
R E S E A R CH AR T I C L E

Particle filter-based hybrid damage prognosis considering
measurement bias

Tianzhi Li1 | Claudio Sbarufatti1 | Francesco Cadini1 | Jian Chen2 |

Shenfang Yuan2

1Department of Mechanical Engineering,
Politecnico di Milano, Milano,
via La Masa 1, 20156, Italy
2Research Center of Structural Health
Monitoring and Prognosis, State Key
Laboratory of Mechanics and Control of
Mechanical Structures, Nanjing
University of Aeronautics and
Astronautics, Nanjing, China

Correspondence
Claudio Sbarufatti, Department of
Mechanics, Polytechnic University of
Milan, Milan, Italy.
Email: claudio.sbarufatti@polimi.it

Funding information
H2020 Marie Skłodowska-Curie Actions,
Grant/Award Number: 859957; Horizon
2020

Summary

Hybrid methods combining physical knowledge and data-driven techniques

have shown great potential for damage prognosis in structural health

monitoring (SHM). Current practices consider the physics-based process and

data-driven measurement equations to describe the damage evolution and the

mapping between the damage state and the measurement, respectively.

However, the bias between the measurements predicted by the data-driven

equation and the sensor-based measurements obtained from any SHM system,

arising from uncertainties like damage geometries and sensor placement or

noise, can lead to inaccurate prognosis results. To improve the prognosis

performance in case of bias, this paper adopts a methodology typically applied

in sensor fault diagnosis and develops a new hybrid prognostic model with a

bias parameter included in the measurement equation and the state vector.

Particle filter (PF) serves as the estimation technique to identify the state and

parameters relating to the damage as well as the bias parameter, and the

remaining useful life (RUL) can be predicted by the physics-based process

equation, with PF posterior estimates of the related parameters and state

variables as an input. The experimental study of an aluminum lug structure

subject to fatigue crack growth and equipped with a Lamb wave monitoring

system demonstrates the improved estimation and prediction performances of

the new prognostic model.
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1 | INTRODUCTION

Structural degradation is a phenomenon affecting the majority of engineering structures, which may lead to the
occurrence of structural damage and eventually structural failure if not properly addressed. Regular inspection and
maintenance should be carried out during the service life of a structure to ensure the structural safety, however often
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incurring in high operative costs. In a predictive maintenance scenario, to simultaneously guarantee the safety at a
reduced cost, inspection can be scheduled sufficiently before the structural damage reaches a critical level that may
hamper the structural performance, which requires advanced prognostic techniques to predict the remaining useful life
(RUL).

In the last decades, a great variety of damage prognosis techniques have been developed, depending on the
availability of physics knowledge and data. From the perspective of how the prognostic models are formulated, they
can be classified into physics-based,1–3 data-driven,4–6 and hybrid methods.7–11 Physics-based methods utilize specific
mechanistic knowledge and theories to formulate pure physics-based models, which describe the structural degradation
phenomena and the links between the damage states and the SHM measurements. Data-driven methods, resorting to
data-driven modeling techniques such as neural networks4,6 and Markov chains,5 attempt to use a large amount of data
to build the relationship between the internal degradation behavior and the external observations. Hybrid methods,
taken as a combination of the two above, usually consider the physics-based process and data-driven measurement
equations to describe the damage evolution and the mapping between the damage state and the measurement,
respectively.

The proper method (or model) is case-specific, as each type of method has its pros and cons.12–14 A common belief
is that, given the uncertainties arising from complex structural degradations, the environmental effects, and the sensor
health conditions,15,16 either the physics-based or the data-driven methods with sole deterministic models cannot
provide an accurate prognostic result. A well-acknowledged strategy for both the physics-based1–3 and data-driven
methods4–6 to improve their prognostic performance is to set the model parameters as unknown variables to be updated
by a state estimation technique, such as the particle filter (PF) given its versatility for nonlinear and non-Gaussian
problems. However, this strategy is not fully exploited in hybrid methods,8,9,17 where the physics-based process
equation is updated by setting its parameters as unknown variables to be estimated by PF, while the data-driven
measurement equation is typically fixed.

Focusing on the latter, the relationship between the damage state and the measurement should probably vary in
different specimens of the same structure7 due to the uncertainties mentioned above. In practice, if the measurement
equation describing the above relationship is built using both a data-driven modeling technique and the data from some
specimens, then the bias between the measurements from a test specimen and those predicted by the measurement
equation is unavoidable. In this context, the measurement equation that fails to be online updated or to take the bias
into account will lead to inaccurate damage estimation18 and prognosis7 in case of large-level bias. Such a problem is
investigated only in a few hybrid damage prognosis studies,7,11,19 where either (i) the true damage state obtained by an
additional measurement system is adopted to update the measurement equation at prescribed time instants7,11 or (ii) all
the parameters of both the process and measurement equations are set as unknown components to be estimated
online,19 strongly enhancing the algorithm adaptability to system deviations. However, on one hand, it is rarely possible
to provide additional system observations of the true damage state, and on the other hand, it is always desired to limit
to a minimum the parameters to be updated online for a robust algorithm convergence and to guarantee the state space
full observability.

We anticipated that the bias between the sensor-based and the predicted measurements can be regarded as a
typical sensor fault, which can be detected, localized, and identified by adding a bias parameter in both the
measurement and process equations for estimation.20,21 Moreover, leveraging on the little effect this bias can have on
the estimation of other state components when accurately estimated by a state estimation technique, it has also been
used for physics-based damage prognosis in An et al.,22 where the bias is an error caused by the measurement system
and is considered as a fixed parameter, but never in the hybrid damage prognosis framework so far, where the bias
originating from multiple uncertainties can hardly be avoided and it is generally time varying.

This paper develops a new hybrid prognosis model that combines the approaches from sensor fault diagnosis
and hybrid prognosis. The hybrid prognostic framework is based on a PF and it consists of three main steps. First,
the measurement equation is built by a data-driven technique (i.e., polynomial fitting regression) with a bias
parameter included to consider time variable discrepancies in consecutive tests, while the process equation
considers the physical law describing damage evolution, and its state vector is augmented to include the damage
state, the degradation law parameters, and the measurement bias. Then, the PF is used to estimate the damage
state and model parameters. Finally, the future states and the RUL are estimated resorting to the process equation
and the estimated damage state and parameters. The proposed prognostic framework is validated by an experimental
activity, consisting of a fatigue crack growth in an aluminum structure, equipped with a Lamb wave measurement
system.
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The rest of this paper is organized as follows: Section 2 introduces the traditional and new models as well as the
prognostic framework. The experimental validation is discussed in Section 3. Finally, Section 4 concludes this paper
with a view toward future activities.

2 | DAMAGE PROGNOSIS FRAMEWORK

PF-based damage prognosis generally includes three main steps, namely, (i) formulating the prognostic model in a state
space, (ii) estimating the unknown state variables using PF, and (iii) calculating the future state and RUL by taking the
posterior PF estimates and the process equation into account. The hybrid damage prognosis framework taking the
unknown bias into consideration is schematized in Figure 1, while details will be provided in the following paragraphs,
where the differences with respect to the traditional version8,9 are highlighted. Note: the variables b, θ, x, y, and the
function g (�) will be introduced in Section 2.1.

2.1 | New prognostic model

Assume a discrete form of damage evolution model can be described as

xk ¼ f xk�1,θð Þ, ð1Þ

where x is the damage state, θ is a vector including the parameters governing the damage evolution, the subscript k is
the discrete time step, and the function f (�) is usually a physical or semi-empirical law. The parameters θ can vary in
different specimens of the same structure due to the uncertainties in the damage evolution process; a deterministic
evolution model may hardly provide accurate prognosis results. To overcome this problem, according to the common
practices in PF-based prognosis, the parameters in θ should also be taken as unknown variables to be online updated
within the process equation:8,17

zk ¼
θk
xk

� �
¼ θk�1þωθ,k

f xk�1, θk,ωkð Þ

� �
, ð2Þ

where z is the state vector with both the damage state x and the model parameters θ included, ω and ωθ are the process
noises for the damage state and the parameters, respectively.

Given the difficulties in directly measuring the damage state, many PF-based damage prognosis investigations8,17

have the unknown damage state inferred from indirect observations y, related each other through a measurement
equation g (�). The traditional state space model in hybrid damage prognosis can be formulated as follows.8,17

FIGURE 1 Hybrid damage prognosis framework
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zk ¼
θk

xk

" #
¼

θk�1þωθ,k

f xk�1, θk,ωkð Þ

" #
yk ¼ g xkð Þþνk

8><>: , ð3Þ

where the data-driven function g (�) describes the relationship between the damage state x and the measurement
y (i.e., a feature extracted from Lamb wave signals in this study), respectively, and ν is the measurement noise, which is
assumed zero-mean Gaussian hereafter.

One main step of the PF routine, and in general of methods for Bayesian inference leveraging on Monte-Carlo
sampling, is the drawing of the posterior distribution of the unknown variables, which, in turn, is based on the
prior knowledge and the assignment of a score based on the likelihood with respect to the sensor observations.
While the selection of the latter is arbitrary (a Gaussian likelihood function is used in this study without any loss
of generality), it always entails a comparison between the measurements predicted through the function g (�) and
the sensor measurements at discrete time k. However, it rarely happens that the function g (�), calibrated on a set
of reference specimens, will properly fit the sensor observations from a different set of specimens, due to the
inevitable uncertainties, such as different specimen and damage geometries, sensor errors, etc. Sufficiently
large bias between the sensor-based and the predicted measurements will induce inaccurate estimation18 and
prognosis.7

This measurement bias can be considered as a typical sensor fault, which can be estimated including a bias
parameter in the measurement equation g (�).20,21 It will have limited effect on the estimation for the other state
components when being accurately identified.22 Therefore, by combing the methods from sensor fault diagnosis and
hybrid damage prognosis,8,17 a new hybrid prognosis model with the bias parameter b included is proposed to improve
damage state and parameter estimation in presence of a measurement bias:

zk ¼
θk

xk

bk

2664
3775¼

θk�1þωθ,k

f xk�1, θk,ωkð Þ
bk�1þωb,k

2664
3775

yk ¼ g xkð Þþbkþνk

8>>>><>>>>: , ð4Þ

where ωb is the process noise for the parameter b. Note that Equations 3 and 4 are usually nonlinear and non-Gaussian,
due to the nonlinear functions f (�) and g (�) and the non-Gaussian noise, respectively, as will be further detailed in
Section 3.2.

2.2 | Particle filter

In a Bayesian framework, the unknown state vector at kth step zk is inferred based on a sequence of sensor observations
as follows:

p zkjy1:k�1ð Þ¼
Z

p zkjzk�1ð Þp zk�1jy1:k�1ð Þdzk�1, ð5Þ

p zkjy1:kð Þ/ p ykjzkð Þp zkjy1:k�1ð Þ, ð6Þ

where y1:k are the measurements collected from time step 1 to k, the transition distribution p zkjzk�1ð Þ and the
likelihood function p ykjzkð Þ are obtained from the process and measurement equations, respectively, p zkjy1:k�1ð Þ and
p zkjy1:kð Þ are the prior and the posterior probability distribution functions (PDF) of the variables in the state vector,
respectively, and / denotes the proportionality.

Equations 5 and 6 form the basis for the optimal Bayesian solution, which is however difficult to be analytically
calculated in a nonlinear and non-Gaussian system as it happens in many problems of practical interest. Therefore, the
sampling importance resampling (SIR) PF23 is used in this study to provide an approximated solution for p zkjy1:kð Þ.
Figure 2 presents the four steps in SIR PF,24 i.e.,
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i. Initialization: draw Np particles zi0 : i¼ 1,2,…,Np
� �

from the initial distribution p z0ð Þ,

For k = 1, 2, …

ii. Prediction: draw Np particles zik : i¼ 1,2,…,Np
� �

by the transition distribution p zkjzk�1ð Þ,

iii. Updating: calculate the weight wi
k by the likelihood function p ykjzik

� �
as

wi
k / p ykjzik

� �
, ð7Þ

and assign its normalized form ewi
k to the particle zik,

iv. Resampling for zik : i¼ 1,2,…,Np
� �

using the normalized weights and then assign equal weight to each particle.
Systematic resampling is adopted hereafter.

2.3 | Prediction for future state and RUL

The target of many health monitoring applications is that of providing a residual lifetime statistical estimate based on
the updated knowledge of the current health state. Thus, by combining the damage evolution model Equation 1 and
the kth posterior PDF of damage state p xkjy1:kð Þ, the prognostic step enables predicting the qth step ahead posterior
PDF of damage state as follows:25

p xkþqjy1:k
� �¼ Z

� � �
Z Ykþq

j¼kþ1
p xjjxj�1
� �

p xkjy1:kð Þ
Ykþq�1

j¼k
d xj
� �

, ð8Þ

where p xjjxj�1
� �

is another form of Equation 1.

FIGURE 2 Sampling importance resampling (SIR) particle filter24
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Given the impossibility to solve Equation 8 for problems of practical interest, one alternative within a PF framework
is to use the particles and their weights to approximate the q-step ahead state PDF as follows:26

p xkþqjy1:k
� �¼XNp

i¼1
ewi
kþq�1p xkþqjxikþq�1

� 	
, ð9Þ

where ewi
kþq�1 is the weight of the ith particle at time step k+ q� 1, considered independent from q and equal to 1=Np

if particle q-step ahead projection is done after resampling at each iteration. p xkþqjxikþq�1

� 	
is computed through

Equation 1 and the PF estimates at kth step. Finally, RUL definition requires a damage state threshold to be set lth, thus
declaring structural failure when the future damage state calculated by Equation 9 overcomes lth.

Table 1 summarizes the pseudo code for the calculation of the future states and the RUL. The future state evolution
of each particle is iteratively calculated through the damage evolution model Equation 1 at each time step k, until the
calculated state reaches the threshold lth. The multiplication of the load cycle range (ΔN) and the number of prediction
steps ahead is taken as the RUL of each state particle at current time step.

3 | APPLICATION

3.1 | Experimental setup and data

Fatigue tests of a lug joint aluminum specimen, as given in Figure 3, are used to experimentally validate the method.
The experimental setup is briefly introduced hereafter and more details can be found in previous studies.7,17,27 The
thickness of the specimen Ts and the diameter of the through-thickness hole Dh are 5 and 25 mm, respectively. A 2-mm
notch is machined at the edge of the hole to initiate the fatigue crack growth. The MTS810 electro-hydraulic testing
apparatus applies a sinusoidal fatigue load, with maximum load Lmax = 18 kN, corresponding to 25% of the fracture
load, load ratio R = 0.1 and loading frequency 10 Hz.

A digital microscope is adopted to observe the crack, while 1-mm equally spaced scale lines on the specimen surface
allow for target dimension estimate, as presented in Figure 3c. A 1-mm crack length increase is considered each time
the crack passes a new line. For better visualization, the fatigue loading is occasionally paused during the test, and an
18-kN static tensile load is applied to the structure to open the crack.

Two piezoelectric transducers are bonded to the surface of the structure for ultrasonics crack monitoring. One serves
as the actuator providing an excitation to the structure, while the other is the sensor collecting the Lamb wave signal.
During the monitoring process, the crack growth will induce changes in the Lamb wave signals, manifesting as signal
delays and peak amplitude modifications, thus also varying the features extracted from the Lamb wave signals and used
for crack length assessment.

Five specimens were tested, and their relative crack growths are shown in Figure 4 for specimens labeled S1–S5. It
is clear that a deterministic damage evolution model can hardly provide an accurate prognostic result in presence of
typical uncertainties related to the material properties, the specimen and test assembling, the external loading condi-
tion, etc. As a 1-mm fatigue pre-cracking is performed at the beginning of the fatigue test, the 3-mm crack (the notch

TABLE 1 Calculation of future state and RUL at time step k

Initialization: Set xi,0k : i¼ 1,2,…,Np
� �

as xik : i¼ 1,2,…,Np
� �

For i = 1: Np

q = 0

While xi,qk < lth

Calculate the future state xi,qþ1
k by xi,qþ1

k ¼ f xi,qk ,θik
� 	

q = q + 1

End

RULi
k ¼ qΔN

End
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length and the pre-cracking length) is taken as the initial crack length, while the threshold crack length for RUL predic-
tion is arbitrarily set to 22 mm, however guaranteeing sufficient residual strength to the joint.

At each measured crack length, the actuator provides a 3-cycle Hanning–Windowed sine burst with central
frequency of the excitation 160 kHz, and the sensor collects the Lamb wave signal with the sampling frequency 50 MHz
for 2 � 10�4 s, as given in Figure 5. The first wave packet is a crosstalk caused by the electromagnetic induction
between the circuits of the actuator and sensor, which carries no information about the crack growth. The signals
between 6 � 10�5 and 8 � 10�5 s are taken as the S0 mode contribution,7 where the increasing crack length induces a
monotonically decreasing amplitude of the signals and a delay of the wave packet as well. These phenomena are used
for damage quantification after the feature extraction procedure described below is carried out.

FIGURE 3 Experimental setup7

FIGURE 4 Crack growths from specimen S1–S5
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The signal difference coefficient (SDC)28 serves as the statistical feature extracted from the Lamb waves, i.e.:

SDCl ¼ 1� cov f l, f bð Þ
std f lð Þstd f bð Þ




 



, ð10Þ

where f b and f l are the selected S0 mode signals at the reference crack length 3 mm and current crack length l mm,
respectively, the functions “cov” and “std” are the covariance matrix of the two sets of signals and the standard
deviation (STD) of one set of signals, respectively. Note that the SDC feature is considered as the available measurement
from now on.

Figure 6 presents the monotonically increasing SDCs as a function of crack length for the specimens S1–S5, which
confirms the relationship between the crack length and the measurement can vary in different specimens of the same
structure. Data relative to specimens S2–S5 are used to fit the function g (�) in the measurement equation in Section 3.2,
while specimen S1 will be used for testing the methodology and verify the capability of the algorithm in coping with
the bias between the features read in S1 and the corresponding features in S2–S5.

FIGURE 5 Lamb wave signals at three crack lengths from specimen S1

FIGURE 6 SDCs at different crack lengths from specimens S1–S5
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3.2 | Model formulation

The crack growth in a metallic structure subject to fatigue loads is typically described by the Paris' law,

dx
dN

¼C ΔKð Þm, ð11Þ

where x indicates the crack length, C and m are two empirical material parameters governing damage progression, ΔK
is the stress intensity factor (SIF) range, calculated with Equation 12 by fitting a set of numerical simulations, as
detailed in Appendix A,

ΔK xð Þ¼ 0:0014x3þ0:5626x2�13:50xþ497:8: ð12Þ

With sufficiently small load cycle increment ΔN , Equation 11 can be discretized as

xk ¼ xk�1þC ΔK xk�1ð Þð ÞmΔN , ð13Þ

and it will be adopted to predict the future crack evolution. The intrinsic stochasticity of the crack growth can be
described by adding an unbiased log-normally distributed noise eω to Equation 13 as in.3

xk ¼ xk�1þ eωkC ΔK xk�1ð Þð ÞmΔN , ð14Þ

where ω�N �σ2

2 ,σ
2

� �
is a Gaussian noise with STD σ.

Considering the different crack growth trajectories for the same structure in Figure 4, the future state can hardly be
accurately predicted through Equation 13 by considering the parameters in Equation 13 as deterministic and known.
One online model updating strategy is to set the parameters C and m as unknown variables and then to form the
process equation with both the crack length and parameters included:3

lnCk

mk

xk

264
375¼

lnCk�1þω1,k

mk�1þω2,k

xk�1þ eωkCk ΔK xk�1ð Þð ÞmkΔN

264
375, ð15Þ

where ω1 and ω2 are zero-mean Gaussian process noises, and ln (�) is the natural logarithm for an easier sampling.
As the prediction accuracy depends on the state and parameter estimation, kernel smoothing29 is adopted to

improve the estimation performance for the parameters C and m, as already used in.3,9

lnCk ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p
lnCk�1þ 1�

ffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p� 	dlnCkþω1,k

mk ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p
mk�1þ 1�

ffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p� 	bmk�1þω2,k

8><>: , ð16Þ

where dlnC and bm denote the means of the samples for the parameters ln C and m, and h�[0 1] is the smoothing
parameter, with a higher value of h meaning a larger shrinkage. The parameter h is set as 0.1, as recommended in
Corbetta et al. and Cristiani et al.3,9

By combining a measurement equation with Equations 15 and 16, the traditional hybrid prognostic model can
finally be formulated as in.3

lnCk

mk

xk

2664
3775¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p
lnCk�1þ 1�

ffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p� 	dlnCkþω1,kffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p
mk�1þ 1�

ffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p� 	bmk�1þω2,k

xk�1þ eωkCk ΔK xk�1ð Þð ÞmkΔN

266664
377775

yk ¼ g xkð Þþνk

8>>>>>><>>>>>>:
, ð17Þ
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where the measurement y is the SDC feature obtained from the Lamb waves and the function g (�) describing the
mapping between the crack length and the SDC is a fourth-order polynomial function as in.17

g xkð Þ¼ a0xk
4þa1xk

3þa2xk
2þa3xkþa4, ð18Þ

where a0, a1, a2, a3, and a4 are the coefficients obtained from specimens S2—S5 via two steps:

i. the crack lengths and the SDCs for each specimen are fitted by a fourth-order polynomial function to provide one
set of coefficients a0, a1, a2, a3, and a4 for each specimen;

ii. the averages of the coefficients from the four specimens serve as the corresponding coefficients in g (�).

The new hybrid framework with a bias parameter included for estimation is formulated as

lnCk

mk

xk

bk

2666664

3777775¼

ffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p
lnCk�1þ 1�

ffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p� 	dlnCkþω1,kffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p
mk�1þ 1�

ffiffiffiffiffiffiffiffiffiffiffiffi
1�h2

p� 	bmk�1þω2,k

xk�1þ eωkCk ΔK xk�1ð Þð ÞmkΔN

bk�1þωb,k

266666664

377777775
yk ¼ g xkð Þþbkþνk

8>>>>>>>>><>>>>>>>>>:
, ð19Þ

where b is the parameter representing the bias, and ωb is its process noise. Equations 17 and 19 are nonlinear and
non-Gaussian, justifying the adoption of the PF algorithm as an efficient state and parameter estimation technique.

3.3 | Target crack growth and SDC observations

The crack length and the Lamb wave feature observations have been experimentally collected at a long interval
(i.e., every several thousand load cycles). In order to simulate an online SHM application where the crack length can be
evaluated at a shorter interval, exploiting the monotonicity and trendability of the observed features, sequential
observations of the target crack growth of specimen S1 have been artificially generated by the following:

i. linearly interpolate the crack length available for specimen S1, generating a new denser target where the crack
lengths are available every 300 load cycles,

ii. corrupt the crack lengths by a white Gaussian noise with a signal-to-noise ratio SNR = 50 dB to simulate the
uncertainty in crack growth,

iii. use linear interpolation to generate a new SDC at each crack length, and corrupt these SDCs by a white Gaussian
noise with SNR = 30 dB to simulate sensor noise.

Figure 7a shows the resulting target crack growth, where a total number of T = 197 discrete time steps corresponds
to 5.91 � 104 load cycles. Figure 7b shows the sensor-based SDCs and the SDCs predicted by the function g (�) at these
crack lengths. A time-varying bias is noticeably existing between the two types of SDCs, potentially hampering the PF
performance as shown later in Section 3.5.

3.4 | PF parameters

All the PF parameters used in this study are reported in Table 2. It is worth noting that the PF performance relies on a
proper selection of these parameters. The criteria for their selection in this study are given below, while more details on
sensitivity analyses can be found in literatures, including number of particles,30–32 STD in likelihood function,9 process
noise,30,33 and initial distribution or range.30
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The number of particles Np can be set as a trade-off between the accuracy and the computation cost,34 since PF with
more particles generally provides more satisfactory estimates but requires more computational effort.30–32 A satisfactory
number is usually determined through a convergence analysis, meaning particles are increased until no significant
improvement is found on the result accuracy.35–37 Eight thousand particles are sufficient to provide stable estimation
results in this study.

The calculation of the particle weights essentially depends on the likelihood of each particle with respect to the
actual observation. Given that the measurement noise is assumed zero-mean Gaussian in this study, the likelihood
function can be formulated as

p ykjzik
� �¼ 1ffiffiffiffiffi

2π
p

σy
exp � 1

2σy2
yk� yik
� �2� 

, ð20Þ

where yk is the observation at kth discrete time step, yik is the simulated observation for the state particle xik, and σy can
be set as the STD of the measurement noise. However, in different applications, σy can be either directly
assigned,5,18,38,39 empirically selected,40,41 or calculated from the data.8,42 A trial-and-error procedure is adopted to
determine a proper value in this study.

The PF requires the definition of an initial range or distribution for initializing the particles. The initial distributions
for ln C and m in a PF-based damage prognosis framework can be considered as multivariate Gaussian.3 The means are
determined through the fitting procedure in Appendix A, and the covariance matrix are initialized as in Corbetta et al.
and Virkler et al.3,43 All the initial samples of the parameter b are set as zero, as the bias is close to zero at initial step.
The initial crack length is set as a range including the initial observed length.

FIGURE 7 Target crack growth and sensor-based and predicted SDCs

TABLE 2 Particle filter parameters

Number of particles Np STD in likelihood function σy
8,000 0.01

Initial distributions for ln C [ln mm
cycle MPa

ffiffiffiffiffiffi
mm

pð Þ�m

� 
], m [�]

Initial range for x [mm] Initial value for b [�]

lnC0

m0

� �
�N �57:18

8:101

� �
,

0:9966 �0:1764

�0:1764 0:0346

� �� 
x0 � (2.5, 3.5) b0 = 0

Distributions of process noises {ω, ω1, ω2, ω3} for x, ln C, m, b

x, ω [�] ln C ln mm
cycle MPa

ffiffiffiffiffiffi
mm

pð Þ�m

� � �
, ω1 [�] m, ω2 [�] b, ω3 [�]

N � 0:012
2 ,0:012

� � N 0,0:022ð Þ N 0,0:0022ð Þ N 0,0:0052ð Þ
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A random term should be included in the process equation to describe the state evolution uncertainty. It does not
have to be a physical noise, but it is often referred to as process noise (or system noise), where the “process” and “noise”
denote the system evolution process as well as the stochastic and perturbative nature, respectively.3,44 In implementing
the PF, at each time step, Np process noise samples will be sampled from the distributions in Table 2 and assigned to
the Np particles. The noise distributions in this study are determined from Corbetta et al. and Cristiani et al,3,9,10 while
the means and STDs are selected based on a trial-and-error procedure.

3.5 | Prognostic performances

Figures 8a,b present the crack length and parameter estimation results using the traditional approach without taking
the measurement bias into consideration, respectively. Despite that the particles for ln C and m converge around fixed
values during the sequential estimation, the estimated crack lengths are noticeably smaller than the true ones during
the estimation process. The observed SDCs are smaller than the predicted ones as visible in Figure 7b, meaning those
particles underestimating the crack length are assigned larger weights through the likelihood function, and they will be
duplicated in the resampling step. The estimated crack lengths after about 5 � 104 load cycles are closer to the target,
due to the lower proportion of the bias in the actual measurements. In fact, the ratio of the root mean square (RMS) of
the bias with respect to the RMS value of the measurements is 0.11 after about 5 � 104 load cycles, compared to 0.25
before 5 � 104 load cycles. In conclusion, the traditional approach cannot provide an accurate state and parameter
estimation, and its performance is highly related to (i) whether the actual measurements are above or below the
predicted ones and (ii) the relative magnitude of bias compared to the measurements.

Figures 9a–c present the crack length, material parameters, and bias estimation results by the new approach,
respectively. The estimated crack length is noticeably more accurate than that in Figure 8a, as the bias is correctly
identified by the PF, and it is taken into consideration for the estimation for the other state components. Both the
accurate crack length estimation and the convergence of parameters ln C and m show that the new model can
provide more accurate state and parameter estimation results than the traditional model. As the use of one additional
parameter in measurement equation introduces additional uncertainties, the confidence boundaries (CBs) for crack
length result larger and the particles of the parameters C and m are more diversely distributed, as was also observed in
Rabiei et al.19

The difficulty in estimating the time-varying bias, which leads to a small-level error in crack length estimation,
might be alleviated by (i) adopting PF with an adaptive process noise,45 which enhance the performance in estimating
the time-varying parameter or (ii) collecting the true crack length to update the bias parameter at a limited number of
load cycles.

Figures 10a,b present the prediction for future states at 3.6 � 104 load cycles using the traditional and new
approaches, respectively. Each gray dotted line is the crack length trajectory predicted by Equation 13 for one posterior

FIGURE 8 State and parameter estimation using traditional model
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sample of the state vector. The gray histogram at the end of life (identified as the critical crack length 22 mm) is the
RUL posterior PDF. Figures 11a,b show the RUL predictions using the traditional and new approaches, respectively,
along with their 95% CBs. The predicted states and the RUL are noticeably improved by adding the bias as a parameter
to be estimated in the state vector, which is strictly related to the improved accuracy of the state posterior estimates.

3.6 | Performances under different-magnitude biases

The performance of the two approaches (with and without taking the bias into consideration) is now tested under
different-magnitude biases. Four sets of SDCs target observations are artificially created by

i. scaling the bias in Figure 7b (without measurement noise) by a set of scaling factors sf {0, 0.5, 1.5, 2} to create four
bias levels with the same morphology,

ii. adding these biases to the predicted SDCs in Figure 7b, and

iii. corrupting the artificially generated SDCs observations by a white Gaussian noise with SNR 30 dB.

The analysis in Section 3.5 is repeated with the four sets of SDCs. Performances are expressed in terms of the root
mean square errors (RMSEs) metric for the crack length and bias, while the cumulative relative accuracy (CRA) metric
is used for the RUL:

FIGURE 9 State and parameter estimation using new model
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RMSE¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
T

XT

k¼1
smean,k� strue,kð Þ2

r
, ð21Þ

CRA¼
XT�1

k¼1
1� RULmean,k�RULtrue,kj j

RULtrue,k

� 
, ð22Þ

where s is the generic state component to be evaluated, either the crack length or the bias, and T = 197 is the number
of discrete time steps. Lower RMSE and higher CRA represent better estimation and prognosis performances,
respectively.

Figures 12a–c present the RMSEs of crack length, the CRAs of RUL, and the RMSE of bias, respectively, as a
function of the level of bias. Note that the results of the level-one magnitude have already been presented in Section 3.5.
The traditional approach slightly outperforms the new approach under no bias, because the unnecessary bias

FIGURE 10 Predicted future states at 3.6 � 104 load cycles from traditional and new models

FIGURE 11 RUL predictions from traditional and new models
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estimation introduces more uncertainties. By increasing the bias level, the estimation and prognostic performances of
the traditional model significantly decrease, compared with the slight decrease of new model. Meanwhile, the latter
might be difficult to be avoided in practice, because the larger the bias level is, the less accurate its estimation will be,
as given in Figure 12c, but this might be alleviated resorting to the two strategies mentioned Section 3.5,
i.e., (i) adopting a more efficient state estimation technique, e.g., the adaptive PF,45 to estimate the time-varying bias
parameter, and (ii) collecting the true crack length to update the bias parameter at some load cycles.

4 | CONCLUSIONS

The bias between the sensor observation and its prediction by a measurement equation is unavoidable in hybrid
prognostic investigations, leading to inaccurate state and parameter estimations and prognostic results. Inspired by
sensor fault diagnosis and hybrid damage prognosis, this paper has proposed a new hybrid state space model
that includes a bias parameter in the prognostic model for estimation. The experimental study, where an aluminum
lug structure is subject to fatigue cracking and monitored by ultrasonic Lamb waves, has proven that the new model
can provide accurate estimation and prognostic results provided that the bias is correctly estimated. Furthermore,
the estimation and prognostic performances of the new approach have been shown to be noticeably more robust
than those of the traditional model in presence of an increasing bias. The slight performance reduction by increasing
the bias level might not be avoided even in the newly proposed approach, but can be alleviated by combining different
features for damage quantification or by implementing an efficient state estimation technique for time-varying
parameters.

The approach remains valid for more complex scenarios, although the acquisition of sufficient experimental or
in-field data during the entire run-to-failure process might be infeasible, due to unconceivable costs. Thus, one may
resort to simulated data, e.g. from a finite element model, for the definition of the measurement model and the process
equation, surely affected by bias, thus justifying additional effort by the authors in present and future research.
Moreover, with tens or hundreds of sensors installed on large structures, the measurement equation will become
high-dimensional. Although most of the measurements will be unaffected by damage, due to its localized nature, this
may lead to an inaccurate and time-consuming prognosis. Online selection of the most appropriate combination of
observations is another promising field of research in this framework.
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APPENDIX A.

Given the analytical solution for the SIFs at different crack lengths is not available, numerical models of the lug
structure are built by ABAQUS to provide the maximum SIFs Kmax at several crack lengths under the maximum fatigue
load, which are then used to establish the relationship between the SIF range ΔK and the crack length. The numerical
model is plotted in Figure A1.
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The lug structure is modeled as a 2D shell, with Young's modulus, density and Poisson's ratio 72,000 MPa,
2,700 kg/dm3, and 0.33, respectively. The left side of the structure is fixed. A reference point is located at the center of
the circle hole, and it is coupling with the right side of the hole (plotted as red curve). The static analysis, where a
concentrated force (maximum fatigue load, 18 kN) is horizontally applied to the reference point, is used to provide
the SIF Kmax at each crack length.

Table A1 lists the numerical SIFs at different crack lengths. Considering that no nonlinearity exists in this model,
the SIF range ΔK at each crack length can be calculated by the Kmax and the load ratio R. A third order polynomial
regression is used to fit the relationship between the crack length x and SIF range ΔK. Specifically, Equation 13 can be
transformed into its logarithmic form:

ln
xk� xk�1

ΔN|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
Output

¼ lnCþm lnΔK xk�1ð Þ|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
Input

, ðA1Þ

where lnC and m can be easily calculated by the input and output (with xk and xk�1 being two observed consecutive
crack lengths) from specimens S2–S5 through a first order polynomial fitting regression. They result �57.18

ln mm
cycle MPa

ffiffiffiffiffiffi
mm

pð Þ�m

� � �
and 8.101 [�], respectively, and are considered for the initialization of the multivariate Gaussian

distribution for ln C and m.

FIGURE A1 ABAQUS model of the experimental structure

TABLE A1 Polynomial regression using numerical SIF ranges at different crack lengths

Crack length x [mm] 3 5 8 10 12 15 18 20 22

Kmax [MPa � ffiffiffiffiffiffiffiffi
mm

p
] 514.4 493.3 473.2 467.4 466.7 475.0 494.3 514.7 543.5

ΔK [MPa � ffiffiffiffiffiffiffiffi
mm

p
] Kmax 1�Rð Þ

Third order polynomial regression: ΔK xð Þ¼ 0:0014x3þ0:5626x2�13:50xþ497:8
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