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Highlights
Magnetic Positive Positioning: Toward the application in space propulsion
Á. Romero-Calvo,F. Maggi,H. Schaub

• Magnetic forces can be used to control susceptible liquids in low-gravity
• Applications for space propulsion span from liquid reorientation to sloshing control
• The reachability, scaling, stability, and efficiency of this approach are addressed
• Key knowledge gaps are identified for paramagnetic and ferromagnetic liquids
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ABSTRACT
The sloshing of liquids in low-gravity entails several technical challenges for spacecraft designers
and operators. Those include the generation of significant attitude disturbances, the uncontrolled
displacement of the center of mass of the vehicle or the production of gas bubbles, among others.
Magnetic fields can be used to induce the reorientation of magnetically susceptible propellants
and improve the controllability of a fluid system. Despite being proposed in the early 1960s,
this approach remains largely unexplored. This paper provides new insight into the prospects
and challenges of using magnetic control of space propellants. Key unanswered theoretical and
technical questions are identified, highlighting the importance of developing appropriate ana-
lytical tools and fluid-magnetic simulation frameworks. New results associated with the reach-
ability, scaling, long-term thermal and radiation stability, and efficiency of paramagnetic and
ferromagnetic propellants are presented. Magnetic settling forces are shown to enhance the sta-
bility and speed up the oscillatory response of the liquid, leading to more predictable propellant
management systems for different scales and filling ratios. These effects are particularly relevant
for ferrofluids, whose enhanced magnetic properties make them excellent candidates for active
sloshing control applications in space.

1. Introduction
Propellant sloshing has historically represented a major concern for aerospace engineers due to its capacity to

disturb the dynamics of space vehicles. During launch, the uncontrolled movement of liquids may lead to a total or
partial mission failure [1]. In microgravity, sloshing is characterized by its highly stochastic nature, which complicates
the design of propellant management systems and induces additional spacecraft attitude disturbances [2]. Propellant
Management Devices (PMDs) are commonly employed to ensure a gas-free expulsion of propellant, fix the center of
mass of the fluid and increase the sloshing frequencies and damping ratios [3, 4]. However, they also increment the
inert mass of the vehicle and complicate numerical simulations [5].

An interesting alternative to classical PMDs and active settling methods relies in the application of electromagnetic
fields to generate a gravity-equivalent force. The use of dielectrophoresis, a phenomenon on which an electric force
is exerted on dielectric materials, was explored by the US Air Force with suitable propellants in 1963. The study
highlights the risk of electrical arcing and the need for large, heavy and noisy power sources [6]. The magnetic
equivalent, named Magnetic Positive Positioning (MP2), has also been suggested to exploit the inherent properties
of paramagnetic, diamagnetic and ferromagnetic liquids. This approach requires inhomogeneous magnetic fields to
generate magnetic settling forces [7, 8].

MP2 devices must deal with the rapid decay of magnetic fields with distance, that limits their applicability to rela-
tively small regions. This difficulty may be compensated by employing highly susceptible liquids, such as ferrofluids.
Ferrofluids are colloidal suspensions of magnetic nanoparticles developed in the early 1960s to enhance the controlla-
bility of rocket propellants [8]. In spite of their numerous applications on Earth, contributions addressing their original
purpose in space are scarce. Terrestrial works have explored the natural frequency shifts due to the magnetic inter-
action [9], axisymmetric sloshing [10, 11], two-layer sloshing [12], liquid swirling [13] or the development of tuned
magnetic liquid dampers [14, 15]. Low-gravity contributions include the gravity compensation experiments performed
by Dodge in 1972, that indirectly addressed the low-gravity sloshing of ferrofluids subjected to quasi-uniform mag-
netic forces [16]. Motivated by the advent of stronger permanent magnets and high-temperature superconductors, the
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NASA MAPO experiment validated in 2001 the magnetic positioning of ferrofluid solutions in a series of parabolic
flights [7]. Such ferrofluids were selected to approximate the linear magnetization curve of liquid oxygen for differ-
ent magnetic field intensities. Subsequent publications presented refined numerical models and numerical results of
technical relevance [17–25]. The axisymmetric and lateral sloshing of water-based ferrofluids was characterized in
microgravity when subjected to an inhomogeneous magnetic field as part of the ESA Drop Your Thesis! 2017 [26–28]
and UNOOSA DropTES 2019 [29] campaigns. In order to analyze the free and forced oscillations of magnetic liquids
in axisymmetric containers, a quasi-analytical simulation framework was recently developed [30].

In spite of the existence of recent works on MP2, the actual space implementation is still distant. This paper
outlines key technical challenges associated with the MP2 concept, including the need for (i) enhanced modeling
capabilities, covering both a rigorous treatment of the magneto-hydrodynamic problem and the effects of magnetically-
induced liquid viscosity, (ii) studies addressing the long-term thermal stability of ferrofluids, and (iii) fundamental
understanding on the long-term space radiation effects on ferrofluids. It also presents novel analyses of the applicability
of magnetic liquids to suppress and control fuel slosh, including (i) the theoretical framework to assess the stability
of a magnetic meniscus and representative results for liquid oxygen (LOX), (ii) the effects of the filling ratio on the
sloshing modes and frequencies, (iii) new insights into the scaling and optimization of magnetic setups, and (iv) an
analysis of the impact of ferrofluids in chemical propulsion systems.

Representative space applications dealing with the magnetic control of space propellants are first presented in Sec.
2. Section 3 discusses the challenges of this technology, reviews the state of the art on different fields of interest, and
offers new results of technical relevance. Finally, Sec. 4 summarizes the conclusions of the work.

2. Space applications
The ability of controlling the position of susceptible liquids by means of magnetic fields in microgravity leads to

several potential space applications. Those include, but are not limited to, mass transfer [31–33], thermomagnetic
convection [34, 35], or micropropulsion [36, 37]. The volume force density that enables these technologies is induced
by inhomogeneous magnetic fields on susceptible liquids, and adopts the form

fm = �0M∇H, (1)
with �0 being the permeability of free space, andM and H denoting the magnetization and magnetic fields, respec-
tively. In addition, the magnetic normal traction

pm = �0
M2

n
2
, (2)

should be considered at the liquid interface, whereMn is the normal magnetization component [38]. This pressure-like
term is usually neglected for natural liquids, such as LOX. However, it becomes relevant for highly susceptible mate-
rials [28]. This section briefly describes three conceptual implementations associated with the magnetic management
of liquid propellants in space.
2.1. Passive MP2

Magnetic propellant reorientation represents the first and most intuitive space application. By making use of strate-
gically located magnets or electromagnets, it is possible to either attract (para/ferromagnetism) or repel (diamagnetism)
the liquid. For instance, a magnet could be placed at the fuel outlet to hold the propellant and ensure a continuous
gas-free supply to the engines, as shown in Fig. 1a. This would replace or reinforce existing surface-tension-based
PMDs.

This concept was proposed almost simultaneously by the US Air Force [6] and NASA’s engineer Steve Papell [8]
in the early 1960s. After remaining dormant for decades, the advent of high-temperature superconductors motivated a
renewed interest in this technology. Most recent works originate from the NASA MAPO experiment [7], that studied
the magnetic reorientation of a ferrofluid solution in a parabolic flight. Computational Volume-of-Fluid models were
developed on the basis of the Los Álamos RIPPLE code [39] by assuming (i) linear magnetization, (ii) negligible
magnetic pressure, (iii) negligible influence of the magnetized liquid on the magnetic field, and (iv) dipolar magnetic
field [17]. The first works demonstrated the magnetic reorientation concept through numerical simulations [18]. With
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(a) Passive MP2. (b) Active MP2.
Figure 1: Conceptual representation of passive and active MP2 devices

the aim of generalizing these results, Marchetta and Hochstein subsequently employed the dimensionless parameters
[19, 20]

Bo =
�gl2

�
, Bomag =

f axial
m l2

�
, � =

fmt2�
�lt

, (3)

where Bo is the Bond number, defined as the ratio between inertial and surface tension forces, Bomag is the magnetic
Bond number, which compares the magnetic force with surface tension, and � is the dimensionless time. � is the liquid
density, g is the inertial acceleration, l is the characteristic length, � is the surface tension, and lt is the height of thetank.

The dimensionless parameters in Eq. (3) are particularly useful for characterizing the critical Bond number Bo∗
as a function of Bomag and the tank geometry. Under certain circumstances, the combined action of surface tension
and magnetic forces can compensate an adverse inertial acceleration and keep the meniscus stable. The Bo∗ number
is associated with the value of negative acceleration that destabilizes the surface [40]. This is an important parameter
for space applications due to its capacity to establish an upper disturbance limit and drive the design of the liquid
management system [2, 3]. The dependence ofBo∗ with the filling ratio [19], of the reorientation time withBomag , andof the critical Bond number withBomag were explored for the NASAMAPO tank byMarchetta and coworkers [20, 21].
Subsequent models extend the computational setup to non-linearly magnetized materials and complex geometries
[25]. 3D ANSYS Fluent-based simulations have also been built by making use of User-Defined Functions [22, 23].
Alternatively, the retention of LOX in an accelerating environment has been studied by implementing an additional
magnetic energy term in the equilibrium model of Surface Evolver [24]. In all cases, the magnetic field generated by
the source is computed or measured as a fixed external input. Then, the magnetic contribution is either implemented
as a source term (Eq. (1)) in the momentum balance, or as a magnetic energy term added to the energy balance. In
both scenarios, the magnetic and hydrodynamic problems are decoupled.

In spite of the aforementioned works, countless scientific and technological questions still remain unsolved. The
stability and reorientation time of spherical, elliptic and mixed shape tanks have to be explored, and the coupled fluid-
magnetic problem needs to be solved to study high-density ferrofluids [41]. Furthermore, full-scale implementations
and technological demonstrators have not yet been tested.
2.2. Active MP2

The logical evolution of the previous concept is the active propellant management system represented in Fig. 1b.
By making use of a series of electromagnets, the center of mass of the liquid (and hence, of the spacecraft) may be
displaced to the most convenient position. That may serve to correct a potential thrust vector misalignment or generate
a prescribed torque during a ΔV firing. In addition, electromagnets may also be employed to assist in active fuel flow
control [32].
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Figure 2: Modal spring-mass mechanical analogy for inviscid liquid sloshing.

Adedicated feasibility studymust be performed in order to identify potential scenarios of application. The existence
of an imposed inertial acceleration increases the magnetic control requirements, leads to a larger electromagnet mass
and/or current, and restricts the range of application of this technology. Moreover, significant uncertainties should
be expected in the estimation and control of the position of the center of mass. One of the key relations to explore
is the dependence of Bo∗ with Bomag and the geometry of the system. Such curves naturally lead to the sizing and
reachability assessment of the system, as exemplified in Ref. 20 for the NASA MAPO experiment.
2.3. Magnetic sloshing control

A third concept may seek to develop an overall magnetic sloshing control system. As detailed in Ref. 30, a
sufficiently powerful magnetic source would be able to reach a significant portion of the tank volume and modify the
response of the liquid to external disturbances. Such force would (i) increase the critical Bond numberBo∗, making the
fluid surface less sensitive to external disturbances, (ii) raise the natural sloshing frequencies and damping ratios and,
most importantly, (iii) transform a highly stochastic problem into a predictable system. The magnetic liquid sloshing
analysis can be performed through numerical simulation [41] or by solving the modal eigenvalue problem that arises
from a variational formulation of the inviscid sloshing problem [30]. The second approach follows the track of the
classical bibliography on the topic [40, 42, 43] and leads to fast and computationally efficient predictions of the sloshing
dynamics.

Standard mechanical analogies, like the example given in Fig. 2, could be easily embedded into an external con-
troller to predict and compensate the disturbance torque produced by the liquid, improving pointing accuracy and
reducing attitude disturbances [30]. As in the previous cases, the study of Bo∗ is of paramount importance to size the
system.

3. Scientific and technical challenges
The difficulties associated with the practical implementation of the magnetic propellant control concept in space

span from purely physical considerations up to the certification process. This section explores the physical and technical
challenges for space systems and the specific difficulties faced by ferrofluid-based propellants.

For illustrative purposes, a LOX / liquid methane (CH4) in-space bipropellant propulsion system is considered.
This combination has been proposed as a green, long-life, and compact enabler for future space exploration with in-situ
propellant production [44]. An hypothetical liquid methane ferrrofluid with a 0.53% volume concentration of Fe3O4nanoparticles is assumed. This represents a low concentration value in comparison with commercial light-hydrocarbon
ferrofluids (≈ 18%, Ferrotec EMG-9001) but still produces a significant magnetic response without compromising the
performance of the propulsion system (see Sec. 3.6).

1https://ferrofluid.ferrotec.com/products/ferrofluid-emg/oil/emg-900/. Consulted on: 12/20/2020

Á Romero-Calvo et al.: Preprint submitted to Elsevier Page 4 of 21

https://ferrofluid.ferrotec.com/products/ferrofluid-emg/oil/emg-900/


Magnetic Positive Positioning: Toward the application in space propulsion
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Figure 3: Magnetization curves of liquid CH4 enriched with a 0.53% volume of Fe3O4 nanoparticles (ferromagnetic) and
liquid O2 (paramagnetic)

The physical properties of O2 (l) and CH4 (l) + Fe3O4 (s) are given in Table 1, with the magnetization curves
being represented in Fig. 3. The magnetic behavior of the hypothetical CH4-based ferrofluid is taken to be equivalentto the 1:10 volume solution of the Ferrotec EMG-700 ferrofluid employed in Ref. 30. While the increase in density
due to the addition of nanoparticles is considered, the surface tension of CH4 is assumed to remain unaltered.

Propellant and oxidizer are contained in 1U cylindrical tanks with 60 g neodymiummagnets surrounding their fuel
outlets, as shown in Fig. 4. In the nominal configuration, the contact angle �c is 60°, the inertial acceleration g is set to
0 (microgravity), and the magnet is magnetized in the vertical direction atMm = 1500 kA/m. It should be noted that
a larger oxygen tank would be employed in actual systems, since the stoichiometric O/F ratio for this configuration is
2. However, the same volume is kept to ease comparison.
3.1. Modeling challenges

The magnetic propellant reorientation concept has been considered an exotic idea until the late 1990s, and the-
oretical or numerical contributions have been scarce since then. As a consequence, existing modeling capabilities
are limited and hardly accessible. In this section, key ways of improvement of existing simulation frameworks are
identified. The importance of having a rigorous fluid-magnetic coupling is highlighted.
3.1.1. Numerical simulation

The pioneering contributions by Marchetta and Hochstein made extensive use of numerical models to study the
reorientation of magnetic liquids [17–23, 25]. However, the authors did not explore the behavior of non-cylindrical
tanks and assumed (i) negligible magnetic pressure, (ii) negligible influence of the magnetized liquid position on the
magnetic problem, and (iii) constant viscosity coefficients. Although appropriate for natural liquids, these assumptions
should be revisited for highly susceptible materials, such as ferrofluids. Their importance can be addressed under
different scenarios by means of the fluid-magnetic governing equations. In the fluid problem, the mass and momentum
balances for a magnetic, viscous, and incompressible liquid become [49]

∇ ⋅ v = 0, (4a)

Table 1
Physical properties of CH4 (l) enriched with a 0.53% volume of Fe3O4 nanoparticles, and of O2 (l) at cryogenic storage
temperature [45–48].

Substance T [K] P [bar] � [kg/m3] � [mN/m] �ini
CH4(l) + Fe3O4(s) 111 2 448 12.99 Fig. 3

O2(l) 90 2 1141 13.2 0.0042
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�Dv
Dt

= �g + −∇p∗ + ∇ ⋅
{

�
[

∇v + (∇v)T
]

}

+ �0M∇H, (4b)

with v denoting the liquid velocity, D the material derivative, p∗ the composite pressure (that includes hydrostatic
and magnetopolarization terms [38]), � the viscosity coefficient, and t the time. The terms at the right-hand side of
Eq. (4b) are, from left to right, the pressure, viscosity, and magnetic contributions of the Maxwell stress tensor. This
system of equations is completed with an appropriate set of boundary conditions; in particular, the normal balance at
the interface between the magnetic liquid and a non-magnetic, inviscid gas is given by

p∗ − 2�
)vn
)xn

+ pm − p0 = 2�, (5)

where n is the external normal vector,  the mean curvature of the interface, vn the normal velocity component, and
xn distance along the normal direction. The magnetic pressure term pm, neglected in virtually all previous works on
MP2, should be considered for highly susceptible ferrofluids [28].

The magnetic and pressure terms in Eqs. (4b) and (5) are determined by the magnetic, magnetic flux density, and
magnetization fields H , B, and M , respectively. For a static magnetic configuration without surface currents and
electric fields, those are computed from the steady-state Maxwell equations

∇ ⋅ B = 0, (6a)

∇ ×H = J e, (6b)
where J e is the volume density of electric current and B = �0 (H +M). Under the same assumptions, the magnetic
boundary conditions are

n ⋅ (B2 − B1) = 0, (7a)

n × (H2 −H1) = 0, (7b)
implying that the normal component of B and the tangential component of H are continuous across the liquid-gas
interface.

Figure 4: Sketch of the 1U propellant tank considered in the analysis. Units in mm.
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In light of Eqs. (4) and (6), the fluid-magnetic coupling becomes evident: the presence of a magnetizable volume
in a magnetic environment modifies the magnetic field H , and such field drives the momentum balance in Eq. (4b).
Neglecting this contribution may lead to significant errors, particularly in microgravity and for highly susceptible
liquids. In those cases, the fluid and magnetic problems must be solved simultaneously, as done in Refs. 30 and
41. Since commercial software suites do not generally implement this capability, it becomes necessary to develop
dedicated simulation frameworks.

Past works on MP2 focus on natural liquids and implement constant viscosity coefficients. However, applications
dealing with concentrated ferrofluids should also consider a magnetically-induced viscosity field. The application of
an external magnetic field on ferrofluids aligns the magnetic dipoles with the field lines. Larger velocity gradients
appear in their surroundings, increasing viscous dissipation. In other words, the viscosity field of ferrofluids becomes
inhomogeneous in the presence of magnetic fields [38]. According to Shliomis [50], the magnetic contribution to
viscosity is maximized when the vorticity vector and magnetic field lines are perpendicular, becoming zero if they are
parallel. This follows from the relation

Δ�
�
=

�0M0H�
4� + �0M0H�

sin2 �, (8)

where � is the vortex viscosity, � is the Brownian relaxation time,M0 is the unperturbed magnetization value, and � is
the angle between the magnetic field H and the vorticity vector Ω. For dilute ferrofluids, � = (3∕2)��, with � being
the volume fraction of solids [38]. Shen provides an alternative formulation of this expression for cases with high
shear rate under strong magnetic fields [51]. Although an increase in liquid viscosity leads to larger damping ratios
and smaller oscillation frequencies, the influence of an inhomogeneous viscosity field on such results still needs to be
studied.
3.1.2. Surface stability and critical loads

The classical literature in low-gravity fluid mechanics has devoted significant attention to the stability of liquid
interfaces [40]. Space applications make use of the critical Bond number Bo∗, which determines the critical load that
destabilizes the surface, as a design parameter [2]. Although this problem has been comprehensively studied since the
Apollo era, its magnetic equivalent remains practically unexplored. Exceptions are the numerical works by Marchetta
and coworkers [18–25] or, more recently, by the authors [41].

Even though the formulation of the magnetic sloshing problem is complicated by the application of highly inho-
mogeneous force fields, the meniscus stability analysis can still be carried out by means of quasi-analytical tools for
relatively simple geometries. Such tools are useful to both fundamental and applied research but, to the best knowledge
of the authors, have never been applied to the MP2 concept. Referring to Myshkis, if for a certain position of absolute
equilibrium of a liquid the second variation �2 of the potential energy for the mechanical system “liquid + vessel
wall” is positive, the position [of the interface] will be stable [40]. The potential energy is expressed as the sum of
energies related to the fluid surface S, liquid wallW , gas wallWg , and mass-force potential Π, which results in

 = �|S| + �̃|W | + �g|Wg| + �∫V
ΠdV , (9)

where �̃ and �g are the surface tensions of the pairs liquid/wall and gas/wall, respectively, and | ⋅ | denotes the area
of the corresponding surface. By expressing Eq. (9) in terms of the geometry of the system and computing its sec-
ond variation, a quadratic functional �2 is obtained. The application of the principles of calculus of variations to
this functional results in an eigenvalue problem that determines the stability of the interface (i.e. a spectral stability
criterion). For axisymmetric problems, which are ubiquitous in space technology, it can be split as the sequence of
one-dimensional boundary-value problems [40]

−'″0 −
r′

r
'0 + a(s)'0 + � = �'0

(

0 ≤ s ≤ s1; ′ =
d
ds

)

, (10a)

'′0(s1) + �(s1)'0(s1) = 0, ∫

s1

0
r'0(s)ds = 0, (10b)
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−'″n −
r′

r
'n +

[

a(s) + n2

r2

]

'n = �'n
(

0 ≤ s ≤ s1; n = 1, 2, ...
)

, (11a)

'′n(s1) + �(s1)'n(s1) = 0, (11b)
with s denoting the arc parameter along the axisymmetric meniscus S that starts at the axis (s = 0) and ends at s1, �and � being unknown parameters,

a(s) =
�
�

(

r′ )Π
)z

− z′ )Π
)r

)

− z′2

r2
− r″2 − z″2 (12)

being a function that depends on the radial r and axial z positions and the normal derivative of Π at the interface, and

�(s1) =
k cos �c − k
sin �c

(13)

representing a boundary parameter where �c is the contact angle of the liquid with the wall and k and k are, respectively,the radial curvatures of the surface S and tank wallW . The functions '0 and 'n are bounded at the origin and denotethe axisymmetric and lateral stability modes with increasing eigenvalues �0i and �1i for i ≥ 1. It can be shown that
the critical eigenvalue is given by

�∗ = min{�01, �11}, (14)
and that the equilibrium state is stable (asymptotically stable, for a viscous liquid) if �∗ > 0, and unstable if �∗ < 0 [40].
The nature of the instability is determined by the relative magnitude of the axisymmetric and lateral eigenvalues. For
example, if �01 < �11, the axisymmetric perturbations are most dangerous. Alternatively, the stability of the surface
can be determined by defining a critical �∗(s1) parameter, such that if �(s1) < �∗(s1) the equilibrium state is unstable,
and if �(s1) > �∗(s1) it is stable. From the computational perspective, the main advantage of this method is that it
substitutes the boundary-value problems in Eq. (10) and (11) by three second-order ordinary differential equations.
Further details can be found in Ref. 40.

The magnetic force in Eq. (1) derives from a potential if the liquid is isothermal [52]. In that case, the mass-force
potential Π for inertial and magnetic forces becomes

Π = gz + Πm, with Πm = −
�0
� ∫

H

0
M(H)dH, (15)

which can be readily implemented in the stability analysis trough a(s). If a highly susceptible liquid is analyzed, the
pressure-like term pmmust be considered in the derivation of Eqs. (10) and (11). For the reasons described in Sec. 3.1.1,
a coupled fluid-magnetic simulation framework must be also employed to solve the liquid interface. Complex geome-
tries or time-dependent problems may instead be studied by means of numerical simulations.

A representative case of application is presented using the geometry in Fig. 4, a liquid height of 5 cm, and LOX.
The magnetization of the magnet is increased from 0 to 1500 kA/m and the critical Bond number is computed as the
one that makes �(s1) = �∗(s1). The result is plotted in Fig. 5 and shows how Bo∗ decreases from -3.017 (which is
the non-magnetic value reported in the literature [40]) up to -3.968, increasing the critical load by a 31.5% with a 60
g magnet.
3.2. Filling ratio dependence

The filling ratio (FR), usually defined as the portion of the total height or volume of the container occupied by the
liquid, is a relevant parameter in the computation of the modes and equivalent mechanical analogies of a fluid system
[53]. This dependence is complicated by the addition of magnetic sources, that increase the oscillation frequencies
and generate a complex meniscus [30]. The accurate modeling of this effect is a key step towards the definition of the
operational environment.
Á Romero-Calvo et al.: Preprint submitted to Elsevier Page 8 of 21
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Unlike non-magnetic sloshing, a direct generalization of the magnetic results cannot be easily achieved due to
the inhomogeneity of the forces involved. In other words, specific configurations have to be analyzed with dedicated
simulations. A case of study is here presented for the O2(l)/CH4(l) propulsion system described in Sec. 3. Results are
computed with the coupled quasi-analytical model presented in Ref. 30 assuming the free-edge condition (Γ = 0). A
summary of the theoretical framework is left in the Appendix A.

The meniscus profile and magnetic Bond numbers for 40%, 60% and 80% filling ratios are represented in Fig. 6.
The low magnetic susceptibility of LOX gives rise to a smooth meniscus profile with limited changes in curvature.
In contrast, the combination of low surface tension and high magnetic susceptibility of the methane-based ferrofluid
quickly produces a central protrusion. The evolution of the meniscus with the filling ratio is represented in Fig. 7,
where the FR=30% level detaches from the lateral wall and has been removed and the FR=100% is shown as a reference
without considering the top end of the cylindrical container. It is important to note that the fluid surface tends to follow
the constant Bomag (or H) lines, as reported in the literature [54]. From the physical viewpoint, this is analogous to
the tendency of an air balloon to equalize the pressure over its surface. The roles played by air pressure and membrane
tension are here assumed by the magnetic force and surface tension, respectively.

An indication of the reachability of the magnet is obtained by analyzing the constant Bomag = 1 lines, that definethe transition from magnetic to surface-tension dominated regimes. While for LOX this line crosses the symmetry
axis at a height of approximately 64 mm, in the case of the ferrofluid the crossing is produced at z > 100 mm due to
its enhanced magnetic properties. However, the magnetic Bond number depends on the position and should then be
analyzed along the meniscus. This analysis in given in Fig. 8, that illustrates the previous comments and reflects once
more the greater susceptibility of the ferrofluid.

Figure 9 depicts the three first sloshing frequencies for both systems as a function of the filling ratio. As expected,
the oscillation frequencies increase when the surface is close to the magnet. While only a slight effect is observed for
the O2 (l) tank (negligible for FR > 60%), increases of the fundamental frequency between a 18% and a 786% with
respect to the non-magnetic case are observed for the CH4-based ferrofluid.

This analysis shows how ferrofluids may be particularly appropriate for highly demanding magnetic liquid manage-
ment applications in space, such as active MP2 or magnetic sloshing control. Since liquid oxygen has the highest know
paramagnetic susceptibility of pure liquids, it is also concluded that non-ferromagnetic liquids may not be well suited
for such applications. From the modeling perspective, the strong dependence of the meniscus profile and oscillation
frequencies with the filling ratio should be carefully considered in the development of mechanical analogies and the
sizing of space systems.
3.3. System scaling

Applications dealing with MP2 [7] or magnetic sloshing control [30] traditionally work with either small regions
or small propellant tanks due to the rapid decay of magnetic fields. However, an hypothetical design may consider the
employment of MP2 in larger tanks. The scalability of the system should be then addressed.

In order to illustrate the scaling process, a current loop with radius R and current intensity I is subsequently
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Figure 5: Dependence of the critical Bond number with the magnetization of the magnet for LOX
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(a) O2 (l), FR=80%. (b) CH4-based ferrofluid, FR=80%.

(c) O2 (l), FR=60%. (d) CH4-based ferrofluid, FR=60%.

(e) O2 (l), FR=40%. (f) CH4-based ferrofluid, FR=40%.
Figure 6: Axisymmetric meniscus profile and magnetic Bond number (color scale) for
different filling ratios.
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Figure 7: Axisymmetric meniscus profile as a function of the filling ratio (FR).
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considered. The magnetic field in the symmetry axis is

Bloop = �0
IR2

2(z2 + R2)3∕2
ez, (16)

where z is the out-of-plane distance and ez is the unitary vector along the axis. Assuming that magnetization and
magnetic fields are collinear and neglecting the surface force component (or, equivalently, assuming a small magnetic
susceptibility � ≪ 1), the total force per unit volume induced by the loop on an infinitesimal ferrofluid drop located
in the symmetry axis is

Fm ≈ �0M
)H
)z

ez. (17)

Making again use of the assumption � ≪ 1, the magnetic flux density due to the imanation of the ferrofluid can be
considered negligible, and hence B ≈ �0H0 inside the drop, with H0 being the external magnetic field. The internal
magnetic field can then be approximated asH = H0 −M . Assuming a linear magnetization curve, whereM = �H ,
a simplified expression for the total force is obtained as

Fm ≈ �0
�

(1 + �)2
H0

)H0
)z

ez. (18)

SinceH0 = Bloop∕�0, the consideration of Eq. (16) in Eq. (18) results in

Fm ≈ �0
�

(1 + �)2
3I2R4z

4(R2 + z2)4
ez. (19)

This expression can be applied to axially magnetized cylindrical magnets with magnetizationMm, radiusR and height
l by employing an equivalent circular loop with the same radius and current intensity I =Mml.Equation (19) unveils some important features of the system. The evolution of Fm with z is strongly influenced by
R. An increase in the radius of the current loop for constant intensity reduces (increases) the force for small (large)
values of z, respectively. Considering amagnet whosemass is conservedwith themodification ofR, the new equivalent
current intensity becomes I =Mml0R20∕R

2 and an increase inR reduces the value of Fm for all z. However, the values
of Fm outside the symmetry axis benefit from the more homogeneous field generated by wide magnets.

Most importantly, a geometrical scaling of R, l, and z by a factor K multiplies Fm by 1∕K . The scaled ferrofluid
meniscus would then be exposed to 1∕K times the original force. However, since the magnetic Bond number given
by Eq. (3) is multiplied by the square of the characteristic length, the Bomag number of the new system scales with K .
In other words, an upscaling of the liquid tank requires relatively smaller magnetic sources to produce an equivalent
Bomag distribution at the interface. Assuming that Bomag is kept constant, the dimensionless natural frequency Ω in
the free surface oscillations problem (Appendix A) remains the same, while the dimensional frequency ! evolves with
1∕K3. This conclusion is exemplified in Fig. 10 after enlarging the nominal CH4 propellant tank by a factor K = 10.
The radius of the magnet is then reduced from 30 to 15 cm to approximately recover the original magnetic Bond number
distribution, achieving a 75% mass reduction (45 kg for a magnet density of 7100 kg/m3). Including the weight of the
magnetic nanoparticles and the magnet, the total mass of the magnetic control system is 31 kg, representing a 12%
of the propellant mass (282 kg for 80 cm filling height). This value can be significantly reduced with a dedicated
optimization process.

As a final remark, Eq. (3) shows that the critical acceleration g∗ scales with 1∕K2 for geometrically similar con-
figurations (i.e. same Bo∗). Even if Bomag scales with K , g∗ will decrease more rapidly, and so a careful selection of
critical acceleration loads is required for large tanks. Again, this trade-off analysis should be supported by numerical
or quasi-analytical models.
3.4. Thermal stability of ferrofluids

Some of the most promising applications of ferrofluids are related to thermal management and space propulsion.
These environments may potentially expose the colloid to high temperatures and induce an accelerated agglomeration
of the nanoparticles. However, if ferrofluids are sought to be employed in space, their long-term thermal stability must
be first guaranteed.
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Table 2
Maximum particle diameter as given by key energy balances.

Symbol Expression Comment

dmmax

(

6kT
��0MH

)1∕3
Addresses settling due to magnetic sources

dgmax

(

6kT
�Δ�gL

)1∕3
Addresses settling due to gravitational energy

dddmax

(

72kT
��0M2

)1∕3
Addresses agglomeration due to dipole-dipole interaction

3.4.1. Theoretical framework
The physicochemical stability of a colloid is determined by the balance between the energetic contributions of the

system. Under specific environmental conditions, a sufficiently small particle avoids settling (decantation to the sources
of potential) and agglomeration (union of several particles) if an appropriate surfactant is employed to overcome the
Van der Waals attraction. The excellent discussion on the stability requirements of ferrofluids provided by Rosensweig
in Ref. 38 is summarized in Table 2, where the maximum particle diameter that overcomes magnetic and gravitational
settling, and dipole-dipole agglomeration, is given. In these expressions, k = 1.38 ⋅ 10−23 JK−1, T is the absolute
temperature, Δ� = �solid−�liquid is the differential density, L is the elevation in the gravitational field, and V = �d3∕6
is the volume of the particle.

The dipole-dipole force acts together with the Van derWaals attraction, always present due to the fluctuating electric
dipole-dipole forces. Assuming spherical particles, its associated energy would be

EV .d.W . = −
A
6

[

2
l2 + 4l

+ 2
(l + 2)2

+ ln l
2 + 4l
(l + 2)2

]

, (20)

with l = 2s∕d, s being the surface-to-surface separation distance and A the Hamaker constant, approximately equal
to 10−19 for Fe, Fe2O3 or Fe3O4 in hydrocarbon. Unlike the magnetic dipole-dipole energy, Eq. 20 diverges when
s → 0. In other words, the contact between particles must be physically avoided to prevent agglomeration, as ther-
mal energy is unable to prevent coagulation. The problem is commonly solved by adding a surfactant layer made of
long chain molecules, producing a mechanism known as steric or entropic repulsion which follows Mackor’s theory
[55]. Alternatively, the particles may be charged to generate a Coulomb repulsion, producing ionic ferrofluids. The

(a) Original tank. (b) K = 10 scaling. (c) Corrected K = 10 scaling.
Figure 10: Bomag distribution (color scale) in a CH4-based ferrofluid with FR=80% and a flat surface.
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agglomeration rate is finally determined by the net potential curve, obtained as the difference between attractive and
repulsive energies. For very short separation distances the Van der Waals attraction is dominant; otherwise, the steric
repulsion prevents the contact. Consequently, two given particles collide only when their thermal energy is greater than
the maximum of the net potential. If this energy barrier is well designed (i.e. only a negligible portion of the critical
thermal energy distribution overcomes the steric repulsion barrier), the ferrofluid should remain in good condition for
long periods of time [38].
3.4.2. Space applications

Space applications dealing with ferrofluids must carefully consider this trade-off analysis. The mission may expose
the liquid to (i) launch accelerations of up to 10 g0, (ii) long-term microgravity conditions, and (iii) significant thermal
gradients. In principle, the first two points represent minor concerns, as the time required to change the equilibrium
profile of the colloid is several orders of magnitude larger than the high-gravity window [56, 57] and the process is
reversible [38]. On the contrary, colloids subjected to excessive temperatures experience an accelerated thermal aging
leading to sedimentation and the degradation of magnetic properties [58].

For the CH4-based ferrofluid propellant here considered, dmmax = 15 nm, dgmax = 3 nm and dddmax = 149 nm for a
storage temperature T = 111 K, maximum magnetic field H = 105 A/m, maximum magnetization field 2900 A/m,
launch acceleration g = 10g0 m/s2, differential density Δ� = 7450 kg/m3 and elevation length L = 0.1 m. The
selection of the surfactant is subject to additional requirements (e.g. resistance to low temperatures, space radiation
or compatibility with the carrier liquid) and falls beyond the scope of this preliminary analysis. It should be noted
that launch accelerations lasts for few minutes and that the condition d < dgmax may hence be relaxed. This is further
supported by the correct execution of past ferrofluids experiments at the ISS [33].
3.5. Radiation stability of ferrofluids

Long-term exposure to space radiation may also degrade the ferrofluid solution and modify its magnetic response.
The literature addressing this problem is scarce, focusing mainly on biomedical applications, and can be hardly ex-
tended to the space environment due to methodological and application-related issues.
3.5.1. State of the art

Early studies by Kopčanský et al. report strong reductions in the initial susceptibility (13–40%), saturation magne-
tization (6–25%) and magnetic particles concentration (10–36%) of a stabilized kerosene-based ferrofluid after being
exposed to 4.5–17.3 Gy of 60Co -radiation with a dose rate of 1.3 �Gy/s. This degradation is attributed to the de-
struction of the long polar chain molecules composing the surfactant. Similar experiments on a non-stabilized Fe3O4diester-based ferrofluid show equivalent reductions of the saturation magnetization and a strong influence in the sta-
bilization process [59]. Bǎdescu et al. also report reductions in initial susceptibility and saturation magnetization of
a 5-10% in kerosene-based ferrofluid subjected to 5-20 Gy of -radiation. The same effect is not observed for water-
based solutions, attributing this behavior to the superficial anisotropy produced by the implantation of free oleic acid
molecules on the particle surface [60]. Recent works with Gd2O3-based ferrofluids using CTAB as a surfactant and
ethanol as a carrier liquid analyze the development of intragranular defects due to -ray radiation doses between 32
Gy and 2635 kGy. Results suggest the existence of a critical dose beyond which the defects tend to saturate [61].
The same research group explored the effects of 878 Gy and 2635 kGy -radiation doses on the particle size and size
distribution dependent spectroscopic and magneto-optic properties of a water-based Fe3O4 ferrofluid solution, findinga clear particle distribution dependence, among other results that fall beyond the scope of this work [62].

The effects of electron irradiation on biocompatible water-based ferrofluids are explored by Tomašovičová et al.
with natrium oleate and double layer natrium oleate/PEG surfactants [63]. Stable reductions in saturation magnetiza-
tion of a 50% and a 25% are respectively measured after applying an irradiation dose of 1000 Gy, although most of
the loss is already produced for 5 Gy. PEG is shown to behave as a protective surfactant against radiation, with this
capability being independent of its molar weight [64]. The degradation process is attributed to the aggregation of par-
ticles produced by ionization. Similar experiments with bovine serum albumin (BSA) modified ferrofluids containing
sodium oleate stabilized Fe3O4 nanoparticles show a dependence between the BSA/Fe3O4 w/w ratio and the stability
against radiation [65].

Studies with a technical scope have also been presented. Ferrofluid feedthrough (FF) rotary seals are exposed in
Ref. 66 to a mixed radiation environment consisting of fast neutrons (0.2MGy), protons (2MGy) and -rays (20MGy).
Serious magneto-viscous damages are reported for radiation levels above 2 MGy. Reference 67 reports the negative
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impact of a 900 MHz 30 W electromagnetic radiation on the discharging current of transformer oil ITO 100. As a last
example, in Ref. 68 microwave heating applied during the synthesis of aqueous ferrofluids is shown to increase the
saturation magnetization and have a negligible effect on the stability properties.
3.5.2. Space environment effects

From thematerial sciences perspective, none of the previous works can be easily extended to the space environment.
This is due to the fact that (i) the space radiation dose is small (of the order of 0.4 Gy/year for the ISS orbit, and 1.2
Gy for a 3-years Mars mission), (ii) the tests are performed with radiation sources whose spectrum differs significantly
from the space environment (60Co), and (iii) different types of nanoparticles, coatings, and carrier liquids experience
different effects. However, a significant degradation for radiation doses below 5 Gy is observed in some of the previous
works, so mid-to-long-term effect on ferrofluids should be expected.

Due to the complete lack of space-oriented studies, further experimental efforts are required to estimate the lifetime
of a given solution. Future works should address this problem by making use of either high-energy Earth facilities or
long-term flight experiments.
3.6. Impact of ferrofluid-enriched propellants on the propulsion subsystem

Slurry fuels is a wide class of liquids consisting of a solid phase in the shape of particles, from the submicrometric
to some hundreds of micron, suspended in a fluid medium. The use of metal-based particles in liquid propellants has
been analyzed since the 1950s with the perspective to enhance ideal propulsion performance [69]. The stabilization of
the suspension can be obtained through liquid gelification, treatment with surfactants, use of dispersants, etc. Proposed
applications considered different fields of propulsion (from rocket to air breathing) to obtain lighter and more compact
systems. Specific impulse and propellant average density augmentation could be obtained, depending on the peculiar
properties of the suspended material. As an example, mixtures of aluminum suspended in gelled kerosene, burned
in combination with liquid oxygen, were targeted by NASA. Palaszewsky and Zakany described the experience on
aluminum suspensions in kerosene, showing theoretical and experimental results up to metal loads of 55% [70]. In the
reported case, gelification of the suspendingmediumwas necessary to stabilize the dispersion. Known issues connected
to the use of metal-based slurry fuels are deposition on nozzle and walls, erosion of injectors, and agglomeration of
particles during the combustion process. Lifetime of the slurry became a critical aspect for the real application.

Ferrofluids have been associated with space propulsion since their invention. In 1963 Papell already described
colloidal suspensions of magnetite on heptane or JP4 carriers [8]. Water-based ferrofluids may also find application in
propulsion systems employing water, like the one described in Ref. 71, and light hydrocarbons are widely employed
as carriers in commercial ferrofluids [38]. However, liquid propellant rocket fuels never made use of iron oxide. Iron-
based compounds have been used in the past for soot reduction in the combustion of complex hydrocarbons (e.g.
diesel, kerosene) whereas studies on behavior with alcanes are mostly reported for reduction of the oxide [72]. There
are different forms of iron oxide and catalytic/decomposition properties depend on the exact molecule. Hematite is the
most stable, and its stability depends on reaction temperature and atmosphere. The reduction in a methane environment
of Fe2O3 has been documented by Ghosh and co-authors between 1073 K and 1298 K. An active role is attributed
to the molecular hydrogen generated by the decomposition of the CH4 molecule [73]. This property has been used
in chemical looping combustion processes. As an example, in a paper by Monazam an iron-based compound acts as
oxygen carrier between a section of the reactor where Fe2O3 oxidizes a fuel and another part where air oxidizes the
resulting metal-based material back to hematite. Reportedly, reaction with methane can generate Fe3O4, FeO or Fe
depending on the degree of hematite reduction [74]. Out of the iron oxide family, magnetite (Fe3O4) is a combination
of the two oxidation states Fe(II) and Fe(III). It is an amphoteric compound arranged in mixed octahedral/tetrahedral
configuration (inverse spinel). It is featured by ferromagnetic properties and high electric conductivity [75]. For this
reason, magnetite is a perfect candidate for ferroluids.

From the rocket propulsion viewpoint, iron oxide is a component characterized by low energy content due to its low
formation enthalpy. Thermodynamic computations obtained from NASA’s CEA [76] are reported in Fig. 11. The spe-
cific impulse is computed for the oxidizer-to-fuel ratio of 4 at 20 bar, nozzle pressure ratio of 20 with optimal discharge
and frozen expansion model. Chemical equilibrium is assumed in the combustion chamber only. The evaluations are
performed at the reference iron oxide content of 1% and 10% and are compared against a baseline without the oxide
additive. As expected, the specific impulse decreases constantly once the iron oxide is introduced. The decrement is
less than 1%when Fe3O4 fraction is 1% and becomes about 5% for the 10% additive mass concentration. The variation
is attributed to the reduction of the flame temperature and the increasing value of the molar mass of the mixture [77].
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Figure 11 reports also the average density of the liquid propellant before combustion. Data are considered for liquid
propellants at their respective boiling points. This figure of merit concurs to the definition of the volumetric specific
impulse (the product between the specific impulse and the propellant average density) and becomes important to rate
the compactness of a propulsion system [78]. A 1% addition of magnetite generates +1% density, and 10% additive
content leads to +10% density. This trend attributes a global increase to the volumetric specific impulse, showing that
the use of ferrofluid dispersed into the propellant can be beneficial from the compactness viewpoint.

4. Conclusions
In this paper, potential MP2 space propulsion applications have been introduced together with their associated

technical challenges. Previous contributions have been reviewed starting with the formulation of the concept in the
early 1960s, and fundamental gaps of knowledge have been identified.

Simulations with LOX and an hypothetical CH4-based ferrofluid have revealed the strengths and weaknesses of
this technology. Due to their small magnetic susceptibility, paramagnetic liquids seem to be limited to low-demanding
tasks, such as passiveMP2. On the contrary, ferrofluids may be employed on activeMP2 and magnetic sloshing control
applications. In both cases, the magnetic force is shown to (i) enhance the stability properties, and (ii) increase the
natural frequencies of the system. A geometric scaling analysis has shown that larger tanks require relatively smaller
magnetic sources to induce a similar Bomag distribution at the interface, but that the critical acceleration decreases
proportionally. Careful trade-off studiesmust be carried out to satisfy the stability and propellant behavior requirements
of specific space missions with minimum mass penalties. In this context, the tank filling ratio is shown to have a large
effect in the sloshing dynamics of the magnetic liquid.

The technical challenges associated with the employment of ferrofluid-based space propellants have also been
explored. The need for coupled fluid-magnetic numerical simulation frameworks and inhonogemenous viscosity field
modeling has been highlighted. Particular attention has been devoted to the stability of such solutions against thermal
and radiation-induced aging. Although of fundamental importance, the effects of space radiation on ferrofluids seem
to be completely unexplored. Finally, it has been shown how the addition of Fe2O3 nanoparticles to the combustion
of O2 and CH4 produces a slight decrease of specific impulse and an increase of volumetric specific impulse. This
can be beneficial from the propulsion system compactness viewpoint.

A. Magnetic sloshing model
The magnetic sloshing model presented in Ref. 30 is here summarized. This theoretical framework is assumed in

Sec. 3 to compute the meniscus profile and liquid sloshing modes, and has been shown to provide accurate results for

(a) Specific impulse and average density. (b) Volumetric specific impulse.
Figure 11: Analysis of the combustion of LCH4/LOX/Fe3O4.
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Figure 12: Geometry of the system. S’ refers to the fluid surface, S is the equilibrium meniscus, O denotes the vertex of
the equilibrium surface, C is the fluid surface contour, W is the wall of the vessel, and V is the fluid volume [30].

the lateral sloshing measurements of the UNOOSA DropTES 2019 StELIUM experiment [29].
As represented in Fig. 12, in the system under analysis a volume V of magnetic liquid fills an axisymmetric con-

tainer and develops a meniscus with contour radius a in microgravity. The liquid is incompressible, Newtonian, with
density �, kinematic viscosity �, surface tension �, and wall contact angle �c . An applied inhomogeneous axisymmet-
ric magnetic field is imposed by a magnetic source located at the base of the vessel and interacts with the fluid with
magnetization M(H). H and M are the modules of the collinear magnetic H and magnetization M fields, respec-
tively. A non-reactive gas with pressure pg fills the free space. In the figure, s is a curvilinear coordinate along the
meniscus with origin in the vertex O and the relative heights are w (fluid surface - vertex), f (meniscus - vertex) and
ℎ (fluid surface - meniscus).
A.1. Magnetic meniscus profile

The axisymmetric meniscus profile can be determined from the balance of vertical forces in a segment of the
surface [3] or from the Young-Laplace equation [40], resulting in the set of dimensionless differential equations [30]

d
d

(

RdF
d

)

= RdR
d

[

� + BoF −  (R)
]

, (21a)

dF
d

d2F
d2

+ dR
d

d2R
d2

= 0, (21b)

and boundary conditions

R(0) = F (0) =
dF (0)
d

= 0,
dR(0)
d

= 1, (21c)

dF (1)
dR

= tan
(�
2
− �c

)

, (21d)

where R = r∕a,  = s∕a, F = f∕a, � = a(pg − p0)∕�, p0 is the liquid pressure at the free surface vertex, and  
includes the magnetic terms through

 (R) =
a�0
�

[

∫

H(R,F (R))

H(0,0)
M(H)dH +

M2
n
2

]

F (R)

, (22)

with �0 = 4� ⋅ 10−7 N/A2 being the permeability of free space. Although this can be treated as any other boundary-
value problem, an iterative shooting method is instead implemented for robustness. Starting from an initial � value,
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the system is solved by (i) defining an initial vertex position, (ii) computing the value of � iteratively in order to satisfy
the contact angle condition given by Eq. (21d), (iii) solving the system with an ODE solver, (iv) applying volume
conservation to obtain the new height of the vertex, and (v) recomputing the fields H and M with the new geometry.
The procedure is repeated until the surface converges with the desired accuracy.
A.2. Modal analysis

The obtention of the magnetic sloshing modes assumes an inviscid, potential, isothermal, and magnetically diluted
flow. The free surface eigenfrequencies and eigenmodes can be then computed after linearizing around the meniscus
by solving the variational principle

I = ∬S′

⎡

⎢

⎢

⎣

2
R

(

1 + F 2R
)3∕2

+ 1
R2

2
�

(

1 + F 2R
)1∕2

+
(

Bo + Bomag(R)
)

2 − Ω2Φ
⎤

⎥

⎥

⎦

RdRd�

− Ω2∬W
ΦGRdRd� − Γ∫C′

⎡

⎢

⎢

⎣

2
(

1 + F 2R
)3∕2

⎤

⎥

⎥

⎦R=1

d� = extremum, (23a)

subjected to
∇2Φ = 0 in V , (23b)

 = ΦZ − FRΦR on S′, (23c)

G = ΦZ −WRΦR onW , (23d)

R = Γ on C ′, (23e)
where the subindices denote the partial derivatives and the magnetic Bond number is calculated as

Bomag(R) = −
�0a2

�

(

M )H
)z

+Mn
)Mn
)z

)

F (R)
. (24)

The dimensionless variables R = r∕a, Z = z∕a, F = f∕a, �(R, �,Z, t) = √

g0a3Φ(R, �,Z) sin(!t), ℎ(R, �, t) =
√

ag0∕!2(R, �) cos(!t), Ω2 = �a3!2∕�, and Γ = a are employed with g0 being the acceleration of gravity at
ground level, � the perturbed velocity potential, ! the circular frequency,  the hysteresis condition parameter, and
{r, �, z} a set of cylindrical coordinates with center in the vertex of the meniscus. The free-edge condition is charac-
terized by  = 0, while the stuck-edge condition is associated with  → ∞. G accounts for the non-penetration wall
boundary condition.

Once the axisymmetric meniscus S′, defined by the curve F (R), is determined, the system described by Eq. (23)
can be solved to obtain the modal frequencies and shapes with Ritz’s method. The reader is referred to Ref. 30 for
further details on the solution procedure. Alternatively, the problem may be solved numerically [79].
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