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Bayesian networks can be used for the risk assessment of nuclear waste repositories by (i) modeling the causal
relations among the set of Features, Events and Processes (FEPs), such as water flows and chemical concentrations,
and (ii) calculating the probability that a safety threshold, e.g., on the radionuclide discharge to the environment, is
violated. An important outcome of the safety assessment is also the identification of critical paths (i.e., particular
combinations of FEP states) leading to such violations. To address this problem, we propose a recursive unsupervised
procedure, based on spectral clustering and fuzzy-c-means, for generating mutually exclusive collectively exhaustive
clusters of paths covering the possible system states. Then, the probability of each path conditioned on the violation
of the safety threshold is evaluated to identify the most critical paths. The procedure is applied to an illustrative deep
geological repository.
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1. Introduction

Nuclear power plants generate hazardous waste
that must be contained to protect humans, which
can be achieved through geological burial of nu-
clear waste. In view of having a nuclear waste
repository licensed for construction and opera-
tion, it is necessary to perform a safety assess-
ment. Bayesian Networks (BNs) (Pearl and Rus-
sel, 2003) are being considered to support this
assessment (Tosoni et al., 2019). The nodes of
the network represent the Features, Events and
Processes (FEPs) that affect the evolution of the
repository and its environment. Arcs from one
node to another represent the causal dependencies
between the FEPs. A sink node represents the
safety target, namely the radiological impact rel-
evant to the safety assessment (e.g., the radionu-
clide discharge to the environment). The risk of
the repository can be evaluated as the probability
that the safety target violates some safety thresh-
old value.

A given FEP can assume different states, such
as low, medium and high, so that the system state
is given by the states of all FEPs jointly. The
system states which contribute most to risk can

be identified through risk importance measures
(Zio, 2011). Here, as a measure to identify such
system states, we consider the probability of a
system state conditioned on the occurrence of the
violation of the safety threshold.

As the number of possible system states to eval-
uate is very large, it can be meaningful to partition
them into fewer mutually exclusive collectively
exhaustive subsets. Particularly, we focus on sub-
sets referred to as “paths to violation (of the safety
threshold)”, that is, to chain of states from one or
more independent FEPs all the way through the
BN and, hence, to the safety target. However,
there are cognitive and computational advantages
only if the paths are chosen in an automated, rather
than judgmental, way.

Thus, we present a recursive unsupervised pro-
cedure based on spectral clustering and a fuzzy-
c-means algorithm (Baraldi et al., 2012, 2013)
to partition the possible paths into clusters. The
procedure starts from the safety target and pro-
ceeds backwards in the BN, thus generating sets of
mutually exclusive collectively exhaustive paths.
The most critical cluster is identified by the largest
probability conditioned on violation of the safety
threshold.
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The practical benefit of the proposed approach
is that analysts obtain the most critical paths to
the violation of safety threshold without resorting
to their own judgment. The knowledge of these
paths can inform strategies for lowering the risk
level of the repository.

The paper is structured as follows: after recall-
ing the essentials of BNs for risk assessment (Sec-
tion 2.1) and defining the paths (Section 2.2), we
present the novel procedure to identify the most
critical ones (Section 2.3). Results with respect
to an illustrative deep geological repository are
presented in Section 3. Section 4 concludes the
work.

2. Methodology

2.1. Bayesian networks for nuclear waste
repositories

Nuclear waste repositories can be modeled as BNs
whose nodes represent the FEPs and the safety
target and whose arcs represent their causal de-
pendences. As an example, Fig. 1 shows the FEPs
(white nodes) Chloride concentration, Groundwa-
ter flow and Canister breach, and the safety tar-
get Radionuclide discharge (black) (Tosoni et al.,
2019). The identification of all significant FEPs
is a crucial task in scenario analysis for nuclear
waste management, which should rely on system-
atic expert elicitation as in the safety assessment
of the Yucca Mountain repository (SNL, 2008).
Nevertheless, this aspect lies outside the scope of
the present paper, which therefore focuses on the
illustrative case of Fig. 1.

Formally, let V = {i|i = 1,...,nprp,t} be the
set of the nppp FEPs and the safety target t =
npgp + 1. The set A = {(j,1)|i,j € V,i # j}
includes the directed arcs (j,i) € A, indicating
that the state of node ¢ depends on j. The nodes
V: = {jl|(j,i) € A} with an arc to node i € V
are the parents of i, which is their child. The
sets VI = {ili € V,;V! = 0} and VP =
{ili € V,VZ # 0}, with VP = V\VZ, contain
the independent and the dependent nodes (without
and with parents, respectively). For instance, in
Fig. 1 Chloride concentration is an independent
node, whereas Radionuclide discharge depends
on Canister breach and Groundwater flow.

Each node i € V is associated with a random
variable X' with discrete states s* € S*, rep-
resenting intensities such as low, medium, high
(Maio et al., 2015). For the safety target¢ € V, the
state s’ indicates the violation of a predefined
safety threshold (e.g., the regulatory limit). An
independent node i € V! is in state s' € S°
with probability p,:. For a dependent node i &
v, Dsijsi 1s the conditional probability of state

s® given that its parents j € V’ are in states

s’ € S° = Xjeyi 57 (where X denotes the

Cartesian product). Referring to Fig. 1, the state
probabilities in Tabs. 1, 2 and 3 are taken from the
illustrative example of Tosoni et al. (2019).

Table 1. Unconditional state probabilities for Chloride con-
centration (a, left) and Groundwater flow (b, right) in Fig. 1.
(a) (b)
Chloride concentration Groundwater flow
State State
Dilute 0.630 Low 0.570
Brine 0.310 Medium  0.250
Saline 0.060 High 0.180

Table 2. Conditional state probabilities for Canister breach
(a, left) and conditional probabilities that Radionuclide dis-
charge violates the safety threshold (b, right) in Fig. 1.

Canister breach

Parents’ states State

Chloride Groundwater

concentration flow Damage Severe Complete
Dilute Low 0.750 0.200 0.050
Brine Low 0.420 0.300 0.280
Saline Low 0.250 0.290 0.460
Dilute Medium 0.360 0.340 0.300
Brine Medium 0.250 0.500 0.250
Saline Medium 0.100 0.120 0.780
Dilute High 0.220 0.350 0.430
Brine High 0.020 0.160 0.820
Saline High 0.050 0.100 0.850

Table 3. Conditional state probabilities for Canister breach
(a, left) and conditional probabilities that Radionuclide dis-
charge violates the safety threshold (b, right) in Fig. 1.

Radionuclide discharge

Parents’ states State
Groundwater ~ Canister Violation
flow breach
Low Damage 0.001
Medium Damage 0.005
High Damage 0.010
Low Severe 0.090
Medium Severe 0.100
High Severe 0.120
Low Complete 0.250
Medium Complete 0.300
High Complete 0.500
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Fig. 1. Bayesian network representing the near field of a deep
geological repository.

Now, let s denote the system state, i.e., a com-
bination of states of all the FEPs so that s €
S = XjeyrerSt, where VFEP = V\t is the
set of FEPs. The joint probability of each such
combination and the violation state of the safety
target is

p(S,SFM‘O) = H Ps; - H ij|SVj 'pszio\svt )
iev! jevP - -

J#t

(D

where s; and sy are the states of ¢ and V" as
specified by s, respectively.

Then, the total probability of violating the ref-

erence threshold

= p(sfjio) = ZP(S7 sfxio)

seS

Puio (2)

is the sum of these joint probabilities over all com-
binations of FEP states. This violation probability
can be taken as an estimate of the risk of the
repository. In the example of Fig. 1, given the
probabilities of Tabs. 1, 2 and 3, the probability
that Radionuclide discharge violates the safety
threshold is 12.5%.

2.2. Critical paths

The overall risk, assessed through the violation
probability of Eq. 2, helps decide whether the
repository respects the safety requirements. In
view of reducing the risk level, however, it is
also important to identify which systems states s
contribute to risk most in the sum of Eq. 2.

Rather than evaluating all system states indi-
vidually, it can be more informative to examine
subsets of the set S of system states (preferably
mutually exclusive and collectively exhaustive, so
that there are no ambiguities and all possible real-
izations are covered). In what follows, we focus
on subsets to which we refer as paths.

A FEP can be specified either in terms of occur-
rence (e.g., high chloride concentration or nonoc-
currence (e.g., not low groundwater flow) of its
states. Then, a path specifies the states of a set
of FEPs VPath C VFEP quch that i) it includes
at least one independent node, ii) if it includes a

dependent node, then it also includes at least one
of its parents, iii) it includes at least one parent of
the safety target.

Essentially, a path captures the chain of states
from one or more independent FEPs all the way
through the BN and, hence, to the safety target.
Here, it can lead to the violation of the safety
threshold with some probability. In this sense,
paths are analogous to cut sets in but for models in
which dependencies are probabilistic (and not de-
scribed by logical gates) and failure is not defined
at the level of system components (e.g., chemical
concentrations do not “fail”).

Mathematically, a path can be represented as
a vector z constructed as the concatenation of as
many vectors as the FEPs in 179", Each of these
vectors, in turn, is composed by as many binary
variables as the states of the corresponding FEP
i € VPR g0 that 2* = 1 if the state s* € S° is
admitted in the path and 2* = 0 otherwise. For
each FEP, at least one state should be admitted (to
rule out impossibility), but not all of them should
(as this would be noninformative, and equivalent
to not including the FEP in the path), i.e.,

1< > 2 <|9-1, Vievr.  (3)
steSt

Eventually, each path may lead or not to vio-
lating the reference threshold at the safety target.
In order to quantify the contribution of a path z
to the probability of such violation, we consider
its probability conditioned on violation having
occurred (Xu, 2017)

Z, Sf}in
7(2) = plefst,) = L2 e)
p’UlO

The conditional probability of Eq. 4 takes into
account both the probability that a path occurs and
that it leads to violation once occurred. There-
fore, when a set of mutually exclusive collectively
exhaustive paths is considered, the sum of each
path conditional probability represents the share
of violation probability contributed by a path. Ac-
cordingly, we identify the most critical path as
that with the largest probability conditioned on the
occurrence of violation.

: “

2.3. A novel procedure for the
identification of critical paths

We propose an automated procedure based on
spectral clustering and a fuzzy-c-means algorithm
for partitioning the possible system states into
informative paths, and identifying the most critical
among these. The procedure is also sketched in
Fig. 2.

Pre-processing consists of expressing the qual-
itative labels (such as low, medium, high) for the
FEP states s € S*,7 € V! of the safety target’s
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Stop clustering over
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Fig. 2. Automated procedure for generating paths.

parents in quantitative indexes j = 1,...,|S.
Then, data elements [s* ,p,: |5 ] are created for

all combinations st € S? of states of the safety
target’s parents, so that each data element corre-
sponds to a row of Tab. 3. The rationale is that
these data elements describe how different condi-
tions in terms of Groundwater flow and Canister
breach lead to violation with different probabili-
ties.

The unsupervised spectral clustering (details in
the Appendix) is, then, launched for partitioning
the data elements among the clusters ¢ = 1, ..., C,
where C' is the number of clusters identified by
eigenvalue analysis, as illustrated in the appendix.
Each cluster (see Tab. 4 for the data elements
related to the parents of the safety target) is iden-
tified by specific states of a set of FEPs V¢ C V!
(see Tab. 5).

Hence, for each cluster ¢ = 1,...,C, we re-
cursively look for clusters of precursors states.
By precursors, we mean the set of FEPs V¢ =

UjcveV? of all parents of the FEPs whose states

identify the c-th cluster. If this set is empty, there
are no precursors to examine. Otherwise, the

states s/ € S7,Vj € V¢ should be pre-processed
as in the first step. The data elements [s° , p,jsc ]
are created for all combinations s of states of
the FEPs in V. Here, p.sc is the conditional
probability of the states which identify the c-th
cluster, given that the FEPs in V¢ are in states s .

Thus, for cluster ¢ = 3 for instance, each data
element describes different conditions in terms

Table 4. Clusters characterized by different states of the par-
ents of Radionuclide discharge in Fig. 1 and different condi-
tional probabilities of violation.

Radionuclide discharge

Parents’ states

Groundwater Canister Conditional probability

flow breach of violation Cluster
Low Damage 0.001 3
Medium Damage 0.005 3
High Damage 0.010 3
Low Severe 0.090 3
Medium Severe 0.100 3
High Severe 0.120 3
Low Complete 0.250 2
Medium Complete 0.300 2
High Complete 0.500 1
Table 5. FEP states identifying the clusters of states of the

safety target’s parents.

Cluster

. ve States

1 Groundwater flow, Canister breach High, complete
2 Groundwater flow, Canister breach ~ Not high, complete
3 Canister breach Not complete

of Chloride concentration and Groundwater flow
and the corresponding probability of leading to
not complete Canister breach.

The unsupervised spectral clustering in the
Appendix can now be launched to find clusters
among these data elements. Each cluster can
be identified by specific states of a set of FEPs
Ves CVee=1,..,Cg=1,..,G(c), where
G(c) is the number of clusters for the precursors
of cluster ¢. The obtained clusters describe differ-
ent modes and chances to result in the c-th cluster.

The example of Fig. 1 illustrates peculiarities
that may happen when searching for clusters in
BNs. One is that, if a FEP is parent to another
FEP in V¢, it appears in both V¢ and V€. For
instance, clusters 1 and 2 from the first step are
identified by states of Groundwater flow, which
therefore belongs to V! and V2. However, being
parent of Canister breach (the other FEP in V!
and V?), it is also in V! and V2. As it can be
seen in Tabs. 6 and 7, this implies the probabilities
Delse > ¢ = 1,2, to be null for some combinations
of states s®,c¢ = 1,2, due to inconsistency with
the c-th cluster. In these cases, such combinations
are excluded from clustering.

Another particular result is that clusters may be
identified by multiple sets of FEP states. Consider
Fig. 3, which refers to the precursors of cluster 3.
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Table 6. Clusters of combinations of states of the precursors
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Low Medium High
of Cluster 1. Inconsistent combinations (i.e., those with low or
medium Groundwater flow) are excluded from clustering.
Dilute 3.3 3.2 3.2
Cluster 1
Percursors’ states
. Conditional o« a A
Chloride Groundwater . Brine 3.3 3.3 3.1
. probability  Cluster
concentration flow
of Cluster 1
Dilute Low - -
Saline 3.3 3.1 3.1
Brine Low - -
Saline Low - -
Dilute Medium - - Fig. 3. Partition of the states of the precursors of clus-
Brine Medium B ~ ter 3 Chloride con.centration (rows) ar{1d Groundwaler flow
(columns). The assignment of the combination brine, medium
Saline Medium - - to cluster 3.3 implies a double identification for this cluster and
Dilute High 0.43 11 cluster 3.1 (see Tab. 8).
Bri High 0.82 1.1
rne '8 Table 8. FEP states identifying the clusters of states of the
Saline High 0.85 1.1 precursors of cluster 3.
Cl;ster V39 States
Table 7. Clusters of combinations of states of the precursors -9
of Cluster 2. Inconsistent combinations (i.e., those with high Chloride concentration, Groundwater flow  Not dilute, high
Groundwater flow) are excluded from clustering. 31
or
Cluster 2 Chloride concentration, Groundwater flow Saline, medium
Percursors’ states 3.2 Chloride concentration, Groundwater flow Dilute, not low
Chloride Groundwater Condltl.()?al Groundwater flow Low
concentration fow probability  Cluster
of Cluster 2 33 or
Dilute Low 0.05 22 Chloride concentration, Groundwater flow  Brine, medium
Brine Low 0.28 22
Saline Low 0.46 21 teggg in the Appendix partitions the data elements
[s27, . g|se-0] among a number H (c.g) of clusters
Dilut Medi 0.30 22 B . . .
Hute edum c.g.h,h = 1,..., H(c.g), which are identified by
Brine Medium 0.25 22 specific states of a set of FEPs V9" C V9,
Saline Medium 0.78 2.1 The obtained clusters describe different modes
b Hieh and chances to result in the c.g-th cluster. The pro-
ilute i - - .
¢ cedure terminates at a step such that V9% =
Brine High - - 0,Ye = 1,..,C¥g = 1,...G(c),Yh =
Saline High . B 1,...,H(c.g),....Vk = 1,..., K(c.g.h...) (where

Had the combination brine, medium been assigned
to cluster 3.1, the identification of clusters 3.1 and
3.3 would imply a unique set of FEPs, as it was
the case for the first step in Tab. 5. Instead, there
is a sort of nonconvexity of the clusters, which
requires that they be identified by multiple sets of
FEP states, as shown in Tab. 8.

The recursion proceeds by examining the pre-
cursors V9 = UjepesV?: of each cluster
cg,c = 1,..,C,g = 1,...,G(c) from the pre-
vious step. Again, the unsupervised spectral clus-

K (c.g.h...) is the number of clusters of precursors
of cluster c.g.h...). The number of superscripts re-
flects the overall number of steps. In our example,
we stopped at the second step, as neither Chloride
concentration nor Groundwater flow have parents.

3. Results

Once the recursive procedure has terminated, we
can display all identified clusters, starting from
those of the safety target parents and proceeding
with the various branchings of precursors (Tab.
9). Due to the recursive nature of the novel
procedure, the conditions progressively specified
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along each branch meet the criteria for constitut-
ing paths. Furthermore, because the unsupervised
spectral clustering in the Appendix partitions the
FEP states at each step, these paths are mutually
exclusive and collectively exhaustive.

These paths are ranked in Tab. 9 by their prob-
ability conditioned on violation. The most critical
one is high groundwater flow, complete canister
breach, which contributes 41% of the violation
probability. It is followed at some distance by not
saline chloride concentration, not high ground-
water flow, complete canister breach (30%), and
low groundwater flow (or brine chloride concen-
tration, medium groundwater flow), not complete
canister breach (13%).

Table 9. Paths for the repository of Fig. 1 ranked by prob-
ability conditioned on the violation of the safety threshold on
Radionuclide discharge.

Conditional
probability

Scenario

Chloride
concentration

Canister
breach

Groundwater
flow
High Complete

Not saline

Not high

Complete

Saline Not high Complete 0.06
Not dilute High
or Not complete 0.01
Saline Not low

Arguably, the proposed automated procedure
generates more informative paths than, say, sub-
jective approaches. In the latter case, in fact,
the detail of the partitions may not be entirely
adequate to highlight the FEP states that should
be addressed in risk management.

For instance, compared to looking at paths
made of one FEP only (Tab. 10), we have broad-
ened the scope of the analysis by emphasizing
that also Canister breach plays an important role
in increasing the violation probability. Indeed, a
high groundwater flow has a quite low conditional
probability (1% or 9% in Tab. 9) if not paired with
a complete canister breach.

At the opposite end, Tab. 11 examines all sys-
tem states s individually (each such combination
is colored as its consistent path of Tab. 9). Here,
based on the top-ranked combination, one may
unnecessarily focus on the occurrence in which
Chloride concentration is dilute. Even worse, he
or she may inappropriately disregard the most crit-
ical path high groundwater flow, complete canister

Table 10. States of Groundwater flow ranked by probability
conditioned on the violation of the safety threshold on Radionu-
clide discharge.

Groundwater flow Cps:]f;gﬁi?/l
Low 0.27
Medium 0.27
High 0.46

breach, as this only ranks tenth when matched
with saline chloride concentration.

Table 11. System states ranked by probability conditioned on
the violation of the safety threshold on Radionuclide discharge.

Scenario Conditional
Chloride Groundwater Canister probability
concentration flow breach

Dilute

High

Complete 1.96e-01

Brine High Complete 1.84e-01

Dilute Medium Complete 1.14e-01

Brine Low Complete 9.92e-02

Brine Medium Complete 4.66e-02

Saline Complete 3.68e-02

Dilute Complete 3.60e-02

Saline Complete 3.16e-02

Saline Medium Complete 2.82e-02

Brine High Severe 8.60e-03

Saline Medium Severe 1.44¢-03

Saline High Severe 1.04e-03

Damage 8.95e-05

Saline Medium Damage 6.02e-05

Saline High Damage 4.33e-05
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The effectiveness of the procedure in identify-
ing informative paths can be sensitive to the form
in which the input (namely, the FEP states and
probabilities which constitute the data elements)
is fed to it. In particular, while probabilities
do not necessarily require any modification, the
qualitative FEP states forcibly need to be turned
into numerical values. In the pre-processing phase
of Section 2.3, such values have been taken to be
integer indexes. Whatever the choice, however, it
is important to use values that are diverse enough
not to lump the data elements into very few clus-
ters (similarly to Tab. 10), but also not so unique
that the number of clusters nears that of the data
elements themselves (similarly to Tab. 11). In
the former case, especially, the risk would be to
obtain overly large paths whose risk score is very
high just because they cover most of the proba-
bility space rather than for having any significant
impact.

In summary, safety analyst should focus on the
path in which high groundwater flow is followed
by complete canister breach. When optimizing
the repository design during the licensing process,
risk can be lowered by increasing the resistance
of the canister especially in conditions of intense
water infiltrations.

4. Conclusions

This paper has tackled the problem of identifying
the most critical paths, in terms of FEP states,
from a Bayesian network model for the risk as-
sessment of nuclear waste repositories. Risk has
been evaluated as the probability of violating a
safety threshold on the radiological impact. The
most critical paths are those combinations of FEP
states with the largest probability conditioned on
the occurrence of the safety threshold violation.

Since the paths among which to search for the
most critical ones are many, we have proposed an
automated procedure based on spectral clustering
and a fuzzy-c-means algorithm. This procedure
generates a set of mutually exclusive collectively
exhaustive paths with a level of detail that can be
informative for risk management.

Appendix. Unsupervised spectral
clustering

Clustering procedures help partition the elements
of a dataset into homogeneous groups named clus-
ters. When the number and the characteristics of
the clusters are unknown ahead of time, we say
that clustering is unsupervised. The partition can
be performed through a procedure consisting of
i) measuring the similarity among the elements in
the dataset, ii) spectral analysis and iii) a fuzzy-
c-means (FCM) algorithm (Baraldi et al., 2012,
2013).

First, the similarity between the elements
X;,7 = 1,..., N, in the dataset is measured. Each

element is an instance of a vector of K types of
data (e.g., states of different system components).
To facilitate the recognition of similarities, these
raw data may be pre-processed and replaced by
some function (e.g., logarithm) or transform (e.g.,
wavelet). Let us refer to the pre-processed data
as y;,¢ = 1,...,N. These are collected in the
matrix Y, whose generic element is denoted by
Yikst = 1,..,N,k = 1,..,K. The distance
between any pair y; and y;,¢ # j, in the K-
dimensional space is computed as

K

0ij = Z(yzk —yik)’. )

k=1

Subsequently, these distances are turned into sim-
ilarities j1;; through suitable functions such as

Hij = 6(71‘%&)6”),

6)

so that similarities range from O (full dissimilar-
ity) to 1 (full similarity). The larger the ratio
—In(a)/B? the more stringent the evaluation of
similarity. Less smooth functional shapes such as
triangular and trapezoidal may be also be chosen
(Dubois et al., 1988), but the sensitivity of the sim-
ilarity to the implied discontinuities would need to
be assessed. The p;; constitute the elements of the
similarity matrix W, symmetric of size IV, so that
the generic cell indicates the similarity between
the element on the row and that on the column.
Second, spectral analysis permits to identify the
number of clusters among which to partition the
data elements. Towards this end, the normalized
graph Laplacian matrix can be computed as

Lym=I1—-D"%-W.D"3, (7

where [ is the identity matrix and D is a diagonal
matrix whose diagonal elements result from

N
di =Y pij, i=1,..,N. ®)
j=1

The spectrum of Lgy, carries the information
about a graph whose nodes and arcs correspond
to the data elements and their similarities, respec-
tively (Alpert et al., 1999; von Luxburg, 2007,
Zhao and Liu, 2007; Zio and Maio, 2010). Thus,
upon sorting the eigenvalues \;,i = 1,..., N, of
Lgym in ascending order, the number C of clusters
can be taken such that the difference between the
eigenvalues A¢ and A\¢41 is large relative to those
between other consecutive pairs of eigenvalues
(von Luxburg, 2007). The eigenvectors u.,c =
1,...,C, corresponding to the first C' eigenvalues
can, then, be taken as the columns of the reduced
matrix U of size N - C. This is a revisited version
of the similarity matrix W such that each element
of the dataset is expressed as a vector made of the
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i-th component, ¢ = 1, ..., N, of the C' eigenvec-
tors. The ability to divide data elements among
the clusters can be further enhanced by replacing
U with its normalized version 7', whose generic
element is (von Luxburg, 2007)

Uijc
tic = ’

Zco=1 uzzc
©))

Finally, the N data elements are partitioned
into C' clusters through the fuzzy-c-means algo-
rithm (Bezdek, 1981). This algorithm estimates
the degree of membership (shortly, membership)
m;. of each element ¢ = 1, ..., N to each cluster
¢ = 1,...,C. These memberships are calculated
via minimization of the objective function

N C
J=D2% mi b

i=1 c=1

10)

where the larger ¢ > 1 the fuzzier the clusters.

If some level of “purity” of the clusters is needed

(whereby a least membership threshold would be

set before assigning a data element to a cluster),

then this parameter should be kept not too large.
Moreover,

C

bzzc = Z(tz’c - '7c)2

c=1

Y

is a measure of the distance between the -th ele-
ment and the centre v, of the c-th cluster. These
centres are vectors of length C, each one resulting
from the weighted sum of the data elements

12)

As it can be seen, the weights are related to the
memberships (elevated to ¢), which are calculated
as

bf2(¢*1)
720 b_2(¢_1). (13)

c=1 "ic

M =

After initializing these memberships to feasible
values, the objective function .J is minimized by
iteratively updating the centres, the square dis-
tances and again the memberships. The minimiza-
tion ensures that the data elements have larger
memberships to the clusters they are closer to the
centres of. Accordingly, each element can be
finally assigned to the cluster to which it has the
largest membership. This guarantees that clusters
are mutually exclusive. Possibly, assignments
may be done only above a minimum membership,
in which case the cluster of unassigned data ele-
ments should be defined so that the clusters are
also collective exhaustive.
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