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ABSTRACT
The industrial development of new production processes like additive manufacturing (AM) is making
available novel types of complex shapes that go beyond traditionally manufactured geometries and
2.5D free-form surfaces. New challenges must be faced to characterize, model and monitor the natural
variability of such complex shapes, since previously proposed methods based on parametric models are
not applicable. The present study proposes a methodology that applies to complex shapes represented in
the form of triangulated meshes, which is the current standard for AM data format. The method combines
a novel bi-directional way to model the deviation between the reconstructed geometry (e.g., via X-ray
computed tomography) and the nominal geometry (i.e., the originating 3D model) with a profile monitoring
approach for the detection of out-of-control shapes. A paradigmatic example consisting of an egg-shaped
trabecular shell representative of real parts produced via AM is used to illustrate the methodology and to
test its effectiveness in detecting real geometrical distortions.

ARTICLE HISTORY
Received June 2020
Accepted July 2021

KEYWORDS
Additive manufacturing;
Complex shape; Industry 4.0;
Geometrical defects;
Statistical process control

1. Introduction

New production paradigms and advanced inspection capabil-
ities have made novel kinds of complex shapes increasingly
available in the industry 4.0 scenario. By exploiting new levels of
design freedom, for example, via additive manufacturing (AM)
technologies, it is now possible to produce parts characterized
by lightweight structures whose complexity goes beyond the one
of traditionally manufactured shapes and simple 2.5D free-form
surfaces. Examples of such novel geometries include biomimetic
designs, topologically optimized components and lattice struc-
tures like the ones shown in Figure 1. On the other side, a new
generation of noncontact metrology systems (e.g., structured
lights, laser scanners, and X-Ray CT) allows to inspect and
measure complex shapes that can be reconstructed starting from
very large, unstructured and noisy 3D point clouds.

As a counterpart to the enhanced functionalities enabled by
this novel level of shape complexity, practitioners have to face
new significant challenges for the development and adoption of
appropriate quality modeling and statistical quality monitoring
methods.

Usually, the quality of geometrical shapes is monitored with
feature-based approaches, which consist of focusing on relevant
quality indicators, often related to functional or esthetic perfor-
mances, and monitor them with time. This procedure is con-
sistent with the standard industrial practice of statistical quality
monitoring (SQM), where traditional control charts on macro-
or micro-geometrical descriptors (e.g., diameters, roughness,
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lengths, or distances) are basically assuming these features as
representative of part functionality. The approach is summa-
rized in Figure 2(a), where three representative features, namely
f , h, Ra, are shown as examples of critical indicators to be mon-
itored with time. The feature-based approach can be applied
even to complex surfaces and will be considered as benchmark
competitor in this article, too. In the case of latticed free-form
shapes, such as the one shown in Figure 1, synthetic indicators
as the overall printed volume (i.e., the volume included in the
“latticed” free-form structure) can be considered as synthetic
quality indicator to be measured with time. This approach will
be considered as representative of the industrial practice.

With the increasing advent of free-form or complex shapes
and a new generation of measurement systems (e.g., non-
contact sensors as light scanners or structured light), the dense
and rich content of the whole point cloud can be usefully con-
sidered for quality monitoring. In this case, surface monitoring
represents a natural extension of profile monitoring to efficiently
detect undesired changes of the final shape. In this case, two
main streams of approaches have been proposed in the litera-
ture. In the first case, a parametric model of the surface geometry
is considered, as summarized by Figure 2(b). For each new
surface, the model parameters are estimated and monitored with
time to detect undesired shape changes (Colosimo et al. 2014).
In a second stream of research, surface point cloud is firstly fitted
via Gaussian processes (del Castillo, Colosimo, and Tajbakhsh
2014; Wang et al. 2014) or nonparametric smoothing (Zang and
Qiu 2017, 2018), as shown by Figure 2(c). Then, for each new

© 2021 American Statistical Association and the American Society for Quality
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2 R. SCIMONE ET AL.

Figure 1. Examples of complex shapes produced via metal AM: (a) lightweight bracket for space applications (Jorge 2018), (b) topologically optimized space antenna
support (https:// www.eos.info/ case_studies/ additive-manufacturing-of-antenna-bracket-for-satellite) and (c) rocket engine demonstrator (https:// www.etmm-online.com/
3d-printing-a-rocket-engine-a-886960/ )

Figure 2. from feature-based monitoring (a) to parametric (b) and nonparametric (c) surface monitoring.

surface, the difference between the smoothed geometry and the
reference shape (usually the average surface computed in Phase
1) is computed on a set of locations acting as reference position
or landmarks. At each landmark, the deviation is measured
as the Euclidean distance between the corresponding points
observed on the fitted and the reference surfaces.

A last class of approaches proposed in the literature do not
consider preprocessing via surface smoothing but simply com-
pute the deviations of point clouds with respect to the nominal
CAD shape by simply measuring the shortest distance of each
element in the point cloud to the nominal CAD surface. Then,
the distribution of this deviation set can be summarized in the
quantile–quantile (Q-Q) plot and then monitored via profile
monitoring (Wells et al. 2013). More recently, a new procedure
has been suggested which consists of dividing the point cloud
volume into region of interests (ROIs), compute the mean of
the deviations observed in each ROIs and monitor them via
multivariate generalized likelihood ratio (GLR) control chart
(Stankus and Castillo-Villar 2018).

With reference to these existing methods, two main limiting
assumptions have to be overcome when very complex 3D shapes
as the one considered in this article are of interest. First, with
few exceptions (del Castillo, Colosimo, and Tajbakhsh 2014),
most of the parametric and nonparametric models are based
on the assumption of 2.5D surfaces, that is, surfaces where
one coordinate can be modeled as a function of the other two
(Colosimo et al. 2014; Wang et al. 2014; Zang and Qiu 2017,

2018), as shown in Figure 2(b). This assumption can hold even
after coordinate transformations (e.g., cylindrical coordinates)
but basically restrict the set of possible shapes to be modeled
with time. Many complex shapes obtained via AM take full
advantage of the design freedom allowed by this technology as
in the paradigmatic example of the latticed egged shape we are
dealing with.

Second, “structured” datasets are usually considered, where
data are assumed to be measured on a fixed raster or are some-
how remapped to obtain a “one-to-one” correspondence of sur-
face data for control charting. Structured data can be obtained
using a specific measurement system (i.e., coordinate measuring
machine or structured light) or can be gained after surface
smoothing registering the position of the surface on some land-
marks or the mean deviation observed in some fixed ROIs
(Stankus and Castillo-Villar 2018). When large, unstructured
and noisy point clouds are available on complex 3D shapes, the
definition and identification of landmarks or ROIs can be a very
difficult or even intractable task. This is why we will not assume
this task as required in our newly proposed solution.

This study follows the route of analyzing the deviation
between a measured shape and a nominal model but it
introduces novel contributions aimed at overcoming the
simplistic assumptions that prevent the applicability of the
methods proposed in the literature to very complex 3D shapes,
as the ones produced via 3D printing or AM (Colosimo et al.
2018). Assuming large, unstructured and noisy point clouds are

https://www.eos.info/case_studies/additive-manufacturing-of-antenna-bracket-for-satellite
https://www.etmm-online.com/3d-printing-a-rocket-engine-a-886960/
https://www.etmm-online.com/3d-printing-a-rocket-engine-a-886960/
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Figure 3. Types of dataset assumed in our proposed method to represent the final geometry: triangulated mesh (left) or unstructured point clouds (right), obtained
considering the mesh vertices.

measured on complex 3D shapes, we consider a metric that does
not require landmarks, one-to-one correspondence or identifi-
cation of ROIs on a fully 3D (and not simply 2.5D) volume.

Moreover, we assume that one or both the objects to be
compared can be represented as point clouds or triangulated
mesh, as shown in Figure 3. As a matter of fact, when the
deviation between the inspected item and its nominal shape is
of interest, usually the first object is a point cloud while the latter
is usually the triangulated mesh derived by the CAD design.

In our article, we will exploit a solution based on the Haus-
dorff distance (Hausdorff 1914), a computationally tractable and
flexible metric to compute distances between two shapes despite
of the fact that they are represented as unstructured point clouds
or triangulated meshes (as shown in Figure 3). This extraordi-
nary flexibility will make our method broadly applicable, despite
the specific convention used to measure shape deviations.

The Hausdorff distance is a metric applied by several authors
in a wide range of applications (Kwan-Ho Lin et al. 2001; Aspert,
Santa-cruz, and Ebrahimi 2002; Mémoli and Sapiro 2004; Zhao
et al. 2005; Zhou and Wang 2009). It is a very general notion of
metric given for any pair of subsets of a given metric space, thus
including pairs of shapes, surfaces, meshes or point clouds in
the usual 3D Euclidean space, regardless of their complexity or
mutual relationship. As stated in Alt et al. (2003), the Hausdorff
distance represents the most natural distance measure for pairs
of geometrical objects where no point-to-point correspondence
is available, a characteristic that makes it particularly suitable to
determine differences between complex shapes, such as the ones
we are focusing on. It is also the best-known metric between
subsets of a metric space (Eiter and Mannila 1999; Conci and
Kubrusly 2018). As far as the computation of distances between
sets, other notions of distances have been proposed (for an
extended overview, the reader is referred to Eiter and Mannila
1999; Gardner et al. 2014; Conci and Kubrusly 2018; and the
therein). However, the Hausdorff distance has a much more
general field of validity being a very general notion of metric

applicable to any pair of shapes, surfaces, meshes or point clouds
in the usual 2D or 3D Euclidean space, regardless of their com-
plexity thanks to its computationally efficient tractability. This
is also the reason why it is the default distance notion adopted
in various software tools, like CloudCompare and MeshLab, in
addition to being implemented in a large number of libraries
(like the OpenCV library for image processing in C and Python),
and other packages for Matlab and R.

While the Hausdorff distance has been used in different
contexts, as in jump detection of regression surfaces (Kang and
Qiu 2014), or in the field of image analysis to study nanoparticles
aggregation (Sikaroudi et al. 2018), to the best of our knowledge
it has never been considered in the framework of statistical
quality modeling and monitoring of complex shapes.

A second novel contribution of the proposed methodology
consists of exploiting a specific feature of the Hausdorff distance,
whose computation is based on two different contributions,
which depend on the direction of the comparison. When object
A and B have to be compared, the Hausdorff distance is the
maximum of two different distance maps: the first measuring
deviations observed on A with respect to B and the second one
measuring deviations observed on B with respect to A. In our
newly proposed method, we exploit this bi-directional nature of
the Hausdorff-based distance, to enhance the capability of our
method to detect out-of-control shapes and provide diagnostic
aids when an alarm signal is issued.

Eventually, our proposed method is based on summariz-
ing these two directional deviation maps in their empirical
probability density functions (PDFs) and then using profile
monitoring as basic framework to detect the out of control. In
particular, we propose a profile monitoring method where the
PDFs of the two deviation maps are modeled and monitored via
a functional variant of the principal component analysis (PCA)
known as Simplicial Functional PCA (SFPCA; Hron et al. 2014).
Menafoglio et al. (2018) showed that the SFPCA applied to the
profile monitoring of PDFs generalizes the profile monitoring
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of Q–Q curves leading to better performances especially when
the underlying assumptions of the Q-Q plot based approach
are violated. Two pairs of control charts are designed, one for
each distinct PDF, to monitor the natural variability of serially
produced complex shapes in terms of deviations from their
common nominal geometry. Due to the asymmetrical nature of
the captured information, some types of out-of-control geomet-
rical distortion may be signaled by one control chart only and
some other distortions may be signaled by both of them. This,
combined with the physical intepretability of the information
content of each deviation map, is shown to ease the identifica-
tion and diagnosis of signaled anomalies.

The proposed approach addresses the class of problems
where the complex shape is represented in terms of a 3D point
cloud or a triangulated mesh. In the latter case, we approxi-
mate the meshes with the point clouds of their vertices and
advocate the use of Bernstein polynomial estimators to fit the
PDFs of the resulting deviation maps before applying the SFPCA
(Menafoglio et al. 2018). The proposed approach can be thus
applied to any shape, regardless of its geometrical complex-
ity and without requiring distributional assumptions for the
measured deviation from a nominal model. This makes the
method generally applicable to a wide range of problems. Nowa-
days, large, noisy unstructured point clouds measured via non-
contact sensors (e.g., laser scanners, X-Ray CT) represents the
standard rather than the exception in the Industry 4.0 scenario.
This is why we do believe that different interesting applications
of the proposed approach can be used in different contexts,
ranging from shape classification to quality optimization (i.e.,
selecting the process parameters to minimize the deviation
from the nominal). Besides our motivating application, point
clouds analysis on high-dimensional manifolds is also frequent
in many different application domains, from computational
biology to medical image analysis, from material science image-
based classification to financial data. However, to illustrate the
methodology and to show its benefits we present a paradigmatic
example. It consists of an egg-shaped trabecular shell (hereafter

denoted as “egg” for sake of simplicity) representative of real
parts produced via AM like the ones shown in Figure 1. Dif-
ferent copies of the part were 3D-printed via fused deposition
modeling (FDM) and their geometry was reconstructed via X-
ray computed tomography (CT). A Phase I implementation
of the proposed control charting method is presented and its
performances are demonstrated by means of a simulation study
inspired by the real egg-shape case study. A comparison against
a benchmark approach representative of the common industrial
practice for 3D-printed complex shapes is also discussed.

The remaining part of this work is organized as follows:
Section 2 describes the rationale behind the choice of the moti-
vating case study, Section 3 describes the methodology, while
a simulation study is proposed in Section 4. Results of the
application of the method to a dataset of real parts, produced via
AM, constitute Section 5 and Section 6 concludes the article.

2. A Paradigmatic Example

The case study here presented was chosen as paradigmatic
example of the challenges imposed by novel classes of shape
complexity. It consists of an egg-shaped trabecular structure that
recalls topologically optimized and lightweight shapes enabled
by AM design freedom (Figure 4). As in the case of free-
form surfaces, the egg-shaped surface cannot be simply param-
eterized: due to such complexity, the family of model-based
methods is not applicable, which motivates the investigation
of different approaches. Moreover, its geometry cannot be fully
reconstructed via 3D laser scan, but only by means of X-ray CT,
which makes the egg an archetype of shape complexity that goes
beyond free-form surfaces. The shape was designed starting
from a Voronoi tessellation of an egg surface and creating a
trabecular structure with struts placed along the boundaries
of tessellated regions (Galimberti 2018). The egg was 60 mm
tall with a maximum diameter of 40 mm and it was produced
via polymer FDM, a process where a filament of thermoplastic

Figure 4. Nominal CAD model (left panel), 3D-printed part (central panel), and reconstructed geometry of the 3D-printed part via X-ray CT (right panel).
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Figure 5. Detail of the mesh of a 3D-printed part reconstruced via X-ray CT.

material is heated, extruded through a nozzle tip and deposited
onto a platform to build parts layer by layer (Gibson et al. 2014).
The X-ray CT of the 3D-printed egg was used to reconstruct
a triangulated mesh of its geometry. Both the reconstructed
shape of the egg and its nominal model were represented in STL
(Standard Triangulation Language) format, which is the current
standard for AM processes.

The X-ray CT methodology represents the only way to recon-
struct both outer and inner surfaces of a 3D object. The CT mea-
surement results in a voxel dataset, that can be also represented
as a stack of grayscale images. The surface of the manufactured
part corresponds to the gray value transition between the low-
density air surrounding the part and the high-density material
of the part itself. This surface, also called iso-gray-value-surface,
can be extracted as a polygonal mesh. Due to the very high
CT measurement resolution, the vertices of the extracted mesh
are so dense that passing from a representation in terms of
vertices and edges (mesh) to vertices only (point cloud) yields
no or negligible loss of information about the reconstructed
geometry.

Figure 4 shows the CAD model representing the nominal
shape of the egg (a), one copy of the 3D-printed parts (b) and
the reconstructed shape of the 3D-printed part via X-ray CT (c).
Due to the intrinsic “signature” of the FDM process, a natural
variability of the 3D-printed shape with respect to the nominal
is present.

Figure 5 shows a detail of the mesh of a 3D-printed part
generated by the X-ray CT, which highlights the high level of
detail at which the geometry is reconstructed. Figure 5 also
explains the terminology that is used in the rest of the article.
The lattice structure consists of nodes and struts, where a node
represents a joint where two or more struts meet, and a strut
is a structural component that connects two nodes (Syam et al.
2018). The terms “face,” “edge,” and “vertex” are instead used to
indicate the geometrical elements of each polygon the mesh is
composed of.

Figure 6 shows a detail of the superimposition between the
reconstructed mesh and the nominal one aligned via iterative
closest point (ICP) (Besl and McKay 1992). Details about the
alignment operations as pre-processing step are provided in
Section 3.

Figure 6. Geometrical mismatch between the nominal shape (pink) and the real
shape reconstructed via x-ray CT (green, superimposed).

In this study, seventeen copies of the same egg were produced
by means of the same FDM system and the same polymeric
material. The dataset includes 15 in-control shapes character-
ized by good geometrical quality and lack of defects, and two
shapes with two different kinds of geometrical distortions.

Two examples of different types of out-of-control geomet-
rical distortions are shown in Figures 7 and 8. In particular,
Figure 7 shows the reconstructed shape of one egg where sev-
eral local irregularities during the deposition of the extruded
filament produced irregular geometries of the struts and several
regions where excessive material was present. This egg labeled
as out-of-control was produced with a pigment of the poly-
mer filament different from the one used for other eggs. The
pigment of the filament may yield slightly different behavior
when the filament is heated up and extruded, with consequent
effects on the final quality of the part (Valerga et al. 2018).
Figure 8 instead shows an example of an egg with a missing strut,
indicated by a red line. Differently from the example shown in
Figure 7, in this case the defect was artificially injected: the strut
is present in the nominal geometry but it was removed from the
3D-printed egg.

The two different kinds of defectiveness shown in Figures 7
and 8 are representative of anomalies that are critical for the
statistical process monitoring of complex shapes. The presence
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Figure 7. Defectiveness caused by the presence of exceeding mass around the struts of the as-printed part.

Figure 8. Defectiveness caused by the absence of a strut with respect to the nominal model. The thin red segment signals the missing strut.

of excessive material connected to the struts is representative
of a real anomaly in the filament deposition, which affects the
geometrical accuracy and quality of the final part. The example
entailing a missing strut is representative of real applications
where a local distortion may compromise the mechanical per-
formances of the overall part. Both these defective shapes should
be signaled as soon as possible to identify non conforming parts
and to detect an out-of-control state of the production process.
Generally speaking, a variety of defects could actually occur in
AM processes in general and FDM in particular. They include
local geometrical distortions (typically located in the presence of
complex geometrical features, like not fully supported overhang
surfaces or thin walls), pores, cracks and delamination, etc. In
FDM, geometrical errors and dimensional inaccuracies are quite
common. Geometrical errors are usually related to a local lack
or excess of material caused by various factors. An excess of
material could consist of the so-called “stringing” effect: the
result is the presence of a burr in different locations of the part.
The example shown in Figure 7 is representative of this kind
of defect. It can be caused by the adopted process parameters
and the temperature control of the nozzle. A lack of material
could be caused by a lack of local adhesion between two layers,
a disrupted material flow or a misaligned nozzle (Gibson et al.
2014). The defect shown in Figure 8 was selected as representa-
tive of this second category. Other local and global dimensional
inaccuracies may be obtained by varying the part orientation
or using non optimal process parameters, especially in the
presence of complex shapes (Górski, Kuczko, and Wichniarek
2013).

3. Methodology

We denote by {Sj}j=1,...,N a dataset of meshes, each representing
a real shape produced on the basis of the same nominal model P,
which is a mesh as well. By mesh, we mean that each Sj is defined
by a finite set of vertices {vj

1, ..., vj
Bj

} ⊂ R
3, which are called

vertices of the mesh, coupled with a set of triangles {Tj
j , ..., Tj

Rj
},

which are the faces of the mesh. The edges of the triangles form
the set of the edges of the mesh and, of course, the vertices of
each triangle need to be among the vertices of the mesh. This
is exactly the case of our paradigmatic example in Section 2:
N = 17 shapes are manufactured on the basis of the same CAD
model, and from each shape a mesh is obtained, via X-ray CT. In
order to identify in-control and out-of-control conditions in the
shapes, we here aim to develop a methodology to characterize
the variability of the dataset {Sj}j=1,...,N . Clearly, a first, crucial,
assumption is that the meshes associated to the manufactured
shapes are a faithful representation of them or, at least, that
they contain all the information about the structural properties
which are of interest for process control. Ideally, we would like
to represent each mesh Sj through descriptors capturing the
full information content on the differences between Sj and the
prototype P. To this end, as detailed in Section 3.1, each Sj
will be represented by a pair of deviation maps. This requires
a preliminary discretization of each mesh, that is, to extract
a point cloud from each Sj and from P. Of course, a second
assumption to be made is that the point clouds extracted from
the meshes are dense enough to avoid the loss of information
about the geometry of the objects themselves. For example,
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if the point clouds {vj
1, ..., vj

Bj
}, j = 1, . . . , N of the vertices

of the Sjs are deemed to be dense enough, one may choose
them as discretizations: this is the approach followed in the
present work. Alternatively, a uniform sampling on the faces
of the meshes could be performed. In both cases, from each Sj

and P one obtains point clouds S∗
j = {pj

1, ..., pj
Mj

} and P∗ =
{pP

1 , ...pP
MP

}. The computation of the aforementioned deviation
maps requires the computation of distances between the points
of the point clouds, so that a preliminary alignment is needed.
The proposed method can be summarized by the following
steps.

1. Align each mesh Sj to the prototype P: the well-known ICP
algorithm (Besl and McKay 1992) can be used in this phase.
Extract the S∗

j and P∗ from each Sj and P respectively. From
now on we will drop the apex ·∗ and, with a little abuse of
notation, with Sj we will denote the point cloud {pj

1, ..., pj
Mj

}
and, analogously, with P we will denote the point cloud
{pP

1 , ...pP
MP

}
2. Compare the clouds {Sj}j=1,...,N and the prototype P, through

appropriate deviation maps. Build a summary of these maps
attaining a balance between the complexity and richness of
the representation and the ability to perform the statistical
analysis.

3. Explore and analyze the variability structure of the new
dataset with suitable methods

4. Use the results of the analysis to produce a control chart
scheme to identify in-control or out-of-control conditions.

The ICP algorithm has become a standard in the framework
of 3D shape alignment. The registration approach adopted in
this study involves a first rough alignment based on manually
selected landmarks, followed by the fine registration via ICP.
This approach is implemented in various software tools for
mesh manipulation and analysis, like the open source Meshlab
platform (Cignoni et al. 2008) used in this study. However, such
alignment operation is known to be affected by the initialization
condition. Because of this, a sensitivity analysis with respect to
the choice of landmarks is presented in the appendix.

In the following, we shall assume that the Sj’s are already
aligned to the prototype (i.e., that Step 0 has already been
performed), and we also assume that any residual misalignment
error is enclosed into the overall natural variability of the moni-
tored shapes, and such error is assumed to be small with respect
to the shape variations among different parts. The following
subsections describe the remaining steps.

3.1. Step 1: Hausdorff Distance, Distance Maps, and PDFs

To deal with the problem of measuring differences between two
aligned clouds, we refer to the general definition of Hausdorff
distance between two subsets of a metric space (Henrikson
1999).

Definition 3.1. Let X, Y be two closed, bounded, non-empty
subsets of a metric space (U, d). Their Hausdorff distance is

defined as

dH(X, Y) := max

{
sup
x∈X

inf
y∈Y

d(x, y), sup
y∈Y

inf
x∈X

d(x, y)

}
.

This definition implicitly defines two deviation maps, namely

dY : X → IR+, dY(x) := inf
y∈Y

d(x, y)

and

dX : Y → IR+, dX(y) := inf
x∈X

d(x, y).

On this basis, one can see the Hausdorff distance as

dH(X, Y) := max

{
sup
x∈X

dY(x), sup
y∈Y

dX(y)

}
.

Note that dY associates to each x ∈ X its distance from Y , while
dX acts analogously associating to each point y ∈ Y its distance
from X. Clearly, these maps carry a richer information content
on the mutual relation between X and Y than the Hausdorff
distance dH(X, Y), which could face huge fluctuations when
single points are added to one of the sets X or Y . The method
proposed in this work grounds on the key observation that, in
general, supx∈X dY(x) �= supy∈Y dX(y). This fact, beside being
reasonable from the mathematical viewpoint (e.g., dX and dY do
not have the same spatial domain), suggests that both deviation
maps should be analyzed to fully characterize the geometrical
differences between the nominal model and the reconstructed
object. In fact, the pair (dY , dX) characterizes the geometrical
differences between X and Y because the Hausdorff distance
(which is directly derived from these maps) has the good prop-
erty that it never vanishes unless the sets under study coincide
exactly (Seal and Bhowmick 2017)—that is, dH(X, Y) = 0 if
and only if X = Y . This is actually an immediate corollary
of the properties of distance functions in metric space. As a
consequence, if the hypotheses regarding the accuracy of the
extracted point clouds, stated at the beginning of Section 3,
are valid, we may assume that the couple of distance maps
obtained substituting Sj and P for X and Y codifies all the rele-
vant information about the geometrical deviations between the
manufactured object and the prototype. These considerations
justify the analysis and control framework which is outlined in
the following.

For a dataset of point clouds, the definition of the deviation
maps is extended as follows. Seeing each cloud (including the
prototype) as a subset of the Euclidean space equipped with the
usual Euclidean metric, the pair of deviation maps (dSj , dj

P) for
the jth object is defined as

• dSj : P → Cj, associating to each p ∈ P its distance from Sj:
dSj(p) = inf s∈Sj d(p, s)

• dj
P : Sj → Kj, associating to each s ∈ Sj its distance from P:

dj
P(s) = infp∈P d(p, s)

where d is the Euclidean metric, and Cj, Kj can be taken to
be intervals in R. Each object can thus be represented by the
corresponding pair of distance maps (dSj , dj

P), which are real
functions over a spatial domain.
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For each cloud Sj one gets two finite samples of devia-
tions, hereafter denoted by vectors DSj and Dj

P (named devi-
ation vectors). Note that these vectors typically have a high-
dimensionality (if based on a dense or a large point cloud).
Moreover, the vectors might have different dimension for dif-
ferent objects. In fact, although pairs {(DSj , Dj

P), j = 1, . . . , N}
represent the geometric discrepancy between the produced
objects and the nominal model, statistical process control on
this basis appears unfeasible, because of the dimensionality and
complexity of these data.

To allow for a comparison of the geometrical discrepancy
between produced objects and the nominal model, one thus
needs to build appropriate summaries of (DSj , Dj

P). This may be
obtained via sample statistics (sample mean, sample variance,
and quantiles), at the expense of a significant loss of information.
To attain a balance between the information content being
preserved and the need to simplify the deviation vectors, we
summarize (DSj , Dj

P) through their (estimated) PDFs, denoted
by fSj and f j

P, similarly as proposed by Menafoglio et al. (2018)
in the context of metal foam monitoring. Note that these PDFs
can be estimated by working directly on the elements of DSj and
Dj

P (i.e., the distances) or on any monotone transformation of
distances; in this work, all the analyses are carried out on natural
logarithms of the distances. The logarithmic transformation was
chosen because of its properties of reducing the skewness of
data being densely concentrated near zero. The condition where
a lot of distance values are near zero seems reasonable, as it
represents a situation where large parts of the manufactured
objects matches the prototype and residual small regions are
affected by anomalies. Of course, this choice is not prescriptive,
and a practitioner may find that another kind of transformation
(e.g., a power transformation) is more suitable in a different
context.

In the following, we shall consider a Bernstein polynomial
estimator to obtain a smooth estimate of the PDFs fSj and f j

P from
the deviation vectors, following the approach of Menafoglio
et al. (2018). The Bernstein estimator for the cumulative dis-
tribution function (CDF) FSj from the empirical CDF FSj is
defined as

F̂Sj(t) =
Mj∑

k=0
FSj(k/Mj)bk,Mj(t),

where Mj is the number of elements in DSj , (i.e., the number of
points in the point cloud P). This allows one to obtain an explicit
estimator for the PDF fSj as

f̂Sj(t) = Mj

Mj−1∑
k=0

[(FSj((k + 1)/Mj) − FSj(k/Mj))bk,Mj(t)]

where bk,Mj is the kth Bernstein polynomial of order Mj. Esti-
mators for the f j

P are perfectly analogous. Bernstein estimators
were chosen because they are well suited to estimating density
with a compact interval as support, which is exactly our case,
since we are dealing with continuous shapes. On the other
hand, kernel-based estimators may face instability at the borders
(Chen et al. 2000; Babu, Canty, and Chaubey 2002; Silverman

2018). Moreover, these estimators are consistent and smooth
(Babu, Canty, and Chaubey 2002).

Independently of the chosen smoothing method, this step
leads to the definition of two datasets fS = {fSj , j = 1, . . . , N}
and �fP = {f j

P, j = 1, . . . , N}, each containing the N PDFs of the
deviation vectors. We remark that the datasets f S and f P allow
for different geometric interpretations, intimately linked to the
directional nature of deviation maps dSj and dj

P. For instance,
in regions of Sj characterized by excessive material (e.g., in the
case of Figure 7), the deviation map dj

P is likely to highlight
large deviations. On the contrary, regions in Sj presenting a lack
of material (as in the missing strut in the example shown in
Figure 8), would be highlighted by the deviation map dSj , as
discrepancies in dj

P are measured only for points belonging to
the mesh Sj (i.e., missing parts are not accounted for in this devi-
ation map). Clearly, when the jth produced object presents both
excess and lack of material, both deviation maps are expected to
highlight a geometrical discrepancy between Sj and P.

3.2. Step 2: Exploring the Variability of Geometrical
Discrepancies

To explore in-control variability and detect possible out-of-
control conditions, we here follow the approach of Menafoglio
et al. (2018), and we use the simplicial functional principal com-
ponent analysis (SFPCA; Hron et al. 2014), which represents
an extension to PDFs of principal component analysis (PCA).
PCA is a well known and widely used technique to explore and
interpret the variability of an N × p multivariate dataset. This
technique grounds on the spectral analysis of the covariance
matrix of the dataset, which is well defined as long as the dataset
can be embedded in a separable Hilbert space (H, 〈·, ·〉, +, ·)
(Ramsay and Silverman 2005). This is also true when H is
infinite dimensional, which is indeed the case of functional and
PDF data, since both sample means and covariance operators
(i.e., the infinite-dimensional analogue of the sample covariance
matrix) can be defined. Moreover, the interpretation of the
principal components and of the associated eigenvalues of the
covariance operator is analogous to the Euclidean case (Ramsay
and Silverman 2005; Horváth and Kokoszka 2012).

A proper Hilbert space setting for PDF data has been defined
and studied in several works (Egozcue, Díaz–Barrero, and
Pawlowsky-Glahn 2006; Gerard van den Boogaart, Egozcue,
and Pawlowsky-Glahn 2010; Pawlowsky-Glahn et al. 2014): it
is the Hilbert space B2, an infinite dimensional generalization
of the Aitchison’s simplex for finite-dimensional compositional
vectors (Aitchison 1986; Barceló-Vidal 2001; Filzmoser, Hron,
and Templ 2018), with its operation of inner sum, product by a
scalar and inner product. Moreover, a PCA procedure has been
proposed, under the name of simplicial functional principal
component analysis (Hron et al. 2014) and its practical applica-
tion to an example of profile monitoring and statistical process
control is extensively described in Menafoglio et al. (2018); we
refer the reader to these works for a full technical description of
SFPCA. In the present work, we apply SFPCA separately to the
two datasets f S and f P, and use the results of both analyses to
build a control framework, as further detailed in Section 3.3.
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After performing SFPCA on f S, we obtain a sequence of N−1
couples eigenvalues-eigenfunction (λ

(S)
i , ζ (S)

i ), i = 1, ...N −1, of
the sample covariance operator, where the sequence of eigen-
values is nonincreasing and the eigenfunctions are mutually
orthogonal. Moreover, for each fSj ∈ f S we can define, as in the
Euclidean case, its scores along the ith Principal Component as
z(S)

ji = 〈fSj − f S, ζ (S)
i B2〉, where f S is the mean of f S computed

in B2. Finally, as usually done, a number K(S) ∈ {1, ..., N} of
principal components to be retained is chosen, on the basis of
a threshold on the minimum fraction of variance explained by
the PCs. Analogously, the same procedure can be applied to f P,
obtaining a set of K(P) scores zP

ij along the first K(P) principal
component ζ

(P)
i . In the present work, the selection of K(S), K(P)

is always performed as to explain the 98% of the total variability
of the dataset f S, f P, respectively, as suggested in Menafoglio
et al. (2018).

3.3. Step 3: Profile Monitoring of Geometrical
Discrepancies

To monitor the objects Sj, j = 1, . . . , N, represented through
the datasets of densities f S and f P, we shall rely on the results of
the previously described SFPCA procedure, applied separately
on each dataset. For brevity, we detail the method referring to
the dataset f S, analogous development being applied to f P. In
the PCA-based approach to profile monitoring, it is standard to
consider two different statistics, the Hotelling T2 statistic and
the Q statistic (Colosimo and Pacella 2010), generating the T2

and the Q chart, respectively. Both statistics have been defined
for density data (Menafoglio et al. 2018): chosen a number K(S)

of retained components, we have

T2(S)
j =

K(S)∑
i=1

(zS
ji)

2

λ
(S)
i

,

QS
j = ‖fSj − f ∗

Sj‖2
B2 =

∞∑
i=K(S)+1

z2
ji.

where f ∗
Sj

= f S + ∑K(S)
i=1 zjiζ

(S)
i is the reconstruction of fSj

obtained considering the first K(S) principal components. As
detailed in Colosimo and Pacella (2010) and Menafoglio et al.
(2018), the T2 statistic allows one to identify anomalies in the
PDFs based on the scores along the retained components, while
the Q statistic detects anomalies in the reconstruction error,
leading to a complementary insight with respect to the one
provided by the T2 statistic. These statistics lead us to two
pairs of control charts, (T2(S), QS) for f S and (T2(P), QP) for f P
respectively. We assume that an element is out-of-control if at
least one of the four charts raises an alarm since, as discussed in
Section 3.1, the datasets f S and f P may carry complementary
information. The pairs (T2(S), QS) and (T2(P), QP) cannot be
assumed to be independent, however, we assume that T2(S) is
independent from Q(S) and that T2(P) is independent from Q(P),
as done in Colosimo and Pacella (2010). Hence, if an overall
Type I error probability equal to α∗ is desired, we consider a
Bonferroni correction setting a Type I error probability α′ =
α∗/2 for each pair of charts, and finally we exploit the indepen-
dency between the charts within each pair by setting a Type I

error probability α = 1 − √
1 − α′ for each one of the four

charts. In the present work, we always set α∗ = 1%. As regards
to the control limits, in each T2 chart we follow the Phase I
standard procedure for the case when the size of the preliminary
samples is unitary (i.e., the case of individual observations, as
detailed in Montgomery 2009), setting the upper control limit as

UCLα(T2) = (N − 1)2

N
qBeta(1−α,K/2,(N−K−1)/2)

where N is the sample size, K the number of retained principal
components (K(S) and K(P) for f S and f P, respectively ), and
qBeta denotes the quantile of the Beta distribution. Concerning
the two Q charts, several studies on an approximate distribution
of the Q statistic have been carried out (Jensen and Solomon
1972; Nomikos and MacGregor 1995). When the size of the
preliminary samples is unitary, the appropriate control limit is
given by Jensen and Solomon (1972), Zhu et al. (2007), as

UCLα(Q) = θ1

{
1 − θ2h0

(1 − h0

θ2
1

) +
√

zα(2θ2h2
0)

θ1

} 1
h0

,

zα being the (1 − α)-quantile of the standard normal distri-
bution, h0 = 1 − (2θ1θ3)

3θ2
2

, and θr = ∑∞
j=K+1 λr

j , r = 1, 2, 3,
where K is the number of retained components and λj is the
eigenvalue of the jth component. The Q control chart is aimed
at detecting possible deviations affecting PCs orthogonal to the
ones retained and included into the estimation of the T2 statistic.
The Q control chart is commonly used as a complementary
control chart for the error due to PCA reconstruction (see
Colosimo and Pacella 2010 and literature cited therein), with the
aim of preventing any information loss about the process.

4. Testing the Power of the Method: A 2D Simulation
Study

In order to test the performance of the method, we propose a
simulation framework based on the generation of 2D trabecular
structures including both in-control and out-of-control real-
izations of shapes having a common nominal model. Random
realizations of the simulated shape were constructed by means
of a random Voronoi tessellation of the inner region of an egg-
shaped curve, resembling a 2D version of the 3D-printed shapes
presented in Section 2. A 2D model was used as it enables the
simulation of complex shapes in a computationally feasible way
without losing generality for testing the performances of the
proposed method. Figure 9(a) shows the original tessellation,
where each strut is represented by a segment. Figure 9(b) shows
one realization of a simulated shape, where each strut is repre-
sented in terms of a point cloud. The realization in Figure 9(b)
was used as nominal shape for the comparison against all other
realizations, both in-control and out-of-control.

In order to realize the nominal shape in Figure 9(b), two
steps have been followed. First, each segment i in the analytical
model was doubled, with a width wi, generating the trabecu-
lar structure; all the resulting segments were then discretized
considering a fixed sampling density, that is, a constant num-
ber of equispaced points for unit length. This was achieved
by assigning n = 1000 points to the longest segment in the
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Figure 9. Left panel: basic analytical model of all the simulated trabecular structures that were part of the study. It is completely defined by the analytical expression of
the boundary and by the coordinates of the end points of the segments, representing struts. On the right panel an example of point cloud, which is actually the nominal
model used in the simulation.

analytical model in Figure 9(a), and all other segment were
then discretized keeping the same density. Next, each point j in
each segment i was perturbed orthogonally with respect to the
segment i it belongs to, and independently from any other point,
by a quantity

dij ∼ N(0, σij).

Note that the parameter wi controls the dimension of the struts,
while σij controls the regularity of the trabecular surface. For
the generation of the nominal model, the parameters were set as
constant over the entire structure, that is, wi = μw0 = 0.04 and
σij = σ̄ = 0.004.

To mimic the actual variability of the production process, we
simulated the in-control realizations by introducing a random
perturbation on the parameters wi and σij. In particular, to
simulate a new shape, we followed the same steps as described
for the nominal model, but (i) the average width of the strut i was
randomly and independently determined by sampling wi from

wi ∼ N(μw0 , θ),

where θ = 0.008, (ii) the “roughness” parameter σij was ran-
domly sampled according to

σij ∼ U(σ̄ − ε, σ̄ + ε),

where U denotes the uniform distribution and ε = 0.002.
In order to simulate a dataset of real shapes, is worth noting

that each wi is sampled independently for each strut in each

realization of the shape, while σij is sampled once for each real-
ization and kept fixed for all struts in a given realization. In other
words, the trabecular width wi is a source of variability which
adds randomness to struts dimension within a realization of the
shape, while σij introduces randomness between two different
realizations.

Three scenarios representative of out-of-control geometrical
distortions were generated by injecting three different kinds of
defects in the simulation model, namely a variation of the strut
width at different severity levels, the presence of missing struts,
and the presence of irregularities on the trabecular surface.
These three scenarios are described in Sections 4.1, 4.2, and
4.3, respectively, while the corresponding results are shown in
Section 4.4. In all the scenarios, 100 realizations of the 2D shapes
were generated in each simulation run. 95 of them were gener-
ated by using the same parameters μw0 , θ , ε, σ̄ and hence they
are representative of in-control shapes, while the 5 remaining
realizations simulate the out of control situation characterizing
each scenario.

4.1. Scenario I: Shift in Struts Dimension

In the first scenario, the five out-of-control shapes were gener-
ated by injecting a shift �w > 0 in the parameter that controls
the mean strut width: so the width of each strut of an out-of-
control shape is sampled from a normal distribution with mean
μw1 = μw0 + �w, all other parameters being kept fixed. The
shift �w was generated at 4 levels of severity, as reported in
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Figure 10. On the left panel an in-control shape: note the irregularity in the trabecular dimension, in comparison with the regularity of the nominal model shown in
Figure 9(a). The right panel shows a out-of-control shape, with μw1 = 0.05 versus μw0 = 0.04 of the in-control shape.

Table 1. Different severity levels for the scenarios.

Scenario Varying parameter Severity I Severity II Severity III Severity IV

I �w 0 0.005 0.01 0.015
II η 1 2 3 4
III ν 2 4 6 10

Table 1 in Section 4.4. Distances are computed with respect to
the nominal model displayed in Figure 9(b). In Figure 10, two
examples of in-control and out-of-control shapes are provided.

4.2. Scenario II: Missing Struts

In Scenario II, the injected defect of the five out-of-control
shapes consisted of removing struts from the initial structure at
random: for each defective shape, η struts are randomly chosen
and eliminated, independently of all other shapes. As in the
previous case, we simulated different severities, corresponding
to different values of η. We show in Figure 11 point clouds
affected by this kind of anomaly, at the four simulated severities
(η = 1, 2, 3, 4).

As shown in Figure 11, the simulated defects are very local
and difficult to identify from a visual inspection of the shape,
since it does not modify substantially the overall structure.
However, local defects like these are particularly critical in real
life applications, as they may introduce weakness points in the
structure, affecting its functionality. Each realization is simu-
lated following exactly the same procedure of the in-control
shapes, described in Section 4, and missing struts are chosen
randomly.

4.3. Scenario III: Irregularities on the Trabecular Surface

In this case, the five out-of-control elements are characterized
by irregularities on the struts. This scenario was driven by the
observation of real anomalies in 3D-printed shapes, similarly
to the ones shown in Section 2. This kind of irregularities
may be representative of an irregular material deposition, and
hence they indicate a departure from an in-control production
process. Irregularities are modeled as additional segments on
the principal struts, as shown in Figure 12. As can be seen
from Figure 12, each additional segment is attached at a random
location of a strut. The severity of the defect can be controlled by
varying the maximum number ν of irregularities within a single
strut. For example, the shape in Figure 12(a) has been generated
by setting ν = 6 while Figure 12(b) corresponds to ν = 10.
Given ν and a shape realization, for each strut the actual number
of irregularities is sampled from a discrete uniform distribution
U(0, 1, ..., ν). The length of each irregularity is a random fraction
of the length of the strut: in particular, this fraction is sampled
from a uniform distribution U(1/16, 1/20). Also in this case,
we simulated four different severities, corresponding to different
values of ν reported in Table 1 in Section 4.4.

4.4. Results

The aim of this section is twofold: (i) estimating the detec-
tion power of the proposed method, and (ii) checking that the
obtained results are coherent with the different geometric char-
acteristics of the simulated defect, and hence that the analysis
of both deviation maps is necessary. In Figures 13–15, we show
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Figure 11. Realization of the shape with 1, 2, 3, and 4 missing struts, which are
marked by red segments.

an estimate of the detection power 1 − β of the method, where
β is the Type II error probability. The estimate is based on
a 100 simulation run for each severity level in each scenario,
for Scenario I, II, and III respectively. For each scenario, three
functions are plotted: the detection power of the method (panel
(c)), and the detection power of the single pair (T2, Q) of charts
applied either to the f P densities (panel (a)) or f S densities
(panel (b)). In Table 1 we summarize the severities for each
scenario. In every simulation run, we set the nominal Type I
error probability α∗ to 1%. Note that the first severity level
of Scenario I corresponds to an in-control situation where all
elements are conformal: hence, this level has also been placed
as the first level for the other scenarios. Of course, the estimate
corresponding to it is the empirical Type I error probability.

Figure 13 shows that in Scenario I both (T2(P), QP) and
(T2(S), QS) contribute to the overall detection power: this is
reasonable, since the injected defect does not concern excessive

or missing material, but a general over-sizing effect of all the
struts that affects both f P and f S densities, as shown in Figure 16.
On the contrary, Figure 14 shows that, in Scenario II, where we
are simulating defects due to lacks of material, only the analysis
of f S contributes to the identification of defective shapes: this
is due to the fact that higher values of distances are associated
to the points in the reference model belonging to the struts
which are missing in the realized out-of-control shape, while the
distances of the points of the realized shapes from the reference
model cannot present any anomaly, as shown in Figure 17. As
regards to Scenario III, where we simulate irregularities due
to excessive material, Figure 15 shows an opposite situation:
only the analysis of f P allows identifying defective shapes, since
the points associated to high values of distances are the ones
belonging to the irregular additional segments in the realized
out-of-control shapes (see Figure 18).

The method seems to be highly sensitive when missing
or additional structures are concerned: the power functions
regarding Scenarios II and III are quite far from zero even when
just one strut is missing or few irregularities are added. This
may be due to the fact that such anomalies do not cause big
shifts of the mean, median or in general of the structure of
the distance density, but rather they introduce small peaks in
the density over values of distance where in-control densities
are monotonically decreasing and, more important, vanishing.
The scalar product in B2 (defined in Section 3), which fully
defines the geometrical features of the space and consequently
of the principal components, is quite sensitive to this kind of
difference in the densities, because it is based on (log-) ratios of
probabilities, varying sharply when one of the density vanishes
while the other does not.

An aspect which is worth investigating is how the perfor-
mance of the method is affected by variations in the density
of the clouds—in our case, this corresponds to a variation
of the parameter n mentioned at the beginning of Section 4,
which was set to 1000 and kept fixed in the previous scenarios.
One could guess that the performance of the method remains
stable as long as the sampling remains uniform and does not
become coarse to the extent that a loss of information about
some geometrical features of the original shape is caused, or
the convergence of the Bernstein estimators is prevented. We
show an example in Figure 19, which is relative to a simulation
run identical to Scenario II, apart from the sampling density,
which was reduced to n = 500. As expected, apart from a slight
variation at the beginning of the curve, the detection power
appears stable.

5. Application to the Real Case Study

5.1. Experimental Settings

The eggs were 3D-printed by using an FDM Sharebot 42 system.
The material was PLA (Polylactic Acid), a thermoplastic poly-
mer commonly used in FDM, which provides a good surface
finishing with the further advantage of being a nontoxic mate-
rial. No supporting structure was needed since the geometry
is self-supporting, despite the presence of low-angle overhang
struts. The filament was extruded ◦C 230 leading to an extruded
diameter of 0.40 mm. In the following, the out-of-control egg
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Figure 12. Simulated out-of-control shapes of Scenario III, at different severities.

Figure 13. Plot of 1 −β for the couple (T2(P) , QP) (a), for (T2(S) , QS) (b) and for the method (c), for Scenario I, with 99% Confidence Intervals, computed on 100 simulation
runs for each severity level. The different severities are �w = 0, 0.005, 0.01, 0.015.

Figure 14. Plot of 1−β for the couple (T2(P) , QP) (a), for (T2(S) , QS) (b) and for the method (c), for Scenario II, with 99% Confidence Intervals, computed on 100 simulation
runs for each severity level. The different severities are η = 0, 1, 2, 3, or 4 missing struts.
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Figure 15. Plot of 1−β for the couple (T2(P) , QP) (a), for (T2(S) , QS) (b) and for the method (c), for Scenario III, with 99% Confidence Intervals, computed on 100 simulation
runs for each severity level. The different severities are given by ν = 0, 2, 4, 6, 10, the maximum number of additional segments attached at each strut.

Figure 16. An example of dataset f P (left) and f S (right) from a simulation run of Scenario I, with the highest out-of-control severity, μs1 = 0.055. Densities corresponding
to defective shapes are drawn in blue.

Figure 17. An example of dataset f P (left) and f S (right) from a simulation run of Scenario II, where the out-of-control shapes, whose densities are drawn in blue, have
η = 2 missing struts. Note the behavior of the right tail of the densities in f S representing defective shapes.
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Figure 18. An example of dataset f P (left) and f S (right) from a simulation run of Scenario III where the out-of-control shapes, drawn in blue, are characterized by ν = 10.
Note again the tails of the blue densities in the chart on the left.

Figure 19. Plot of 1−β for the couple (T2(P) , QP) (a), for (T2(S) , QS) (b) and for the method (c), for Scenario II with reduced sampling density N = 500, with 99% Confidence
Intervals, computed on 100 simulation runs for each severity level. The different severities are η = 0, 1, 2, 3 or 4 missing struts

characterized by local excess of material is referred to as OOC-
EM (out-of-control exceeding material) and the egg with the
missing strut as OOC-MS (out-of-control missing strut). The
X-ray CT of all the eggs was performed by using a North Star IX
25 system, with a voxel size of about 52 microns.

Figure 20 shows the densities f P (left panel) and f S (right
panel) obtained by smoothing the PDFs using Bernstein poly-
nomials. Figure 20 (left panel) shows that when the PDF of
the distances of the real shape from the nominal shape, that
is, f P, is considered, the presence of excessive material (OOC-
EM) inflates the right tail of the PDF. Indeed, locations of the
real shape with exceeding material exhibit a larger distance
from the nominal shape, modifying the overall PDF. On the
contrary, the presence of excessive material has no effect on
the PDF of the distances of the nominal shape from the real
shape, that is, f S (Figure 20, right panel). Indeed, in this case, no
distance value can be associated with points that do not belong
to the nominal shape, and hence the contribution of regions
of the real shape characterized by exceeding material is filtered
out. An opposite effect regards the other type of out-of-control
distortion, that is, OOC-MS. In this case, the effect is captured by

the f S density only, where the missing strut caused an inflation
of the right tail of the PDF, whereas no evident effect on the
f P density was observed. These two out-of-control examples
represent two opposite and complementary conditions, which
highlight the importance of considering the directional nature
of the Hausdorff distance measures to estimate deviations from
a nominal model.

Figure 21 shows the plots of the mean density perturbed
along the direction of the first principal component, which
explains more than the 98% of the total variance, for both
datasets. Figure 21, left panel, shows the perturbations on the
first PC on the f P dataset, whereas Figure 21, right panel, shows
the perturbations on the f S dataset. Figure 22 shows the boxplots
and individual values of the scores for the projections of the f P
(left panel) and f S (right panel) densities onto the direction of
their first PC respectively.

In both the cases shown in Figure 21, the effect of the two
out-of-control shapes affects the right tail of the distribution. For
the first PC of the f P densities, the perturbation is driven by the
anomaly of the OOC-EM shape, whereas the perturbation along
the first PC for the f S densities is driven by the OOC-MS shape,
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Figure 20. Dataset f P , on the left, and f S , on the right. The Bernstein estimators are smooth and well suited to estimate densities with compact support. In control elements
are shown with gray lines while out-of-control elements are shown with a red long-dashed lines (OOC-MS) and a blue short-dashed line (OOC-EM). The only PDF which
appears to be clearly different from the others at first glance is the one representing OOC-EM, in the dataset f P .

Figure 21. Mean density (black) perturbed by 3
√

λ1ζ1 (red long-dashed line) and −3
√

λ1ζ1 (blue short-dashed line), for the dataset f P on the left, and for the dataset
f S on the right. The perturbations are performed using the operation of sum and product defined for B2, as detailed in Section 3

.

Figure 22. Boxplot of the scores, along the first PC, of the element of the dataset f P (a) and f S (b). The positive shift of the defective realization of the shapes can be
appreciated.
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Figure 23. Control charts for f P (a, b) and for f S (c, d). In both cases, the number of PCs used to compute the statistic is 1 (more than 98% of explained variance). The
straight black line represents the UCL in all cases.

as shown in Figure 20. Figures 21 and 22 show that the first PC is
sufficient to capture such effect for both the out-of-control cases
and both the densities.

Figure 23 shows the T2 control chart and the Q control chart,
in relation to the scores of the SFPCA applied to the f P((a) and
(b)) and f S ((c) and (d)). The Type I error for each chart has
been set starting from α∗ = 0.01, as detailed in Section 3.
Figure 23 confirms that both the defective shapes are signaled as
out-of-control by the proposed approach, but each pair (T2, Q)

of control charts signals only one out-of-control depending on
the effect of the geometric distortion on the corresponding devi-
ation map. Due to the nature of the defective shapes considered
in this study, the two pairs of control charts signal complemen-
tary out-of-control contaminations of the Phase I dataset. The
T2(P) control chart signals a contamination caused by excessive

material whereas the T2(S) control chart signals a contamination
caused by a missing strut, coherently with the interpretations
given to the perturbations in Figure 21. Generally speaking,
the use of two distinct pairs of control charts eases the inter-
pretation and diagnosis of signaled observations. Moreover, if
a shape exhibits a geometrical distortion involving both excess
and lack of material in different locations, it is expected to be
signaled by both the pairs, since it affects both the f P and f S
deviations.

Although, as discussed in Section 1, it is not immediate
to identify “standard” competitors for the proposed approach
when the target objects are in a complex manifold configuration
as in the presented real case study, it is possible to refer to
the common practice adopted in industry. In the framework
of additively manufactured complex shapes, the most common
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Figure 24. Individual control chart for the “volume” descriptor. The red line repre-
sent the mean volume, while the control limits are set considering a deviation of
±z0.99σ , σ being the volume standard deviation.

approach consists of computing individual and global descrip-
tors, like the overall volume of the manufactured shape (that
can be derived by standard software for mesh analysis) or the
density of the part (that can be measured via the Archimede’s
method). By monitoring such global descriptors it is possible
to determine the presence of internal porosity or anomalous
lack or excess of material. In order to assess the benefits of
the proposed approach against such industrial practice, the
volume of each 3D-printed shape was estimated through a mesh
reconstruction to obtain a “watertight” mesh. To this aim, the
screened Poisson surface reconstruction approach was applied
(Kazhdan and Hoppe 2013). The estimated volume of the mesh
was then used to design a univariate control chart for the
shapes included into the real case study. The result is shown in
Figure 24.

Figure 24 shows that relying on a global descriptor, despite
being representative of the common industrial practice, is not
suitable to identify out-of-control deviations like the ones dis-
cussed in this study. Indeed, the local variability introduced by
the local defects represents a minor contribution to the overall
natural variability of the shapes’ volume.

6. Conclusion

The continuous development of digital manufacturing makes
available novel levels of shape complexity and big-data unstruc-
tured point clouds in the Industry 4.0 scenario. This imposes
novel challenges in the design and use of statistical quality
modeling and monitoring methods, as traditional approaches
may not be applicable. The method proposed in this study
is aimed at identifying anomalous geometrical structures and
out-of-control departures from a natural shape variability by
investigating the deviation between each inspected shape and
its nominal (prototype) model. It applies to full 3D geometry

reconstructions in the form of triangulated shapes transformed
into a point cloud format.

Differently from methods previously proposed in the lit-
erature, we showed that the map of deviation between the
inspected shape and the nominal one has an intrinsic directional
nature. Coping with such directional property is of fundamental
importance to avoid information losses in the characterization
of the natural shape variability, and to properly capture any
out-of-control deviation pattern. The results showed that the
parallel monitoring of two deviation maps, one projected on the
nominal shape and one projected on the inspected shape, allows
one to signal geometrical distortions that could not be detected
considering one deviation map only. The study also proposed
a method to synthesize the information content enclosed in the
two deviation maps in the form of two marginal PDFs, leading to
a profile monitoring scheme that can be applied to any complex
shape for which a reference prototype (i.e., the nominal model)
is available.

This approach is particularly suitable for AM applications,
where a near net shape, whose complexity is enabled by a
completely new design freedom, is produced layer by layer
starting from a nominal CAD model. The proposed approach
was tested considering a paradigmatic example, consisting of an
egg-shaped trabecular shell. However, the method is completely
general in nature, and hence it can be extended to even more
complex shapes involving both external and internal geomet-
rical features. X-ray CT is the only nondestructive inspection
method that allows the reconstruction of both outer and inner
surfaces of a 3D object. Due to the high resolution of this kind
of measurement, passing from a shape representation in terms
of vertices and edges (mesh) to vertices only (point cloud) is
expected to yield negligible loss of information. Nevertheless,
the proposed approach could be generalized to exploit the entire
information enclosed by the mesh representation, by including
both edges and vertices into the analysis. Even if the approach
originates in the context of statistical quality monitoring of 3D
printed complex shapes, it can be applied to any unstructured
noisy point clouds or meshes on complex manifolds, arising
in many different application contexts, as computational biol-
ogy and medicine (e.g., Lila et al. 2016; Sangalli et al. 2014).
Future studies will investigate the performances of the method
in the presence of different kinds of shapes and its possible
extension to Phase II control chart implementations. Another
relevant future improvement of the proposed technique regards
the inclusion of a spatial model approach to preserve the spatial
dependency information that is lost when PDF curves are used
as synthetic signatures of the deviation maps. This is expected
to enhance the capability of detecting small shifts affecting only
locally the overall shape, and hence it represents a natural and
interesting extension of the proposed approach. Eventually, it is
worth noting that different types of defects could be present,
at the same time, in different locations of the part. This is
expected to cause shifts in the monitored statistics, and we
believe that addressing explicitly the bi-directional nature of
deviations from a nominal shape enhances the capability of
detecting complex and hybrid defectiveness conditions. There-
fore, future experimentation could deepen the performance
of the method for different geometrical errors and different
shapes.
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Appendix on ICP sensitivity We propose a brief study on the sensitivity of
the ICP algorithm in our case study (pdf file).
Code for simulation studies Code for the reproducibility of the simulation
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shapes.git.
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