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Abstract 
Bearings are one of the most used components in rotating machinery. They are also the components which suffer 
from the damage most frequently. For this reason, accurate prediction of the remaining useful life (RUL) of this 
equipment is very important. In this paper, a Bayesian approach is presented for the RUL prediction of rolling 
bearings, based on a two-stage processing of the degradation feature of vibration data collected experimentally.
Threshold level crossing of the vibration signal in time is as a defect detection indicator. Then, a modified Paris 
crack growth model is developed for the bearing's defect propagation on slow-time and fast-time scales. Probability 
distributions of the uncertain parameters in the model are introduced and the Metropolis-Hasting algorithm is 
applied to the Markov chain Monte Carlo method for generating samples from the posterior distribution, which are 
used to estimate the RUL distribution and to describe different types of bearing degradation and fault growth 
processes.

Keywords: Remaining useful life, Rolling bearing, Vibration, Uncertainty, Bayesian approach, Metropolis-Hasting 
algorithm. 
 

1. Introduction 
According to the International Standard 
Organization, failure prognostic corresponds to 
the “analysis of the various fault symptoms and 
failure growth to predict future condition and 
residual life within design parameters” (ISO 
13381-1:2015).

Three categories of methods have been developed 
to estimate the remaining useful life (RUL) of 
rolling bearings: physical model-based methods, 
data-driven methods and combined methods. The 
advantage of physical model-based methods is
that they are more general and long-term 
predictable, but they suffer from the complexity 
of the degradation phenomena, so that most of the 
times it is difficult to develop the models in 
practice. On the other hand, data-driven methods 
are easier to use if sufficient data are available for 
training them. Combined methods use both of the 

methods to take advantage of their positive 
characteristics (Zio (2013)). 

Several physical models have been developed,
such as Paris crack growth model (Li et al.
(1999)), Forman growth model (Shih et al.
(1997)), Spall progression model (Choi et al. 
(2007)), and Huang growth model (Huang et al. 
2008). They describe the evolution of physical 
states and structural damage levels according to 
the mechanistic laws that relate to the material 
response of bearings depending on the loading
conditions. Some researchers have used Paris 
crack growth model for the RUL prediction of 
bearings. Li et al. (1999) proposed an adaptive 
method, which uses the vibration level for fault 
intensity estimation and, then, predicts the 
degradation rate based on the Paris law.

Zio et al. (2011) introduced a particle filtering-
based prognostic framework for nonlinear 
components. They applied it on the modified Paris 
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crack model for non-destructive ultrasonic 
inspections.

Li et al. (2014) presented a framework for the 
RUL prediction of rolling bearings by using 
particle filtering and a new virtual health indicator 
extracted from multiple features. They 
transformed Paris crack model to a state-space 
equation, in which the extracted indicator is put 
and, finally, the model parameters are updated by 
using a particle filtering. This particle filtering-
based approach was shown to perform better than 
the ANFIS-based approach.

Qian et al. (2017) proposed a multi-time space 
approach by using a modified Paris model for 
fault growth. The phase space warping method is 
employed for extracting a new feature. Also, the 
relationship between this feature and crack 
growth has been studied and used for the RUL 
prediction of rolling bearings based on the 
physical model. 

Behzad et al. (2017) employed the level crossing 
of the time signal as an indicator for fault size 
estimation. They extracted a new model for a two-
stage process based on the Paris law equation and 
studied the effect of the transition point from the 
slow stage to the fast stage by considering a
normal distribution for the RUL prediction.

However, the values of the parameters in the
physical model are uncertain. Therefore,
probability distributions must be introduced to 
represent this uncertainty and can give a more 
realistic prediction. In this paper, a new modified 
Paris law equation is developed for a two-stage 
degradation process. Then, probability 
distributions are introduced for the uncertain 
parameters. The Bayesian method is, then, used to 
update the model parameters based on the 
measured data. Finally, the bearing RUL is 
estimated.

2.  Model Definition  
Paris formula describes the relationship between 
the crack growth rate and the defect conditions (Li 
et al. (1999)):

 

where  is the crack growth, is the time (e.g. 
loading cycle), and  are material constants  
and  is a stress intensity factor that can be 
estimated in the rolling bearings as (Xu et al. 
(2012)): 

where  is the maximum shear stress and is
a  geometric correction factor that depends on the 
crack shape. 

By substituting  in Eq. (1) and integrating, the 
Paris equation can be written as: 

where is considered for commonly used 
rolling bearing materials (Qian et al. (2017)): 

In practice, the damage level of machinery, such 
as the crack lengths and the wear areas, is not 
directly observable. Therefore, extracting the 
suitable and sensitive health features of 
machinery is required in the fault diagnosis and 
prediction. Behzad et al. (2009) have shown 
experimentally that the level crossing rate ( ) of 
the time wave signal at threshold level has a linear 
relationship with defect size . Threshold level 
is considered  (The standard deviation of 
acceleration signal for normal stage) for rolling 
bearings (Behzad et al. (2017)). By using this 
indicator in Eq. (4), Paris law equation becomes: 

 

 

In Eq. (5), parameter  is introduced as: 

 

Therefore, Eq. (6) can be reformulated as:

By integrating Eq. (7), the level crossing indicator 
can be calculated: 
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where the parameters and are uncertain and 
need to be estimated from historical data. 

In the initial crack growth stage, the crack growth 
rate is so slow that the variation of the indicator is 
not very significant. Only after the crack initiation
stage, crack propagation will enter a stage where 
crack growth is accelerated due to the material 
fatigue caused by repetitive loading as the bearing 
operates. 

The model for two-stage degradation can be 
represented as follows: 

  

where the parameters , ,
are uncertain and need to be estimated from 
historical data.

3. Prediction updating using the Bayesian 
method 

Bayesian inference can be used for updating. In
the form of probability density function (PDF), it 
can be expressed as (Dong et al. (2019)): 

joint PDF of the uncertain
parameter 

normalized constant

likelihood function of 
evidence y given the parameter value

posterior PDF of the 
uncertain parameter .

Assuming that there are  measurements 
available, Bayes’ Theorem is applied as: 

where is the product of all marginal PDFs and 
is a normalizing constant factor. 

In practice, the measured degradation data 
=1, 2…,  are collected at discrete times, so

the degradation model is also evaluated at the 
same discrete times, as ,

 Then, the likelihood function of the 
measured data can be defined as (Dang et al. 

(2019)):

By substituting the likelihood function in Eq. 
(11), the posterior joint PDF can be calculated by 
multiplying all likelihood functions and the prior 
PDF as: 

The prior distribution for the uncertain parameters 
is estimated based on historical ‘run-to-failure’ 
data. Then, a sufficient number of random 
samples is drawn using the Markov chain Monte 
Carlo (MCMC) method. The MCMC method 
generates random samples using the Markov 
chain process, in which the distribution of the next 
sample depends only on the current sample
(Marseguerra et al. (2002)). The Metropolis-
Hasting algorithm is used to accept or reject the 
data generated with the MCMC method.

4. Experimental test and results
To study the performance of the proposed 
framework based on the Bayesian method and the
extended Paris law equation, experimental
vibration data collected by NSF I/UCR center are
considered (Lee et al. (2007)). The experimental 
setup is shown in Fig.1. Four rolling bearings are 
installed on a shaft and operated under constant 
conditions (2000 rpm speed and 6000 lb radial 
load). The data set collected contains three run-to-
failure experiments for four of the ball bearings.
The sampling frequency is 20 kHz, the length of 
the data is 2156 and the recording is repeated 
every ten seconds. 
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Fig. 1. Experimental setup for bearing run-to-failure test

The acceleration data of the third bearing in the 
first experiment has a two-stage degradation 
pattern. For this reason, this experiment is 
considered for the investigation of the proposed 
method. Fig. 1 and Fig. 2 show the trend of the 
RMS and level crossing from the healthy stage to 
the end of life.

Fig.2. RMS trend in the rolling bearing life

Fig.3. Level crossing trend in the rolling bearing life

In Fig. 2 and Fig. 3, the degradation indicator of 
the test bearing involves three distinct stages, the 

normal, the failure propagation and the severe 
failure stage. In the normal stage, fluctuations are 
within a very small range, which means that the 
bearing is operating under normal conditions 
during this time. Then, the level crossing and 
RMS increase gradually. Thus, defects are found
in the bearing, which propagate for a long time 
before the last stage. At the final stage, a sudden
fluctuation occurs and the bearing degrades to
failure rapidly, in a short time. For the RUL 
prediction based on the proposed method, the 
failure propagation and severe failure stages are 
considered. 

For numerical simulation, the threshold of the 
level crossing indicator is set to 400 (No./sec) 
based on experimental tests and also comparing 
with the RMS trend. Estimated values of the 
uncertain parameters of the model, 
and are determined using the nonlinear least 
square method. The results for the start and end of 
the slow stage of degradation are presented in 
Table 1.  

Table 1. Parameters for degradation simulation  

280 hr
335 hr
118.58
60
0.0113
0.02
[100 130]
[40 80]
[0.001 0.2]
[0.001 0.1]

The initial degradation development stage is 
considered from 280 hr to 335 hr. The fast 
degradation propagation stage is started from 335
hr and continues to the end of life. The MCMC 
method has been performed on the basis of 

=5000 particles for each cycle. Fig. 4 and Fig. 5 
show the predicted degradation growth curve of 
the level crossing indicator, with confidence 
intervals considering one-stage and two-stage 
analysis. The blue lines are the real data, the red 
lines are the median prediction and the purple 
lines are 95% confidence intervals. Both of the 
considered methods, single-stage and double-
stage, show good estimation at the slow stage and 
the median prediction is close to real data. At the 
fast stage, the predicted indicator in the two-stage 
solution is better than the one-stage solution. For 

280,125.5
335,218.33
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convenience of comparison, the relative error of 
the predicted RUL with respect to the actual data 
at time 290 hr is presented in Table 2. According 
to the results, it can be concluded that the two-
stage degradation prediction model can obtain 
good RUL prediction.

Fig. 4.  Prediction results of test bearing with one-stage 
degradation process model 

Fig. 5. Prediction results of test bearing with two-stage 
degradation process model

Table 2. Relative error between the predicted RUL 
and the real life at time 290, with three confidence 

intervals 

Degradation 
stages

Confidence 
interval

Error
%

One-stage

Median 50%

5% 53%

95% 47%

Two-stage

Median 30%

5% 31.7%

95% 28.5

6. Conclusion 

Rolling bearings are essential parts of various 
industrial rotating machines. Most of the time, 
their degradation trend is nonmonotonic and 
changes abruptly. Few studies have analysed
different types of degradation for the prediction of 
the remaining useful life (RUL) of rolling 
bearings. The main contribution of this work is to 
present a framework for the prediction of the RUL 
of rolling bearings based on a two-stage 
degradation process. A Bayesian approach is 
adopted to consider uncertainty in the model 
parameters. The fast-stage results indicate that the 
proposed framework is able to estimate the 
degradation process more precisely than the one-
stage process.  
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