimal q̂WNG(!),
q̂WNG, q̂DF(!) and q̂DF as a function of frequency. As we can see,
in the frequency-independent case, the standard deviation is lower
than in the frequency-dependent case. The upper plot in Fig. 3 shows
the mean and the standard deviation of the DF of the beamformers
designed with the values of q reported in Fig. 2. Similarly to what
done in [21], we also report the DF of single-stage DAS and SD
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beamformers (i.e., designed and optimized considering all the sen-
sors of the global array at once [23]). We notice that spatial filters
based on q̂DF(!) and q̂DF clearly exhibit an higher DF w.r.t. the
ones using q̂WNG(!) and q̂WNG. Interestingly, filters obtained with
q̂DF(!) and q̂DF are characterized by almost indistinguishable mean
DF values at all frequencies and low standard deviation along the G
different array geometries. Similar conclusions can be drawn for the
lower plot in Fig. 3 showing the WNG; in this case, spatial beam-
formers obtained with q̂WNG(!) and q̂WNG do have a similar be-
havior and are characterized by an higher WNG than those charac-
terized by q̂DF(!) and q̂DF. The left plot of Fig. 4 shows that the av-
erage spatial response of the proposed two-stage beamformer using
q̂WNG highly matches the one of the single-stage DAS beamform-
ers. The right plot of Fig. 4, instead, shows a comparison between
the average beampattern obtained using the two-stage approach with
q̂DF and a single-stage SD. Here we notice that the mainlobe of the
two-stage beamformers is slightly larger w.r.t. the one of the single-
stage SD. It is worth noticing that the proposed approach, however,
is capable of morphing between DAS-like beamformers and SD-like
beamformers by solely varying the q parameter (no matrix inversion
is needed).

5. DISCRETE-TIME DOMAIN IMPLEMENTATION

As outlined in [16, 20, 24] discrete-time domain implementations of
beamformers are, in certain application scenarios, e.g., embedded
systems, preferred to frequency domain implementations because of
their lower computational complexity and higher flexibility. In this
regard, a discrete-time realization of the proposed beamformer can
be designed starting from the implementation of the DMA unit dis-
cussed in [20], i.e.,

zk[n] = (1� q)zk,o[n] + qzk,d[n], (18)
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Fig. 4: Average beampattern at 1 kHz along the G different tested
geometries. Maximum standard deviation are of 3.71 dB, 3.35 dB,
3.86 dB and 3.65 dB for the q̂WNG, DAS, q̂DF and SD, respectively.

where zk[n] is the discrete-time version of Zk(!), n being the sam-
ple index, q is assumed to be frequency independent,

zk,o[n] = [Pk]
T

:,2 yk[n]

zk,d[n] =
c

Fs

(yk,d[n] + yk,d[n� 1]) + zk,d[n� 1]
(19)

with Fs the sampling frequency, yk[n] a Mk ⇥ 1 vector of the kth
DMA unit sensor signals and

yk,d[n] = <{[Pk]
H

:,1 e
j✓} yk[n]. (20)

A discrete-time realization of the DAS virtual array filter h(!) in
(13), instead, can be obtained using fractional delay filters [25]. The
output of the global array is therefore

z[n] =

KX

k=1

hk[n] ⇤ zk[n], (21)

where ⇤ indicates convolution, z[n] is the discrete-time version of
Z(!) and hk[n] are the discrete-time coefficients of FIR filters im-
plementing fractional delays [25].

According to (21) and (18), we can also express the output of
the proposed beamformer as

z[n] = (1� q)

KX

k=1

hk[n] ⇤ zk,o[n] + q

KX

k=1

hk[n] ⇤ zk,d[n]. (22)

Eq. (22) highlights the fact that, by simply adjusting the single scalar
parameter q, we can efficiently vary the directivity of the global
beamformer.

6. CONCLUSIONS

In this paper we presented a two-stage spatial filtering approach
for arbitrary planar arrays of first-order steerable DMA units. We
proposed a design methodology that, fixed the virtual array filter,
optimizes the value of the beam shape parameter q of all DMA
units in order to maximize either the WNG or the DF, both in
a frequency-dependent and in a frequency-independent fashion.
Frequency-dependent and frequency-independent optimum param-
eters exhibit very similar behaviour in terms of WNG and DF

for a wide range of frequencies. Moreover, we showed that the
behavior of the two-stage beamformer is nearly invariant w.r.t. the
array geometry. We also discussed an efficient discrete-time domain
implementation of the proposed two-stage filtering approach that
allows us to morph between a DAS-like and a SD-like beamformer
just by varying a single scalar parameter.
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List of typos:

• In the published version of the paper, equation (1) contained a typo in the
exponents of the exponentials of the DMA unit steering vector. Therefore
in the present postprint version of the paper we corrected it as follows:

dk(!, ✓) =
h
ej!k,1 cos(✓� k,1), . . . , ej!k,Mk

cos(✓� k,Mk
)
iT

.

Moreover we slightly rephrased the first paragraph of Section 2 and the
sentences after equation (1) for the sake of coherence.

• In the published version of the paper, equation (4) contained a typo in
the exponents of the exponentials of the virtual array steering vector.
Therefore in the present postprint version of the paper we corrected it as
follows:

a(!, ✓) =


ej!

u1,x cos ✓+u1,y sin ✓

c , . . . , ej!
uK,x cos ✓+uK,y sin ✓

c

�T
. (1)

Moreover we slightly rephrased the first paragraph of Subsection 2.2 for
the sake of coherence.

We would like to highlight the fact that the aforementioned typos were not
present in the implementation code. It follows that the simulation results pre-
sented in Section 4 are not a↵ected by such typos.
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