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Abstract

We study the Ginzburg—Landau functional describing an extreme type-1I superconductor wire
with cross section with finitely many corners at the boundary. We derive the ground state
energy asymptotics up to o(1) errors in the surface superconductivity regime, i.e., between the
second and third critical fields. We show that, compared to the case of smooth domains, each
corner provides an additional contribution of order O(1) depending on the corner opening
angle. The corner energy is in turn obtained from an implicit model problem in an infinite
wedge-like domain with fixed magnetic field. We also prove that such an auxiliary problem
is well-posed and its ground state energy bounded and, finally, state a conjecture about its
explicit dependence on the opening angle of the sector.
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1 Introduction

The phenomenon of conventional superconductivity (see, e.g., [S5] for areview of the physics
of superconductors) is nowadays very well understood at the microscopic level thanks to the
Bardeen—Cooper—Schrieffer (BCS) theory [8]: a collective behavior of the current carriers
in the material is responsible for a sudden drop of the resistivity below a certain critical
temperature. It is however astonishing how a phenomenological model as the Ginzburg—
Landau (GL) theory [42] is capable of predicting most of the key equilibrium features of the
phenomenon, in particular concerning the response of the superconducting material to an
external field. When it was introduced in the ‘50s, indeed, the GL model was motivated only
from purely phenomenological considerations. Only later it was shown that the GL theory
emerges as an effective macroscopic model from the BCS theory suitably close to the critical
temperature [37,40,43].

The interplay between superconductivity and strong magnetic fields is known to generate
a very rich variety of physical phenomena since the pioneering works of Abrikosov [2] and
St. James and De Gennes [54] in the late ‘50s/early ‘60s, who predicted the occurrence of
the famous vortex lattice and of surface superconductivity, respectively, working only in the
framework of the GL theory. In extreme synthesis, the response of a type-II superconducting
material to the external magnetic field can vary from a perfect repulsion of the field (Meissner
effect), for small fields, to a complete loss of superconductivity, for sufficiently strong ones.
In between, several different phases of the material can be observed, ranging from various
kinds of vortex states to configurations where the superconduction gets restricted to boundary
regions. Each of these phase transitions can be associated with a critical magnetic field
marking the threshold for the transition: the three major critical fields are

e the first critical field, which separate the Meissner behavior, i.e., when the magnetic
field inside the material is zero and superconductivity is unaffected, from states where
the penetration of the field has occurred at least at isolated points (vortices), where
superconductivity is lost;

e the second critical field, above which the superconducting behavior gets confined at the
surface of the sample (surface superconductivity);

e the third critical field, which marks the complete loss of superconductivity.

Let us now introduce in more detail the GL theory: the free energy of the material is
given by a nonlinear functional, which in the case of a superconducting infinite wire of cross
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section Q C R? reads in suitable units

2
5§L[¢,A]:/dr{ (vw%)w
Q &
1 1
5 I |w|4)} 4 ?*/R dr lcurlA — 1P, (L1)

where ¢, b > 0 are two parameters depending on the London penetration depth and the
intensity of the applied magnetic field, which is assumed to be parallel to the wire. The
function ¥, a.k.a. wave function or order parameter, is complex, while A is the induced
magnetic potential, whose curl yields the intensity of the magnetic field outside and inside
the sample (measured in units £ ~2). The physical meaning of the order parameter is twofold:
|y|? yields the relative density of Cooper pairs and, at the same time, the phase of i contains
the information about the stationary current flowing in the superconductor, i.e.,

W= 5 VY —y*VY) = Im (V). (1.2)

Hence, one typically speaks of a normal state, if = 0 and A is such that curlA = 1,
while the perfect superconducting state is identified by || = 1, A = 0. Whenever |{/| is
non-vanishing everywhere but not identically 1, the superconductor is said to be in a mixed
state. Any equilibrium state of the sample minimizes the free energy (1.1) and thus we set

ECL :—  min &%y, A, 1.3
= min £ Al (13)

and denote by (t/fGL, AGL) any minimizing configuration, where
7 = {(y,A) € H'(Q) x H) (R R?) | curlA — 1 € L2 (R%)}. (1.4)

We provide some details about the above minimization and the properties of any minimizing
configuration (6L, ASL) in “Appendix B.1”. We also use the following convention: if we
need to specify the dependence on the domain €2, we write SSGL[W, A; Q] for the functional
and ESL(Q) for the corresponding ground state energy.

In the rest of the paper we are going to study the minimization (1.3) in the asymptotic
regime

e K1, (1.5)

corresponding to an extreme type-II superconductor. Under this idealization, one can identify
the mathematical counterparts of the critical values of the external magnetic field described
above in terms of properties of the minimizing configuration (S, ASL) and it is also
possible to precisely identify the behavior of such thresholds (see, e.g., [53] for an extensive
discussion of the first phase transition). In particular, assuming that €2 is a simply connected
domain with smooth boundary 02, the second critical field associated with the transition
from bulk to surface superconductivity is identified with b = 1 [33, Chpt. 10.6] and thus with
a field of intensity

1
Ho = =, (1.6)
&€

based on sharp estimates (Agmon estimates) of the decay of ¥ in the distance from the
boundary (see “Appendix B.3”); the third critical field marking the transition to the normal
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Fig. 1 A domain Q with Lipschitz boundary and finitely many corners on 92

1

state on the other hand corresponds to b = ©, > 1, where ®9 =~ 0.59 is a universal

constant, i.e., more precisely [33, Chpt. 13],

Hg = +0O(). (1.7)

Ope?
1.1 Setting: domains with corners

In this paper we are exclusively concerned with the behavior of the superconductor for very
strong magnetic fields above the second critical one, i.e., we always assume that hex > Hco,
or, more concretely,

b> 1. (1.8)

The main novelty of this paper compared to other works on the GL functional above the
second critical field is that we assume that €2 is a bounded domain with a Lipschitz boundary,
i.e., we allow for the presence of corners on 92 (see Fig. 1). Indeed, apart from few physics
papers (see [14,31,52]), the GL theory on domains with corners has already been studied
only in [15,45,46,50], with the focus on the third critical field though, and in [19], whose
results are improved in this work.

The main reason why it is interesting to study the behavior of the GL functional in domains
with corners for large magnetic fields is that for smaller fields one expects that the presence
of corners does not affect the salient features of superconductivity. Indeed, the occurrence
of vortices but also their uniform distribution and arrangement in regular lattices, which
occur for magnetic fields below Hc, are bulk phenomena and, as such, little influenced by
the boundary regularity. On the opposite, the surface superconductivity regime, where the
density of Cooper pairs is non-vanishing only at and close to the boundary, might clearly
depend on the presence of singularities along d€2. It is then important to know if and to what
extent corners can modify the boundary behavior, even more so, considered that in physics
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experiments it is hardly possible to distinguish between a sample with smooth boundary and
another which has corners there (see, e.g., [48, Fig. 1]).

We now specify in more detail our assumptions on the domain 2. First, we require that
it is simply connected and its boundary 9€2 is Lipschitz (see, e.g., [44, Def. 1.4.5.1]) and,
more concretely, it is a curvilinear polygon of class C°, given by smooth pieces glued
together at finitely many points, where however the curvature remains finite (no cusps).
These assumptions are the same made, e.g., in [15,19,45].

Assumption 1 (Piecewise smooth boundary) Let Q be a bounded open subset of R2. We
assume that 02 is a smooth curvilinear polygon, i.e., for every r € 9<2 there exists a neigh-
borhood U of randamap ® : U — R2, such that

(1) @ is injective;

(2) @ together with o (defined from @ (U)) are smooth;

(3) the region 2N U coincides with either {r € Q| (®(r)); < O0}or{r e Q| (®(r)), < 0}
or{r e Q| (®(r)); <0, (®(r)), < 0}, where (®); stands for the j—th component of
P.

Assumption 2 (Boundary with corners) We assume that the set ¥ := {ry, ..., ry} of corners
of 92, i.e., the points where the normal v does not exist, is non empty but finite and given
by N points. We denote by 8; the angle of the j—th corner (measured towards the interior)
and by s; its boundary coordinate.

The inward normal v to 9<2 is thus defined almost everywhere and jumps at the corners.
More precisely, we can find a counterclockwise parametrization y (s) : [0, [02]) — 02 of
02 which is smooth a.e., i.e., for s # s5;, j = 1,..., N, s; being the curvilinear coordinate
of the j-th corner, and such that |p’(s)| = 1. The mean curvature £(s) is then defined a.e.
through the identity

y'(s) = R(S)v(s). (1.9)

We can then introduce a convenient system of tubular coordinates in a neighborhood of the
boundary (see also [33, Appendix F]) far from the corners: for any (s, t) € Ay,, where

,,,,,

with tg <« 1 small enough and ¢ depending only on the corner opening angles, we can set
r(s,t) =: y'(s) + tv(s), (1.10)
which identifies a diffeomorphism from A4y, to the region
Qy, = {r e Q| dist(r, Q) < to, dist(r, X) > cto},
satisfying
dist (r(s, 1), 9Q) = t. (1.11)

Therefore, such a map is invertible in the same region and identifies a system of local coordi-
nates (s, t) there. The parameters s, t (with the latter defined through (1.11)) are well-posed
also closer to the corners but there they do not identify a diffeomorphism and thus a set of
coordinates.
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1.2 Heuristics

Before entering the discussion of what is mathematically known on the phenomenon of
surface superconductivity, we resume here its key features for smooth domains, neglecting
errors and remainders: if b > 1, as ¢ — 0,

e the order parameter 1C! is non-vanishing only close to d€2; more precisely it is expo-
nentially small in ¢ at distances from the boundary much larger than ¢;

e the induced magnetic field curlASL is suitably close to the applied one, i.e., a uniform
magnetic field of unit strength, and, consequently, one can find a local gauge close to 92
in which ACL is purely tangential and |AC"| = dist{r, 9Q};

e the modulus of ¥ O is essentially independent of the tangential coordinate s and therefore
optimizes an effective one-dimensional problem where the only variable is the distance
from the boundary;

e the phase of ¥ 0L is on the other hand constant in t and linear in s, with rapid oscillations,
or, more precisely, the current (1.2) is constant along s.

Summing up, we expect that ASL can be locally replaced by —tes close to €2 and

. 2 «
o= £ (3, = - (1.12)
for some f positive and o € R, which leads to
YO () = f(t/e)e” F el P, (1.13)

¢, standing for the gauge transformation mentioned above. Note the scaling factors 1/¢ we
have extracted for later convenience, so that f and « are quantities of order O(1).
If we plug the ansatz (1.13) into the GL energy (1.1), we get

Le
=1 dt{|a,f|2+<t+a)2f2—i@ﬁ—f“)}, (1.14)
e ) 2b

i.e., up to the prefactor |0€2|/e, a one-dimensional (1D) energy functional evaluated on f
and depending on the real parameter «. The value £, > 0 is to some extent arbitrary and
is chosen much larger than 1 in order to cover all the superconducting layer: we make the
following explicit choice

le = cy|logel, (1.15)

for a large constant ¢1. The minimization of the 1D functional above and some variants of it
w.r.t. both f and « is discussed in “Appendix A”. This identifies the leading term contribution
in the GL energy asymptotics E!P /¢, the optimal 1D profile f,(¢) and the optimal phase o,.
The next-to-leading order term in the GL energy asymptotics is of order O(1) and depends
on the mean curvature of the boundary: one can indeed refine the 1D model problem (1.14)
keeping track of O(e) contributions coming from the curvature-dependent terms due to the
change of coordinates r — (s, t). Indeed, if we define the rescaled tubular coordinates as

t:=t/e €0, L],
s = S/S € [0, T]
we get dr = dtds (1 — R(s)t), or, equivalently,
dr = £2drds (1 — ek(s)t) , 1.17)
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where we have set

k(s) := R(es). (1.18)

1.3 Summary

In this paper we continue the analysis started with [19]. The expansion (2.10) provides indeed
only the leading order term in the energy asymptotics and does not capture the corner effects,
that we are going to investigate. More precisely, we prove that the presence of corners modifies
the O(1) term in the expansion (2.2). We also identify the model problem which yields such
a new contribution in terms of a genuine 2D model. Finally, we prove that the pointwise
estimate of |1SL| in terms of f, still holds far from the corners, precisely as in the smooth
case.

After having introduced some notation in § 1.4, we define in § 2 the effective model in the
corner region and state our main results about the GL energy asymptotics and the pointwise
estimate of the order parameter far from corners. Further comments about the effective model
and a conjecture about the possible explicit expression of the effective energy are contained in
§ 2.3. The well-posedness of the effective model problem is proven in detail in § 3, whereas
in § 4 and § 5 we provide the energy lower bound and the rest of the arguments needed
to complete the proof of our main results, respectively. The Appendix is divided in three
parts: in “Appendix A” we discuss the effective 1D problems and their related properties; the
GL minimization and some useful technical estimates are treated in “Appendix B”; finally,
“Appendix C” recalls the salient steps of the proof of the energy asymptotics in domains with
smooth boundaries, which are used to complete the proof of energy expansion.

1.4 Notation

Given their key role in the rest of the paper, we recall the definitions (1.10) and (1.16)
of tubular coordinates (s, t) and their rescaled counterparts (s, #). We stress that (s, t) or,
equivalently, (s, ¢) provide a smooth diffeomorphism, e.g., in

{re A |dist(r, ) > ¢|logel},
where ¥ is the set of corner positions and
A = {r e Q|dist(r, Q) < &l.}, (1.19)
for ¢ < 1, where (see (1.15))
Le :=c1|loge|

and c; is large enough constant, which is set once for all (see next (2.24)). Given a dif-
ferentiable function v (r) and a vector A(r), the transformations induced by the change of
coordinates r — (s, t) are

(Vi) (0G5, 1) = (1 — KD " (051 )es + (31 )ex, (1.20)
where we have set J(s, t) := ¥ (r(s, t)) and
e :=p'(s), e :=v(s), (1.21)

for short. As a consequence, for any vector A,
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(curl A) (r(s, ) = —0; (A(r(s, 1)) - €s)
+ (1= RS 05 (AX(s, ) - e0) + REAX(G, 1) o] (1.22)

We are going to make use of Landau symbols, with the following convention: given two
functions f(x), g(x), with g > 0,

f=0(),if 1irg+ If1/g < C;
x—
f=o0(g),if lim [f]/g=0;
x—0t
f~g.if f = O(g) and lim |£l/g > 0;
x—0t

for f >0, f <gor f> g, if f =o0(g) or g = o(f), respectively;
for f >0, fSgor f =g, if f=0(g) org=O(f), respectively.

We also commit a little abuse of the notation by using the symbols O( ) and o( ) inside
an inequality to mean a precise direction of the estimate. As usual, O( ) and o( ) stand for
quantities whose sign is not known. In case of functions of two or more variables, we point
out the parameter, whose asymptotics we are considering, by adding a label, e.g., o5 () or
O, () is meant to stress that we are estimating the behavior of the function as x — 0. Finally,
we say that a quantity is O(£>°), as ¢ — 07, if it is smaller than any power of &, i.e., it is
exponentially small in ¢. We will also use the following convention: O(e”|log £|*°), a > 0,
stands for a quantity which is bounded by &%|log ¢|? for some large but finite power b > 0,
which is however not relevant since the | log g|-factor is always dominated by e-powers.

2 Main results
2.1 State of the art

We briefly review here the most recent and relevant results on surface superconductivity,
which are related to the analysis carried on in this paper (see [16] for a more detailed review).
After the series of works [17,23-25], following [49], where the problem was first investi-
gated, and [4,34], the phenomenon of 2D surface superconductivity in domains with smooth
boundaries is well understood: combining [23, Thm. 1] with [24, Lemma 2.1] (see also [17]),
one gets that, whenever

1<b<0,', 2.0
the GL energy asymptotics is given by

EGL _ |oQ| EIP

&

— 27 Ecorr + o(1), 2.2)

where

+0o0o 1
EP .= inf inf / dt{l&,f|2+(t+a)2f2——(Zfz—f4)}, (2.3)
aeR fegl1D Jo 2b

and

oo 2 2 1 1 2 1 2 1D
Ecorr :=/ dr 1110 fl +f() —Ol*(l‘-‘rOé*)—E-i- i = gf,, Oa, — E, 7,
0

2b
2.4)
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o4, f» being a pair of minimizers of (2.3) (see “Appendix A.1”). Note that (2.2) can also be
rewritten as
Rls]

ESL=/ " ds E,ig)+(9(8|logs|°°),
0

with a more precise remainder term and where E ,iD is defined in (A.6) in “Appendix A.2”.
Expanding further E D the next-to-leading order correction in (2.2) can be shown to be

- Ecorr/ ds R(s) + o(1) = =27 Ecorr + 0(1), (2.5)
Q2

by the Gauss—Bonnet theorem, because €2 is flat and the Euler characteristic is equal to 1.
Moreover, in [17] the quantity Eqr is numerically evaluated and it is shown that it is positive,
which has some important consequences on the distribution of superconductivity near the
boundary: regions with larger curvature attract Cooper pairs, which concentrate more there
(to first order), although to leading order superconductivity is uniform at the boundary.
Indeed, a consequence of (2.3) is that [23, Thm. 1] the density |OT|? is L2-close to the
reference density f,. Such an estimate can in fact be strengthened in two directions:

e in [23, Thm. 2] it is proven that there exists a boundary layer
Apr C {r|dist(r, 9R2) < ¢|log ¢[}, containing the bulk of superconductivity, where Pan’s
conjecture holds true, i.e.,

[[wCE | = fuldist( -, 32)/e) ||L°0<Abl> =o(1); (2.6)

e the approximation of || in terms of f, holds also locally [24, Thm 1.1] and one can
explicitly derive the asymptotics of the density of superconductivity (in fact, the L* norm
of ¥OL) in any reasonable subdomain contained in 2.

It is expected that a regime of surface superconductivity with similar features occurs also
for genuine 3D samples but so far only partial results are available [38,39]. In particular,
in [38, Thm 1.1] (see also [36]) it is shown that such a regime does exist and the leading
order term in the energy asymptotics can be identified, although in terms of a rather implicit
effective problem. In [39, Thm. 1.5] it is then proven that, when the magnetic field is parallel
to the 3D boundary, the effective model is still given by the 1D functional (2.3) above.

One of the major differences for samples with non-smooth boundary is that one expects
[15,45-47,50] a shift of the third critical field, provided there is at least one corner with acute
opening angle 0 < B < m: more precisely, the transition to the normal state should occur
[15, Thm. 1.4] for applied fields larger than

1

- 2.7
n(B)e? @7

Hes

where
. . 2
w(B) = inf spec 2y, (= (V + bix)’), 2.8)

is the ground state energy of a Schrodinger operator with uniform magnetic field in an
infinite sector Wy of angle 8. The above result is however conditioned to the inequality
w(B) < Op (see also [51, Chpt. 8.2] and references therein), which is known to be true for
0 < B <m/24€[11,30,46] but is expected to hold in the whole interval 8 € (0, &), based
on numerical simulations (see, e.g., [11,12,30]).
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As the applied field gets closer to (2.7) from below, the order parameter concentrates
around the corner of smallest opening angle and becomes smaller and smaller everywhere
else. Hence, one can speak of a corner superconductivity regime occurring before the tran-
sition to the normal state. On the other hand, in [19], we proved that, if 1 < b < ®p,
superconductivity is still uniform along the boundary (although only in L? sense), leading to
the conjectured existence of another critical field

1
Ope?’
which marks the transition from surface to corner concentration. Indeed, if 1 < b < ®y,
then [19, Thm 1.1]

2.9)

H corner —

AQEP
ESt = % +O(lloge[?), (2.10)

and, more importantly,

H [P = £2 (dist( - BQ)/g)‘

e O(ellogel), (2.11)
which implies, to leading order, uniform distribution of superconductivity along the boundary
layer.

The result of [15] has also been recently improved in [45], where the presence of several
corners is taken into account and shown that, under the same unproven assumption, one can
identify several critical fields associated to the concentration of the order parameter close
to the respective corner. We also stress that, as noted in [7, Rmk. 1.9] (see also [5,6]), the
behavior of superconductivity in presence of corners is expected to be recovered in the case
of magnetic steps, i.e., for applied magnetic fields with a jump singularity along a curve.

2.2 GL energy and density asymptotics

Before stating our main results, we have to define the effective problem near the corners.
Here we only provide a sketchy definition and in the next § 2.3 we comment further about
its well-posedness and heuristic meaning. The model problem is given by first minimizing
the GL functional with given magnetic potential and unit magnetic field in large wedge-like
domain (see Fig. 2), and then subtracting the surface energy of the outer boundary of the
wedge. The wedge domain is supposed to describe the rectified and rescaled area close to
each corner, where the only relevant parameter is the opening angle g;.
We thus define the corner energy as

E = i li —2LE!P(¢ inf EOL Ty F;Ts(L, 0)]),
corner, 8 ZJT&LiToo( 0 ()+1/JEQ,,1(II1‘5(L,K)) 1 [!ﬁ /3( )]

(2.12)

where EéD(E) is a 1D effective energy analogous to (2.3), which is explicitly given by (see
“Appendix A.3” for further details)

EMP () = inf inf SIDO,[ 1, 2.13
0 () aeR feH1([0,]) 0. f ( )
with

4
&I :=f0 dt{|atf|2+<r+a)2f2 - %(2# - f“)}, (2.14)
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Fig.2 The region Fﬂ(L, 0), V
where B is the opening angle

AVB,L =|AV|=|VB|and

¢ =|AC| = |EB]|

C E

and we denote by ag € R, fo € H L0, 2] a corresponding minimizing pair, i.e., E(l)D(Z) =

lD . . . . . .
50, 0 [ fo]. The minimization domain is

2,(Tp(L, 0)) := {¢ € H' Tp(L, 0) | ¥laryuary, = ¥s} - (2.15)

where the boundaries are identified in Fig. 2 by the segments dI'pg = AC U EB and 3T, =
CD U DE and

Ya(r(s, 1) = fo(t)exp {—iaos — gist},  forls| > gy (2.16)

Here, we have denoted by (s, #) a set of tubular coordinates similar to (1.10), yielding a
smooth parametrization of I'g(L, £) N {dist(r, V) > c£}. Any function in Z,(I'g(L, £)) has
thus to satisfy Dirichlet non-zero boundary conditions on dT'j, and dT'pq in trace sense, whose
role is going to be explained in next § 2.3. Finally, the magnetic potential F is fixed and equals

F(r) =1 (—y,x) = Irt, (2.17)

in a coordinate system chosen' as in Fig. 3. We also point out that the existence of the
limit in (2.12) is not trivial at all and, in fact, it will be the main content of Proposition 2.2.
Furthermore, the GL functional in the second term on the r.h.s. of (2.12) is independent of ¢,
but still contains the parameter b € (1, 1).

The main result we prove in this paper is about the GL energy asymptotics as ¢ — 0, i.e.,
we derive the expansion of ESL up to correction of order o(1). Compared with the case of
domains with smooth boundary, some new terms of order O(1) appear: each corner indeed
contributes to the energy by Ecomer,g,, B; being the corresponding opening angle.

Theorem 2.1 (GL energy asymptotics) Let 2 C R? be any bounded simply connected domain
satisfying Assumptions 1 and 2. Then, for any fixed

1<b<06;, (2.18)

! In fact, any choice of the coordinate system would lead to the same energy because of rotational invariance
of the GL functional and its gauge symmetry, which allows to incorporate any translation of the origin.
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Fig.3 Cartesian coordinates for Yy
the corner domain

xr
as ¢ — 0, it holds
P N
10Q|EP 1€
Ly / a5 86+ Eeomerp, +0().|  (219)
0 X
j=1

Remark 2.1 (Critical field H.,) In smooth domains the regime of surface superconductivity
corresponds to the parameter interval 1 < b < O ! namely the second critical field is
b = 1, while the third one is precisely b = O, ! This is motivated by the results in [24,25] in
combination with [32,35], where it is proven that, for b < 1, there is still superconductivity
in the bulk, while, forb > 6, 1 , the normal state is a global minimizer of the GL functional,
respectively. The condition b > 1 is expected to be sharp also for domains with corners and,
consequently, we expect that the second critical field is given by

i 1
c2—82,

(2.20)
The value 1/ &2 can actually be taken as a definition of the second critical field, but, as for
smooth domains, it would be necessary to show that, for b < 1, there is still superconductivity
in the bulk. This has not yet been proven in case of samples with corners, but, based on the
results proven in [35], it is highly expected.

Remark 2.2 (Critical field Hormer) The result proven in Theorem 2.1 substantiates even more
than [19] the conjecture about the appearance of an additional critical field

1

et 2.21)

Heorner =
when corners are present along the sample boundary. Indeed, combining (2.19) and, more
importantly, next Proposition 2.1, with [15, Thm. 1.6] (see also [45, Thm. 1.2]), which states
the exponential decay of S in the distance from ¥ (still, based on the unproved conjecture
on the linear model), one concludes that superconductivity is uniform along the boundary
layer until the threshold b = O s crossed and, then, concentrates close to the corners
with smallest opening angles. More precisely, assuming that all the angles 8; are acute and
different, one can identify [45, Rmk. 1.4] a sequence of N critical fields

Hcorner = Hcorner,O < Hcorner,l <... < Hcorner,N—l < Hcorner,N = HCSa (2-22)
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with
1

Hcorner,j = W, for1 <j<N, (2.23)

so that, in between Hcomer, j—1 and Hcomer, j» the material is superconducting only close
to the j—th corner r;. Let us stress that all these results are conditioned by the request
1(Bj) < ©q for all the corners, which is expected to hold true (but not proven) for any acute
angle 0 < B; < m.

Once the energy asymptotics is obtained, it is natural to ask whether one can extract
information about the behavior of the order parameter, which would then give access to the
physically relevant quantities, as the density of Cooper pairs. As already proven in [19, Thm.
1.1], the distribution of superconductivity along the boundary layer is uniform to leading
order (see (2.11)). Note that such an estimate goes along with the exponential decay proven
in (B.16), which implies that ¥ O& = o(1) at distance much larger than & from the boundary
d€2: we can indeed restrict out attention to the boundary layer A, defined in (1.19), since

vl =0 (sfl'“b)“) . inQ\ A, (2.24)

and by taking c; large, the above quantity can be made arbitrarily small. We thus denote it
as O(e™), to stress that it is an arbitrarily large power of ¢.

Remark 2.3 (Refined L? estimate)
An almost direct consequence of the energy asymptotics (2.19) is an improvement of the
bound (2.11): setting

Qsmooth = {r € Q[dist(r, ¥) > c¢|logel}, (2.25)

for some large enough constant ¢, > 0, one has

[l = 12 @isec - a/e)|

L@ ) = o(e|logel). (2.26)
smooth

The estimates (2.11) or (2.26) do not exclude however the presence of vortices or region
with very little superconductivity left close to the boundary and, therefore, one would like to
prove a bound in a stronger norm, e.g., in L°, which is stated in the next Proposition 2.1.

Proposition 2.1 (GL order parameter) Under the same assumptions of Theorem 2.1,

[ ) = £ O o ryamagy = 0D 2.27)

Remark 2.4 (Uniform distribution of superconductivity) The estimate (2.27) can in fact
be extended to the boundary layer of points r such that dist(r, 9 Q2smooth) < €4/]loge], in
the very same way as the analogous result in [23, Thm. 2]. An important consequence is the
uniformity of superconductivity in .A,, where one has

[WOR ()] ~ fu ist(-, 9 /e) (2.28)

not only in weak sense, as proven in [19], but also pointwise. Strictly speaking, the corner
regions are excluded, but, on the one hand, their overall area is O(N &2 log ¢|?), i.e., much
smaller than |.A¢|, and, on the other, we do expect the minimizer of the corner problem to
be close to f, almost everywhere but very close to the corner. An interested reader might
wonder whether it is possible to show that 1L is close to such an effective minimizer in the
corner region, but this presumably requires to get some more information about the effective
problem (2.12) as well as extract a more precise estimate of the remainders in (2.19).
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Remark 2.5 (Current along 9$2) An important consequence of (2.6) in smooth domains is
the non-vanishing of ¥ O" close to the boundary, because of the strict positivity of f,, and
thus surface superconductivity is robust w.r.t. the inclusion of the applied magnetic field. In
addition, this allows to estimate the current (1.2) along the boundary or, equivalently, the
total winding number of 1//GL on 02 [23, Thm. 3]:

deg (¥, 92) = 5~ %1 o1, (2.29)

Such a behavior is similar (although physically different) to the ultrafast rotation regime for
angular velocities larger than the third critical one of rotating Bose-Einstein condensates,
when vortices are expelled from the boundary region [18,27] (see also [21,22,28] for further
results on rotating condensates). In presence of corners, (2.27) guarantees the non-vanishing
of ¥ CL only far from the corners and prevents us to estimate the current on 9€2. Indeed, the
pointwise estimate of the gradient (B.13) allows a variation of order 1 of ¥O" on a scale
¢, which is much smaller than the tangential length of the corner region, thus implying that
¥ may a priori vanish there.

2.3 Corner effective energy

We now give more details about the corner effective problem. Let us start by identifying more
precisely the corner region depicted in Fig. 2. It is meant as a suitable stretching and rescaling
(on a scale ¢) of a local area around any corner of 2 of tangential and normal lengths both
of order ¢| log |, as ¢ — 0. For later convenience, however, we consider a region where the
tangential length L along the angle is different from the normal length £. Let then I'g (L, £)
be a triangle-like region as in Fig. 2, where 8 is the opening angle at the vertex V and side
lengths L, £ > 0. In order to reproduce the shape of Fig. 2, we always assume that

e<tn(§) L. (2.30)

We recall the definition of the boundaries dT'i,, dI'hg provided in § 2 and denote by 9T ¢
the outer boundary AV B, so that dT'g(L, £) = 9oy U 9L, U 0T pg.

The effective energy in the corner region is given by a suitably rescaled GL energy with
fixed magnetic potential (2.17). The effective variational model is then

- 1D . GL .

Ecomer,p(L, £) := —2LEy°(€) + we%l(?g(m) EF v, FiTa(L, 0], (2.31)
where Z,(I'g(L, £)) is defined in (2.15). The heuristics behind the choice (2.31) is that
in the surface superconductivity regime each portion of the boundary of the sample yields
a (leading order) energy contribution proportional to E lD times its length, which equals
EP|aTg| = 2LE!P in the case of T'g(L, £). Indeed, the boundaries 3T, and dT'hg are
not expected to give any energy contribution. More precisely, d'j, is immersed in the bulk,
where the order parameter is exponentially small in £ and it could have been removed from
the outset by consider a solid wedge; similarly, dI"yq is a fictitious boundary, whose role is to
separate the corner region from the rest. Mathematically, the non-zero Dirichlet conditions on
dlMin and 0IMpg in the minimization domain &, guarantee that those portions of the boundary
do not contribute to surface superconductivity.

Once the boundary energy 2L E!P has been subtracted, what remains is precisely the
additional energy due to the presence of the corner. Such an energy is indeed of purely
geometric nature and is generated by the constraint on the boundary 9oy in order to
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reproduce the correct energy along oy, the minimizer must behave like the model order
parameter f,(t)e~'%* in a layer of width O(1) around 8T 4y, but the coordinate s has a jump
on the bisectrix of the domain and thus such a behavior is allowed only close far from the
corner. The modulus of the minimizer f, (¢) is in fact well defined and continuous everywhere,
since it depends on the normal coordinate which is continuous as well. Hence, in order to
glue together the two model profiles, any minimizer must accommodate a non-trivial phase
factor, which must be genuinely 2D, because no 1D function can adjust the jump of —ia,s
along the bisectrix. Unfortunately, the explicit expression of such a phase remains unknown,
expect in certain specific cases (for almost flat angles, see [20]).

The GL energy functional appearing in (2.31) is gauge invariant but we have chosen to
work in a prescribed local gauge, i.e., we have made an explicit choice of the vector potential
F, generating a unit magnetic field. In this respect the GL energy in (2.31) is similar to the
effective functional studied in [15, Eq. (1.11)], although both the parameter regime and the
domain are slightly different. Such a difference reflects indeed the different behavior of the
minimizer: in the present setting it decays in the distance from the outer boundary, whereas
in [15], the decay is in the distance from the corner.

Recalling that L and ¢ are obtained via a rescaling from the tangential and normal length
of the corner region and thus, in the original problem in €2, are actually of order | loge| > 1,
we have to study the limit L, £ — 400 of (2.31).

Proposition 2.2 (Corner energy) Let {€n},crn, {Lnlnen be two monotone sequences with
Ly, Ly — 400, asn — +o00, and B € (0, 2m), such that 1 K £, < tan(B/2) L, < Ct¢
for some a > 0. Then, forany 1 < b < @al, the limit

lim Ecorner,ﬂ(Lm £y) =: Ecorner,ﬂ (2.32)

n——+00

exists, it is finite and independent of the chosen sequences.

As stated in Proposition 2.2 (see also Proposition 3.4), the corner energy Ecomer,g iS
bounded for any 8 € (0, 2m), although we have no information on its sign. In fact, it might
as well be zero. In a companion paper [20] however we prove that, when f is close to 7, this
is not the case (see also below).

Once the well-posedness of the model problem has been proven, it is then natural to ask
whether one can derive the explicit dependence of Ecomer,s on the angle 8. So far we have
not found such an expression but, based on some heuristic arguments, we formulate below
an unproven conjecture, which is inspired again by the Gauss—Bonnet theorem. Indeed, the
first order correction to the GL energy asymptotics in smooth domains reads equivalently

[0
- Ecorr/ ds R(s) = =27 Ecorr- (2.33)
0

In presence of corner singularities on 9€2, the Gauss—Bonnet theorem has to be modified to
take into account the corners: the only correction is that the integral of the curvature must now
be performed over the smooth part of 92 and each corner yields a contribution proportional
to its opening angle

N
/ ds &(s) + »_(m — ;) = 2.
agsmooth

Jj=1
Therefore, one can think of the above identity as if each corner contributes to the mean
curvature with a Dirac mass multiplied by 7 — f; and the integral is meant in distributional
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sense, i.e., formally replacing the curvature K(s) with

N
R(s)+ Y (= BS(s)),

j=1

which, if substituted on the r.h.s. of (2.33), yields

N
_Ecorr/ ds R(s) — Ecorr Z(n - ,3/)
92smooth

j=1
After a direct comparison with the asymptotics proven in Theorem 2.1, i.e.,

N

_Ecorr / ds ﬁ(5) + Z Ecorner,ﬂj
92smooth j:1

it is then very natural to state the conjecture below. Note that, if true, the conjecture would
imply that the next-to-leading order term in the GL energy expansion would always be given
by —21 Ecorr, irrespective of the presence of corners.

Conjecture 1 (Corner energy) Forany 1 < b < @)61 and B € (0, 27), one has
Ecorner,ﬂ =—(m — B)Ecor- (2.34)

Remark 2.6 (Acute/obtuse angles) In the linear case, i.e., for a magnetic Schrodinger oper-
ator with uniform magnetic field in an infinite wedge, it is expected [15, Rmk. 1.1] and
numerically verified [1,13] that the ground state energy changes for acute or obtuse angles:
for the former it is a strictly increasing function of the angle, which equals © for flat angles,
while it is believed to remain constantly equal to ®( for any obtuse angle. On the opposite,
in the nonlinear case, the above Conjecture would provide the same expression for acute and
obtuse angles.

As already anticipated, we prove in [20] that in a wedge with opening angle 7 — 4,
0 < § < 1, the corner energy is given by

Ecomer.p = —8Ecorr + O8] 10g 8]) + O(£™), (2.35)

i.e., it coincides to leading order in § with the conjectured expression. Furthermore, this also
shows that the corner energy Ecomer,g is non-trivial, at least for angles close to the flat one.

3 Corner effective problems

This section is mainly devoted to the proof of Proposition 2.2, i.e., the existence of the limit
defining the effective energy contribution of each corner, and the discussion of the properties
of such a limit. For later convenience, we also study another minimization problem in I"g with
different boundary conditions and show that it asymptotically provides the same effective
energy (Proposition 3.5).
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3.1 Surface superconductivity in a finite strip

We start by studying a simple minimization problem in a finite strip. Similar problems have
already been studied in [4,23,49], taking into account the limit of an infinite strip. Here,
instead, the focus is more on boundary conditions and their effect on the ground state energy.
We are going to apply the corresponding obtained results to the minimization in (2.12) to
derive Proposition 3.5.

After a local gauge transformation and blow-up on a scale ¢, the leading contribution to
the GL energy of a portion of the boundary layer of 2 of tangential length ¢ L and normal
length e¢, suitably far from any corner, is (see, e.g., [23, Lemmas 2 & 4])

L 14 1
gwmawn:ﬁ<nAm{ww%«&—mwﬁ—gewﬁﬂwﬂ}an

where L, ¢ > 0, b € (1, (~)51) and R(L, ¢) stands for the rectangle
R(L,¢):=1[0,L] x[0,€], with€> 1. (3.2)
We study two simple minimization problems associated to the energy (3.1). First, we set

Ep(R(L, 0)) := wewg?zgu,mg [V: R(L, )], (33)

and denote by ¥p any corresponding minimizer. The minimization domain is given by
Io(R(L, 0) = {¥ € H' (R, 0) | ¥(0.1) = fol), Y(L,1) = fo(e™*0F,
VG0 = fo0e ], (3.4)

where the boundary conditions are meant in trace H'/?-sense and we recall that fy, «g is a
minimizing pair (see also “Appendix A.2”) of (2.13). The label D stands for the Dirichlet-type
conditions at s = 0 and s = L. The heuristic meaning of such conditions is the following:

e on the boundary between the surface and the bulk region, i.e., for t = ¢, the order
parameter is exponentially small and the same holds true for fy(¢), so the contribution
of the boundary conditions there is expected to be negligible; for this reason we could as
well have set v = 0 at t = ¢, but this would make the analysis more complicated;

e at the normal boundaries s = 0 or s = L, the order parameter is set equal to the ideal
minimizer (see § 1.2);

e no condition is set on the boundary ¢ = 0, which is meant to coincide with a blow-up of
a portion of d€2: this is crucial to capture the key features of surface superconductivity
and leads to Neumann conditions along the line ¢t = 0.

By setting ¥ := x + fo (t)ei*0% one can reduce the variational problem (3.3) to the mini-
mization of a functional of y with zero Dirichlet conditions on the boundaries s = 0, L and
t = . This easily allows to deduce (see, e.g., [41, Chapt. 4]) the existence of a minimizer,
its smoothness and the fact that any minimizer solves

. 1
= (Vi) y = (1= [y P) v (3.5)
The alternative version of (3.4) is provided by a modification of the energy: we define
~ £ R =t
Gly; R(L, O] :==G[y; R(L, 0)] —/ dr 2 el (3.6)
o fo® 5=0
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where Fj is the potential function (see also “Appendix A.3”)

t
Folt) =2 /0 dn (0 + a0 F20). 3.7)

and j, is the normal component of the current j[v/] given in (1.2), i.e., j[¥] =
% (Yo, * — *0;v). The boundary terms appearing in (3.6) are non-trivial only if the phase
of ¢ varies along the normal to the boundary, which is obviously not the case for the reference
function fo(f)e 0%, The reason why such terms have been added to the energy will become
clear later (see the proof of Proposition 3.1 and in particular (3.22)). The minimization of
(3.6) is performed on a domain without constraints on the boundaries s = O and s = L, i.e.,
we set

Ex(R(L,0):= inf  G[v:R(L, 0], (3.8)
VEIN(R(L,0)
where
INR(L, 0) = ¥ € H'(R(L, ) | 4G5, 0) = fo(vre ™} (3.9)

and we denote by ¥ any corresponding minimizer, which enjoys the same properties as ¥p,
except for conditions of magnetic Neumann-type at s =0ands = L, i.e.,

[(ax + iag) Y — i 00 (atm} 0. (3.10)

i)

s=0,L

The surface superconductivity behavior occurs for 1 < b < @ !and is characterized by
the emergence of the 1D effective model (2.13) or, equivalently, (2.3).

Proposition 3.1 (GL energies on a finite strip) Forany 1 < b < ®61 andL > 0,asl — oo,
Ep/N(R(L,0) = L (Eg°() + O(™®)) = L(E,;° + 0™>)). (.11

Remark 3.1 (Boundary conditions) The boundary condition ¥ (s, £) = fo(£)e '®* is
needed for the asymptotics (3.11) to hold true. The reason is that otherwise one would get
an additional energy contribution from the boundary ¢ = ¢, i.e., the energy would be twice
the value appearing in (3.11). Indeed, without the condition at ¢ = ¢, exploiting the gauge
invariance of (3.1) and replacing ¥, —re; with y*e!’, —(€ — t)ey, one can exchange the
boundaries t = 0 and t = ¢, leaving the energy unaffected.

Proof We first observe that the last estimate is in fact stated in Lemma A.2 in “Appendix
A.3”. The rest of the statement is actually proven by showing separately that the first estimate
holds true for both Ep and EN.

Let us first consider Ep(R(L, £)). For the upper bound, we test G on the trial state
fo(t)e™* | which immediately yields Ep(R(L, ¢)) < LEP(¢). For the corresponding
lower bound we use the same energy splitting used, e.g., in [24], i.e., we set

Un(s, 1) =: fo(t)e “u(s, 1), (3.12)
which, via an integration by parts and the variational equation (A.7), leads to

Ep(R(L, ©)) =LE6D+50 [u; R(L, 0)], (3.13)
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where

L ¥4 2
£olus R(L, 0)] :=/ ds/ drfé{|Vs,,u|2—2(z+ao)js[u]+g(l—mﬂz},
0 0
(3.14)

and js[y] is the tangential component of (1.2), i.e., explicitly js[¢¥] = ’§ (Yos ™ — y*osr).
We stress that the decoupling does not generate any boundary term because f;; vanishes both
att = 0 and t = £ by (A.17): the only non-trivial computation is the following integration

by parts
/ ds/ ar [l 1% + fo it ] = f ds/ dr lulfo

where fé can then be replaced via the variational Eq. (A.7).
The key ingredient to bound from below &y[u] is the pointwise positivity of the cost
function (see (A.21) and (A.22) in “Appendix A.3”)

Ko := f§ + Fo, (3.15)
in I; = [0, ] given by (A.23) (recall that =040 by (A.24)). Indeed, we integrate by

parts twice:

L Y4
) / ds / dr (1 + a0) f2(0) jslu]

/ ds/ dt F)(t) js[u / ds/ dr Fo(1)9; js[u]

s=L
= / dsf dr Fo(t) Im (0,u*9su) + /Oszo(z)J,[u] , (3.16)

s=0

where the boundary terms of the first integration by parts vanish, because Fy(0) = Fo(£) = 0,
and the last terms vanish as well, since, due to boundary conditions, u(0,¢) = u(L,t) =1
and thus j;[u] = O there.

Using (A.25) and the simple bound 2|Im(ab)| < |a|? + |b|?, one then obtains as in [23,
Eq. (4.38)] (see also [23, Sect. 2.3 & Proof of Prop. 4.2])

L 1
SO[M:R(L,Z)]>/ ds/ dz{K0<r)(|a‘vu|2+|atu|2)+if5‘<1—|u|2)2}
0 0
L J4
+/ dsf dr { f¢ IVul* + 2Fo(t) Im (8,u*d5u) }
0 4

L ¢
>/ ds/_ dt {f3 |Vul? +2Fo(t) Im (d,u*d5u)} (3.17)
0 13
by (A.22) and the positivity of the last term on the r.h.s. of the first line. It thus remains to
estimate the quantity on the r.h.s. of (3.17) above, which can be done by integrating by parts
back:
L ¢
/ ds / dr { f¢ IVul? + 2Fo(t) Im (8,u*d5u) }
0 Z

(3.18)

L 4 L
= /0 ds /{ dr {f5 IVul* = 2(t + o) jsl foul} — 2Fo(0) /0 ds js[u]

=0
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Now, exploiting (A.11) and the fact that £ = ¢+ O(1), we deduce that
fot) = O(L™), o) = 0U™), forany 1 > £. (3.19)

Hence, |Vyp| = fo [Vul +O@~>) in I; \ I;. Now, since Fo(£) = 0, Fy(£) < CLf5(0),
we can bound the boundary term (last term in (3.18)) by

CL sup |yp(s, O] |Vyp(s, O] = LOWU™™),
s€l0,L]

thanks to (B.38) and the bound || V{pllo < C on the gradient of ¥p (see (B.13)). For the
same reason, the first term on the r.h.s. of (3.18) can be bounded from below via Cauchy
inequality and (B.17) by

L 4
—c/ ds/_ dr (t + a9)? [ypl* = O(LL™™),
0 14

which finally yields,

L 4
/ ds/_ dr { £ IVul* +2Fo () Im (8,u*d5u) } = O(LL™™), (3.20)
0 4

and thus the statement.

The proof for the modified functional (3.6) is very similar. The upper bound is obtained by
evaluating the energy on the trial state fo(f)e %% : notice that the phase of such a function is
independent of 7, then the normal component j; of its current is identically zero and therefore
the boundary terms in G do not yield any additional contribution. The final outcome is the
very same bound EN(R(L, £)) < LEéD(E) as before.

One can then apply the splitting technique, setting (for a different u than before)

UnGs, 1) = fo()e “u(s, 1), (3.21)
to get the identity EN(R(L, £)) = LE(])D + a)[u; R(L, ¢)], where

s=L

¢
Eolu; R(L, £)] := Eolu; R(L, )] _/o dr Fo(2) ji[u] (3.22)

s=0

The proof of the lower bound is then completely analogous to the one above: the only non-
trivial observation is that the first integration by parts in (3.16) generates the same outcome,
because of the vanishing of Fy at the boundaries, and the last terms in (3.16) are exactly
compensated by the boundary terms in the functional (3.22), so that they sum up to zero.
Actually, this was the main reason to add those terms to (3.6) in first place. The lower bound
then follows from the positivity of Kg, exactly as above. O

A straightforward adaptation of the above arguments leads to the following result on a
modified problem with twisted boundary conditions, which is going to play a role later.

Proposition 3.2 (GL energy with twisted boundary conditions) Let »c € [0,27), 1 < b <
@61 and L > 0. Let also
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Ep s (R(L, £)) := inf Gly: R(L, O)], (3.23)

wegn.]:fl(R(L,l))
Ip.(R(L, 1)) := {vf € IN(R(L, 0) | ¥(0.1) = fo(t)e' ™ Y (L, 1) = fo(t)e*"““} :
(3.24)

Then, as £ — o0,

C
EP(O)L 4+ O(LL™) < Ep.(R(L, £)) < EP(O)L + T (3.25)
Proof The lower bound is obtained via the splitting technique and the positivity of the cost
function as discussed in the proof of Proposition 3.1. For the upper bound it is sufficient to
test the functional on the trial state

fo(t)efiotosel' %(Il“is) ,
and recall the optimality of the phase «( yielding (A.8). O

We conclude this section with a result which will be used later in the paper. In extreme
synthesis it states that, if one has an a priori upper bound on &[u, R(L, £)], then it is possible
to extract some useful information on the corresponding order parameter v (s, t) and show
for instance that it is pointwise close to fo(#)e ™% up to a smooth phase factor.

Proposition 3.3 (Order parameter estimates) Let ¢ be a solution of (3.5) in the strip R(L, £),
with £ > to > 0 and L > 0, satisfying the boundary conditions in (3.9) and (3.10), and let
u be defined as in (3.21). Let also go[u; R(L, £)] be the functional defined in (3.22) in the
strip R(L, £) and assume that

Eolu; R(L, O] < e < 1, (3.26)
for some ¢ > 0. Then, if 1 <b < @61,

1390 20000y < Co+ OLE). (3.27)

Moreover, forany 0 < T < {, there exists a finite constant C > 0, such that
Cel/* + O(LL=)

Jming. 7y fo

1| e/*+0owe :
SC:e+\/eL+L|:e+()+e_°(b)T +Lt.
L

(s, 0l = fo] <

l
ay/ dr [y [?
0

Proof Applying elliptic regularity theory to the equation satisfied by ¥ one can prove as in
Lemma B.1 that

forany (s,t) € Rp T, (3.28)

Vvmingo 71 fo

s=

(3.29)

IV llpoorer,en < C, (3.30)

Furthermore, v satisfies the Agmon estimates (B.17) and (B.38).
The key estimate is then the positivity of the cost function K in I;, as well as the lower
bound given by (A.27), i.e.,

Ko(t) = f3(t) + Fo(t) = cpfo (1),  foranyr € I. (3.31)
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Indeed, by acting as in the proof of Proposition 3.1, one immediately gets

Eolu, R(L, 0)] >/ _

R(L,¢
+ O(LL™). (3.32)

1
dsdr Ko(t) |Vu|2+—/ dsdr £ (1 - |u|2)2
) 2b JR(L0)

Plugging in (3.31) above, one obtains (3.27) and
/ dsdr £ () (1 - |u|2)2 < Ce4 O(LE™™). (3.33)
R(L,£)

We now address (3.28): the starting point is provided by (3.33), which essentially implies
that |u| is approximately constant and equal to 1. The idea of proof goes back to [10] and
it has been used several times since then (see, e.g., [27]). Fix 0 < T < £ and assume by
contradiction that there was a point (so, fp) € Rr 1, where

CEl/4

J/ming 71 fo’

for suitable ¢ > 0 and ¢ > e to be adjusted later. Then, by (3.30) and the analogous bound for
| fé (1)] (see (A.11)), we deduce that there would exist also a ball of radius ¢ := c’El/“/«/fo (t0)
centered in (sg, o), with ¢’ a constant proportional to ¢ and depending only on the a priori
bounds on the gradients, so that

1Y (s0. 20)| = fo(to)| = (3.34)

1 .
(s, D= fo)l 2 - ———————=,  inBy(s0, %) N RL,T.
2 /ming, 77 fo

Furthermore, we can also assume that at least one quarter of the ball is contained inside Ry, 1.
Hence,

/ dsdr fh () (1 — |u|2)2 =/ dsdr (fg(0) — |1p|2)2
R(,T) R(,T)

P LCZQQEI/Z min fy > Cc*e
16 071"~
where C is a positive constant independent of c. Therefore, by taking ¢ large enough and
¢ =¢+ O(LL™™), we would get a contradiction with (3.33), which completes the Eroof.
In order to finally get (3.29), we can restrict the integration to the interval ¢ € [0, €], since
the rest is exponentially small. We then compute

L l
=f0 ds/0 dr [x(®)37 1Y (s, DI + x' () 1Y (s, DI*],
s=L
(3.35)

l
as/ dr 1 (s, O
0

for any smooth x such that y (L) = 1. Taking x (s) = s/L, we get

) l 1 l
/ dsf dr x'()ds [¥ (s, 1)[* <z/ dr ||y (8, O1* — 190, )]
0 0 0

1/4 -
< E |:e/ + O(LL~°) +e_c(b)T:|
T2 e ,

,/min[o,]‘] fo
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by (3.28) and (B.38). For the first term on the r.h.s. of (3.35), we extend the integration in ¢
to £: using Neumann boundary conditions at t = £, one gets

J4 J4 4
f_drafnmzzf_ de|1/f|2+at|1/f|2|l:g=/: dr Ay + O),
4 4 4

by (B.38) and the pointwise bound on the gradient of . Hence, exploiting the Neumann
conditions also at r = 0 and (3.5), we obtain

4

¢ [/
/ dr af|w|2=/ th|¢|2+0(r°°)=/ dr [2Re (Y*AY) +2|VY[*] +O(¢™)
0 0 0

14
= 2/0 de [I(V —ite)y > — 4 (1= [y ) [¥I7] + 0™,

which yields, after integration in s,

L ¢
/ ds/ dr x ()95 [y (s, I
0 0
= 2/ dsde x () [|(V = ite)y > = 5 (1 = [WP) W]+ OLL™™).  (3.36)
R(L,0)
In order to estimate the quantity on the r.h.s. of the expression above we observe that

/ dsdr x () [I(V —ite)y > — L (1= [y ) v ]
R(L,0)

~ 1
< Bolul + 7/ dsde | £ — 1] + 2/ dsdr (x(s) — 1) (¢ + o) f2 sl
2b JR(L,0) R(L,6)
< C[e+«/eL+L],

by (3.30) and (3.33). Altogether we get (3.29). O

3.2 Properties of Ecorner, g (L, £)

In the present and following Sections, we study the effective model introduced in (2.12) and
specifically prove the existence of the limit as well as its boundedness. The key properties
we are going to use in the proof of Proposition 2.2 are:

e change of gauge to replace the magnetic potential F with a >~ —te; (Lemma 3.1);

o uniform boundedness of Ecomer,s (L, £) and existence of the limit L, { — +o00 over
suitable subsequences (Proposition 3.4);

o further properties of the effective model and, in particular, its dependence on the boundary
conditions (§ 3.4).

We recall the corner energy defined in (2.31) and set

Grly] == 7" [y, Fi Tp(L, 0)]; (3.37)

Eg(L,0):= inf — Gp[y], (3.38)
Ve (Tp(L.)

where both the energy £ IGL, the minimization domain and the corner region are introduced in
§ 2. Any corresponding minimizer is denoted by 5. Before proceeding further, we introduce
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an auxiliary problem in I'g (L, £), modified by the addition of analogous boundary terms as
in (3.6). Such a problem will appear in the proof of the main theorem. We set

~ t o Fy@) it
. oGL . _ 0 . Lst .
Grly] =& [, Fi Tp(L, 0)] /Odt foz(t)]’ [lﬁ(r(s,t))eZ ]s=_L’ (3.39)
Eg(L,0):= _inf  Grlyl, (3.40)
VeZ(Tp(L.0))
where
Z.(Tp(L, 0)) == {¥ € H' (Tp(L, ) | ¥lyr, = V). (3.41)

and 1, is defined in (2.16). Note that the boundary terms are slightly different than the ones
considered in (3.6), which is due to the presence of an additional phase in v, compared to
foe™105 due to the different choice of the magnetic potential.

In the next Lemma 3.1, we show that the vector potential F can be replaced with a, such
that far from the corners

a(r(s, 1)) >~ —re;, (3.42)

in boundary coordinates (s, ). It is not difficult to figure out that there exists no smooth gauge
transformation implementing the above change globally in I'g (L, £), in particular close to
the bisectrix. More precisely, we define the wedge-domain I'g (L, £) \ Fﬁ (L, £) (as depicted
in Fig. 4) through

Tg(L, )\ Tg(L, ) := [r eTp(L. O |38 —5 <O < 3B+ e%] , (3.43)
in polar coordinates (o, ¥) € [0, £] x [0, B]. Hence, we obviously have
[T (L, )\ T4(L, 0)] = O0¢™). (3.44)

The potential a is thus such that there exists a gauge phase ¢p € H' (T'g(L, £)) so that

a=F+ Vor, (3.45)
and
a=—re;, inlg(L,0). (3.46)
As already explained, because of the jump of e, along the bisectrix of the sector, one can not
set a = —rey everywhere. However, we require that
a=0Y, i Ig(L, ), (3.47)

which is in fact a constraint only in I'g (L, £) \ Fﬁ (L, £). In next Lemma 3.1 we investigate
the existence of such a phase ¢y. Note that

curl a = curl(—rey) =1, ing(L, ¢), (3.48)
thanks to (1.22) and the gauge invariance of the curl.
Lemma 3.1 (Gauge choice) For any L, £ > 0 satisfying (2.30) and so that

ITg(L, 0)]

€, (3.49)
27 [OT (L, 0)|
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Fig.4 The region V
Cg(L, )\ Tg(L, £) (shaded
area)
D
A B
C E

there exists a vector potentiala € L°°(I'g(L, £)) and a phase ¢ € H! (I'g(L, £)) satisfying
(3.45), (3.46) and (3.47), such that

inf Grlv] = inf Gal¥r], (3.50)

Y eZ.(Tp(L,L)) YveZp(p(L,L))
_inf Fly] = in AN (3.51)

Y eZ.(Tp(L.0) YeINTp(L,0))

where

Io(Tp(L, 0) = { € H'(Tp(L, 0) | ¥lyrpuor, = Yo} (3.52)
INTB(L, 0) = {y € H' (Tp(L, 0) | ¥lyr,, = o}, (3.53)
Yo(s, 1) = fo(t)e "5, (3.54)

Remark 3.2 (Constraint on L, £) The condition (3.49) reads L — lazneﬂ = c(B, L)Z where
c(B, £) is uniformly bounded as L, £ — +o0o. More precisely

c(B,L,t) —— 0, c(B, L, ) —— c(B),
L—+o0 {—+00

uniformly in the other parameters. Hence, given generic ¢, L — 400, it suffices to replace
L with L 4+ O(1) to enforce (3.49).

Proof The two different minimization problem can be treated in the same way. It suffices to
prove the existence of the gauge phase ¢ and, in order to recover (3.46), we set

¢r(s,1) == —Lst,  inTg(L,0). (3.55)

Note that such a phase is actually the same gauge phase used in [33, Appendix F] or in
[24, Eq. (4.7)] with vector potential set equal to F and recovers the additional phase factor
in the boundary terms in (3.39). Such a phase is in Hl(ﬁg (L, £)) but its definition can not
be extended to the whole I'g(L, £). We can however continue ¢ arbitrarily in I'g(L, £) \
Fﬁ (L, ¢), just requiring continuity through the boundary of the region. There are infinitely
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many ways of doing that and at least one such that the bound (3.47) is satisfied (e.g., a linear
interpolation).

In order to complete the proof, we need to show that v ¢/?¥ is still a single-valued function.
It is not difficult to see [33, Appendix F] that, to this purpose, one has to correct (3.55) by
w's, where

1 1
T fore @ 0] Jryw 27 [aTs(L, O] Jryw.0

B |T(L, 0)] B ITs(L, 0)]
C 27 [aTp(L,0)| | 27 [aTp(L, O] |

dr curlF — \‘ dr curlFJ

where | - | stands for the integer part. However, by the assumption (3.49), @ = 0 and no
additional phase is needed. O

From now on we are to going to study only the minimization on the r.h.s. of (3.50)
in Lemma 3.1, with the vector potential a satisfying (3.45), (3.46) and (3.47). In order to
guarantee that (3.49) is satisfied, however, we restrict the analysis to suitable monotone
sequences {£,},en, {Ln}nen, such that

n, Ly —— 400,  (2.30) and (3.49) hold, (3.56)

n—+0o0o

and consider Ecomer,s(Ly, £,) in the following. More precisely, we are going to study the
quantity

Eg(Ln, Ln) = inf Gal¥; Tp(Ln, £a))]- (3.57)
VeZpTp(Ln.t)

Any minimizer of (3.57) is denoted by ¥, i.e.,
Eﬂ (Ln, £n) = Ga [%; Fﬁ (Ln, En))] . (3.58)

The existence of such a minimizer follows by standard arguments as well as the fact that any
Y, solves the variational equation

—(V+ia)y, = $(1— [y )¢, inTg(L, 0),
Y = folt(r))e @05, on dpg U 8Ty, (3.59)
n-(V+ia)y, =0, on gyt

Note that the equation above coincides with (3.5) far from the vertex, where boundary coor-
dinates are well posed and a = —te;. We can thus apply to ¥, the results in Lemmas B.1,
B.3, B.5 and B.6.

3.3 Boundedness and existence of the limit

We start by proving the uniform boundedness of Ecomer,g(L, £) as a function of £, L.

Proposition 3.4 (Boundedness of Ecomer,g(Ln, €n)) Let {€y},en s {Lutpen satisfy (3.56).
Then, for any 1 < b < @ 1 there exists a finite constant C < +0o0 independent of n,
such that

|Ecorner,ﬁ(Lna Zn)| <C. (360)
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Fig.5 The partition of unity x, n

Proof We first discuss the boundedness from below, which is the most difficult property to
prove, and show that

Ecorner,ﬂ(Ln’ en) > —C, (3.61)

for some finite 0 < C < +o00. The key tool is a suitable partition of unity, which isolates the
region where we want to retain the energy and allow us to discard the rest. We thus consider
two smooth positive functions x and 7, such that x> 4+ > = 1 and whose supports are
described, e.g., in Fig. 5: we assume that n = 1 inside the shaded area, while x = 1 in the
white area.

The dashed regions is where the supports of the two functions overlap. We choose the
angle CVD equal to 8/2 for concreteness but any angle of order 1 would work. The distance
of the points A and B from the vertex V is also taken of order 1. Furthermore, the width of
the transition regions can also be taken in such a way that

IVxI=0), [Vnl=0(). (3.62)

The rationale behind the choice of the partition of unity is that the energy contribution
coming from the support of x reconstructs the leading term 2L EéD (€), up to an O(1) error,
while the rest provides a correction of order O(1). Therefore, the support of x must contain
the outer boundary aI'oy up to O(1) regions and the magnetic potential must be equal to
—te, there. Hence, the area close to the bisectrix is included in the support n, because there
the magnetic potential is unknown.

The key ingredient of the proof is then the IMS formula [29, Thm. 3.2], which yields

Eﬁ(Ln,m=g[an]+g[nwn]—f dr|v;<|2|wn|2—/ dr [V Pl

Ts(L,0) Ts(L,0)
=G [x¥ul + G nynl + O), (3.63)
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where we have exploited the decay (B.35) to bound the contributions on the supports of
V x, Vn. We now claim that there exists a finite constant independent of n so that

Ga [n¥n] > —C, (3.64)
Ga [X¥n] = 2L, ELP + O(1), (3.65)

which combined with (3.63) yields (3.60).
Let us first consider the first estimate above: dropping from the energy all the positive
terms, we get

Ga 1] > —C / dr [P @P > —C, (3.66)
supp(n)

by the decay of v, as above. To complete the proof it remains only to deal with (3.65): since
supp(x) is actually composed of two disconnected sets, denoted by 7_ (on the right of Fig. 5)
and T, we can use boundary coordinates in both regions 7. We can then apply the splitting
technique described in the proof of Proposition 3.1 and set

(H)e @05y _(s, 1), inT_,
X (e, 1) = 0D _ (3.67)
Jo@®)e "%y (s, t), in Ty.
The same computation which leads to (3.13) yields now (recall (3.14))
1
Ga ¥l = — / dsdi SR + Eolu_: T+ Eoluy: Tyl (3.68)
T_UTy

Finally, aslongas 1 < b < @61 , one can prove that the energies Ep[u—_; 7] and Eglu4; Ty ]
are both positive, exactly as in (3.17), leading to

1 1
Ga [x Y] > — / dsdr fy' (1) — - / dsdr fy (). (3.69)
bJr b Jr,
The last step is the estimate of the two integrals on the r.h.s. of (3.69) above: the identity
(A.9) and the exponential decay (A.10) (both with k£ = 0) imply

1 e
—5/ dsdr fof(t) > L, EP — c/ dr 1e720790" 4 O(1) > L, EP + 01),
T+ 0

which together with (3.69) completes the lower bound proof.

The opposite side of the inequality (3.61) can be proven by simply using x fo(1)e %% as
a trial state (more precisely, setting #4+ = 1 in (3.67)). We omit the calculations, since they
are totally analogous to the ones above. O

We are now in position to prove the first important result of this section.

Proof of Proposition 2.2 The first important observation is that Ecomer, g(L, £) is a monotone
non-increasing function of L and as such it admits a limit. Indeed, for any L, < Ly, one
can easily construct a trial state for the energy in I'g(Lj, £) by extending the minimizer in
I'g(Lg, £) and setting the trial state equal to f{ (t)e~ 105 where the minimizer is not defined.
The outcome of the trivial computation is the inequality Ecomer,s(La, £) < Ecomer,g(Lp, £).

Let {¢,},en, {Ln}yeny be two monotone subsequences such that lim,_, ¢, =
lim,— 400 L, = +o00 and (3.56) is satisfied (see Remark 3.2). By the monotonicity in L
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of the energy and its boundedness, we know that for any ¢ > 0 and any given n € N, there
exists np(n) € N, such that

‘Ecorner,ﬂ(Lm £i) — Ecorner,g(Lm, Eﬁ)‘ < %55 (3.70)

for any n, m > nj.
Furthermore, by the exponential decay of the minimizer and its derivatives (B.34), one
gets

| Ecomer, (Lns £n) = Ecomer, (Lns €m)] < CLye™¢Mnln o),
Hence, if the sequences satisfy the condition
L, <C, for some a > 0, (3.71)
we can conclude that there exists 7; € N, such that

Ecomer,p(Ln, €n) — Ecomer,g(Ln, Em)‘ < %5 (3.72)

forn,m > nj.
In conclusion, we can estimate

’Ecomer,ﬁ(Lm En) - Ecorner,ﬂ(Lm, zm)| < |Ec0rner,ﬁ(l‘n7 gn) - Ecorner,ﬁ(Lna Zﬁﬁ»l)‘
+ |Ec0rner,ﬂ(Ln» eﬁ]-&—l) - Ecorner,ﬂ(Lm» eﬁl-ﬁ—l )|
+ |Ecorner,/5’(Lm7 Liy+1) — Ecorner,ﬁ(er Zm)| <é& (3.73)
for any n, m > max {n, na(n; 4+ 1)}, so that the sequence is Cauchy and the limit exists.

The independence of the chosen subsequences relies on the uniqueness of the limit, while
the uniform boundedness has been proven in Proposition 3.4. O

3.4 Neumann and Dirichlet problems in [g(L, £)

We are going to study the Neumann problem (3.40) on the monotone subsequences {€,},,cn,
{L,},en introduced in the previous § 3.2, i.e., such that (3.56) holds. Our main goal here
is to show that, as in the case of the strip, the Dirichlet and Neumann energies coincide
asymptotically as n — +o0. This is going to play a key role in the proof of our main result,
since it implies the identity

Ecomer.p = 1im (=2LE°(ty) + Ep(Ly, tn))

= lim (=2L,E{P () + Eg(Ln, €)) - (3.74)

n—-+00

Before proving the result we need however a technical lemma on a variational problem
with twisted boundary conditions, whose proof is postponed at the end of the section. Let
then s € [0, 27r) as in Proposition 3.2 and set

Epg (L, €)= GalV'1, (3.75)

inf
VEDD, 5 (g (L,0))

T e(Tp(L, 0) i= {¥ € H'Tp(L. 0) | $lor,uemmry = V0. Vlep = o'
(3.76)
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Lemma3.2 Let {€,},en. {Ln}nen be two monotone subsequences such that (3.56) holds.
Then,

E,B(Lna Kn) = Eﬂ,%(Lnsgn) +0n(1)~ (377)

Proposition 3.5 (Dirichlet and Neumann energies) Let {£,},cn, {Ln},en be two monotone
subsequences such that (3.56) holds. Then, for any 1 < b < 0 !

Eg(Ln. £n) — Eg(Ly. £4) = 04(1). (3.78)

Proof In view of the vanishing of the boundary terms in the functional gNa[w] on any ¥
belonging to Zp(I'g(Ly, £,)) (see also the proof of Proposition 3.1) and the trivial inclusion
Ip(Cg(Ln, £,)) C IN(Tg(Ly, £y)), we deduce the inequality

Eg(Ly, ) < Ep(La, £y). (3.79)
Hence, we only have to prove the opposite inequality, i.e.,
Eg(Ln. £n) < Eg(Ln. £2) + 04 (1). (3.80)

Preliminarily, we observe that the quantity Ecomen g(Lyn, €;) admits a limit, which is
independent of the chosen sequences, exactly as Ecomer,g(Ln, £,). The argument to prove it
is the same as in the proof of Proposition 2.2; therefore we spell in detail only the estimates
showing that Ecomen g (L, £) is monotone in L for fixed £, up to an exponentially small error
term: let L, < Lj, then we have

Eg(Lp, ©) = Ga[VLy05 Tp(Lay O] + Ga [¥L,.e5 Re] > Ep(Lay ) + Ga [W1,.0: Re],
(3.81)

where R are the rectangular regions [L,, Lp] % [0, £] and [—Lp, —L,] x [0, £], respectively.
Applying Proposition 3.1, we get

Ga [WLye5 Re(Ly — Lo, 0] = (Ly — LEP(0) + O (Ly — L)€,
which, plugged into (3.81), yields
Ecomer,p (L, ) = Ecomer,p(La, €) + O ((Ly — L)) (3.82)

Let {8,},en be such that 0 < 8, < 1 and the pair of sequences {L, — Su}nen» {€1},cx
satisfies the same conditions (3.56) as {L,}, {¢,}. Note that we have also £, = £, + O(8,),
because of (3.49) (see also Remark 3.2). We denote by Wn and 1//,, s, for short any energy
minimizer in I'g(Ly, £,) and I'g(L, — &y, 2))), respectively. The splitting technique used to
derive (3.13), yields (recall (3.12), (3.22) and (3.67))

Eﬁ (Ln, zrl)

= Gal[ W Tp(Ln = 80, )] + 2E5° )8, + & [u—; R-] + & [us; Ry ]+ 0(€,%)

> Eg(Ly — 80, 4,) + 2E°(€,)8, + & [u—: R-]+ & [ur: Ry ]+ 0(6,%),  (3.83)
where R_ = [—L,, —L, + 8,] x [0,¢€,] and Ry = [L, — 8,, L,] x [0, £,] and uy are
defined as in (3.12). Hence, we get that (recall that £~0[u] >0 ™ifl <b < @51)

gO [ui§ R:I:] < Ecorner,ﬁ(Lna £y) — Ecorner,ﬂ(Ln S, n) + O(E_OO) =:e, = 0,(1),
(3.84)
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for any 4, < 1, since the two quantities Ecomer,ﬂ(L,,, ), Ecomer,ﬁ(L,, — 8, £),) admit the
same limit, as proven above.

Now, we claim that (3.84) implies that, up to a phase, IZ,, is pointwise close to fo(r)e~1@0$
in the region R_ U R, and, in particular, along the boundary dI'vg. Indeed, applying Propo-
sition 3.3 to the functionals & [u+: Ry ] (with 8, in place of L), we get that

—Lu+6, y
/ ds/ dr fof |[Vu_|*> + / dsf dr fof [Vuy|?> < Ce, + O,;%).
—L, 0 L,—38, 0
(3.85)

Furthermore, fixing some 0 < 7, < £,, then, for any t € [0, T,] and any s € [L,, — &,, L,]
ors € [—Ly, =L, + 8,],

Cey/* + 0(6;%)

Jming 7,1 fo
1 V44 0,0, X
cfvas beontn  wn],)

n

[ (x(s, )] = fo0)] < (3.86)

Zﬂ
s/ dt |wn|
0

In order to simplify the discussion, let us assume that the errors O(¢,,°°) appearing on
the r.h.s. of (3.85) and (3.86) are much smaller than ¢, since, if this is not the case, i.e., ¢, is
exponentially small in ¢,, then the argument is actually much simpler. Then, if we pick 7,
in such a way that

y/mino, 7,1 fo

s==xL,
(3.87)

1/12

Jo(Tw) = ey = = 0a(1), (3.88)

if the r.h.s. is larger than fo(f,,) or T, = £, otherwise, then
||V”:I:||L2(R ) S <Cq = o,(D), (3.89)
1=l lll ey < Cen’™ = 0n(D. [Tl o g7y < Ce 2T (3.90)

where R+ :=[L, — 8, L,] x [0, T,,] and we used (B.35). Note that, by the pointwise lower
bound on fj stated in (A.10), we find that

Cy/|loge,| > 24/|loge,|(1 4+ 0,(1)) > 1. 3.91)

Now, we claim that (3.89) and (3.90) 1mply that 1+ is close in L? sense to a constant
phase factor e/**, s € R, or, equivalently, U ~ fo(t)e™i@s=>4) jp R*. By applying the
Poincaré inequality

/ dsdt |h — (h))? < cf dsdr {T2|3,h* + 82 [85h|*}
R R

where (h) is the average of h over E+, to h = uy /|u4|, which is well posed since u does
not vanish in R by (3.90), we obtain that there exists s« € [0, 27) such that
u . 2

+ s

o4 |

thanks to (3.91). This in turn yields the desired estimate via (3.90):

<CTre) = 0,(1),

L2(Ry)

i%+

2203 1/4] _
i P C[T 48, Te) ]_on(l). (3.92)
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The idea is now to exploit the information collected above to construct a trial state and
prove an upper bound on Eg(Ly, £,) in terms of E,g (L, — 6y, ¢,) via Lemma 3.2: we set
Yirial (T) 1= 1//,, (r) close to the corner, while sufficiently far from it,

Vi (®) i= T @) + 0@ (foe@e 0 Ve — T, 1)) (3.93)

where the phases s are the constants appearing in (3.92). The function 7 is smooth and
satisfies n(+L,) = 1, supp(n) C [—Ln, —L, + 8,1 U [Ly, — 8, Ly] X [0, £,] and |Vn| =
o, 1) Obviously, the trial state ¥ does not belong to Zp but e —ix ~Virial € Ib, 5 (recall
(3.76)) with »c = s, — »_. Hence, using Lemma 3.2, we can estimate

Eﬁ(Lna £n) < E'g,%+7%7 (Ln, €n) + 0, (1) < GalYurial; Fﬂ(Lm €)1 + o (1)
s=L,—6,
Fo(r) .

l”
< Eg(L —8,€)+/ dt ——
PRl =t f o 2!

[Wn] + Ga [wtriaﬂ Ry U R—] + on(1).

s=—L,—8,

(3.94)

Let us first consider the boundary terms at L,, since the ones at — L, are perfectly equiv-
alent: thanks to the boundary conditions (3.10) satisfied by v, we get

£ b o [n
0 2 0 0

e R ok 0™
Integrating by parts as in (3.16) and using the Agmon bound provided by Lemma B.5 as well
as the inequalities (A.22) and (A.25) , one can show that the second term on the r.h.s. of the
expression above is bounded by

" Fo(f)
‘/nffsn/ f()( ) [w ]
2/ ' /"dt|at$n||as{ﬁ,,}+2e—c(b”n/ _ dsdr <®1 |V, P
=8y JO RA\R-

ClIfoVulls g, +e @] < € (6 +em®T), (3.95)

while the first one can be estimated via (3.87), so obtaining

b Fo(t) |~
dr it | Y
‘/(; 72w ]

¢, 32 4 ¢,

Sn

c [@Jr + sn} . (3.96)

s=L,—68,

We now focus on the energy contributions of the regions R (third term on the r.h.s. of
(3.94)): For simplicity, we are going to consider only the energy in the region R, since the
corresponding one in R_ can be bounded in the very same way. We have

. ~ 1 » . ~ 2
Ga [Vuiats Ry ] <10 [(V —ires) Yin |2, ) +4 an (foe e - w") L2(Ry)
+
. 2 1 /p~n4
_ —iopS+ize _ 4
+38 H (V —ires) foe ‘Lz(m) + b (||w||L4(R+) + ||f0”L4(R+))
C . . ~ 5/6 _
<= iogs+ir C ( / C(b)Tn> O 3.97
52 Vol ™ e o0 oo
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thanks to (A.10) and (B.34) and where the first term on the r.h.s. has been bounded by Cauchy
inequality, exploiting (3.85), (B.34), (B.35) and the splitting technique:

[V —ites) Pl 72 e, < /R dsdt fg {IVus? =2 + o) jslur] + 4 (1= f3) lus )
+

CIAoVuls g, +e ™) +06) < C (6 +e @) 106G, (3.98)

We now exploit (3.90) and (3.92) to deduce that

Hfoe—ia()s+i% 7

2 .12 1
. < /~ dsdr 3 |u— |+ C8,em3e0
vy g,

<c[rial +ome/t +emre0n], (3.99)
Putting together (3.94) with (3.96), (3.97) and (3.99), we finally get

Eﬂ(Lna £n) < Eﬁ(Ln — 8, Ln)
e,/ 4 e, T2 2/3 +6,T, el/ —%c(b)Tn
+ +4

c
+ {«/a-i- 5, 52

2/3 4 8,Tpe, /4 4 o Le®T,
52

n

gEﬂ(L,,—an,zn)Jrc[ +6n:|+0n(1)

< Eﬂ(l‘n — 8, L) +C [max { nz/% 2 TZ 1/8} + eiﬁc(b)n] + on(1)
= Eg(Ly, £a) + 0(1), (3.100)

where we have optimized over §, by taking §, = rnax{Tz/3 2/9, nze,l/s} + e~ 3¢OTu and

used that 7,, = O(/|loge,]). ]

Proof of Lemma 3.2 We first observe that the existence of the limit as n — -+oo of
Eg . (Ly, £y) — 2E(§D (€n)L, can be shown as in the proof of Proposition 2.2. Hence for
any 1 < 8, < min{¢,, L,}, we have

Eg (L, €y) — Egoo(Ly — 8, €y) +2E{P(€,)8, = 04(1).

By atrivial testing of the functional, exploiting the above estimate as well as Propositions 3.1
and 3.2, one gets

Eﬁ(Ln, En) < Eﬂ,%(Ln - 8"7 En) + ED,%(R(‘Snv En))

< Egoe(Ly — 80, €0) + 2EP (€8, + O, + 00(1) = Eg . (Ly, £3) + 0, (1).
(3.101)

The proof of the opposite inequality is identical. O

4 Proof of the energy lower bound
In this Section we prove the lower bound to the GL energy which in combination with the

upper bound proven in Proposition 5.1, stated in next Section, will provide the proof of
Theorem 2.1.
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Proposition 4.1 (GL energy lower bound) Let Q@ C R? be any bounded simply connected
domain satisfying Assumptions 1 and 2. Then, for any fixed 1 < b < O, Lase — 0, it
holds
; N
|3Q|E]D |0€2|
EO > —0 _Fy f ds &(s) + ) Ecomer.p; + 0(1). (4.1)
0

&
j=1

We recall the definition of the superconducting boundary layer
Ae = {r e Q|dist (r,9Q) < ele},

with (see (1.15)) £ = c;|loge|, for a large constant c¢;. The smooth part of the boundary
layer is defined as

Acue = {re A ||s@x) —s;| > L.}, 4.2)
where s; is the coordinate along d<2 of the j-th corner and
Le = ca(e)] logel, (4.3)
for some
Um(c% < () < C, 4.4

so that (3.56) holds. The corner regions are denoted by I'j ., j € {1, ..., N}, and coincide
with the complement of Ay ¢:

[ = (A \ Acue) N {r € A, | dist(r,rj) < CeL,}. (4.5)

In Acyt,e, one can use the tubular coordinates (s, t) defined in (1.10) as well as their rescaled
counterparts givenin (1.16). We denote by .A the rescaling of the boundary layer A, . Similarly,
the set obtained via rescaling of the domain Ay is denoted by Acy, i.e., with a little abuse
of notation,

Act = (10,51 = Lel U sy + Le,sa = LU+ U [sw + Le, Z2]) x [0, 1 Togee],
(4.6)

while I'; stands for the rescaling of the domain I'j ¢, i.e., I'; := {r' e R? |rj + er' € ' . }.

Before proceeding further, we summarize the main steps of the proof of the lower bound.
We are going to treat the smooth part of the layer and the corner regions differently. In order
to extract the O(1) contributions to the energy, it is indeed necessary to retain in the smooth
part of the layer the terms depending on the boundary curvature. The same precision is not
needed close to the corners. There, however, the procedure is more involved, since we have
to reconstruct the model problem discussed in § 2.3.

e The first step is the replacement of the magnetic vector potential (§ 4.1). The idea is
to replace ASL with —tes+%ﬁ(s)t2 + &8, far enough from the corners by means of a
suitable gauge change. Close to the corners, on the other hand, we replace ASL with
F (Lemma 4.3) by means of a priori bounds of the difference between A" and F (see
“Appendix B.2”);

e The second step is the rectification of the corner regions (§ 4.2): via a suitable diffeo-
morphism, we map the corner region as in Fig. 6 onto a domain with the same shape
as 'g(L, £) in Fig. 2; this allows us to reduce the lower bound to the corner effective
problem introduced in (2.12);
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Fig.6 A typical corner region
I'j e (or, after rescaling, I'j)
before the rectification

e The third step is simply the completion of the lower bound (§ 4.3), where we just glue
together the lower bounds near the corners with the one in the smooth part of the domain
discussed in “Appendix C”.

4.1 Replacement of the magnetic field

In Acy,e we aim at bounding from below the GL energy by the reduced energy functional
Gel¥r; Acul, where

Gy Acali= [ dsdt (1= ek {190 + b 16+ facts. )

—% P - 1) |- 47
ag(s,1) := ag(s, t)ey, ag(s,t) = —t+ %k(s)z2 + &6, (4.8)

and ¥ (s, 1) = YL (r(s, 1)e ?T6D) with ¢, a suitable gauge phase (see (4.10) below).

The replacement procedure by means of a local gauge choice is well described in [33,
Appendix F] for smooth domains and, in more details, in [24, Sect. 5.1]. A similar discussion
is extended in presence of corners at the boundary in [19, Sect. 2.4], where however the
energy of the corner regions is dropped.

Lemma 4.1 (Replacement of the magnetic potential in Acy ) Under the assumptions of
Proposition4.1, there exists ¢p. € C*°(Q2) such that, setting (s, t) := wGL (r(s, 1))e'Peris.n0)
we get, as ¢ — 0,

X [WO A% Acue] = Gel¥s Acu] + O(e? | Tog e ). (4.9)
Proof As described above there are three operations, which are performed simultaneously,
to get (4.9):

e change to boundary tubular coordinates (s, t);
e extraction of a suitable gauge phase to replace ASL with —tes—l—%.ﬁ(s)t2 + &8¢
e rescaling of all the lengths (e.g., via (1.16)).

As anticipated, the above procedures have been already discussed in the literature, therefore
we omit the details for the sake of brevity. We only provide the expression of the gauge phase
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for later convenience

t s
Ge(s, 1) == —é / dn ASE (r(es, en)) - v(es) — é / dé A%k (r(e£, 0)) - ' (e8) + O(e)s.
0 0
(4.10)

[}

In the corner regions, on the opposite, it suffices to use a priori bounds on the solutions
of the GL equations to substitute ASL with F (recall (2.17)). Before doing that, we need
however a preparatory lemma:

Lemma4.2 Forany j=1,...,N,ase — 0,

|(v i) ver

=0O(|1 . 4.11
s,y = OllozeD @.11)

Proof The idea is to exploit the variational equation for ¥O" in (B.6), to compute

H (V _HAGL) wGL _ 1 dr (1 _ |wGL|2) |WGL}2

L2(T} ) T2 T

+/ dx wGL*v-(V—f-iAE—GZL) WO = O(log e ), (4.12)
AT} 6\

by the bounds (B.10), (B.13) and the boundary conditions on wGL (recall (B.6)). ]
We can now perform the vector potential replacement:

Lemma 4.3 (Replacement of the magnetic fieldin I'; ;) Forany j =1, ..., N, there exists
(UFS HY(A,), so that, as ¢ — 0,

e [y, AT ) > e [y Fi ] + 0(3P). (4.13)

Remark 4.1 (Kinetic energy in the corner regions) Combining Lemma4.2 with Lemma4.3,
one can easily deduce that (4.11) holds true with (y;, F) in place of (yOL, ASL). More
precisely, let ¥; as in (4.13), then

[(V +iF)y; HLz<r,> = O(]logel). (4.14)

Proof A straightforward computation yields

O (T

LA(T)e)

LT 0) B H

*
] (N (2 e
& e
2
5 |(v+idy) wor e L (h+1) |A% - F| L
1
—Céllogel® — ( +1) ”AGL FHLZP(Q) |F/ 6| P, 4.15)

for any p € [2, co), where we have used Lemma 4.2. Plugging now (B.11), which reads for
p' €2, 400)

[ASE —F[ g = 06", (4.16)
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thanks to the Agmon decay (B.16), we get

ALY 6L .F\ aLl? 5
L (R T2 A
_1
— L (b 1) (Pl0geP)’ ] > _Ce NP loge? @1

after an optimization over § (i.e., taking § = &/#~1/7|loge|~!/P). The proof is then com-
pleted by exploiting the invariance of the energy under combined translations and global
gauge change. O

4.2 Rectification of the corner regions

We aim at estimating from below the energy close to the corners (first term on the r.h.s.
of (4.13)) by the minimal energy of the model problem introduced in (2.12) and discussed
in § 3. To this purpose there are two difficulties to overcome. First, one needs to force the
boundary conditions in the minimization of the corner energies appearing in (4.13), since an
unconstrained minimization would lead to unwanted contribution from the normal boundaries
ats; & L,. Such a problem will however be solved by exploiting Proposition 3.5.

The second issue is less trivial: the model problem is indeed defined on a domain whose
boundary is straight, while typically the boundaries of the domains I'; have a non-trivial
curvature, as in Fig. 6. Of course, being the corner regions rather small and the curvature
bounded, the corrections induced by this adjustment are of lower order (Lemma 4.4).

Let us introduce some notation: we are going to denote by I';j rect the corner region of
opening angle B; with straight sides, longitudinal length L, and normal width £, (1 + o(1)).
We do not require the inner boundaries of I e to be straight since the exponential decay
of any GL minimizer makes such a boundary irrelevant. We also choose the coordinates in
such a way that the corner coincides with the origin. Hence, except for the inner boundaries,
" rect coincide with the region described in Fig. 2, up to a rotation:

1—‘j,rect = Rrﬁj(Ls»es)v (4.13)
with R a rotation around the axis perpendicular to the plane passing through the corner.

Lemma 4.4 (Rectification of the corner) Let v; be the Hj function in (4.13). Then, there
exists a diffeomorphism R : T'j — T'j rect, S0 that, setting ¥ (R) := ¥ (r(R)),

e [v) . FiT;] = 7 [W). F: T, (Le, £e)] + O(e| log | ). (4.19)

Proof We want to map the region I'j onto I';j re¢¢ Via a suitable diffeomorphism and exploit
the fact that, thanks to the boundedness of curvature and the size of the region, such a map
is suitably close to the identity. A similar a trick has already been used, e.g., in [15]. Indeed,
there exists a smooth map R(r) : I'j — T'j et Which is one-to-one, such that R(0) = 0 and

Ri(r) =r;j (14 O(ellogel)),  9jRi(r) =8k + O(elloge|™). (4.20)
Using such a map, we get

e [y ) = [

Fj Jrect

N2 ~ 2 4
dR {|(/ VR +iF) 37 = 5 75 - 105[")} . @2
where J is the jacobian matrix associated to the change of coordinates r — R and

¥j(R) ;= y;(r(R)),  F(R) :=Fr(R)). (4.22)
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By (4.20),
F(R) = IR (1 + O(elloge))) . (4.23)

Therefore, we can estimate from below the r.h.s. of (4.21) exactly as in (4.15), using (4.14)
in Remark 4.1, to get

e vy mir)] > |

l_‘j,recl

ar{ [V +i® ¥ - % 1 - 13[))
— C[8llogel® + (1 + 1) e?|logel*] = EFV [}, F; Tj et ] + Olelloge|™).  (4.24)

The last step is then the replacement of the region I'; rect With Up;(Le, Le), which can be
done exploiting the rotational invariance of the GL functional, and the exponential decay of
¥ OL given by (B.16) (and thus of /). O

4.3 Completion of the lower bound
We are now in position to complete the proof of the lower bound.

Proof of Proposition 4.1 Combining the results proven in Lemma 4.1, Lemmas 4.3 and 4.4,
we get

N
E 2 Gy Al + ) EPH W), F; Tp, (Le, £)[+0(7). (4.25)
j=1

At this stage the energy contributions of the smooth part of the domain and its complement
have been completely decoupled, so we can bound them from below separately. In fact, the
lower bound to G¢[V; Acyc] can be simply taken from [24, Prop. 4]:

aQ ElD [0€2]
oL 10R1E " 2L EP — Ecor f ds £(s)
0
N N collog e Fo() s=sj+Le
+ ) &P W) Fi T (Le, £0)] — / At~ [ (s, D] +0(e35).
=1 0 f() (t) s=s;—Lq
(4.26)

Now, recalling the definitions of ¥y in Lemma 4.1 and J j in Lemma 4.4, we claim that

s=sj+Le¢
= Gr[¥;] + 0@E),

s=sj—L¢

Fo(t)
0

GLI~ colloge| )
ECV[W). Fs Tp, (L £e)] — fo dr i (s, 0]

4.27)

where the functional §F is defined in (3.39).

We note that, because of the rigid translation and rotation, the boundaries 0T° B;.bd coincides
with the portion of the lines s = 5; & L, in A. Therefore, in order to replace ¥ with v j in
the boundary terms in (4.27), we need to estimate the contribution of the gauge phase as well
as the effect of the rectification. Next, we observe that
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(r )r
jt[w]lszsjil‘g |:1/f] (r(es, et)) — r])/g)e—z@(s ) =i ]

s=sj+Le
= [ [9j xtes, ) =0 /e)] = (9,00 + LR )], 4
(4.28)

Recalling (4.22), we immediately see that the first term on the r.h.s. of the expression above
in fact reconstructs the boundary terms in Gr. Moreover, by direct computation
—3 (¢ + LF(r)) -¥) = L (ACL(r) —F(r))) - & = L (AL (r) —F(r)) - e + 1r'" - ey,

where we have used the change of coordinates r = r; + er’. Furthermore, the properties of
the diffeomorphism discussed in the proof of Lemma 4.4 imply that

%r/l e = %s + O(ellog e|®).

Hence, each boundary term can be rewritten

colloge| q Fo(l‘) ( s=sj+Le¢ collog e ; Fo( ) ) s=+Lg
1t j ,t = t t +
./0 20 el it /0 720 [P0+ 2] .
1 colloge] FO(t) oL s=sj+Le¢
[ @ S AT - Fu0) -« + Ol log )
€ Jo f() ()

s=sj—Le¢

(4.29)

and it only remains to bound the last term. This can be done exploiting once more (B.11):
setting g(r) := Fo(t(r))/foz(t (r)) for short and using the vanishing of Fpatt = 0, c{|loge|,
we get

1

= fr drv - [g (A" - F)]

g3

g3

/ dr (Vg) - (A°F —F)

e Fje
Cllogel® | gL
<= A =F] i, (4.30)
where we have used that both AS and F are divergence free and the estimate
Fo(t Fo(t) fo(1)
9e@ = o 2D < a1 agl + [0 D ] < epogep. @3
fo (@ fo®

by (A.3), (A.11) and the simple bound (A.25). On the other hand, by (4.16),
” AGL ”AGL

for p € [2, +00), which implies (4.27) via (4.30).

Putting together (4.26) with (4.27) and observing that, by the Agmon decay, we can impose
the boundary condition ¥ = 1 along the interior boundary 9Ty, up to O(e*°) errors, we
thus get

1D
Ls 10QIE}
&

1 _1
jel 7 < e’/ (2llogel) 7, (432)

F”Ll(r,g) FHLP(F,:g)

lag
—2L.E)° — Econ / ds R(s)
0

+ _inf G [T, Tp, (Le, €0)] + O()
gwe@*(l}j(u,m) [ J(Le £0)]
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1D
_ [0Q2| E

g -
- Emrr/ ds &(s) + Y (Ep; (Le. £e) — 2Le EG) + O(e7%). (4.33)
A «

jex
The final step of the proof is the application of Proposition 3.5, which yields (see (3.74))
Eg,(Le, €e) = 2Le EY® = Ecomer,p; + 0(1), (4.34)

and thus the result. ]

5 Other proofs

We complete in this Section the proofs of the results proven in the paper, i.e., specifically, we
prove the energy upper bound matching the lower bound proven in Proposition 4.1. Finally,
we show how the energy asymptotics can be used to deduce a pointwise estimate of the order
parameter.

5.1 Upper bound and energy asymptotics

We state the main result of this section in the following Proposition 5.1. Note that Proposi-
tions 4.1 and 5.1 together completes the proof of Theorem 2.1, with the simple exception of
the replacement of EéD with E}D , which can be done up to remainders of order O(¢*°) by

Lemma A.2.

Proposition 5.1 (GL energy upper bound) Ler @ C R? be any bounded simply connected
domain satisfying Assumptions 1 and 2. Then, for any fixed 1 < b < © Vase — 0, it
holds

19| E1D 19| N
ECE < — Ecorr/ ds &(s) + Z Ecorner,ﬁj +o(1). (5.1)
& 0 =l
Proof As usual the upper bound is obtained by testing the GL functional on a suitable trial
state. As a vector potential, we pick F = %(— v, x). The order parameter on the other hand
is much more involved: the idea is to recover the trial state given in [24, Eq. (4.14)] far from
the corners and glue it to the minimizers of the effective energies in every corner. To retain
the curvature corrections, as in [23] (see also “Appendix C”), we decompose the smooth part
of the layer into cells of tangential length of order €. The order parameter is constructed in
such a way that its modulus is close to fi, (¢t) (see “Appendix A.2”) in each cell, k,, being
the average curvature, and to the modulus of the corner minimizer g, (r) in the j—th corner
region, respectively. The phase of 1/ on the other hand is given by a gauge phase analogous
to (4.10), but defined in terms of the vector potential F, plus the optimal phase exp{—ia,s/¢}
in each cell. An additional phase is then added to patch together such factors. Explicitly, we
set

2(s(r), 1(1))e SOE) idua GO for v e T,
Vg0 (R7H 0 —1))/¢), forreTj,,

where R is the rotation defined in (4.18) and 5¢; a suitable phase factor, given in (5.5) below.
Moreover, for some a > 0,

Yirial (1) 1= x (£(r)) - { 5.2)

-Zcut,s = {l‘ € Acut,s } |S(r) _Sj’ > L +8aavj= 1,...,N} s (5.3)
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is a subdomain of A¢y . where boundary coordinates are well defined. In Acye \ .Zcut,g,
we take care of the transition from the smooth part of the layer to the corner region: for any
given j= 1, ..., N, we concretely set

Yirial (1) 1= C(5) fo (1) e SCELD 4 (1 —¢(s)) fioy (1) e SCrELEED, (5.4)

for any |s(r) —s; & L.| < &% and where we have denoted k.. the average curvature in the
cells %4+ adjacent to the j-th corner region. The smooth cut-off function ¢ is chosen in such
a way that it is positive and

C(sjxLy)=1, ¢(sjxL,te%) =0, ['|<Ce™
Furthermore,

e the smooth cut-off function yx (¢) equals 1 for any ¢+ < c¢1|loge| and vanishes for ¢ >
|log €|?, so that its gradient is bounded by O(] log e|72);

o the gauge phase ¢yia is given by (4.10) with F in place of ASL; to leading order such a
phase equals —%sz, so recovering part of the phase of ¥, (recall (2.16));

e the function g(s, t) is taken directly from [24, Eq. (4.15)] (see also [24, Eq. (4.18)]): it
equals fi, in %, up to a smaller correction x,, which allows the continuous transition
from f, O fr,. 3

e similarly, the phase S(s) is given by [24, Eqs. (4.20) & (4.21)]: to leading order S(s) =
—iag,s in 6, but, as for the density, one needs to add a higher order correction taking
into account the jump from o, to ok,

® Vg s (r') is close to the minimizer of the effective energy (3.75) in [p;(Le, L), where
Hj = Ay A and

g ji=—S8(sj £ L) +ap(s; £ L) =— /OXJiLE dé (cxk@) — ao) + O(] log &|®).
(5.5)
Applying the rectification procedure described in Lemma 4.4, we set
Vg0, (F) = Wp, s (R(Y)), (5.6)
where R is the diffeomorphism of Lemma 4.4 and Vg ;. any minimizer of (3.75).

We now sketch the main steps in the computation of the energy of (a1, F), which were
already discussed elsewhere and focus afterwards on the new estimates:

e since curlF = 1 in €2, the last term in the GL energy functional (1.1) vanishes;

o the integration can be restricted to 4., where the cut-off function x is 1 and all the rest
of the energy can be discarded thanks to the exponential decay of the modulus of Via
as well as its derivatives (inherited from fj and f, see (A.10));

e the gauge phase ¢yja allows to replace F with (—r + %sk(s)tz) e, in Acy,, as in
Lemma 4.1 up to an error of order O(¢|log ¢|*°);

e the energy bound in .ZCUL ¢ 1s taken from [24] and stated in Proposition C.1:

1092

10Q|ELP D :
——— —2L,NE° — ¢Ecorr ds k(s) + o(1).
0

L
£ [Wtrial: F; -Acut,s] <
Given the discussion above, it remains to compute the energy of Vi, in the region

Acute \ ./Zlvcm, ¢ as well as the energy contributions of all the corner regions I'; .. Let us start
by considering the latter: getting rid of the diffeomorphism up to small errors, close to each
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corner we recover Eg; ., (Lg, £e) = Ep;(Le, £¢) + o(1) by Lemma 3.2. Summing up, we
get

N N
Y Ep, (Lo, te) +0(1) = D Ecomerp; + 2NE°Le + o(1), (5.7)
j=1 j=1

where we have exploited the existence of the limit proven in Proposition 2.2.

Finally, let us consider the energy in Acyt.e \ .Zwt, « and restrict ourselves to the interval
[sj — L —€“, s — L¢]: the area of the region is of order g2ta log | and we can thus discard
all the terms involving fp, fi, and their derivatives there up to errors of order O(g“ | log £|°°)
by (A.12) and (A.10). The only non-trivial term to estimate is thus the kinetic energy of the
cut-off function ¢: by grouping together the terms in a convenient way, one has to bound at
the boundary s; — L, the quantity

sj—Leg le ) ) ' e
¢ / ds / dr [¢(s)] \fo (1) e SEImL) — fi (1) e IS mLemeD
S 0

sj—Leg—e?
sj—Le te ) A . o |2
< Ce f ds / dr [|f0 ) — fiu O +f¢® \eﬂs“-/‘*m—eﬂsﬁfw ) ]
sj—Leg—e? 0
<C [8'7(1 + &%[loge|™], (5.8)
by the identity
N
S(s) = agps + / dé (ak(g) — Ol()) + O(|log ™). 5.9)
0
Putting together all the energy contributions, we get (5.1). O

5.2 Order parameter

As proven in [19], any minimizing lpGL is such that its modulus is suitably close in L2(Ay)
to the 1D profile fo(dist( -, d€2)/¢e). The presence of the corners affects the estimate only
at the precision one can approximate || with fy, since the result in [19, Thm. 1.1] is
proven by neglecting the corner regions. The improved energy asymptotics of Theorem 2.1
obviously suggests that such an estimate can in fact be strengthened. Indeed, we prove here
that a pointwise estimate of the difference [l — £ holds true in the smooth part of the
boundary layer.

Proof of Proposition 2.1 The starting point is the combination of the energy upper bound
(5.1), with the stronger lower bound which can be obtained by combining the arguments of
the proof of Proposition 4.1 with Lemma C.1: in each cell contained in the smooth part of
the boundary layer, we can retain the positive contribution appearing on the r.h.s. of (C.13).
The final outcome is the estimate

M
Z/ dsdr (1 — ek, t) £2(1 — [un)?)? = o(1). (5.10)
n=1 Cn

A direct consequence is the estimate stated in (2.26) in Remark 2.3. Furthermore, (5.10) is
the key ingredient of a typical argument (first used in [10]) to deduce a pointwise estimate of
|u,| and thus IWGLI = folun| (see [24, Proof of Thm. 2, Step 2] but also the proof of (3.28)
in Proposition 3.3).
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Instead of providing all the details, we comment only on the needed adaptations. First of
all, one has to select a subdomain of %, where a suitable lower bound on the density f,
holds true. In our case, we can restrict the analysis to the layer {dist(r, 92) < ce}, where
fn 1s bounded from below by a positive constant independent of €. As a consequence, the
argument of [24, Proof of Thm. 2, Step 1] leads to

[V {uyll <C, in {dist(r, 32) < ce} N €. (5.11)

With such a bound at disposal, the aforementioned argument applies straightforwardly in the
boundary region {dist(r, 92) < ce}, leading to the pointwise estimate

[lun] — 1] = o(1),  in {dist(r, 32) < ce} NG, (5.12)
which immediately yields (2.27). O
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Appendix A. One-dimensional effective energies

In this Appendix we recall some known results about the effective one-dimensional problems,
which are known to play a role in surface superconductivity. More details can be found, e.g.,
in [17,23-25].

A.1. Effective model on the half-line

The model problem describing the behavior of the order parameter along the normal direction
to the boundary d€2 in the surface superconductivity regime is given in first approximation
by the energy

+oo
ER1f] :=/0 dt{laxf|2+(t+a)2f2—%(Zfz—f“)}, (A.1)

where ¢ is the rescaled distance to the boundary and o € R is a parameter.

For any o € R, the functional (A.1) admits (see, e.g., [23, Prop. 3.1] or [24, Prop. 5]) a
unique minimizer in the domain 2'° = {f € H'(R™; R) | 1/ (1) € L2(R+)} with ground
state energy Ei% The optimal profile is obtained by optimizing over «, as in (2.3). The
infimum can be easily shown to actually be a minimum, i.e., there exists an o, € R, where
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the minimum is achieved. We also denote by f, the corresponding profile, i.e., the minimizer

of £ *12', which satisfies

0<fe<Cexp{—3%(t+a)?}. (A2)

A.2. Curvature-dependent one-dimensional models

It is convenient to introduce a generalization of (A.1), which takes into account the effects
of the boundary curvature:

¢ 1
0= / de(1 — ek) {|a,f|2 + Vi f? = 5, @f = f“)} , (A3)
0
where k € R is the rescaled mean curvature, which is assumed to be constant here,

Vi) = (t+a-— %ektz)z (A4)

1
(1 — ekt)?
and £ = £(¢) > 1 is an e-dependent quantity satisfying
lloge| S €< el (A.5)

For any ¢ € R we denote the ground state energy of (A.3) by E ,i% The corresponding
optimal energy is

E{P := inf E}° = inf inng,g}?x[ 11 (A.6)

acR 7 aeR fe@(,l

where @@m = H'(I;; R), with I; := [0, ¢], and one can prove the existence of a minimizing

ar € R, ie, EP = E,lgk. The corresponding profile is then denoted by fi, which is

; e 1D ID ._ ¢ID
therefore the unique minimizer of E fotg We also set £, = TR

unlike £ *”g the new energy functional £ k”z depends on ¢ in the measure, in the potential Vj o
and possibly in the upper extreme of the integration domain £.

The dependence on the curvature k of the model problem (A.6) is investigated in [24,
Props. 1 & 2], where it is shown that all the relevant quantities are essentially continuous in
k. We sum up here the main properties of the limiting functionals (A.3) and the corresponding

minimizers (see [23, Sect. 3] and [24, Appendix A] for the proofs):

accordingly. Note that,

e fi is a smooth non-negative function monotonically decreasing for # >> 1, such that
[ filloo < 1and

— f+ T F A+ Ve fio= 5 (1= £2) feo @D

in /, with Neumann boundary conditions f{(0) = f{(€) = 0;
o forany 1 < b <0 ! fx 1s strictly positive and satisfies the optimality condition

J4

1

dr t — Leke?) £2(t) = 0; A8
fo I_Skt(—l-ak sekt?) fi (1) (A8)

e forany k € R,

lD__L ¢ _ 4
EP = - /0 dt (1 — ekt) £ (1). (A9)
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o forany 1 <b < O !"and for & small enough, there exist two positive and finite constants
¢, ¢’ > 0, such that

cexp [—% (r+ %)2} < Sty < exp{—3 (t +an)?}. (A.10)

We add to the above bounds the following estimate, which is quite similar to what is
proven in [24, Lemma 9]:

LemmaA.1 Forany1 <b < ®51 and for ¢ K 1, there exists a finite constant C > 0, such
that
| i) —ar?
| £
Proof For the proof of (A.11) we simply notice that, by integrating the variational Eq. (A.7)
multiplied by fi(¢) in [z, £] and using Neumann boundary conditions, we obtain

<C ,  foranyt €0, €], (A1)
< Ct fk(t) foranyt € [1, £]. (A.12)

|
|
l
|fl)] < C/ dnn? fi(m)
t

Then, the result is a consequence of the decay of fi (A.10).
The proof of (A.12) follows along the same lines of [24, Proof of Lemma 9]. O

As first discussed in [23, Sect. 3], a key role in the study of the effective 1D models is
played by the following potential function

t
I 1 2 2
Felt) = 2/ dn = -+ Sebo?) )

=100+ @+ £ — + (1= L20) £2(0) + Oek). (A.13)

which heuristically provides the energy gain of a single vortex at a distance &t from the
boundary. Similarly, the overall energy cost of a vortex is given by the cost function

Ki (1) := f2(0) + F (1), (A.14)

The properties of both functions are summed up below (see [23, Sect. 3] and [24, Appendix
Al):forany 1 < b < @51 and k € R,

e Fi(t) <0, forany? € [0, £];
o F(0) = Fr(£) =05
e let 7z ¢ > 0 be such that (7 ¢ is uniquely defined by monotonicity of f; for large 1)

Ire = {1 € 0.0 fi) > € fi(O) = [0, 7.e]. (A.15)
then,
Ki(t) >0, for any 7 € [0, 7 ¢]. (A.16)
A.3. Effective model on an interval withk = 0
A special case of the 1D models discussed in the previous Section is the one obtained for
k = 0.1t is in fact an approximation of the 1D effective energy E P obtained by minimizing

the energy on a finite interval [0, £], £ > 1, rather than in the whole of R™ (see [23, Sect.
3]). There is indeed a unique minimizing pair fy, og of SOD [flover f € H([0, £]) positive
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and « € R. Like f, fo solves the variational Eq. (A.7) in the interval [0, £] with &g in place
of «g. In addition, fo satisfies Neumann boundary conditions

fo(0) = f5(£) = 0. (A.17)

Furthermore, all the properties (A.8)—(A.12) (with k = 0) hold true for fy as well. In
particular, fp is monotonically decreasing for ¢t > f9, where fp is the unique maximum
of fo, satistying

0<1t< |a0|+ﬁ. (A.18)

LemmaA.2 Foranyl <b < @5], if £ > 1, then

EP = EIP + 0(™). (A.19)
Proof 1t suffices to prove that for any finite « € R,

ER — ER = 0™, (A.20)

which immediately implies (A.19), since the minima of both functionals are achieved for
bounded « (see, e.g., [23, Cor. 3.2 & Lemma 3.1]). However, (A.20) above is a trivial
consequence of the exponential decays (A.2) and (A.10). ]

A very important consequence of the properties of fj [23, Prop. 3.5] is that, as for fi, if
we set (recall (3.7))

Ko(t) := f¢(t) + Fo(), (A21)

where
¢

t
Folt) =2 /0 dn (n+ o) f2(m) = 2 / dn (9 +a0) f2(0),
t

then, for 1<b < @51,

Ko(t) >0, forany t € I, (A.22)

with
Ip:={t€©.0| fo) > € fo0)} =[0.2]: (A23)
L= 04+00). (A.24)

In the whole interval [0, £], we can use (A.13) in combination with (A.12) to estimate

|Fo(t)] = —Fo(t) < Ct0fi (1), Vrell, Ll (A.25)

Remark A.1 (Positivity of the cost function) An interested reader might wonder whether
Ko(t) is in fact positive in the whole of [0, £]. There is however a simple argument showing
that this is not the case and 3t,,, € Iy, where

Ko(tm) < 0. (A.26)
To prove this, one first note that Ko is convex. Hence, since K(’)(O) = 2 f02(0) < 0,

K(’)(Z) =20+ oz())zfo2 (€) > 0, there must be a minimum point at 0 < #,, < £. In fact, by
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a close inspection of the condition K(/) (tn) = 0, it is possible to prove that #,, = € + O(1).
However, the analogue of (A.13) and the criticality condition K'(z,,) imply that

Ko(tw) = (1= 3 + 25 f3tm)) £5 (tw) — C f5 (O +0(1)) = — (€ + 0/ (€2)) f5(0) < 0.

We complete the section, by showing that the positivity in (A.22) can in fact be strengthen
and promoted to a sort of coercivity of Ko.

Proposition A.1 (Coercivity of Ko) Forany 1 <b < 0 L if € > 1, there exists a constant
cp > 0, such that

Ko(t) = cpfo (1),  foranyt € Ij. (A.27)

Proof The proof idea is quite similar to the one used in the proof of [23, Prop. 3.5]. We
provide the details for the sake of completeness. We set

K(t) = Ko(t) — 35 3 (1) — b f3 () + v, (A.28)

where y; := (£ + a0)? f§(©) — 3 (1 — 3 f3(©)) fE(©), so that, by the identity (A.13), one
gets

~ 2
Ro=[1-% -+ (5 —a) BO) RO~ fF0O+ @ +a0 fF0). (A29)
Now, if one can prove that K > 01in [0, £], the result then easily follows because
- (12 - [1 2 2 2
n};n (ﬁfo ) — )/e) > H}zn [pfg ) — €1y (Z)] >0,

for £ large enough.
Let us then address the positivity of (A.28): at the boundary of the interval we have

RO > (1- L -af0) 0 >0 RO >(1-%-afe?)fo >0,
(A.30)

ifep <1/ fo2 (0) and £ > 1. Hence, the function can become negative only in the interior of
Iy, so let us look for its minimum points f,,,, which must satisfy K’(z,,) = 0, yielding

(1 _ ZLA — 4be02(tm)> Som) = — (tm + o) foltm)-

If we now take ¢, < 1/(4 || f0||§o), we can solve the above identity w.r.t. to f/(#,,) and plug
it into (A.29), so obtaining

- I+ dep fG(tm)) (1- 50 — 206 f3 (tm
K(ty) = |:1 _ el“ _ % B 2(@4 +4ep fi5 (1 1))(1 37 i b fiy (& )) (n +a0)21| F2(tw)
(1= Zr—des foltm) )

+ (35— ¢b) fo tm) > [1 -5-3- Scbt,%,f(%w] fo(tw) >0, (A31)

if € > 1 and ¢, is taken small enough so that ¢, < 55 and ¢, < (1 — 1) /8 I£foll3,) (recall
(A.10)). Putting all the conditions together, we see that the result is proven if we take

: b—1 1 1 1
cp < min y AT s .
b {Sbutfon%o 267 41l follz fé«»}

[m}

@ Springer



236 Page 48 of 57 M. Correggi, E.L. Giacomelli

Appendix B. Technical estimates

In this Appendix we collect several technical estimates, which are used in the paper. Through-
out this Appendix, €2 will denote a bounded and simply connected domain €2 C R? satisfying
Assumptions 1 and 2. We recall that for any bounded domain  C R? with locally Lipschitz
boundary, all the usual So*bolev embeddings hold true [3, Thm. 5.4]. In particular, in what
follows, we often use that, given a domain 2 with the strong local Lipschitz property (see
[3, Def. 4.5]), for all p € [2, 00) and for all « € [0, 1),

HY(Q) = LP(Q), HXQ) <= W'P(Q), W>PQ) < %), (B.])

where C%¢ stands for the space of Holder continuous functions with exponent a. We also
note that the diamagnetic inequality is verified in a piecewise smooth domain as well, i.e.,
forevery A € L2 (R*; R?), ¥ € L2 (R?) such that (V + iA)y € L2 (R?), one has

loc loc loc

VIV < [(V+iA)Y], forae.r e Q. B.2)

B.1. Minimization of the GL energy

For the sake of completeness, we briefly discuss the minimization of the GL functional in
domains with Lipschitz boundary. The material is mostly taken from [33] (see in particular
[33, Chpt. 15 & Sect. D.2.3]).

As proven in [33, Thm. 15.3.1], there exists a minimizing pair (9", AS%) for GGl [y, A,
such that (W, A — F) € H'(Q) x W0]7’02 (R?), where W(},’Oz (R?) is a suitable Sobolev space
properly defined in [33, Eq. (D.12)] and F given in (2.17)). In addition, we may fix the gauge
in such a way that

v .ASL = 0. (B.3)

This determines the potential up to an additive constant, which can be chosen so that

GL GL
|AS — FHHI(Q;RZ) < C |curlA®t — 1\|L2(R2) , (B.4)
which in turn implies [33, Lemma 15.3.2] that curl (AGL —F) = 0 or, equivalently,
curlASt =1,  inR?\ Q. (B.5)

Hence, when we evaluate SSGL on the minimizing configuration, we may restrict the integration
domain in the last term in (1.1) to .
Finally, any critical point (¥, A) of

satisfies the GL variational equations

£OL and in particular the minimizing pair (S, AGL)

2
—(V+i%) Y=L (1-yP)y. e
— L VieurlA = j [y, in R?, (B.6)
v.(v+i§)¢=o, on 9L,

where we have denoted by j, the current
W= 5[y (V=id)ur v (V+id)y]=tm (v (V+id)v). ®D)
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Any minimizing pair is smooth in the interior of €2 and continuous at the boundary. More
precisely, for any  C  with 92 C ° smooth, and for any o € [0, 1)

YO e c®(Q), ASL e C®(Q; RY); (B.8)
vl e c0o(Q), ASL e CO(Q; R?), (B.9)

as it can be seen by applying standard arguments in elliptic theory (see, e.g., [41]).

B.2. Elliptic estimates

We now state useful estimates valid for any critical point of €%, The following bounds are
direct consequences of (B.6) [33, Chpts. 10, 11 & 15]:

[Vl < 1. (B.10)
A" —F| ) < Cel¥log 1Vl 4@ (B.11)

We also have a quantitative estimate of the magnetic gradient of i, which is however
limited by the presence of corners at the boundary.

LemmaB.1 Let , A solve (B.6) and let

Q= {reQ|distr, %) > ¢}, (B.12)
then
A C
Vtis |y < —. (B.13)
& L@ ¢

Proof The result can be deduced from the Eq. (B.6) and, in particular, the first one, applying
in a suitable way, e.g., [9, Lemma A.1]. O

The counterpart of (B.13) for any minimizer v of the corner problems (3.38) and (3.40)
reads

1V +ia) ¥l poogsry =1y = O), (B.14)
and combining it with, e.g., (B.34) proven in next “Appendix B.3”, we also get
IVl sy =1y = O). (B.15)

B.3. Agmon estimates

Another typical key tool in the study of the GL theory is the estimate of the decay properties
(Agmon estimates) of any solution (¢, A) of the GL variational Eq. (B.6) in the surface
superconductivity regime, i.e., when the intensity of the applied magnetic field is such that
hex > Hco. The resultis in fact inherited from the linear problem associated to the GL energy,
i.e., a magnetic Schrodinger operator, and does not exploit the nonlinearity. The presence
of corners does not influence the exponential decay of the order parameter away from the
boundary [33, Sect. 15.3.1]. More precisely, for any » > 1 and for any (¢, A) solving (B.6)
[15, Thm. 4.4],

/er exp | dirio) | {|1//|2 +e?|(v+id) w‘z} =0(),  (B.16)
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where ¢(b) > 0, for b > 1, is independent of &. When b — 17, the above bound becomes
non-optimal because of the vanishing of ¢(b) and one can in fact prove other estimates
showing a power law decay of ¥ [35]. Similarly, in presence of corners, the result might not
be optimal for b > @y L assuming that there is at least one angle 8 along the boundary such
that ;£(8) < ®g, one can prove [15, Thm. 1.6] a stronger decay w.r.t. the distance from that
corner. Here, n(8) stands for the ground state energy of the magnetic Schrodinger operator
in an infinite wedge of opening angle 8 with unit magnetic field.

The translation of (B.16) in the setting of § 3.1, i.e., a GL functional with fixed parameter
& = 1 in a finite strip R(¢, L) is as follows:

Lemma B.2 Let y solve (3.5) and satisfy the boundary conditions alternatively in (3.4), (3.9)
or (3.10) in R(¢, L) with £, L > 0. Then, for any b > 1, there exists a constant c(b) > 0,
such that

/ dsdr O {|y )2 + |(V —ite,) Y12} = O(L). (B.17)
R(L,?)

In the paper, we use Agmon estimates also for the corner effective problem. We discuss here
such an extension to the setting of the effective problem formulated in (2.12) and discussed
in § 2.3.

LemmaB.3 Let T'g(L, £) be the region given in Fig. 2, with L, £ > 1 and L < £%, for some
a > 1. Let also yr be a solution of (3.59), with b > 1. Then, there exists a constant c(b) > 0,
such that

/ dr @) IS0 {1y 2 4 |(V +ia) I} = O(L). (B.18)
Tg(L,0)

The above result is a simple adaptation of (B.16) to the effective problem in I'g (L, £). The
only difference is that the magnetic potential a is given and not a minimizer of the energy.
Before discussing its proof, however, we first state a technical lemma, which follows from a
standard inequality for the magnetic gradient and the equation solved by .

LemmaB.4 Let T'g(L, £) be the region given in Fig. 2, with L, £ > 1 and L < £%, for some
a > 1. Let also v be a solution of (3.59) and let & be a smooth real function. Then, for any
set § C I'g(L, £) with Lipschitz boundary,

/Sdr{W(vsH gy P (1= 1y ?)} = /Sdrcurl(a) &y

- /as dx (387 VY P + 7 jals w1} (B.19)
where T, v stand for the tangential and normal unit vectors to 0§, respectively.

Proof We start by integrating the following trivial bound (see, e.g., [26, Lemma 3.2]) for any
u weakly differentiable and a € L*° (we set a := (aj, a2))

(V +ia)ul> =01 +iai —i(0 +iar)) ul> — curl jlu] —a- V' |u|?
> —curl jlu] —a- V*|ul?,

which yields, taking u = &,

fdr IV + ia) £y >/drcur1(a) |sw|2—/ dx {7 -jiEy] + 7 -algy ),
S S N
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(B.20)

after an integration by parts of the last term and the use of Stokes theorem. Note that the last
two terms can be combined to reconstruct the magnetic current j,. To complete the proof it
suffices to use the Eq. (3.59) to compute the term on the 1.h.s. The additional boundary term
in (B.19) is produced by the integration by parts of the cross product term £VE - V| |? to
reconstruct the term ¥ * Ay + h.c. of the variational equation. m]

Proof of Lemma B.3 As anticipated the result is a simple adaptation of (B.16) (see [33, Proof
of Thm. 12.2.1]). The key ingredient is the inequality (B.19), applied to § = I'g(L, £),
together with the following choice of the function &:

E(r) = £(t(r) = e f (1), (B.21)
with the function f such that | f'| < C and

1, fort e[l, +o0],
f= 1
0, forte]0,5].

We first estimate the boundary terms appearing in (B.19):

/ dx £2v - V|y)? = 0(1), (B.22)
arp(L,0)
because £ = 0 on 9l gy,
820 - VIYPP| < € fo(0) = O(™),  on 9T, (B.23)
and
J4
/ dx |&%v - VY| < c/ dr > fo(1) < C, (B.24)
aTba 0

where we have used the boundary conditions on 1, the exponential decay of fy (A.10) and
the estimate (B.13), which yields

VIVl < I(V+ia)y| < C,  fordist(r,rog) > 1, (B.25)

ro being the position of the corner. Similarly,

/ dx T - jul§¥] = O(), (B.26)
arp(L,0)
thanks to the vanishing at 0 of & and the bounds
/ dx |z-julsvl| < C f dx e f7(0) = O™, (B.27)
iy dTin
4
f dx |7 - jlEv]| < Cf dr e* fo(1) < C, (B.28)
aTba 0

as in (B.23) and (B.24), respectively.
The rest of the proof is identical to [33, Proof of Thm. 12.2.1]: the estimates (B.22) and
(B.26) above together with (B.19) imply

(1= 3160 By < [ i SR IV O (8.29)
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Noticing now that

|§/|2 <2(1 +6)612f2€2m + (] + é) f/ZeZat <23 +e)a2f2e2‘” +C(e)e2“’,
(B.30)

we conclude that

(1-1 —2(1+e)a2)/

dr ezat(r) |1//|2 < C/ dr |1p|2 4+ O(1), (B.31)
(>4

t(r)<1

and since we can always find € > 0 and a(e) > O so that the factor on the Lh.s. of the
above expression is positive, we obtain the result for the order parameter. The estimate of the
magnetic gradient however follows using (3.59) once more and the bound just proven. O

We complete the discussion of the decaying properties of the order parameter with a refined
version of the estimate proven in Lemma B.3: we consider a solution of the differential
Eq. (3.59) and show that, in a subdomain of tangential length of order O(1), the r.h.s. of
(B.18) is O(1) as well. In order to state a more precise bound there, we identify two model
domains, i.e., a rectangle Syyjp of tangential side length O(1) far from the corner and the
region close to it Scomer- More precisely, we set

Sarp = {r e Tp(L.0) |71 <s) <&}, 5 -5 <C, (B.32)

and either 57 > £/ tan (8/2) or 5 < —£/ tan (8/2), which ensures that in Sy, we can use
the coordinates (s, ¢) and it corresponds to [5y, 5] x [0, £]. The other region Scorer 1S

Scomer 1= {F € Tp(L, ©) | 51 <dist(r,ro) <5}, sH—-5<C, (B33

and 1 < 51, 55 < C4, i.e, it is a wedge-like domain where boundary coordinates can not be
used globally.

LemmaB.5 Let S; be one of the two domains defined in (B.32) and (B.33). Let also v be a
solution of (3.59), with b > 1. Then, there exists a constant c(b) > 0, such that

/ dr @) IS0 {1y 2 4 |(V 4 ia) 7} = O(1). (B.34)
Sy

Proof The proof is identical to the one of Lemma B.3, with the only difference due to the
estimate of boundary terms. Exploiting (B.25) and the other properties of v and fp, it is
however easy to show that those terms provide contributions of order O(1), as well as the
r.h.s. of (B.31), which leads to the result. A short comment is in order for regions close to
the corner, where the pointwise bound (B.25) might fail: there one can always arrange the
domain § in such a way that the boundary 9. is far enough from 0T',q (still at a distance of
order 1 from the corner) so that (B.25) applies, while on 9.5 N 9oy, the gradient estimate is
not used. O

We finally provide a simple bound which is a direct consequence of (B.34).

Lemma B.6 Let  be a solution of (3.59), with b > 1. Then, there exists a finite constant C,
such that

W ()] < Ce™ 2¢®MistrdTow), (B.35)

where c(b) is the constant appearing in (B.34).
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Proof The result is proven by contradiction. Suppose that there was a point I € I'g(L, £),
with dist(r, 0Ioy) > 1 and dist(r, rg) > 1, so that

()] e 2¢ESIET o) - ¢ (B.36)

for some given Cp > 0. Then, thanks to the pointwise bound (B.25), we can always construct
a square Q of unit side length containing r, such that

Y ()] 2¢O T > Loy in . (B.37)
We are here assuming that Cy is large enough, so that
inf (1 )] 2PN > €y = VI (IV Wl + ) > 3Co.
Hence,

/ dr |y (6) 2 @S0 > }TCZ’
(@)

which contradicts (B.34), if C is large enough, since Q is fixed. O

Reformulating the above result for the variational problems in the strip considered in § 3.1
yields the pointwise estimates

W (s, 0)] < Cem2e®), (B.38)

for any v solving (3.5) and where c(b) is the same constant appearing in Lemma B.2.

Appendix C. Local energy estimates

In this Section we sum up the salient points of the energy estimate in the smooth part of
the boundary layer. Thanks to Agmon estimates (see “Appendix B.3”), we can restrict our
analysis to the boundary layer (1.19), i.e.,

Ae = {reQ|dist(r, Q) < el.},

but here we will focus on its smooth component defined in (4.6):

Acr = (10,51 = L Ulst + Lo, s = Ll U+ U sy + Lo, 221]) x 10, ey ogell,

&

where s, j = 1, ..., N is the tangential coordinate of the j—th vertex. By Lemma 4.1, we
can take as starting point of our analysis the effective functional introduced in (4.7):

Gelv, Acm]=/ dsdr (1—ek(s>z>{|a,w|2+m|<as—mwz—ﬁ(zwﬁ—w)}

cut

and its ground state energy

Gag = inf  G[¥, Acudl, (C.1)
Ve Her (Acu)
where H;er(Acut) ={y € H'(Acw) [ (0, 1) =¥ (|0R2|/e, t), VYt € [0, £]}. We also denote
N
Zsmooth = U [Sj +Le,sjt1 — La] , (C2)
j=1
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with the identification sy 1 = 51 + |9€2|/¢. The material presented in this Section is essen-
tially taken from [24] (see, in particular [24, Lemmas 3, 6 and 7]), but an important difference
in the lower bound is given by the presence of holes in the boundary layer A, where the
corner regions have been removed. The key tool in the strategy is the decomposition of Ayt
into cells:

M,

A =% G =lon 0011 x [0, c1]logell, (C3)

n=1

with |oy,41 — 0, o< 1 and My X |Zsmooth| /€. We then approximate the curvature k(s) of the
boundary in each cell by its mean value

On+1
ky = f ds k(s) (C4)

and set for short o, = ag,,, fu(t) := f,(¢) (recall the notation of “Appendix A.2”).

Proposition C.1 (Upper bound to G 4.,) For any fixed1 < b < @61, as ¢ — 0, it holds

|9Q|ELD o
G, < fo —2L.NEP - sEcorr/ ds k(s) + o(1). (C.5)
0

Proof See [24, Sect. 4.1]. O

We now complement (C.5) with a matching lower bound. As already pointed out, the
proposition below is the analogue of [24, Lemma 6] but the effect of the holes in the smooth
part of the domain now becomes apparent in the additional boundary terms appearing on the
r.h.s. of (C.6). Those terms are matched in [24, Proof of Lemma 7, Step 2] by the corresponding
boundary contributions coming from the cells which are missing in the present setting.

Proposition C.2 (Lower bound) Let ¥ (s, 1) € H'(Acu) be a function enjoying the same
properties as ¥ (r(s, t)). Then, forany 1 < b < (*Dal, as € — 0, it holds

10Q|ELP b Ele]
Ga¥]l > ——— —2L.NE;" — EECO”/ ds k(s)
0
N c1|logel Fo(t) . s=sj+L¢
- Z dr ——ji [¥ (s, 1)] + o(1). (C.6)
Jj=1 0 f() (t) s=sj—Le¢

Proof The starting point is the very same splitting performed in [24, Lemma 6], which is
analogous to what we did in the proof of Proposition 3.1: in each cell €, we set

Y (s, 1) = un(s, 1) fn(t)e ", (C.7)

where u, plays the same role as u in the decoupling (3.12). Such a splitting procedure allows
to extract from each cell the desired energy, i.e.,

EP (0ns1 — 00) + Enlttn], (C8)
where the reduced energies are
On+1 4
Enlu] :=/ ds/ di (1 = ekat) f2 {00 + = 10, = 2 (0 sl
on 0 n

o 20— [u®)?}, (C.9)
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with b, (t) = m(t + oy — %sk,,tz). By [25, Lemma 2.1], the first terms of (C.8) above
sum up to "

0921 E5” D
R0 o NEP - sEcm/ ds k(s) + o(1). (C.10)

Zsmooth

If1 <b<®y 1, the reduced functionals &, [u, ] can be proven to be positive [24, Lemma
7] and can thus be dropped from the lower estimate, again up to small errors. Here, however,
the major difference with [24] occurs: the positivity of &,[u,] is proven in [24, Lemma 7]
via an integration by parts and exploits the pointwise positivity of the cost function Ky (see
(A.14) and (A.16)), but the estimate of the boundary terms emerging from the integration
has to be adjusted. Such terms have the form

cilloge| Fo(t)
_ d i ,
/(; t fOZ(z)]' [¥ (s, 0)]

The sum of all the terms is shown in [24, Lemma 7] to be small, but this requires (see [24,
Step 2 and eq. (5.33)]) to pair the term coming from one cell at o,, with the one generated
in the adjacent cell again at o,,. In our setting, due to the absence of corner regions in Acy,
some boundary terms are missing. Such terms are precisely given by

§=0n+1

§=0p

c1|loge| Fo(t) s=sj+Le¢
Z/ dt ——ji[¥(s, 0] , (C.11)
jex 0 f() () s=s;—L¢
and have to be added and subtracted to apply [24, Lemma 7], leading to (C.6). O

Note that in both the upper and lower bounds (C.5) and (C.6), we can easily replace the
integral over Zsmootn With the integral over the whole boundary, since

102
SEcon/ ds k(s) = ECOIT/ ds R(s) + O(e|logel), (C.12)
Zsmooth 0

by the boundedness of the curvature.
We conclude the Section with an important corollary of the above lower bound, which
will be used to prove a uniform estimate of [S"| in the smooth part of the layer.

Lemma C.1 (Lower bound on the reduced energies) Let u, be defined in (C.7) and &, be
given by (C.9). Then, if | <b < Oy, ase — 0,

M, M
> Ealual > llogsl"‘ZL dsdr (1 — eknt) f;) [|amn|2 + mwsum]
n=1 n=1"v°n

M,
1 €
+ Z; / dsdr (1 — eknt) £1(1 = |un|>)? + o(1). (C.13)
n=
Proof See [24, Proof of Lemma 7]. o
References

1. Alouges, F., Bonnaillie-Noel, V.: Numerical computations of fundamental eigenstates for the Schrodinger
operator under constant magnetic field. Numer. Methods Partial Differ. Equ. 22, 1090-1105 (2006)

@ Springer



236

Page 56 of 57 M. Correggi, E.L. Giacomelli

20.
21.
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.

32.

as

Abrikosov, A.: On the magnetic properties of superconductors of the second type. Sov. Phys. JETP 5§,
1174-1182 (1957)

Adams, R.A.: Sobolev Spaces. Academic Press, Cambridge (1975)

Almog, Y., Helffer, B.: The distribution of surface superconductivity along the boundary: on a conjecture
of X.B. Pan. SIAM J. Math. Anal. 38, 1715-1732 (2007)

Assaad, W.: The breakdown of superconductivity in the presence of magnetic steps. Commun. Contemp.
Math. 23, 2050005 (2019)

Assaad, W., Kachmar, A.: The influence of magnetic steps on bulk superconductivity. Discrete Contin.
Dyn. Syst. Ser. A 36, 6623—-6643 (2016)

Assaad, W., Kachmar, A., Persson-Sundqvist, M.: The distribution of superconductivity near a magnetic
barrier. Commun. Math. Phys. 366, 269-332 (2019)

Bardeen, J., Cooper, L., Schrieffer, J.: Theory of superconductivity. Phys. Rev. 108, 1175-1204 (1957)
Béthuel, F., Brézis, H., Hélein, F.: Asymptotics for the minimization of a Ginzburg—Landau functional.
Calc. Var. Partial Differ. Equ. 1, 123-148 (1993)

Béthuel, F., Brézis, H., Hélein, F.: Ginzburg-Landau Vortices, Progress in Nonlinear Differential Equa-
tions and Their Applications, vol. 13. Birkhéduser, Basel (1994)

. Bonnaillie, V.: On the fundamental state energy for a Schrodinger operator with magnetic field in domains

with corners. Asymptot. Anal. 41, 215-258 (2005)

. Bonnaillie-Noél, V., Dauge, M.: Asymptotics for the low-lying eigenstates of the Schrodinger operator

with magnetic field near corners. Ann. Henri Poincaré 7, 899-931 (2006)

. Bonnaillie-Néel, V., Dauge, M., Martin, D., Vial, G.: Computations of the first eigenpairs for the

Schrodinger operator with magnetic field. Comput. Methods Appl. Mech. Eng. 196, 3841-3858 (2007)

. Brosens, F., Devreese, J.T., Fomin, V.M., Moshchalkov, V.V.: Superconductivity in a wedge: analytical

variational results. Solid State Commun. 111, 565-569 (1999)

. Bonnaillie-Noégl, V., Fournais, S.: Superconductivity in domains with corners. Rev. Math. Phys. 19, 607-

637 (2007)

. Correggi, M.: Surface effects in superconductors with corners. Bull. Unione Mat. Ital. 14, 51-67 (2021)
. Correggi, M., Devanarayanan, B., Rougerie, N.: Universal and shape dependent features of surface super-

conductivity. Eur. Phys. J. B 90, 231 (2017)

. Correggi, M., Dimonte, D.: On the third critical speed for rotating Bose—Einstein condensates. J. Math.

Phys. 57, 071901 (2016)

. Correggi, M., Giacomelli, E.L.: Surface superconductivity in presence of corners. Rev. Math. Phys. 29,

1750005 (2017)

Correggi, M., Giacomelli, E.L.: Almost flat angles in Surface superconductivity, nonlinearity in press.
https://doi.org/10.1088/1361-6544/ac24e0

Correggi, M., Pinsker, F., Rougerie, N., Yngvason, J.: Critical rotational speeds for superfluids in homo-
geneous traps. J. Math. Phys. 53, 095203 (2012)

Correggi, M., Rougerie, N.: Inhomogeneous vortex patterns in rotating Bose—Einstein condensates. Com-
mun. Math. Phys. 321, 817-860 (2013)

Correggi, M., Rougerie, N.: On the Ginzburg—Landau functional in the surface superconductivity regime.
Commun. Math. Phys. 332, 1297-1343 (2014) (erratum Comm. Math. Phys. 338 (2015), 1451-1452)
Correggi, M., Rougerie, N.: Boundary behavior of the Ginzburg—Landau order parameter in the surface
superconductivity regime. Arch. Ration. Mech. Anal. 219, 553-606 (2015)

Correggi, M., Rougerie, N.: Effects of boundary curvature on surface superconductivity. Lett. Math. Phys.
106, 445-467 (2016)

Correggi, M., Lundholm, D., Rougerie, N.: Local density approximation for the almost-bosonic anyon
gas. Anal. PDE 10, 1169-1200 (2017)

Correggi, M., Rougerie, N., Yngvason, J.: The transition to a giant vortex phase in a fast rotating Bose—
Einstein condensate. Commun. Math. Phys. 303, 451-508 (2011)

Correggi, M., Yngvason, J.: Energy and vorticity in fast rotating Bose—Einstein condensates. J. Phys. A
Math. Theor. 41, 455002 (2008)

Cycon, H.L., Froese, R.G., Kirsch, W., Simon, B.: Schrodinger Operators, Texts and Monographs in
Physics. Springer, Berlin (1987)

Exner, P., Lotoreichik, V., Pérez-Obiol, A.: On the bound states of magnetic Laplacians on wedges. Rep.
Math. Phys. 82, 161-185 (2018)

Fomin, V.M., Devreese, J.T., Moshchalkov, V.V.: Surface superconductivity in a wedge. Europhys. Lett.
42, 553-558 (1998) (erratum Europhys. Lett. 46 (1999), 118-119)

Fournais, S., Helffer, B.: On the third critical field in Ginzburg-Landau theory. Commun. Math. Phys.
266, 153-196 (2006)

pringer


https://doi.org/10.1088/1361-6544/ac24e0

Effects of corners in surface superconductivity Page 57 of 57 236

33.

34.

35.

36.

37.

38.

39.

40.

41.
42.

43.

44.

45.

46.
47.

48.

49.

50.

S1.

52.

53.

54.

55.

Fournais, S., Helffer, B.: Spectral Methods in Surface uperconductivity, Progress in Nonlinear Differential
Equations and their Applications, vol. 77. Birkhéuser, Basel (2010)

Fournais, S., Helffer, B., Persson, M.: Superconductivity between H, and Hcy. J. Spectr. Theory 1,
273-298 (2011)

Fournais, S., Kachmar, A.: Nucleation of bulk superconductivity close to critical magnetic field. Adv.
Math. 226, 1213-1258 (2011)

Fournais, S., Kachmar, A.: The ground state energy of the three dimensional Ginzburg—Landau functional.
Part I: bulk regime. Commun. Partial Differ. Equ. 38, 339-383 (2013)

Frank, FL., Lemm, M.: Multi-component Ginzburg—Landau theory: microscopic derivation and examples.
Ann. H. Poincaré 17, 2285-2340 (2016)

Fournais, S., Kachmar, A., Persson, M.: The ground state energy of the three dimensional Ginzburg—
Landau functional. Part II: surface regime. J. Math. Pures Appl. 99, 343-374 (2013)

Fournais, S., Miqueu, J.-P., Pan, X.-B.: Concentration behavior and lattice structure of 3D surface super-
conductivity in the half space. Math. Phys. Anal. Geom. 22, 12 (2019)

Frank, R.L., Hainzl, C., Seiringer, R., Solovej, J.P.: Microscopic derivation of Ginzburg—Landau theory.
J. Am. Math. Soc. 25, 667-713 (2012)

Giacomelli, E.L.: Surface Superconductivity in Presence of Corners, Ph.D. Thesis (2018)

Ginzburg, V.L., Landau, L.D.: On the theory of superconductivity. Zh. Eksp. Teor. Fiz. 20, 1064—-1082
(1950)

Gor’kov, L.P.: Microscopic derivation of the Ginzburg—Landau equations in the theory of superconduc-
tivity. Zh. Eksp. Teor. Fiz. 36, 1918-1923 (1959) (english translation Soviet Phys. JETP 9, 1364-1367
(1959))

Grisvard, P.: Elliptic Problems in Nonsmooth Domains, Classics in Applied Mathematics, vol. 69. SIAM,
Providence (2011)

Helffer, B., Kachmar, A.: The density of superconductivity in domains with corners. Lett. Math. Phys.
108, 2169-2187 (2018)

Jadallah, H.T.: The onset of superconductivity in domains with corner. J. Math. Phys. 42, 4101 (2001)
Jadallah, H., Rubinstein, J., Sternberg, P.: Phase transition curves for mesoscopic superconducting sam-
ples. Phys. Rev. Lett. 82, 2935-2938 (1999)

Ning, Y.X., Song, C.L., Guan, Z.L., Ma, X.C., Chen, X., Jia, J.F.,, Xue, Q.K.: Observation of surface
superconductivity and direct vortex imaging of a Pb thin island with a scanning tunneling microscope.
Europhys. Lett. 85, 27004 (2009)

Pan, X.-B.: Surface superconductivity in applied magnetic fields above H.p. Commun. Math. Phys. 228,
327-370 (2002)

Pan, X.-B.: Upper critical field for superconductors with edges and corners. Calc. Var. Partial Differ. Equ.
14, 447-482 (2002)

Raymond, N.: Bound States of the Magnetic Schrodinger Operator, EMS Tracts in Mathematics, vol. 27.
EMS (2017)

Schweigert, V.A., Peeters, EM.: Influence of the confinement geometry on surface superconductivity.
Phys. Rev. B 60, 3084 (1999)

Sandier, E., Serfaty, S.: Vortices in the Magnetic Ginzburg-Landau Model, Progress in Nonlinear Differ-
ential Equations and their Applications, vol. 70. Birkhéduser, Basel (2007) (erratum available at http://
www.ann.jussieu.fr/serfaty/publis.html)

Saint-James, D., de Gennes, P.G.: Onset of superconductivity in decreasing fields. Phys. Lett. 7, 306-308
(1963)

Tinkham, M.: Introduction to Superconductivity. Dover Publications, New York (2004)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


http://www.ann.jussieu.fr/serfaty/publis.html
http://www.ann.jussieu.fr/serfaty/publis.html

	Effects of corners in surface superconductivity
	Abstract
	1 Introduction
	1.1 Setting: domains with corners
	1.2 Heuristics
	1.3 Summary
	1.4 Notation

	2 Main results
	2.1 State of the art
	2.2 GL energy and density asymptotics
	2.3 Corner effective energy

	3 Corner effective problems
	3.1 Surface superconductivity in a finite strip
	3.2 Properties of Ecorner,β(L,ell)
	3.3 Boundedness and existence of the limit
	3.4 Neumann and Dirichlet problems in  Γβ(L,ell)

	4 Proof of the energy lower bound
	4.1 Replacement of the magnetic field
	4.2 Rectification of the corner regions
	4.3 Completion of the lower bound

	5 Other proofs
	5.1 Upper bound and energy asymptotics
	5.2 Order parameter

	Acknowledgements
	Appendix A. One-dimensional effective energies
	A.1. Effective model on the half-line
	A.2. Curvature-dependent one-dimensional models
	A.3. Effective model on an interval with k = 0

	Appendix B. Technical estimates
	B.1. Minimization of the GL energy
	B.2. Elliptic estimates
	B.3. Agmon estimates

	Appendix C. Local energy estimates
	References




