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Most of the existing methods for fault detection are residual-based, i.e., they reconstruct the expected values of the
signals in normal condition by using large amounts of data collected in the past and require to formulate
hypotheses on the distributions. Since in many industrial applications the available data do not cover all the
possible operating conditions and data distributions are unknown, their performance can be unsatisfactory. In this
work, we propose a data-driven fault detection method based on Optimal Transport (OT). The Wasserstein
distance between the distribution of the signals measured under the current conditions and a baseline distribution
derived from the signals measured under normal conditions is used as abnormality score, and the OT solution is
computed using the Cumulative Distribution Transform (CDT). The proposed method is verified considering a
real bearing dataset. The performance of the detection is evaluated in terms of missed and false alarm rates, and
compared to that of other traditional fault detection methods.

Keywords: Fault detection, data-driven, optimal transport, Wasserstein distance, abnormality score, cumulative
distribution transform.

plant. Examples of residual-based methods
include Auto-Associative Kernel Regression

1. Introduction
Fault detection methods are classified as model-

based and data-driven (Schwabacher and Goebel
(2007); Zio (2009)). Model-based methods use
first principles and physical laws to describe the
physical phenomenon of interest. For example,
Sekhar (2004) builds a model of the behaviour of
a rotor using the finite element method and
successfully applies it to fault detection.
However, the practical application of model-
based methods is limited by the difficulty of
developing accurate mathematical models of the
behaviour of complex systems (Wan and Ni
(2019)).

On the other hand, data-driven fault detection
approaches rely on the use of normal-condition
(healthy) data (Qin (2009)). In particular,
residual-based methods reconstruct the expected
values of the signals in normal conditions and
use the residuals, i.e., the difference between the
real measurements and the reconstructed signals,
to identify the normal/abnormal status of the

(AAKR) (Yu et al. (2018); Di Maio et al. (2013);
Baraldi et al. (2015)), Principal Component
Analysis (PCA) (Li and Wen (2014)), One-class
Support Vector Machine (OC-SVM) (Yan et al.
(2017); Liu et al. (2017)), and Artificial Neural
Networks (ANN) (Bangalore et al. (2017)). A
well-fitted empirical model providing accurate
signal reconstructions plays an essential role in
the above procedure. However, its training may
require a large amount of healthy data collected
under various operating conditions (Odgaard et
al. (2008)). Besides, different choices of the
reconstruction model may yield different
detection results (Yang et al. (2019)). Eventually,
the detection of an abnormal condition is
performed considering whether the obtained
residuals exceed a threshold or by statistical tests.
For example, Di Maio et al. (2013) use the
Sequential Probability Ratio Test (SPRT) on the
residuals obtained from an AAKR model,;
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Mujica et al. (2011) apply 77 and QO-statistics of
the PCA residuals to detect damages in
structures; Huang et al. (2017) establish a
statistical hypothesis model in the residual
subspace of PCA transform, to detect and isolate
sensor faults based on the Bayesian and the
generalized likelihood radio test (GLRT). Notice
that, although these methods assume a certain
distribution of the residuals, most distributions of
real-world data may be a priori unknown or may
not actually follow the assumed distributions
(Seo (2006)).

Another challenge of fault detection is signal
pre-processing (Jardine et al. (2006)). The aim is
to extract the information useful for enabling the
detection. Various pre-processing techniques,
such as Fast Fourier Transform (FFT) (Wang et
al. (2018)), Continuous Wavelet Transform
(Widodo and Yang (2008); Wang et al. (2011);
Kankar et al. (2011)), Mathematical Morphology
(Raj and Murali (2012)), have been applied to
raw signals before fault detection (Caesarendra
and Tjahjowidodo (2017)). The quality of the
selected features strongly impacts the detection
result, but unfortunately there is no universal rule
for choosing the optimal pre-processing
algorithm.

Recently, transport-related methods have been
employed in various applications (Kolouri et al.
(2017)), such as signal and image processing (Li
et al. (2013); Reich (2013)), computer vision
(Rabin et al. (2014); Ferradans et al. (2013)),
machine learning and statistics (Montavon et al.
(2015); Gretton et al. (2012)). Commonly used
optimal transport distances include Wasserstein
distance (or Kantorovich distance) (Cuturi and
Doucet (2014)) and Earth Mover’s distance
(EMD) (Pele and Werman (2009)). Wasserstein
distance has been shown as a promising statistic
for the nonparametric two-sample test (Ramdas
et al. (2017)). Ng et al. (2015) study the bearing
diagnosis problem using EMD combined with
dynamical system reconstruction.
Kammammettu and Li (2019) use a PCA scheme
combined with the Kantorovich distance (KD)
for fault detection in the process industry.

The objective of this work is to develop a
fault detection method with the following
characteristics: 1) able to directly deal with raw
signals, avoiding signal reconstruction and
feature extraction; 2) be distribution free, i.e., not
requiring to formulate hypotheses on the
distributions of the data.

The basic idea behind the proposed approach
is to generate an abnormality score, which
quantifies the dissimilarity between the
probability  distributions of the currently
monitored and healthy data. To this aim, we
consider the Wasserstein distance as abnormality
score for fault detection and the Cumulative

Distribution Transform (CDT) (Park et al. (2018))
is used to find the univariate Optimal Transport
(OT) solution.

The proposed method has been applied to a
real bearing dataset and compared with two other
fault detection methods of literature: a Z-test
based method (Panda and Khilar (2012); Gelso
et al. (2008)) and a PCA-based method for signal
reconstruction, combined with the Q-statistic for
residual analysis (GarcCa-Alvarez (2009)). The
detection performance of the developed method
is evaluated in terms of missed and false alarm
rates.

The rest of this paper is organized as follows.
Section 2 introduces the basic theory of OT and
Wasserstein distance. Section 3 presents the
proposed method of fault detection. Section 4
shows the application of the proposed method to
a bearing dataset. Finally, the conclusions of the
work are presented in Section 5.

2. Optimal Transport Theory and
Wasserstein Distance

In general, optimal transport aims at realizing the
push-forward of one distribution onto another
one, with minimal cost. One of its most
promising applications is the measure of the
difference between two samples of data collected
from different sources (Courty et al. (2017)).

Let X, Y be two supports over which signals
are defined and p and v two probability
measures defined on X and Y, respectively. The
probability density functions of p and v exist,
and are indicated by I, and I, i.e., du(x) =
Iy(x)dx and dv(x) =I;(x)dx. The aim of
optimal transport is to find the map f: X - Y
that pushes ¢ onto v by minimizing the objective
function:

M(u,v) = inf c(x,f(x))lo(x)dx (D
fen(uy) Jx

where f () is the pushforward of measure p,
[I(u, v) the set of all possible maps, c(-,7) is the
cost function, which can be regarded as the
energy required to move a unit mass Iy(x)dx
from x to f(x). For any measurable subset A C
Y, f is characterized by:

f du(x) = f dv(x) @
V)] A

If the cost function of Eq. (1) is defined by:
(o f)=x-f@P =21 @A)

the p-Wasserstein distance for
measures y and v is obtained:

probability
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Wy (p,v) = (f Zﬁf ) lx —f(x)l”lo(x)dx>p (4)
en(uv) Jx

In the case p = 2, the space of probability
measures is endowed with a structure of a
Riemannian manifold (Villani (2003)), in which
the 2-Wasserstein distance W, is the shortest
path connecting any two probability measures.

When two Gaussian probability measures
u~M(u,%;) and v~N(u,,%,), defined on R¢
with mean vectors py and p,, and covariance
metrices %; and X,, are considered, the 2-
Wasserstein distance between u and v has the
closed-form expression (Takatsu (2011)):

Wo(u,v) = {llu; — #2”% +
1/2 1/241/2 1/2
Tr (21 +2,—-2(2%5,27%) ) (5)

3. Fault Detection Method

We assume to have available a set of N training
data {x{ N° collected in normal conditions,
where x{ refers to the value of signal X7 at time
i. These data are used to estimate the reference
probability distribution I,. To this aim, we
consider time windows made by L consecutive
measurements W[;n o= {xi"}:’;‘;: with mg =
1,2,--,N°—L, and we estimate the signal
probability density function (PDF) [;(x) in the
time window, using the kernel density estimation
method (Silverman (1986)). The objective of the
fault detection is to detect whether an
abnormality has occurred in a time window of L
consecutive test data, wyo, = (x5},

This is done by estimating the PDF of the test
data, I;. According to Eq. (2), the mapping f

from the training data to the test data is uniquely
defined. The Cumulative Distribution Transform
(CDT) (Park et al. (2018)) of I; (denoted as

I;: X — R) with respect to I is:

Loy=F@-0Vh@® (6
where f(-) is the mapping function which
minimizes the objective function in Eq. (1).

For a discrete-time univariate signal X, the L2
norm of [ is:

) 1/2
i,z = ( [ Il dx> _
X

1/2
( j (FGO) — 02 (x)dx) %)
X

Since the mapping f is uniquely defined for
nonzero probability densities, ||f1||fz is equal to
the minimal energy applied for the optimal
transportation from I, to I;, when a quadratic
cost c(x, f(x)) = (f(x) — x)? is used (Eq. (1)).
Notice that ||I; ”iz is equal to the square of the 2-
Wasserstein distance, W2 (Eq. (4)). Therefore,
||f1||fz represents a measure of dissimilarity
between the distributions I of the training data
and I; of the test data.

According to this interpretation, we define the
abnormality score of the test data Wi.e =

test\L .
{xfetyh as:

QOT{Wtest} = ||i1||1%2 ®
Then, if QO7 is greater than a certain threshold

h, a fault is detected. The threshold % is set
empirically using a fraction of the training data.
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Fig. 1. The flowchart of the proposed fault detection method.

In practice, two sets of normal condition data

are obtained from {x{ f’:l. The first (training set)

is used to estimate the reference PDF [;,. A
moving window of length L observations is
applied to the second (validation set) and the

PDF I,fal of each data segment W}’“l, Jj=

1,2,:+-,N? — Ny — L with N, indicating the c%
of N? of the healthy data, is estimated. The
abnormality score QT (j) associated to the j-th
time window is computed by applying Eq. (7),
and the threshold % is set as: h=pu+ 4 * o,
where u and o are the mean and standard
deviation of Q97 (j), respectively. Fig. 1 shows
the flowchart of the method.

4. Case Study

Bearings are one of the most widely used
components in machines, and bearing faults are
one of the most common reasons for machine
breakdown (Ng et al. (2015)). In this Section, the
proposed fault detection method is applied
considering a bearing dataset provided by the
Case Western Reserve University (CWRU)
Bearing Data Center
(http://csegroups.case.edu/bearingdatacenter/home).
It contains test data collected from normal and
faulty bearings.

The fault detection results are compared to
those obtained by applying the Z-test (Panda and
Khilar (2012); Gelso et al. (2008)), and a method
which combines PCA for signal reconstruction

and the Q-statistic for residual analysis (GarcCa-
Alvarez (2009)).

The fault detection performance is evaluated
considering:

o the false alarm rate (FAR):

erlsz)rmal (9)

Nnormal

FAR =

where Ny prmar 1S the total number of test
windows containing patterns in normal
condition and N} .. . the number of normal
condition patterns misclassified as abnormal

condition.
e the missed alarm rate (MAR):
NM
MAR = abnormal (10)
Nalmormal

where Nypnormar 18 the total number of test
windows containing patterns in abnormal
condition and NM_ . . the number of
abnormal condition patterns misclassified as
normal condition.

e the Receiver Operating Characteristic (ROC)
curve (Carter et al. (2016)), which reports
FAR on the x-axes and /-MAR on the y-axes,
and is obtained by varying the thresholds /
used for the detection. The Area Under the
Curve (AUC) can be used to assess the
performance of a fault detection model:
larger the AUC, better the fault detection.
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(a) The abnormality score Q9T

The training set contains 5.2 X 10* healthy
observations of the amplitude of the acceleration
measured by a sensor at the drive end of the
motor housing. The data was collected at a
frequency of 12,000 observations per second.
The first 2000 observations are used to estimate
the reference PDF, [,, and the remaining
observations to estimate the threshold /4. Other
105 observations are used for testing the method
performance. They include 50% of healthy data
and 50% of abnormal condition data, obtained
by artificially adding a bias or a noise to healthy
data. A window of length L = 1000 observations
has been used.

Fig. 2 shows an example of simulated
abnormal condition, which has been obtained by
adding a bias of magnitude ¢ = 0.02,
corresponding to a mild fault according to Zhang
et al. (2019), to the signal evolution in normal
condition from time t = 8.5s.

Faultjinjection

X{)

0.2 |
.03 \Trainifig data ' Test data,
o 2 4 6 8 10 12 14

)

t
Fig. 2. Healthy bearing data corrupted with a bias ¢=0.02.

The time evolution of the abnormality score,
Q°T, is shown in Fig. 3, which also compares the
results of the proposed method with that of the
fault detection approaches based on Z-test and
O-statistic. Notice that all the abnormality scores

(b) The z-score
Fig. 3. Evolution of the abnormality score when the proposed method, the Z-test and the QO-statistic methods are tested with the
fault of Fig. 2. The true onset of the abnormal condition is at time t = 8.5s.

(c) The QO-statistic based on PCA

are able to promptly detect the occurrence of the
abnormal condition.

The horizontal dash line in Fig. 3(a) indicates
the threshold h = u + 4 * 0. With respect to the
z-score (Fig. 3 (b)), we use the mean y, and the
population variance o¢“ estimated from the
training data of Fig. 2. The statistical features
considered by the PCA model, which have been
selected by trial-and-error, are mean, maximum,
3" moment, mean frequency, frequency Kurtosis
and max power.

Fig. 4 shows another example of simulated
abnormal condition, obtained by adding a noise
of magnitude ¢ * e, where e~N(0,1), ¢ = 0.05,
to the original signal from time t = 8.5s.

o - :
Faultiinjection

0.2 il
T O

02|

Teslnda(a
0 2 4 6 8 10 12 14

L
| Trainihg data
0.4

t
Fig. 4. Healthy bearing data corrupted with a noise c * e,
e~N(0,1), ¢ = 0.05.

The time evolution of the abnormality score,
Q°T, is shown in Fig. 5, which also compares the
results of the proposed method with those of the
proposed approaches based on Z-test and Q-
statistic. Notice that only the abnormality score
Q°T and the Q-score are able to promptly detect
the occurrence of the abnormal condition.

1Q-scorel
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(a) The abnormality score Q9T

(b) The z-score

(c) The Q-statistic based on PCA

Fig. 5. Evolution of the abnormality score when the proposed method, the Z-test and the Q-statistic methods are tested with the
fault of Fig. 4. True onset of the abnormal condition is at time t = 8.5s.
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Considering the performance of the three
methods on the two types of simulated abnormal
conditions, it is possible to conclude that: 1) the
proposed method is able to detect different types
of abnormal conditions (e.g. bias and noise); 2)
the proposed method can identify the time of the
first fault injection, without delay; 3) the Z-test
can easily recognize the change of the mean of
the observations, but fails to detect the change of
the wvariance; 4) the performances of the
proposed method and the Q-statistic are similar;
however, the latter requires a preliminary step of
feature selection.

If we assume a Gaussian distribution of the
data, the 2-Wasserstein distance can be
computed using Eq. (5). Fig. 6 shows the
comparison of the time evolution of the
abnormality scores QT obtained by the
analytical solution and by CDT. Notice that
when we consider the two abnormal conditions
of bias (Fig. 2) and noise (Fig. 4), CDT (Fig. 6
(b), (d)) provides almost the same results of the
closed-form solution (Fig. 6 (a), (¢)), without any
assumption on the distribution of the measured
signal.

s
Wi houmtrer

(b) W2 by CDT (bias)

(a) W# by analytical

solution (bias)

Winclos Mamar [rTm——

(c) W2 by analytical (d) W£ by CDT (noise)

solution (noise)

Fig. 6. Evolution of W7 obtained by the analytical solution
and by CDT, with the faults of Fig. 2 (top) and Fig. 4
(bottom).

The influence of the window length of
observation, L, on the performance of the
proposed method is now investigated. Fig. 7
shows the evolution of the abnormality score
when L is set equal to 2000, 1000, 500 and 200
observations, respectively.

(a) Abnormality scores when

L=2000

(b) Abnormality scores when

L=1000

= .
PR— —
(¢) Abnormality scores when

L=500

(d) Abnormality scores when
L=200

Fig. 7. Evolution of the abnormality score when the proposed
method is tested with the fault of Fig. 4 and various
observation window lengths.

Table 1. FAR, MAR and AUC of the detection
results with various observation window lengths.

Window

length L FAR MAR AUC
2000 0 0 1.0
1000 2% 0 1.0
500 0 36% 0.977
200 0 86% 0.737

FAR, MAR and AUC of the detection results
with different observation window length are
reported in Table 1. There is a trade-off between
the window length and time-to-detection:
although larger window lengths require to collect
more observations for estimating I; and Q97 (j),
and therefore cause delayed detections, they
allow obtaining better performance in terms of
FAR, MAR and AUC.

5. Conclusions

This work has addressed the problem of fault
detection in industrial systems. A novel method
based on optimal transport theory has been
proposed. The abnormality score has been built
using the Wasserstein distance. It differs from
state-of-the-art methods for fault detection since
it does not require: 1) the use of signal
reconstruction methods; 2) to make hypotheses
on the signal distributions. The method has been
verified considering the detection of abnormal
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conditions in bearings. Future work will include
the verification of the proposed method with real
abnormal conditions and its extension to the case
of monitoring a system with multiple sensors.
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