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Abstract

Let S be a smooth algebraic surface in P3(C). Movasati and Sertéz (Rend. Circ. Mat.
Palermo 2:1-17, 2020) associate an ideal [, to the primitive cohomology class a(C)
of Cin §. We show that the equations of C can be determined by /,., under numerical
conditions. We apply this result to reconstruct rational curves and arithmetically Cohen-
Macaulay curves from their cohomology classes. On the other hand, we show that the class
a(C) of a rational quartic curve C on a smooth quartic surface S is not even perfect, that is,
that I, is bigger than the sum of the Jacobian ideal of S and of the homogeneous ideals of
curves D in S for which 1, ) = I,

Keywords Algebraic cycles - Smooth surfaces - Arithmetically Cohen-Macaulay curves
and rational curves

Mathematics Subject Classification 14C25 - 14H50

1 Introduction

The Hodge conjecture, one of the most challenging and interesting open questions in alge-
braic geometry, can be regarded as a weaker version of a reconstruction problem. Even
when the Hodge conjecture is known, as for curves on surfaces, there are a series of some-
what related problems that might shed a new light on some aspects of the cycle map.

A good example is given by [1, Theorem 4.b.26] where it is proven that, given a

smooth surface S C P* and an integral class y in H'(Q}) with the same numerical
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properties as the fundamental class of a curve C C S, then y is itself the fundamental
class of an effective divisor D C S provided deg(S) is large relative to the self-intersec-
tion of y and to deg(C).

In a similar vein, very interesting recent work by Movasati and Sertdz [2] concerns the
reconstruction of subvarieties in hypersurfaces of PV from their periods. Our purpose is
to give an answer, in the special case of curves lying on a smooth algebraic surface S in
complex projective space, to two questions raised in [2] that we now illustrate. A curve C
in S has a fundamental cohomology class 7. € H' (Q}v) We denote by a(C) the equiva-
lence class of 7. in the quotient of H! (Qé) modulo the subspace generated by the class
1y of a plane section of S: the class a(C) depends on the embedding of S in P, and can be
seen as a linear form on the primitive cohomology H' (Qé)l” . Following [2] we focus our
analysis on the annihilator 1,y of a(C) in the polynomial ring R = HS(OW). Note—see
Proposition 2.3 - that I,y = I,p, for two curves C and D in § if and only if mC + nD + pH
is linearly equivalent to zero for some choice of integers m, n and p with m and n non zero
and relatively prime. Thus the annihilator /¢, which contains the homogeneous ideal /.
of C and the Jacobian ideal Jg of S, in general it is much larger than /- + Jg, as it contains
the ideal I}, for any curve D for which there is a relation mC + nD + pH ~ 0 as above. Still,
one can ask whether C can be reconstructed from /) when deg(S) is large with respect to
the degree or other invariants of C, and Movasati and Sert6z in [2] investigate, in a more
general context than ours, the following questions:

(1) Under which conditions /,, reconstructs C, in the sense that forms of low degree
in /¢, cut out the curve C scheme-theoretically? To be precise, we will say that C is
reconstructed at level m by I, if its homogeneous ideal /. is generated over R by
Lyc).<m - that is, by forms of degree < min I, ¢

(2)  As the example of complete intersection suggests, they define a class & € H' (Q é) /Cny
to be perfect at level m if there exist effective divisors Dy, ... ,Dq in S such that

Lyp, =1, foreveryi=1,...qand

Il
.M*‘

Il
—_

w0 Ip;+Js; for everyj<m
where J denotes the Jacobian ideal of S. The question is under which conditions the
class a(C) is perfect at level m, and whether all classes a(C) are perfect at every level
m.
In this paper we prove two theorems that give partial answers to these questions. Our first
theorem extends known results on complete intersections [2, 3] to arithmetically Cohen-
Macaulay curves (ACM curves for short). The tools we need for this are provided by a very
nice paper by Ellingsrud and Peskine [4] which unfortunately seems to be little known. In
[4] the authors were interested in the study of the Noether-Lefschetz locus, and the invari-
ant a(C) plays a prominent role in their work because it vanishes if and only if the curve
is a complete intersection of S and another surface. Their paper connects the class a(C) to
the normal sequence arising from the inclusions C C § C P and gives an effective tool for
computing its annihilator /,-—see Lemma 2.5. To state our first theorem, given a curve C
in P3, we let s(C) be the minimum degree of a surface containing C, and e(C) the index of
speciality of C, that is, the maximum # such that O(n) is special, that is, h' (O(n))) > 0.

Theorem 1.1 Suppose C is an ACM curve on the smooth surface S C P3(C). Let s denote
the degree of S. Then
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Reconstructing curves from their Hodge classes

(1) if's 2 2e(C) + 8 — s(C), the curve C is reconstructed at level e(C) + 3 by 1,
(2) The class a(C) is perfect at level m for every m.

For example, let C be a twisted cubic curve: C is then ACM with invariants s(C) = 2
and e(C) = —1. By Theorem 1.1, if S is a quartic surface containing C, then C is cut out
scheme-theoretically by the quadrics whose equations lie in I, ¢ 5). This was suggested and
verified for thousands of randomly chosen quartic surfaces containing C in [2, Sects. 2.3
and 3.2].

Our second theorem provides a first example of a non-perfect algebraic class a(C), giv-
ing a negative answer to Question 2.12 in [2].

Theorem 1.2 Let C C P2 be a smooth rational curve of degree 4 contained in a smooth sur-
face S of degree s = 4. The class a(C) in S is not perfect at level 3.

It would be very interesting to determine conditions for a class a(C) to be perfect, and
we don’t know whether ACM curves form the largest set of curves C whose classes a(C),
in any smooth surface S containing C, are perfect.

Finally, we note that Movasati and Sertoz pose their questions of reconstruction and
perfectness in a more general context, namely for classes in H"(Q}) of varieties of dimen-
sion n in smooth hypersurfaces X in P?**!. An interesting and challenging problem is try-
ing to answer those question for every n, generalizing as far as it is possible the results of
this paper to higher dimension.

The paper is structured as follows. In Sect. 2 we collect some well known facts we need,
and, for the benefit of the reader, we recall in some detail the constructions from [4] we
will need in the sequel of the paper. In Sect. 3 we prove Proposition 3.1—a numerical cri-
terion that guarantees, when the degree of S is large to respect to that of C, that the curve
C is reconstructed at a certain level m by /). As an example we prove in Corollary 3.2
a reconstruction result for a general rational curve of degree d. In Sect. 4 we prove Theo-
rem 1.1, which is split in Theorems 4.1 and 4.8. In Sect. 5 we prove Theorem 1.2.

2 Preliminaries

We work in the projective space P? over the field C of complex numbers. Given a coherent
sheaf .Z on[P3 and i € N, we define

Hi(F) = @ H (P, Fm).

neN

These are graded module over the polynomial ring
R = H*O(Opg) = Clx, y, z, w].

Given a subscheme X of P?, we will denote by .7y its sheaf of ideals, and by I, = H°(.%)
its saturated homogeneous ideal in R. We will write Iy, to denote its n'"" graded piece
HO(P?, Fy(n).

If M = @, ., M, a graded R-module, the graded C-dual module M* of M is defined by
setting (M™),, = Hom(M_,,, C) with multiplication R, X (M*),, = (M*),,,, defined by

—-m? m m+n
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gAW) = A(gv), Vg ER,, AeM"),,vEM_,_,

By Serre’s duality, if X € PV is an equidimensional Cohen-Macaulay subscheme of dimen-
sion d, then for any locally free sheaf F on X there is an isomorphism of graded R-modules

(H(X. ) 2 H7 X, F @ oy)

Let S be a smooth algebraic surface of degree s in P3, and C C S a curve, that is, an effective
Cartier divisor in S. The curve C has a cohomology class 5. € H' (S, Qé) It can be defined
as follows: the curve C defines a linear form A, on the set of (1, 1) forms by integration;
abstractly one can define this linear form as the image of the trace map H' (C, QIC) - C
under the transpose of the morphism H' (S, Qg) — H'(C, QL) obtained by restricting dif-
ferentials on S to C [5, Chapter III Ex. 7.4]. The cohomology class 7 is the image of A,
under the Serre’s duality isomorphism H'(Q})" = H'((Q1)Y ® wg) = H' (QL): note that
Qg is a rank two vector bundle with determinant wg, hence we can identify ()" ® wg
w1th QL

If (’)S(C) denotes the invertible sheaf on S corresponding to C, then 7. = ¢(O4(C)) where ¢
denotes the first Chern class homomorphism

¢ Pic(S) - H'(S,9}). (1)

The perfect pairing ( , ) of Serre’s duality is compatible with the intersection product
of divisor classes [5, Chapter V Ex. 1.8] in the sense that for every pair of Cartier divisors
Dand Eon S

(c(O5(D)), c(O5(E))) = D - E.

Since S is a surface in P3, numerically equivalent divisors on S are linearly equivalent, and
the first Chern class map Pic (S) — H' (S, Qy)is injective.
The cotangent bundles of S and [P? are related by the exact sequence

0— Oy(—5) > Q, ® Og > Qf > 0. 2)

It is well known (see e.g. [6]) that HI(Q[IFD3 ® Oy) = C and that its image in H'(Qy) is the
class 5 of a plane section H of S. We look at a portion of the long cohomology sequence
arising from (2)

H'(@1) 212 (0y~9) SH2(@l, @ 0y) ®
Dualizing and using Serre’s duality we get an exact sequence
HO(Tps (s — 4))—H"(O5(25 — 4)) > Im (8)* — 0 )

We denote by Jg the Jacobian ideal of S, that is, the ideal of R generated by the partial
derivatives of an equation of S. Then the above discussion is summarized by Griffith’s the-
orem: the primitive first cohomology group of S is isomorphic to the (25 — 4)-graded piece
of the Jacobian ring of S:

H(Ops (25 — 4))

H'(QL)™ = Im ()" = J
S.25—4
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Reconstructing curves from their Hodge classes

Definition 2.1 Given a curve C in S, we will denote by a(C) = a(C, S, P3) the image of its
cohomology class 7 under the map

H'(QY) S H(Og(-5)) = HO(Og(25 — 4))”

Thus a(C) is a linear form on H°(Og(2s — 4)) that vanishes on Jg 5,_,.
Given a € H(Og(2s — 4))*, we denote by I, the annihilator of « in the polynomial ring
R: it is the homogeneous ideal in R whose n* graded piece is

I,,={f €R, | a(fg) =0, Vg € H'(O5(2s — 4 —n)) }.

Remark 2.2 When writing the paper, we decided to take all ideals in the polynomial ring
R = H%(Ops): thus Jg and 1, are for us ideals of R, and Jg C I,¢. Our motivation is that we
would like to compare I, with the ideal of C as a curve in P3. In [2] the author’s denote by
1, the annihilator of « in the Jacobian ring and by ]; its preimage in R.

Let T =R/I;=H%Og). Then a € (T,_,)*, and the ideal I, is determined by
Ker (a) C T,,_4; conversely, one can recover Ker () as the image of 7, 5, , via the quo-
tient map R,,_4 — T,,_4. The perfect pairing

Rn/Ia,n X (RZS—4—n/Ia,25—4—n)ﬂ< -C

shows A :=R/I, = @z:(;‘ A, is an artinian Gorenstein ring of socle 2s — 4 [4, Prop 1.3].

In [4] the authors were interested in the study of the Noether-Lefschetz locus, and the
invariant a(C) plays a prominent role in their work because it vanishes if and only if the
curve is a complete intersection of S and another surface. More generally, a Lefschetz

type theorem about the Picard group of S (see [7-9] ) implies the following fact:

Proposition 2.3 Let C and D be effective divisors on a smooth surface S € P3, and let H
denote a plane section of S. Then L, = 1, if and only if there exist m,n,p € Z, m,n # 0
and relatively prime, such that mC + nD + pH is linearly equivalent to zero.

Proof Suppose mC + nD + pH is linearly equivalent to zero and m and n are nonzero. The
cotangent complex (2) gives rise to an exact sequence in cohomology

H'(QL, ® O5) = CLH (@) SH2(Oy(—s)) = HO (0525 — 4))° )

and one knows that y(1) = #, so that the kernel of 6 is the C-line spanned by 7. From
mC + nD + pH ~ 0 we then deduce ma(C) = —na(D). Since m and n are nonzero, the lin-
ear forms a(C) and a(D) have the same kernel, hence Lycy = Loy

In the other direction, suppose I,y = I,p), that is, a(C) and a(D) have the same kernel.
Then a(C) = c a(D) for a nonzero complex number c. Using (5) and the intersection pairing
we deduce that there are integers m, n, p, with m and n nonzero, such that mC + nD + pH
is linearly equivalent to zero. Finally, m and n can be taken relatively prime because
Pic(S)/ZH has no torsion (see for example [8, Theorem B]). In particular, when D = 0,
one can take m = 1. O

As noted in [4] and [2, Lemma 2.3], the ideal ¢, contains the ideal of C in S. This
follows from the remark of [4] that a(C) € HO(OS(2S - 4))* is the pull-back of a linear
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form A(C) € HO(OC(ZS - 4)) For the benefit of the reader and for later use, we give a
proof of this fact. The linear form f(C) arises from the normal bundles exact sequence:

0= Nejs 2wc(d—s) = Neyps = Nyjps @ Oc 2 Oc(s) — 0. ©6)

Tensoring (6) with Og(—s) and taking cohomology we obtain a map
HY(Op) » H (w4 — 25)) and we let

B(C) € H*(Oc(2s = 4))" = H (wc(4 — 25))

denote the image of 1 € HY(O,).

Proposition 2.4 [4, Construction 1.8] The linear form a(C) is the pull-back of
B(C) to S, that is, a(C) = p*(B(C)) where p* is the transpose of the natural map
p i H(O4(2s —4)) = H(Op(2s — 4)).

Proof Observe that Ql is a rank two vector bundle with determinant wg, hence the tangent
bundle 75 = (Q4) is 1som0rph1c 0 Q; @ w;! = Q(4 — 5). The tangent complex of § C P3
and the normal bundle sequence (6) give rise to a commutatlve diagram

00— Q = Ts(s — 4) — Tps © Og(s — 4) — Og(2s —4) —=0

| | |

0 we Neyps(s —4) ——> Oc(2s —4) —>0

Taking cohomology and dualizing one sees that a(C) is the pull back of f(C) to S. O
The following Lemma in [4] gives an effective method to compute /, in many cases.

Lemma 2.5 [4, Lemma 1.10] Let N(C) denote the image of the map HO./\/C/pz( s) = HO(OC)
arising from the normal bundle sequence (6). Letw : R = HO(OP's) - HO(OC) be the natu-
ral map. Then, for every integer n,

7 (N©O),) € Icym

with equality if 7,,_4_, is surjective.

Proof The exact sequence

1—3

HONg ps(—s) —= H(O¢) — (H2(Oc(2s — 4)))"

shows N(C) = AnnHo(@ )(B).

The map = : R — HO(OC) factors through p : H(Og) — H%(O). To simplify nota-
tion, write T = HS(OS) and e = 25 — 4. As a is an element of the T-module 7™, the ideal I,
which by definition is the annihilator of @ in R, is the inverse image of Ann;(a) under the

surjective map R — T. Hence what we have to prove is that p~! (N(C)n) C Anny(a), for
every integer n, with equality holding when p,_, is surjective. Now
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Anng(a = p*(B), = {g €T, : gp*(B») = flp(@)p()) =0 WeT,,}

while the inverse image p~! (N(C)n) of the nth graded piece of the annihilator of §(C) in
H%(O) is equal to

{s €T, : (0@PW) = plp(e)w) =0 Yw € H'(Ocle —n))}.

The thesis is now evident. O

Corollary 2.6 The annihilator I, of a(C) contains both the homogeneous ideal of C and
the Jacobian ideal of the surface S.

To exemplify the scope of this construction, we remark that it immediately yields the fol-
lowing well known corollary (originally due to Griffiths and Harris, see [6] for more details).

Corollary 2.7 Suppose S is a smooth surface in P> and C is an effective divisor on S. Then
C is a complete intersection of S and another surface if and only if the sequence (6) of nor-
mal bundles splits.

Proof If C is a complete intersection of S and another surface, it is clear that the sequence
splits. Conversely,if the sequence splits, then f(C) = 0. Therefore a(C) = 0, and the thesis
follows from Proposition 2.3. a

3 Reconstruction of the ideal

Motivated by [2], we want to compare I and 1, The following proposition gives suffi-
cient conditions for the curve C to be reconstructed at level p by I,c). We will see that these
conditions are rather sharp and useful when we consider the examples of rational curves
(Corollary 3.2 and Theorem 5.1 below) and of arithmetically Cohen-Macaulay curves (Theo-
rem 4.1)—for a specific example, if C is a smooth rational quartic curve in a smooth quartic
surface S, then I, ¢, = I, by Proposition 3.1, while the class a(C) in § is not even perfect at
level 3 by Theorem 5.1. Recall that we denote by .#. the ideal sheaf of C in P3.

Proposition 3.1 Let S be a smooth surface of degree s in P°, and let C be an effective
Cartier divisor on S. Assume that the homogeneous ideal 1 is generated by its forms of
degree < p and that the following vanishing conditions are satisfied

(1) h'(IeQs—4-p)=0
(2) hOWeps(p—$)=0

then I, , = IC therefore C i 1s reconstructed at level p by [ a(cy
Proof Since h° (Nc/uju - s) =0, the annihilator of f(C) in degree p vanishes. Since
Toga_p * Rogu_py = H°O(2s — 4 — p)) is surjective, by Lemma 2.5

Lyoyp = ”;I(Ann(ﬁc)p) =Ic,.

|
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We can now answer a question raised in [2, Section 2.3.1] about twisted cubics con-
tained in quartic surfaces: if C is a twisted cubic contained in a smooth quartic surface
S € P3, then C is cut out by quadrics in L) More generally:

Corollary 3.2 Suppose C C P3 is a general rational curve of degree d > 3 and let n, be the

round up of \6d—2-—3, that is, the smallest positive integer n such that
n+3
3

C is reconstructed at level ny+1by I, g

—nd—12>0.1If C s contained in a smooth surface S of degree s > n, + 3, then

Proof By [10] a general rational curve is a curve of maximal rank, that is, ho(fc(n)) =0
for n <ny—1 and h'(Fp(n)) =0 for n > n, Hence C is n,+ 1 regular in the sense
of Castelnuovo-Mumford, and I is generated by its forms of degree < n,+ 1. Fur-
thermore, by [11] the normal bundle of the immersion P! — C C P? is isomorphic to
Opi1(2d—1) & Op:i(2d—1). Hence hO(Nc/Pa(_m)) = 0 for every m > 2. Thus we can apply
Proposition 3.1 with p = ny+1. a

Remark 3.3 1f C is a smooth irreducible curve of degree d, then h' (ﬂc(n)) = 0 for every
n>d-3 — e (see [12] and [13]), where e : = e(C) = max{n | h'(O(n)) > 0} is the index of
speciality of C.

Corollary 3.4 Let S be a smooth surface of degree s inP3, and let C be an effective Cartier
divisor on S. Suppose J is r-regular in the sense of Castelnuovo-Mumford. If s > 2r + 1,
then C is reconstructed at level r by I,c,.

Proof Since .7 is r-regular, the ideal I, is generated by its forms of degree <r
and H'(S-(n)) =0 for every n>r—1. As s>2r+1 and r > 1, the first condition
h'.#.(2s — 4 — r) = 0 in Proposition 3.1 is satisfied for p = .

We are left to check that N /ps (r — 5) = 0.

By [14, Prop 4.1], there are two surfaces S; and S, of degree r meeting properly in a
complete intersection

X=8nS,=CuD
so that C and D have no common component. Consider the exact sequence
0> Iy > Ic— Iex— 0.
Applying Hom(—, O.) we get
0 — Hom(%, O¢) = N¢ = Ny e

and Hom(#y, O,) = 0 since C and D have no common component. Therefore, there is an
inclusion

NC < (Nx)|c = O0c(r) @& Oc(r)

hence 'O N-(m) = 0 for m < —r — 1. In particular ' -(r — 5) = 0 because s > 2r + 1.
O
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4 Arithmetically Cohen-Macaulay curves

In this section we explain how Example 1.15.3 in [4] extends the result about the per-
fection of complete intersections to the much larger class of arithmetically Cohen-
Macaulay curves (from now on, ACM curves). Recall that a curve C C P? is called
ACM if its homogeneous ring R~ = R/I. is Cohen-Macaulay, or, equivalently, if C is
locally Cohen-Macaulay of pure dimension 1 and H!(.%,) = 0. A smooth ACM curve
is what classically was referred to as a projectively normal curve. We refer the reader to
[15] for a detailed study of ACM curves on a surface in 3.
If C c P3is an ACM curve, then I has a free graded resolution of the form

r+l

0 E=@Rb)-F = @R-a) » Ic - 0 %)
j=0 i=0

and /- coincides with the ideal generated by the r X r minors of ¢ by the Hilbert-Burch
theorem—cf. [16, Proposition II.1.1 p. 37].

Applying the functor Homg(e, R/I) to (7) as in [17, p. 428] one obtains a long exact
sequence

r+1 r

0 = HYWNG) — @ Re(a) — @ Reb) — HAwc(#) - 0 (8)
i=0

J=0

The importance of this sequence for our purposes is that it allows to compute the Hilbert
function n = h°(N¢ ps(n)) of N ps as a function of the Hilbert function n — h%(Oc(n))
of C; we can then compute the dimension of Ann(f(C)), and of I, in terms solely of
the Hilbert function of C and of the degree s of S. To justify our assertion, one needs to
observe that to compute hO(NC’Pa (n)) out of (8) one does not need to know the numbers a;’s
and b;’s, but only for each n the difference

#i: a=n}-#{j: by=n}
which depends only on the Hilbert function of C.

As an application of this argument, we can give for ACM curves a sharp bound for the
smallest integer n such that /,,, = Ic,. For this we will not need the full Hilbert func-
tion of C, but just its index of speciality e := e(C) = max{n | k' (O(n)) = h*(F(n)) > 0}
and the minimum degree s(C) of a surface containing C: s(C) = min{n | h° (fc(n)) > 0}.
For an ACM curve C, the ideal .# is e + 3-regular because Hl(jc) = 0. In particular,
the ideal /.. is generated in degrees < e + 3, and s(C) < e + 3.

Theorem 4.1 Let S be a smooth surface of degree s inP>. Let C C S be an ACM curve, let
$(C) be the minimum degree of a surface containing C and let e(C) be the index of special-

ity of C.

If s 2 2e(C) + 8 — s(C) hen Ly (o13) = Icer3)- Therefore C is reconstructed at level
e+3byl,c,

Proof The statement follows from Proposition 3.1 with p = e + 3 provided we can show

that 1° (NC yps(e+3— s)) = 0. For this we use the exact sequence (8), which shows that
the maximum n for which ANV ps(n) = 0is n = s(C) — e(C) — 5. O
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Remark 4.2 A twisted cubic curve C is ACM with invariants s(C) =2 and e(C) = —1.
Hence from Theorem 4.1 it follows once more that, if C is contained in a smooth quartic
surface S, then C is cut out by quadrics in /¢ 5.

Remark 4.3 Theorem 4.1 improves for ACM curves the bound of Corollary 3.4 because,
since r = e+ 3, then2¢ + 8 — s(C) = 2r + 2 — s(C).

In [2, Sect. 2.3] [18, Ch 11], motivated by the case of complete intersections, formulate the
notion of a perfect class:

Definition 4.4 Let S be a smooth surface of degree s in P3. A class
a € H'(Qy)/Cny C HY(Oy(2s — 4))* is perfect at level m if there exist effective divisors
D,,... ,Dq in S such that Ia<D’_) =], foreveryi=1,...,qand

o~
<,
Il

'M»a

Ip;+Js; for everyj<m.

i=1

We say the class is perfect if q . We make the convention that the zero
Int = zl’:] ID, +JS

class is perfect—geometrically, this amounts to consider the empty set as a (empty) curve,

and is consistent with regarding the zero divisor as an effective divisor.

Example 4.5 1f C C S is the complete intersection of two surfaces meeting properly, then
a(C) is perfect (see [2, Ex 2.11], [4, Ex 1.15.2], [3, Prop. 2.14] ). If one does not agree that
the zero class is perfect, then one needs to add the condition that C is cut out by two sur-
faces of degrees < s = deg(S).

We now wish to generalize the previous example to the class of ACM curves showing that,
if C is ACM, then the class a(C) is perfect. For this we need to recall more facts from [4].
Suppose the ACM curve C is contained in a smooth surface S of degree s and equation f = 0.
Then the polynomial f can be written in the form

r+l

f= Z gl
i=1

where the h;’s are the images of the generators of the free module F in the resolution (7) of
I, Since the h;’s are the signed r X r minors of ¢, then polynomial fis the determinant of
the morphism y : E @ R(—s) — F obtained adding the column [g,,...,g,.,]7 to the
matrix of ¢: in other words, y coincides with ¢ on E, and sends 1 € R(—s) to ZI,H e

i=1 5i¢i

where the ¢;’s are the generators of F. We thus obtain a resolution of /-/I:
0= E@R(—s)—F — I./I; - 0 9)

Since S is smooth, the curve C is Cartier on S so that I/ can locally be generated by one
element. It follows that the ideal I,.(y) generated by the » X r minors of y is irrelevant, that
is, its radical is the irrelevant maximal ideal (x, y, z, w) of the polynomial ring R.

Proposition 4.6 [4, Prop. 1.16] Let C C P3 be an ACM curve contained in the smooth sur-
face S. Suppose 1 has the resolution (7). Then
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(1) Ifw is as in exact sequence (9) the presentation of I 5, then
Ia(c) =1.y)

is the ideal generated by the r X r minors of y;
(2) The n th-graded piece Ann(a(C)), of the annihilator of a(C) in HS((’)S) is the image of
the natural map

P HOL(C + (n+ mH) ® H*Og(~C = mH) — H*(Os(n))

mezZ

Remark 4.7 Note that Ann(a(C)) = 1, /Is. The equality 1, = I,(w) is a non trivial fact
that is not given a full proof in [4]; a complete proof can be found in [19, Proposition 4.3
and p. 382].

We can now prove that the class a(C) of an ACM curve in a smooth surface § is
perfect:

Theorem 4.8 Let C C S be an ACM curve and let S be a smooth surface. Then the class
a(C)of Cin S is perfect.

Proof Fix an integer n. By Proposition 4.6Ann(a(C)),, is the image of the natural map

P HO4(C + (n+m)H) ® H Oy(~C — mH) — H(O5(n)).

mezZ

Note the sum on the left hand side is finite, and consists of those m for which the lin-
ear systems |C+ (m+n)H| and | — C — mH| are both non-empty. For such an m we
pick a basis g;,...,8. of H°Oy(—C —mH) and corresponding effective divisors
D, = (g)y € | — C — mH|. The image of

HO((C+ (n+m)H) ® g,

in H(Og(n)) is HOJDk 7s(n). (if C ~ tH is a complete intersection of S and another surface,
taking m;, = —t and n = 0 we get D, the empty curve, and in this case a(C) = 0 is perfect
by our definition). Note that Qa(D,) = Qa(C) by Proposition 2.3. Now letting k and m vary
we see that a(C) is perfect at level n, for every n. Since Ann(a(C)) is finitely generated,
we can let n vary up to the maximum degree of a generator of Ann(a(C)), and recover the
whole Ann(a(C)) as the sum of finitely many /, Du/S with D, ~ C + (n +m)H for some m
and n. Therefore a in S is perfect. O

5 Example of a non perfect class

Theorem 5.1 Let C C P? be a smooth rational curve of degree 4 contained in a smooth sur-
face S of degree s = 4. The class a(C) in S is not perfect at level 3.
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Proof A smooth rational quartic curve C C P? is contained in a unique quadric surface
0, and Q is necessarily smooth (all curves on the quadric cone are arithmetically Cohen-
Macaulay by [5, Chapter V Ex. 2.9 ]). We may assume C is a divisor of type (3, 1) on Q.
The ideal sheaf of C is 3-regular, hence I generated by quadrics and cubics.

Suppose C is contained in a smooth quartic surface S. Then O N S is the union of C and
an effective divisor D, of type (1, 3) on Q. Note that D, is a curve of degree 4 and arith-
metic genus 0; as the divisor class of D, is different from that of C and C is irreducible, we
conclude that C and D, have no common component.

The curves C and D, don’t move in their linear system on the quartic surface S: for C
this follows from C? = —2, and in any case for both D, and C one might argue that

1°(O4(Dy)) = W’ (O4(2H — C)) = h(I,(2)) = 1.

Having established the geometric set-up, we proceed to show that /, ., contains too many
cubics for a(C) to be perfect at level 3. To compute the dimension of 1, ;, we use the fact
that R/, is a Gorenstein ring with socle in degree 2s — 4 = 4, hence

diml, )3 = diml, ), + dimR; — dimR, = dim/,,, + 16 > 16.

This estimate is good enough for us to prove the theorem, but let us show anyway that
dim/ w(C)3 = = 16: as C is a divisor of type (3, 1) on Q, h' (JC(3)) 0 hence by Lemma 2.5
Iy(c) is the pull back to R, of N(C),, the image of H° (Nc/pz( 3)) in HO(OC(I)) as the
normal bundle of C pulls-back on P! to Op:(7) @ Op:(7) by [11, Proposition 6]), we con-
clude that I, ; = 0, hence dim/,,, ; = 16. The same argument shows that I, ), = I, as
well.

To check whether I, 5 is perfect, we need to determine curves D in S with I, p) = I
and ho(fD(3)) > 1 so that D can contribute to /,;. Thus suppose D is such a curve.
By Proposition 2.3, there exist m,n,p € Z, m,n #0 and relatively prime, such that
pH + mC + nD is linearly equivalent to zero. By assumption 3H — D is effective; as C
is not linearly equivalent to ¢tH for any #, neither is D, hence 1 < deg(D)=D-H < 11.
Replacing D with D’ = 3H — D we can even assume D - H < 6.

Now consider the matrix

H> C-H H-D 4 4 x
M=|C-H C-D|=|4 -2 vy
H-D C-D D? x y z

As pH + mC + nD is linearly equivalent to zero, the vector v = [p,m,n]7 is in the kernel
of M.Setx=H-D,y=C-Dand z= D% Note that z = D*> = 2(p,(D) — 1) = 2q is even.
The determinant of M must vanish, so

X2 4 4dxy -2y =249 =0

From this we deduce first that x and y must be even, and then that 4 divides x. As1 <x < 6,
we must have x = 4. Thus D is a curve of degree 4, and either D = C or C is not a compo-
nent of D, hence y = C - D > 0. Assume that D # C. Writing y = 2¢ with ¢ > 0, we obtain
the equation

P —4t43¢g-2=0
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Looking at the discriminant of this quadratic equation in ¢t we deduce 6 — 3¢ is a perfect
square, so that ¢ = 2 — 34 for an integer a > 0. Then solving for ¢ and imposing ¢ > 0 we
obtain t=2+3a. So H-D=x=4,C-D=y=4+6a and D> = 4 — 6a>. Then solving
the linear system Mv = 0 for v = [p, m, n]” we find m = an and p = —(a + 1)n. Since m and
n are relatively prime and non zero and a > 0, the only possibility is that a = 1. Then we
can take m = n = 1 and conclude C + D ~ 2H, so that C + D is the complete intersection
of the unique quadric Q containing C with S, and D = D, is the residual to C in the com-
plete intersection Q N S.

We conclude that the only curves D in S that are contained in a cubic surface and sat-
isfy I,p), = Iy are C, the residual Dy to C in the complete intersection QN S, and the
effective divisors linearly equivalent to either 3H — C or 3H — D,,. But observe that, if
D' ~3H — D, ~ C + H is effective, then

7,3 =r7.2) = 1.

Therefore there is a unique cubic containing D’, whose equation is contained in the ideal
of D,. Similarly, if D" ~ 3H — C is effective, there is a unique cubic containing D", whose
equation is contained in the ideal of C. Hence any cubic form that belongs to the ideal of a
curve D on § satisfying I, ) = I,(c, Is in the vector space spanned by /.3 and I, 3.

To show a(C) is not perfect at level 3 it is now enough to show that cubics containing
either C or D plus the cubics in the Jacobian ideal Jg do not span I, 5.

To this end, note that cubic surfaces that contain both C and D, are in the ideal of the
complete intersection of S and Q, and so form a vector space of dimension 4. By Grass-
mann’s formula

diml; +dimly 3 =7 +7 -4 =10

There are four independent cubics in the Jacobian ideal, so

dim/c; + dimIDO’3 +dimJg; < 14 < 16 = diml, ()5
and this shows that «(C) in S is not perfect at level 3. O

Remark 5.2 The class a(C) of the quartic C in S is perfect at level 2 by Proposition 3.1
since A (F¢(2)) = h(Np3(=2)) = 0.
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