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To aid insight into the underlying physics of the elastic
metaframe, described in the main text, we give a detailed de-
scription of the analytical and numerical models.

I. SUPPLEMENTARY NOTE 1 - EQUIVALENT

PROPERTIES OF THE RESONATOR

The aim of this section is to show how the equivalent stiff-
ness and participating mass of the resonators are evaluated.
Such parameters are employed in the main text to compute the
dispersion relation of the system through a simplified model.
We simplify the resonators by using a 2 degrees of freedom
lumped model. The elastic connection is modeled using Tim-
oshenko beam theory, while the tip sphere is considered as a
rigid mass.

FIG. S1. Schematic of the resonators attached to the elastic frame.

Assuming a negligible mass of the beam with respect to the
sphere, the governing equilibrium equations for the beam are:
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where v̄ and ϕ̄ are the translation and rotation of the mass
respectively, with kinematic and static boundary conditions:
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where E is the material Young modulus, I the second mo-
ment of area, A∗ the shear area and G the shear modulus. By
enforcing the boundary conditions we get:
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The equilibrium equations for the rigid sphere are:
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being ϕ̄ =ϕ(l) and v̄= v(l)+ϕ(l)R, with R the sphere radius.
By expressing the unknown static quantities V and W in terms
of ϕ(l) and v(l) from Eq. S3, we write Eq. S4 as:
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with Kv = (12EI/l3)/(1 + 12EI/GA∗l2) and Kϕ =

(3EI/l)/(1 + 12EI/GA∗l2) + EI/l. Imposing harmonic
solutions of the form v(l) = Ṽ eiωt and ϕ(l) = Φ̃eiωt , the
following eigenvalue problem is obtained:
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By solving the eigenvalue problem, we finally get the reso-
nance frequencies of the resonators:

ω
2 =

2MsR Kvl
2 +Kv(Is +MsR2)+Kϕ Ms

2MsIs
±√{

[2MsR Kvl
2 +Kv(Is +MsR2)−Kϕ Ms]

2+

+4KvKϕ M2
s R2 +4 Kvl

2 Ms(
Kvl
2 Is +2MsRKϕ)

}
2MsIs

(S7)



2

and the eigenvectors V̄ and Φ̄ corresponding to the obtained
eigenvalues. By doing so, we finally get the modal stiffness
and modal mass:{

kmod = KvV̄ 2 −2 kvl
2 V̄ Φ̄+Kϕ Φ̄2

mmod = MsV̄ 2 +2MsRV̄ Φ̄+(Is +MsR2)Φ̄2 (S8)

and the modal participation factor:

Γ =
MsV̄ +MsRΦ̄

mmod
(S9)

Finally, the resonating mass is defined as:

mres = mmodΓ
2 (S10)

II. SUPPLEMENTARY NOTE 2 - ANALYTICAL

BANDGAP PREDICTION

We model the metaframe using a simple spring-mass chain,
as depicted in Fig. S2. The stiffness k of the main structure
is the axial or flexural stiffness of the frame depending on the
polarization of the wave, while for the resonators we consider
only the flexural stiffness, since the axial stiffness is assumed
infinite. m represent the lumped mass of the frame.

FIG. S2. Schematic of the lumped spring-mass chain model used to
predict the local resonance bandgap.

The equation governing the movement of the primary
spring-mass chain is given by :

mün = k(un+1 −un)+ k(un−1 −un)+

+∑
j

Vj sin(θ j)+∑
j

H j cos(θ j) (S11)

where Vj and H j are the transverse and axial base reaction,
respectively, for the j-th resonator attached to each node of
the spring-mass chain.

Each resonator is subject to the base motion, projected in
the transverse and axial directions:

vb j = un sin(θ j)

ub j = un cos(θ j)
(S12)

By assuming infinite axial stiffness, one gets:

H j =−Msün cos(θ j) (S13)

The transverse reaction is obtained on the basis of the anal-
ysis of the resonator. Eq. S5 is written in matrix form, with
the addition of the base motion along the transverse direction
only Ub = Tun sinθ j; T = [1 0]T is the projecting vector.

MÜ+KU =−MÜb (S14)

The reaction force is given by:

Vj =−TT M(Ü+ Üb) (S15)

The modal projection is adopted U =Ψq, using the first dom-
inant mode of the resonator and the relevant eigenvector Ψ

as computed in the previous Section. As a consequence, one
gets:

Vj =−mmodΓq̈−Msün sin(θ j) (S16)

The solution is sought in the form un = ũei(κxn−ωt), so that
the modal response of the resonator reads:

q =
ω2

ω2
R −ω2 Γsinθ jũei(κxn−ωt) (S17)

After some algebra, the equation of motion S11 becomes:
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The second addend in the r.h.s can be modified by defining the
non-resonating mass as mnres = Ms −mres. Then, the disper-
sion relation is written as follows:
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The dispersive behavior of the spring-mass chain is domi-
nated by the effective values of non-resonating mass and res-
onating mass. The former value is given by the mass of the
frame added to the non-resonating mass for flexural motion of
the resonator and to the axial contribution:

M = m+mnres ∑
j

sin2(θ j)+Ms ∑
j

cos2(θ j) (S20)

The effective resonating mass is:

mR = mres ∑
j

sin2(θ j) (S21)
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For the specific geometry considered in this paper, one finds
that ∑ j sin2(θ j) = 5.33 and ∑ j cos2(θ j) = 2.67.

By defining Ω2 = k/M and introducing the non-
dimensional quantities ω̄2 = ω2/Ω2, ω̄2

R = ω2
R/Ω2, µ = κd,

the dispersion relation is:
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Evanescent are supported if (i) cos(µ) ≥ 1 and (ii) cos(µ) ≤
−1. Condition (i) gives:

- if ω̄2 < ω̄2
R ⇒ ∄ ω̄

- if ω̄2 > ω̄2
R ⇒ ω̄2

R < ω̄2 < ω̄2
R
[
1+ mR

M

]
Condition (ii) gives:

- if ω̄2 < ω̄2
R ⇒ ω̄2

1 < ω̄2 < ω̄2
R

- if ω̄2 > ω̄2
R ⇒ ω̄2 > ω̄2

2 > ω̄2
R

where:

ω̄
2
1 =

4+ ω̄2
R(1+

mR
M )−

√
[4+ ω̄2

R(1+
mR
M )]2 −16ω̄2

R

2

ω̄
2
2 =

4+ ω̄2
R(1+

mR
m )+

√
[4+ ω̄2

R(1+
mR
M )]2 −16ω̄2

R

2
(S23)

In conclusion, evanescent waves exist in the range
[ω̄1, ω̄R

√
1+mR/M] and [ω̄2,+∞).

We sum up in table S1 the main elastic and inertial prop-
erties of the resonator and the main structure used to obtain
the analytical dispersion curves. The last row contains the ef-
fective non-resonating and resonating mass, computed on the
basis of the aforementioned definition and of the geometry of
the considered metaframe.

Frame Resonators
kaxial [N/mm] 507.520 ∞

k f lexural [N/mm] 3.248 34.412
mno−res./res. [g] 20.471 21.297

TABLE S1. Elastic and inertial parameters adopted in the analytical
lumped model.

III. SUPPLEMENTARY NOTE 3 - ADDITIONAL FEM

ANALYSES

To validate the size-independent behaviour of the proposed
elastic metaframe, we perform FEM analyses on larger sam-
ples, with 6 and 9 cells along the propagation direction of the

wave. Fig. S3 shows the response of the metaframe for in-
creasing number of cells along the wave propagation direc-
tion. It can be noticed that increasing the number of cells,
transverse waves still are much more attenuated than longitu-
dinal waves. Such behaviour totally complies with the imag-
inary part of the dispersion relation, which shows a different
attenuation for transverse and longitudinal waves.

FIG. S3. Transmission analyses for 3, 6 and 9 cells along the wave
propagation direction. Even increasing the number of cells, a re-
markably different behaviour for longitudinal and transverse waves
is observed.

IV. SUPPLEMENTARY NOTE 4 - NUMERICAL FEM

MODEL

The numerical FEM model is carried out using the com-
mercial software Abaqus®. The metaframe is modeled as a
deformable three-dimensional structure which is discretized
through a free mesh made of 10-node quadratic tetraedra
(C3D10). The dispersion curves are obtained through a modal
analysis of the unit cell complemented with a Matlab code
to apply Bloch-Floquet boundary conditions. Transmission
spectra are obtained performing steady-state dynamics direct
analyses, in which the viscoelastic model is introduced by
means of Prony series relaxation functions, defined by the co-
efficients gi and τi, that Abaqus® relates to the storage Gs(ω)
and loss moduli Gl(ω).1
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