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Amplification of operational uncertainty
induced by non-ideal flows in supersonic turbine cascades
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Abstract

In high-temperature transcritical organic Rankine cycles (ORCs) the expansion process may take place in
the neighbourhood of the thermodynamic critical point. In this region, many organic fluids feature a value
of the fundamental derivative of gas dynamics I' that is less than unity. As a consequence, severe non-ideal
gas-dynamic effects may be possibly observed. Examples of these non-ideal effects are the non-monotonic
variation of the Mach number along an isentropic expansion, oblique shocks featuring an increase of the
Mach number and a significant dependence of the flow field on the upstream total state. To tackle this
latter non-ideal effect, an uncertainty-quantification strategy combined with Reynolds-averaged flow simu-
lations is devised to evaluate the turbine performance in presence of operational uncertainty. Results clearly
indicate that a highly non-ideal expansion process leads to an amplification of the operational uncertainty.
Specifically, given an uncertainty of ~ 1% in cycle nominal conditions, the mass flow rate and cascade
losses vary +4% and +0.75 percentage points, respectively. These variations are four and six times larger
than those prompted by an ideal-like expansion process. The flow delivered to the first rotating cascade is
severely altered as well, leading to local variations in the rotor incidence angle up to 10°. A decomposition of
variance contributions reveals that the uncertainty in the upstream total temperature is mainly responsible
for these variations. Finally, the understanding of the physical mechanism behind these changes allows us
to generalise the present findings to other organic-fluid flows.

Keywords: non-ideal gas dynamics, uncertainty quantification, supersonic turbines, organic Rankine cycles

1. Introduction s exploiting a tailored high-efficient solution for the

specific energy-conversion problem. In this perspec-

The reduction of greenhouse gas emissions, along
tive, organic Rankine cycle (ORC) power systems

with the aim of a cleaner and more sustainable en-
might represent the most efficient solution for a va-

ergy production, should be primarily pursued by
riety of applications, e.g. geothermal systems [1],

" Corresponding author 1 small-scale solar-powered technologies [2], biomass-
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(Alessandro Romei) fired systems [3] and waste-heat recovery applica-

Preprint submitted to Journal of Engineering for Gas Turbines and Power June 16, 2020



20

25

30

35

40

45

tions [4]. In an effort of raising the cycle efficiency,
many modifications to the single-level saturated
configuration were historically proposed. Among
the various solutions, several studies outlined that
a transcritical (or supercritical) cycle configuration
may potentially be more efficient than its subcriti-
cal counterpart [5, 6].

One of the key factor in the determination of
the cycle efficiency is a proper turbine design [7].
Due to the combination of high expansion ratio and
low enthalpy drop, which couple with low values of
the speed of sound, axial-turbine optimizations re-
sult in configurations made by a few supersonic or
transonic blade rows [8, 9]. Furthermore, the first-
stage nozzle cascade usually provides the largest
pressure ratio, operating in highly supersonic flow
regimes and delivering to the first rotating-blade
row a highly non-uniform flow. The same flow fea-
tures and connected fluid-dynamic challenges are
shared with the supersonic stator of the centripetal
(or radial-inflow) layout [10, 11]. For this reason,
most of the research effort has focused on the de-
sign of the first supersonic stator [12, 13], as mainly
responsible for the turbine efficiency degradation.

These flow features are even exacerbated when
dealing with transcritical ORCs. As a matter of
fact, the spread of transcritical configurations may
be impeded by the challenge connected with the de-
sign of the turbine, whose expansion process occurs
in the close proximity of the thermodynamic criti-
cal point, thereby featuring larger departures from
the ideal-gas behaviour than the one found in the
subcritical layout. A well-know parameter to quan-
tify the volumetric deviation from the ideal-gas law

is the compressibility factor Z = Pv/RT, where
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R is the specific gas constant. Besides, the evolu-
tion of the speed of sound along isentropic expan-
sion can be fundamentally different for molecularly
complex fluids when approaching the critical point
from that observed in ideal flows. This discrepancy
clearly emerges by inspecting the thermodynamic

parameter I', defined as

_qy P[0
F_1+C<6P>s7

which is called the fundamental derivative of gas

(1)

dynamics [14]. In the above definition, p is density,
s is the specific entropy and ¢ = (BP/a,o);/2 is the
speed of sound, in which P is the pressure. If I' > 1,
the speed of sound decreases upon isentropic ex-
pansion; this is the typical behaviour of polytropic
gases (i.e. ideal gases with constant specific heats)
for which I' = (y + 1)/2, where v > 1 is the ratio
of the specific heats. On the contrary, the speed of
sound increases following an isentropic expansion
if I' < 1. Thermodynamic states exhibiting I' < 1
are found in the single-phase vapour region of many
molecularly complex fluids for pressures and tem-
peratures of the order of their critical-point values
[15, 16, 17] and in the near-critical two-phase re-
gion of most substances [18]. Based on the peculiar
speed-of-sound evolution when I' < 1, which iden-
tifies the so-called non-ideal gas-dynamic regime,
several non-ideal gas effects may arise, e.g. a non-
monotonic variation of the Mach number along an
isentropic expansion [19] and oblique shocks pro-
ducing an increase of the Mach number [20]. On
top of those, the expansion process reveals a sig-
nificant sensitivity on the upstream total states, as

experimentally demonstrated by Spinelli et al. [21].
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A recent work conducted by the authors showed
that non-ideal effects can also occur in turboma-
chinery flows, triggering unexpected operation with
respect to the one encountered in ideal-gas flow ap-
plications [22]. Nonetheless, non-ideal effects are
found only in a smaller domain of the entire non-
ideal gas-dynamic regime. For an ideal gas with
constant specific heats, 1 < IT' < 1.33 and the well-
known dilute gas behaviour is recovered in turbine
flows. Such an ideal-like behaviour is also observed
in the I' < 1 region, provided that the I' is close to
unity. To account for this difference, a further dis-
tinction based on the value of I" is made hereinafter:
we classify the operating conditions as ideal-like op-
erating regime whenever 0.8 < I' < 1 in the su-
personic expansion, yielding a turbine aerodynam-
ics quantitatively similar to its ideal-gas counter-
part. On the other hand, I" < 0.8 in the super-
sonic expansion identifies the non-ideal operating
regime, whereby non-ideal effects may play a signif-
icant role in the cascade operation. Based on the re-
sults of this work, we anticipate that when I' < 0.8
non-ideal effects commences increasingly affecting
the cascade aerodynamics. Even so, it is worth to
highlight that the threshold between the two oper-
ating regimes is not a well-defined boundary and
further fundamental studies aiming at developing
a comprehensive theory are still urgently needed.
For convenience, we will refer to turbine cascades
operating in the ideal-like and non-ideal operating
regime as ideal-like cascade and non-ideal cascade,
respectively. The same designations will be also
used to distinguish the corresponding flow features.

This work follows up our previous discussion on

non-ideal effects in turbomachinery [22]. Since non-
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ideal effects can only occur in specific thermody-
namic conditions, whether operational uncertainty
in the power cycle affects the turbine operation
in a non-ideal gas-dynamic regime still deserves a
proper answer. To this end, a comparative analy-
sis between an ideal-like and a non-ideal supersonic
nozzle cascade is performed by introducing uncer-
tainties in the values of maximum temperature and
pressure of the power cycle, as well as in the con-
densation temperature.

Cycle uncertainties are properly converted into
first-stator operational uncertainty, enabling their
formulation in computational fluid-dynamic (CFD)
simulations in the form of variations in flow bound-
ary conditions. A surrogate-based uncertainty-
quantification analysis is combined with CFD sim-
ulations to propagate such operational uncertainty
on the cascade aerodynamics. Similar procedures of
uncertainty quantification were successfully applied
to estimate ORC turbomachinery performance in
what we called ideal-like conditions [23, 24]. In the
present work, the methodology is applied to both
ideal-like and non-ideal cascades, comparing their
probabilistic performance in terms of cascade losses,
alteration of the flow field delivered to the first ro-
tor and implications on the corresponding power
cycles. Since the underlying gas-dynamic physics
is very different between the two cases, the subse-
quent impact of operational uncertainty is expected
to differ as well.

The paper is structured as follows. In §2, we
delineate the framework of this work via numerical
examples of simplified expanding flows, introducing
the problem of the operational-uncertainty amplifi-

cation in non-ideal expansion processes. Next, we
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outline the engineering problem in §3, consisting
in ORC power cycles and corresponding turbines.
The flow solver and the uncertainty-quantification
strategy are detailed in §§3.1-3.2 , respectively.
Firstly, we study the probabilistic performance of
supersonic first-stage nozzle cascades, per se, in §4,
then we analyse the implication on the subsequent
rotating-blade rows in §5. Gathering the over-
all turbine results, we discuss the consequences of
operational uncertainty from the power-cycle per-
spective in §6. Finally, although expansion pro-
cesses focus on a specific organic fluid, in §7 we
generalise our conclusion to a wider class of or-
ganic compounds by means of simplified quasi-one-
dimensional flows. The new insight gained into
turbines operating in non-ideal conditions allows
us to draw recommendations for the control of fu-
ture transcritical ORCs, making aware the cycle de-
signer of the potential higher variability triggered
by non-ideal operation.

in

2. Impact of operational uncertainty

quasi-one-dimensional expanding flows

We briefly describe archetypal examples of non-
ideal expanding flows with a steady quasi-one-
dimensional approach [25], which assumes an in-
viscid and constant total-enthalpy flow through a
variable duct area. This simplified flow descrip-
tion allows us to illustrate how operational uncer-
tainty couples with non-ideal gas dynamics, mirror-
ing the thermodynamic conditions and the expan-
sion processes that will be discussed later in the

supersonic turbines. In this section, we limit our

analysis to the linear siloxane MM (hexamethyldis-
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iloxane, C¢H;508Sis), whose thermodynamic prop-
erties are computed with the multi-parameter equa-
tion of state detailed in Thol et al. [26], because it
may show significant non-ideal effects besides being
a popular working fluid in high-temperature ORC
applications [6]. In the last section §7, we will gen-
eralise the concept here described to other classes
of organic fluids (e.g. refrigerants, hydrocarbons)
commonly employed in the ORC field.

With reference to the classification made in the
introductory section, we consider an ideal-like ex-
panding flow, i.e. T' 2 0.8 in the supersonic ex-
pansion, with upstream total conditions P! = 8 bar
and Tt = 272.5°C, where P! and T are the total
pressure and total temperature, respectively, and a
non-ideal expanding flow, i.e. T' < 0.8 in the su-
personic expansion, with upstream total conditions
Pt = 40bar and T = 272.5°C. The upstream
total conditions can vary up to +1.25% with re-
spect to their design values (temperature measured
in Celsius degree), obeying to independent uniform
distributions. Figure 1 reports the distribution of
the design area ratio A/A* with the outlet pres-
sure P, where A* is the sonic throat, along with
200 random realizations. The area ratio A/A* has
a direct engineering implication because it is con-
nected with the design of the diverging portion of
a nozzle aimed at producing a smooth shock-free
expansion process (adapted expansion) for a given
outlet pressure. To illustrate the role of an uncer-
tainty in the total conditions on the two expan-
sion processes, we choose a specific area-ratio value,
namely A/A* = 2.4, as representative of a manu-
factured nozzle (or a conceptually equivalent super-

sonic stator) operating under total-condition uncer-
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tainty. The introduction of operational uncertainty
barely affects the ideal-like expansion process (vari-
ations lower than 0.5% on the exit pressure), see
Fig. 1(a), while it has a great impact on the non-
ideal one (the adapted outlet pressure varies from
—11% to +6% with respect to the design value), see
Fig. 1(b). In this latter case, assuming that the area
ratio was chosen to deliver the design pressure ra-
tio, the variation observed in the outlet pressure im-
poses to the flow either a recompression via shocks,
when the outlet pressure is lower than the design
one, or a post-expansion via rarefaction fans, when
the outlet pressure is higher than the design one.
The same behaviour is qualitatively expected in
turbomachinery flows when operating in similar
non-ideal conditions. The flow-structure modifica-
tions (from an adapted expansion to compression
shocks and rarefaction fans) induced by the am-
plification of operational uncertainty through the
expansion process with I' < 1 will arguably affect
the turbine performance, triggering significant off-
design operation with a subsequent departure from
the nominal efficiency. To anticipate future trans-
critical ORC shortcomings, a quantitative estimate
of this mechanism of turbine efficiency degradation
becomes crucial, motivating the rationale of the

present work.

3. Problem contextualisation and definition

Representative subcritical and transcritical ORC
configurations are identified as references for the fol-
lowing analyses. Their constitutive thermodynamic
transformations are reported in the well-known T—

s (temperature—entropy) diagram in Fig. 2. These
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cycle layouts were inspired by the combined heat
and power application detailed in Colonna et al.
[27], which made use of the siloxane MDM (oc-
tamethyltrisiloxane, CgH2402Si3) as working fluid.
In spite of the higher saturation pressure at the
condensation temperature, the siloxane MM is con-
sidered here because it may exhibit non-ideal gas-
dynamic effects for temperature levels below its
thermal-stability limit [28, 29] and consistently with
the maximum temperature prescribed by the ap-
plication. In addition, both siloxanes are cur-
rently employed in combined heat and power ap-
plications [7], thus preserving the technical rele-
vance of following outcomes regardless of the spe-
cific fluid selection. The maximum temperature is
set to Tynae = 272.5°C and it is kept equal for both
cycles. For the subcritical cycle, we prescribe the
same maximum pressure of the original configura-
tion, i.e. Ppq, = 8bar [27]. On the other hand, the
choice of the maximum pressure for the supercrit-
ical layout (P4 = 40bar) offers the opportunity
to achieve low values of I" along the expansion pro-
cess while retaining a conservative margin from the
two-phase region. The outlet turbine pressure, cor-
responding to saturated condition at the condensa-
tion temperature (Teong = 85 °C), is set to 0.63 bar
for both cycles.

As outlined in the §2, the blade cascade that most
suffer from operational uncertainty is the first sta-
tor, which features a supersonic flow regime and
the largest departure from the ideal-gas behaviour,
as illustrated in Fig. 3, where both Z and T’
isocurves are reported. To analyse the first-stator
performance via accurate CFD simulations, proper

boundary conditions must be assigned. The maxi-
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Figure 1: Design area-ratio distributions predicted by the quasi-one-dimensional theory for an ideal-like expanding flow (with

total states P! = 8bar and T = 272.5°C) and a non-ideal expanding flow (with total states P! = 40 bar and T? = 272.5°C)

of fluid MM, along with 200 independent uniformly distributed realizations assuming +1.25% uncertainty in both the design

total pressure and temperature.
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prosmmmmmmoeos
2501 !
3 1
22004 ;
N /A —— }
1501 Two-phase
region
1001
P = P,,+(85°C) = 0.63 bar
50 T T T T T T
72200 0 200 400 600 800 1000 1200
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Figure 2: Representative subcritical and transcritical organic

Rankine cycles with MM as working fluid.

mum pressure and temperature of the power cycles
can be directly prescribed as inlet boundary condi-
tions. The pressure condition at the stator outlet,
given the overall expansion ratio dictated by the
cycle, depends on the number of stages arranged
in the machine and their specific reaction degrees.
The enthalpy drops are distributed among cascades

with the following rationale [30]: the first stage pro-
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vides the highest enthalpy drop (x < 0.25, where
x = ARE/ARS! is the isentropic reaction degree

and AhE

187

AhS! are the isentropic enthalpy drop
across the rotor and the stage, respectively), while
the remaining stages operate at the maximum ef-
ficiency point (y ~ 0.5). As far as the number
of stages is concerned, on the one hand, we se-
lect a single-stage axial turbine for the subcritical
cycle, resulting in a outlet first-stator pressure of
P, = 1.07bar with a minimum 09 < I' < 1.0
in the supersonic expansion. The stator expan-
sion ratio (8 = PY/P, = 7.5) agrees with previ-
ous studies of similar ORC supersonic cascade in
ideal-like conditions [27, 12]. On the other hand,
a five-stage axial turbine is chosen for the trans-
critical cycle, providing a pressure of P; = 12.5bar
at the exit of the first stator. Along the isentropic
supersonic expansion, the minimum value of I" is

found in the range 0.3 < I' < 0.4, revealing the

non-ideal character of the expansion. For the non-
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ideal case, a higher number of stages was dictated
by an overall lower value of the speed of sound
close to the thermodynamic critical point, which
lead to a highly supersonic Mach number for com-
paratively lower pressure ratios. As a further con-
firmation, based on quasi-one-dimensional calcula-
tions, the first-stator expansion ratio (8 = 3.2) de-
livers a maximum Mach number M =~ 1.8, forcing
the choice of converging-diverging profiles to effi-
ciently accomplish the supersonic expansion. Be-
sides, a five-stage axial configuration was recently
proposed by one of the leading manufacturers in the
ORC field [31]. The resulting upstream total con-
ditions and the first-stator expansion processes are
reported in Figure 3 for the two cases.

Pressure, Mach number and total-pressure fields
for the ideal-like and non-ideal cascade at design
conditions are reported in Fig. 4(a)-(b), respec-
tively. These results are obtained with the nu-
merical settings detailed in §3.1 and imposing the
boundary conditions derived previously in this sec-
tion. Because of the prescribed flow turning is sim-
ilar for the two conditions (A« = 77°, where « in-
dicates the absolute flow angle measured from the
meridional direction), the two cascades share the
same solidity cq./s = 0.74, where ¢4, = 0.33m is
the blade axial chord and s is the blade pitch. The
blade profiles for the two cases are designed using
our in-house surrogate-based shape-optimisation
tool FORMA [13], which adapts the blade pro-
file to the corresponding expansion process, thus
enabling relatively smooth expansions through the
blade channels.

As a result of the blade optimisation, the en-

tropy production across fish-tail shocks, arising
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Figure 3: Zoom of Figure 2, highlighting first-stator expan-
sion processes. A map of the compressibility factor Z and
fundamental derivative of gas dynamics I' are superposed in

frames (a) and (b), respectively.

from the flow turning around the finite-thickness
trailing edge, is only a small share of the overall
entropy produced by the cascade. The larger con-
tribution to cascade losses is provided by viscous ef-
fects in the wake development and subsequent mix-
ing process downstream of the cascade. In this re-
gard, in agreement with other works, a compari-

son between the two total-pressure fields reveals a
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Figure 4: Pressure, Mach number and normalised total-pressure fields for the nozzle cascades operating in the ideal-like (a)

and non-ideal (b) operating regimes at nominal conditions.

wider wake for the ideal-like scenario [32, 33]. The
most accredited explanation is that a higher value
of the Prandtl-Meyer function, characterising non-
ideal flows I' < 1, induces higher turning angles,
thus a reduced separation region behind the trailing
edge. Overall, no substantial differences are found
in the entropy-production mechanisms between the

ideal-like and non-ideal cascade.

Upon inspection of the Mach number field in Fig.
4(b), a non-monotonic variation of the Mach num-
ber is observed, with the local minimum of the

Mach number located at the blade outlet. This fol-
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lows immediately from the analysis of Cramer &
Best [19], in which the parameter

- ﬁ% —1-D— # (2)
is introduced as a non-dimensional measure of the
Mach number derivative with the density. The con-
dition J > 0 is a necessary condition to have a Mach
number that decreases along isentropic expansions.
A possible advantage deriving from this condition is
the enhanced uniformity of the Mach number distri-
bution within the stator-rotor axial gap, due to its

reduced sensitivity to perturbations in the pressure

field [22].
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Finally, the definition of operational uncertainty
has to be addressed. To the authors’ best knowl-
edge, the data reported in Zanellato et al. [34] is
the only source of operational variability in run-
ning ORC power plants that is available in the open
literature. Specifically, field measurements of tem-
perature and pressure at the outlet of the evapora-
tor (Teypa, Peva) and temperature in the condenser
(Teona) are there reported for two-level saturated
cycles. Although system layouts and working flu-
ids are considerably different from the ones em-
ployed in this work, a similar variability in control-
ling an ORC power plant can be expected. Based on
the published data, the following relative variations
from nominal and/or average conditions are de-
rived: ATepa/Teva = 1.25%, AP.yq/Peya = 1.25%,
AT cond/Teond =~ 1% with temperatures expressed in
degrees Celsius. Whilst outlet evaporator pres-
sure and temperature can be directly prescribed as
boundary conditions at the inlet of the turbine, the
uncertainty in the condensation temperature must
be propagated to the first-stator outlet pressure.
Given ATeona/Teona = 1%, a sampling strategy is
applied to derive the corresponding variations in
first-stator outlet pressures AP;/P;. Preliminary
calculations assuming different stochastic scenarios
[35] show that no qualitative differences emerge nei-
ther in the ideal-like nor in the non-ideal case when
changing input distributions. Gathering all these
information, operational uncertainties in first-stage
nozzle cascades are formulated to be independently

distributed as in Tab. 1.
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3.1. Computational flow model

Computational fluid-dynamic simulations are
performed with ANSYS-CFX 18.1®. Total pres-
sure P} and temperature T} are set as inlet bound-
ary conditions, along with a purely axial-flow direc-
tion. At the outlet, an average static pressure P; is
imposed, accepting local pressure differences of 5%.
The outlet domain is placed approximately at eight
axial chords downstream of the trailing edge to
avoid spurious pressure-wave reflections. Since only
blade-to-blade effects are of interest, quasi-three-
dimensional simulations are carried out by consid-
ering a straight stream tube around the midspan
and by imposing a free-slip boundary condition at
the hub and shroud. Finally, no-slip and adiabatic
boundary condition are set to the blade wall, which
is modelled as a smooth surface.

The Reynolds-averaged Navier-Stokes (RANS)
equations are complemented with the k —w SST
turbulence model, whose inlet boundary conditions
are set as turbulence intensity equal to 5% and
eddy-to-molecular viscosity ratio equal to 10. The
cascade Reynolds number, based on the mass-flow-
averaged kinematic viscosity and velocity, evalu-
ated both at the blade inlet and outlet, and on
the blade chord, is high enough (Re = 105 — 108)
to assume fully turbulent flow in all simulations.
High-resolution schemes are employed in the dis-
cretisation of both flow and turbulence equations.

The multi-parameter equation of state expressed
in terms of Helmholtz fundamental relations [26]
is selected to compute the equilibrium thermody-
namic properties of the siloxane MM. To speed-

up the computation, a look-up-table approach is
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Uncertainty Ideal-like Non-ideal

T¢ (°C) ~ N(p=2725,0 =1.175) N(p=2725,0 =1.175)

P} (bar) ~ B(a=2,4=4.5)o0n[7.9,81] B(a=2,03=4.5) on [39.5,40.5]
Pi(bar) ~  N(p=1.0750 = 0.007) N(p=125,0 = 0.024)

Table 1: Summary of uncertainties accounted in this work along with their probabilistic distributions (B: beta distribution;

N: normal distribution, u,o: mean and standard deviation of the normal distribution, a, 3: shape parameters of the beta

distribution).

adopted by making use of the NIST-REFPROP®
database [36] in the generation of the thermody-
namic tables. The table ranges are taken large
enough to avoid any clips or extrapolations dur-
ing the convergence process, with an accuracy of

approximately 0.01 K and 0.05 bar for temperature

and pressure, respectively.

Computations are performed on structured hex-
ahedral meshes, where a proper cell clustering
near blade walls is provided to ensure y* <1,
thus avoiding the introduction of wall func-
tions in the solution. The grid-convergence
assessment in terms of cascade loss coefficient
Y = (P — P, )/(P}— Ps,,) (where the sub-
script 2¢,, indicates the section placed 2 axial chord
downstream of the trailing edge) is reported in Fig.
5(a) for the two cascade configurations at the cor-
responding design conditions. The grid size with
200k elements in the blade-to-blade plane is selected
hereinafter for both cases, accepting in the com-
putation of the cascade loss coefficient a difference

with respect to the finest value of less than 0.2 per-

centage points (pp).
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3.2. Surrogate-based  uncertainty  quantification

strateqy

To derive statistically relevant information about
turbine operation, one should sample from the in-
put probability distributions a large number of
boundary conditions, say O(10° — 108), and pro-
cess each of them via CFD simulations to compute
several realizations of the cascade performance.
However, this methodology cannot be applied as
it is because of the high computational cost re-
quired by the single CFD evaluation. To circumvent
this problem, a surrogate-based strategy is devised.
First, a smaller number of CFD cases is run to build
a surface response of selected quantities that are in-
dicative of the nozzle-cascade performance. Then,
the surface response is used as a surrogate of the
flow solver to process the large number of evalua-
tions needed to derive statistically-relevant indica-
tions. In this work, polynomial-chaos (PC) repre-
sentations [37] are used as surrogates of the flow
model with respect to three operational parame-
ters, namely T§, P} and P;. Distinct PC expan-
sions are computed for each output response, e.g.
the cascade loss coefficient Y, the mass flow rate
processed by the cascade, besides others. The PC

representation permits to express an output ran-
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dom variable in a series of polynomials ¥ mutually
orthogonal to the probability measure p associated
with the input uncertainties. For standard proba-
bility measures, a convenient choice is to select
in according to the Askey scheme [38], resulting in
the Hermite and Jacobi polynomials for the normal
and beta distributions assumed in this work, re-
spectively. The implemented surrogate model, ex-
pressed in terms of cascade loss coefficient for illus-
trative purposes, can be then summarised by the

following expression:

p p

p
Y(T(1)§7P(§7P1 ZZZﬁuk%(To)% P0)¢k(P1)
1

i=0 =0 k=0

Bijk =
<"/}z¢ﬂ/}k7 wﬂ/)j 7/%)
3)

where, for the ease of readability, in Eq. (3)
1,7,k indicate both the polynomial order p and
the uncertainties which polynomials and proba-
bility measures refer to. The operator (-, ) ex-
presses the inner product in the space L?(Z,p),
where = is the support of the probability density
p=p(TE)p(PH)p(Pr), see Tab. 1. The integrals to
determine the PC coefficients 3;;1 are solved by ten-
sorization of the corresponding Gaussian quadra-
ture rule of order ¢ in each stochastic dimension,
resulting in overall ¢ CFD evaluations. It is worth
to recall that the numerical strategy integrates ex-
actly all polynomials of orders up to 2¢ — 1. It
follows that to integrate exactly Y, modelled of or-
der g, the order of polynomials in the PC expan-
sions 1 has to be truncated at p = ¢ — 1. Once
the PC representation is settled, statistics are com-

puted by sampling the surrogate model, which can

be effectively interrogated many times at almost-
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free computational cost. A pointwise PC expan-
sion is used when processing trends and flow fields.
Three quadrature orders are investigated in Fig.
5(b) in terms of cascade-loss distributions for the
non-ideal case, which ought to represent the tough-
est stochastic problem in light of the expected larger
variability. All quadrature orders produce very sim-
ilar Gaussian distributions, whose minor differences
are attributable to the sampling error. The dif-
ference in mean estimates is 0.002 pp between the
PC representation built with ¢ = 4 and ¢ = 5.
Since the same quadrature order is also preserved
for other output variables, a conservative ¢ = 4 is
employed to produce all the following results. A
complete uncertainty-quantification study consist-
ing in 64 CFD runs required approximately 16h
on an Intel® Xeon® CPU E5-2630 v3 @ 2.40GHz
equipped with 16 cores. One advantage of resorting
to a PC representation over other surrogate meth-
ods is that the polynomial coefficients 3;;, can be
directly used to estimate the total Sobol indices ST,
which quantify the global contribution of each un-

certainty to the total variance of the quantity of

interest [39].

4. Probabilistic performance of supersonic

nozzle cascades

In this section, we outline the effect of oper-
ational uncertainties on the stator aerodynamics.
From an integral perspective, the most significant
indicator is the cascade-loss coefficient (following
the definition provided in §3.1) and the processed
This latter quantity is particu-

mass flow rate.

larly relevant because it directly establishes the
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Figure 5: Computational tool verification in terms of (a) grid convergence for CFD calculations and (b) statistic convergence

for PC representations. The grid size indicates the number of cells in the blade-to-blade plane. The statistic convergence is

assessed on the non-ideal stochastic problem.

mass flow rate within the power cycle if the su-
personic cascade is choked (as it usually occurs for
converging-diverging blade profiles). To this end,
the joint probability distributions in terms of nor-
malised mass flow rate (with respect to the nomi-
nal value) and loss coefficient are reported in Fig.
6 for the two cascades. At first glance, substantial
differences between the ideal-like (Fig. 6(a)) and
non-ideal (Fig. 6(b)) cascade operation can be ap-
preciated from both a quantitative and qualitative
perspective. On a quantitative ground, the non-
ideal loss distribution is characterised by a nearly
symmetrical support that amount 1.5 pp (measured
as a difference between the maximum and minimum
value), which is six times larger than its ideal-like
counterpart. Besides, the mass-flow-rate support is
four times larger as well. On the other hand, an in-
spection of the joint-distribution shapes unveils dif-
ferent kinds of correlation between the two observed
quantities, suggesting peculiar gas-dynamic evolu-

tions under uncertainties. In particular, a signifi-
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cant negative dependence correlates the mass flow
rate and loss coefficient for the non-ideal case. In-
stead, the joint distribution does not suggest any
clear correlations between variables in the ideal-like

scenario.

A classification of the importance of the opera-
tional uncertainty on the cascade performance can
help to understand these fundamental differences.
Figure 7 reports a sensitivity analysis based on to-
tal Sobol indices S7, which quantifies the contribu-
tion of each uncertainty (i.e. T¢, Pt and P;) to the
total variance of mass flow rate in Fig. 7(a) and

cascade losses in Fig. 7(b).

For what concerns the mass flow rate, the result-
ing zero contribution of the downstream pressure
indicates that both supersonic cascades are choked.
Nonetheless, the predominant variable contributing
to the mass-flow-rate uncertainty varies between
the two cases. For the ideal-like regime, the to-

tal pressure overcomes the contribution of the total

temperature, while roles are reversed in the non-
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Figure 6: Joint probability distributions for the normalised mass flow rate and cascade-loss coefficient in the ideal-like (a) and

non-ideal (b) operating regime.

ideal regime. Recalling that the mass flow rate
under choked operation exclusively depends on the
thermodynamic properties at the throat section, in-
dicated with superscript * hereinafter, via the rela-
tionship . = p*c*A*, where the throat area A*
is geometrically fixed, a variation in the upstream
total state defines different isentropes along with
the expansion in the converging part occurs. In
ideal-like operation, the total pressure has a larger
influence on the density while the speed of sound
is more sensitive to variations in the total temper-
ature. To support this last statement, a paramet-
ric study imposing a separate increase in the total
pressure and total temperature is considered under
the assumptions of the quasi-one-dimensional ap-
proach described in §2. The magnitude of these
increases mirrors the maximum variations imposed
in the stochastic analysis, i.e. +1.25% of the cor-
responding total variables. A resulting increase of

0.1bar in the nominal total pressure affects more

the density value (Ap*/pk., = +1.4%) than a sepa-
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rate increase of 3.5 °C in the nominal total temper-
ature (Ap*/ph. = —1.0%). Furthermore, an oppo-
site but comparable-in-magnitude variation in the
speed of sound (Ac*/c},, = +0.6%) is prompted by
the total temperature rise, while a significant lower
sensitivity is found against the total-pressure in-
crease (Ac*/ch., = —0.1%). Since the mass flow
rate is ultimately provided by the product p*c*,
the total-pressure contribution overall prevails over
the total temperature as reported in Fig. 7(a).
Nonetheless, the smooth variations of density and
speed of sound along ideal-like isentropes leads to a
quantitatively small departure from the mass-flow-

rate nominal value, as evidenced in the correspond-

ing distribution of Fig. 6(a).

An analogous parametric study is conducted
for the non-ideal case, where similar relative in-
creases with respect to the upstream total vari-
ables are applied, resulting in 0.5bar and 3.5°C
for the total pressure and total temperature, re-

spectively. The total temperature rise at fixed
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total pressure provides a variation in the density
and speed of sound equal to Ap*/pf.. = —4.5%
and Ac*/c)., = —0.8%, respectively. The oppo-
site, i.e. an increase in total pressure at fixed to-
tal temperature, produces Ap*/p*. . = +0.8% and
Ac*/ch,s = +1.1%. These quantitative variations
explains why and how total temperature mostly
contributes to the mass-flow-rate uncertainty.
Analogous physical considerations based on loss-
variance decomposition, see Fig. 7(b), can explain
the differences observed in the loss distributions
of Fig. 6. The underlying expansion process, to
which the cascade aerodynamics is strictly corre-
lated, depends on both the prescribed expansion
ratio, given by the combination of upstream and
downstream pressure, and on its evolution with
respect to the upstream total quantities, as ex-
plained in §2 for simplified expanding flows. In the
limit of polytropic-gas flows, the expansion ratio
uniquely determines the expansion evolution. This
behaviour is partially recovered in the ideal-like cas-
cade, where the expansion process is almost entirely
determined by the expansion ratio, as highlighted in
Fig. 7(b) by the higher contributions of the pressure
upstream and downstream of the cascade. If the
expansion ratio varies, the flow must adjust down-
stream of the blade opening to match the prescribed
expansion process, resulting in a different oblique-
shock/post-expansion pattern at the trailing edge
and a subsequent variation of aerodynamic losses.
A non-negligible contribution of the total temper-
ature copes with the small degree of non ideality
characterising ideal-like operation (I" 2 0.8), as fur-
ther evidenced by the corresponding simplified flow

in §2, where a small yet non-zero variation in the

675

680

685

690

695

700

705

14

expansion evolution is observed when total quanti-
ties are changed.

On the contrary, non-ideal cascade losses are
completely dominated by a variation in the up-
stream total temperature, which overcomes the con-
tribution given by a variation in the expansion ra-
tio, either in terms of upstream total pressure or
downstream static pressure. As a matter of fact,
the adapted expansion process, which can be con-
veniently represented by A/A*, exhibits a signifi-
cant sensitivity to total-temperature variations [22].
Therefore, as a result of a change in the total tem-
perature, the desired area ratio to have a shock-
free expansion process changes while the area ratio
across the cascade is geometrically imposed, thus
inducing off-design conditions that are more severe
than the ones that are triggered by a change in the
pressure ratio.

Finally, the hierarchy of operational uncertainties
established from the variance decomposition also
clarifies the shape morphology of the joint distribu-
tions found in Fig. 6. For the non-ideal case, the
prevailing uncertainty is the total temperature for
both the cascade loss and mass flow rate, acting in
an opposite sense (e.g. whenever the total temper-
ature increases, the mass flow rate decreases while
the cascade loss increases). Alongside a reduction
of mass flow rate as described in the parametric
study conducted before in this section, an increase
in the total temperature leads to a decrease of A/A*
at a given outlet pressure. Therefore, when A/A*
becomes lower than the design one, the cascade is
expanding more than the requested in the blade
channel, then forcing the flow to adjust itself at the

trailing edge via compression shocks to match the
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Figure 7: Total Sobol indices of (a) mass flow rate and (b) cascade loss for the ideal-like and non-ideal operating regime.

prescribed outlet pressure with a consequent rise in
the aerodynamic losses. The deviation from a limit-
ing linear joint distribution is given by the smaller
effect provided by the total pressure to both the
mass flow and losses. The absence of a key uncer-
tainty shared by both quantities in the ideal-like
operating regime conceals the underlying structure
of the corresponding joint distribution.

So far, the analysis focuses on integral parame-
ters which are explanatory of the cascade aerody-
namics. Nevertheless, such large performance vari-
ations should be followed by as many changes in
the local flow field. To this end, we compute the
coefficient of variation, CoV = o/u, where o and
u represent the standard deviation and the mean,
respectively, of pressure, Mach number and total
pressure fields in Fig. 8. It is worth to under-
line that a stochastic field does not have a physical
meaning, per se, i.e. there is not a proportional
relationship between a peak in the CoV and the
actual value of the corresponding quantity.

As expected, ideal-like and non-ideal fields ex-
hibit significant dissimilarities. In supersonic tur-
bines, the supersonic flows from the pressure and

suction side meet at the trailing edge. In turning
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around the trailing edge to a shared direction, they
first expand via rarefaction fans and, subsequently,
they possibly generate shock waves which will prop-
agate into the flow field. As evidenced by Fig. 4, for
both nominal cases only the flow coming from the
pressure side generates a shock to accomplish the
turning process. This shock reflects on the suction
surface of the adjacent blade, interacting with the
suction-side boundary layer, running downstream

of the cascade afterwards.

Operational uncertainty in the ideal-like case will
only affect the intensity of the shock reflection and
the subsequent interaction with the adjacent-blade
suction side, without considerably modifying the
shock strength that stems from the the pressure
side (pressure values across the shock are unal-
tered). This behaviour can be again explained by
referring to A/A*. In ideal-like conditions, A/A*
is almost constant under operational uncertainty,
hence the expansion process in the blade channel
remains unaltered, not affecting the shock pattern
at the blade opening. On top of that, the outlet
pressure is also varied, imposing a flow adjustment
downstream of the blade opening, i.e. in the shock

reflection, to match the prescribed boundary con-
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and non-ideal (b) cascade. RS indicates the peak of variation induced by a reflected-shock intensity change, while PSS refers

to the uncertainty induced by a modification in the pressure-side shock strength. PSW and SSW highlight the uncertainty

in the pressure-side and suction-side branch of the wake, respectively. The white dashed lines indicate three axial traverses at

z/cax = 1.15,1.45,1.75, where pitchwise distributions are extracted..

dition. Indeed, given a nearly constant pressure
value upstream of the reflected shocks, the highly
uncertain value of the pressure downstream, as il-
lustrated by the marker RS in Fig. 8(a), is a clear
indication of the shock-strength change. The peri-
odicity is restored by a subsequent variation in the
shock pattern at the trailing edge on the suction
side, i.e. given a lower/higher value of pressure as

a consequence of the reflected-shock modification,

the flow will turn less/more accordingly. A vari-
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ation in the trailing-edge shock pattern will also
affect the wake formation and evolution. In this re-
gard, two distinct effects combines in the generation
of the wake: (i) a variation in the turning process,
strictly connected with the shock-strength modifi-
cation, will induce a different wake width, and (ii)
a variation in the pressure-gradient downstream of
the cascade will produce a change in the outlet flow
angle [40]. As a result, a bulk of an unaltered wake

splits into two peaks of uncertainty (named PSW
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and SSW in Fig. 8), which includes both the di-
rection and width change. The wake changes in
depth (i.e. minimum total pressure) as well, due
to the base-pressure variation to comply with the
prescribed turning process, thus altering the nom-
inal cascade losses [41] as quantitatively discussed
in the first part of the section.

On the other hand, a predominant uncertainty
in the trailing-edge shock strength on the pressure
side emerges from the analysis of non-ideal stochas-
tic fields in Fig. 8(b). By virtue of the aforemen-
tioned variations in A/A*, it is not surprising that
the shock at the cascade opening is the flow struc-
ture most affected by uncertainties. As long as the
geometrical ratio is fixed, the variation in A/A*
triggered by a non-ideal gas dynamics can impose
a smaller or larger recompression than the one in
design conditions. For example, let us assume that
A/A* reduces compared to the design value, which
in turn fixes the geometrical ratio. Then, the larger
diverging area imposed by the geometry force the
flow to expand more in the blade channel, requir-
ing a stronger recompression via shock at the blade
opening to match the outlet boundary condition.
Although the highest variation is found upstream of
the shock, a noteworthy pressure field variation is
also found downstream of the shock, marked as PSS
in Fig. 8(b), which will run away orthogonally. Be-
sides, the modification in the shock strength at the
trailing edge will induce a change in the wake de-
velopment downstream of the cascade, qualitatively
similar to what we described for the ideal-like sce-
nario but to a larger quantitative extent. Lower but
still significant variations also affect the reflected

shock and the fish-tail flow pattern that arise from
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the suction side, revealing a flow field highly altered
by operational uncertainty.

Furthermore, a peculiar evolution of the Mach
number uncertainty can be observed in the blade
channel of the non-ideal cascade. A zero vari-
ation is calculated at the throat, where a sonic
Mach number (M = 1) always onsets. Then, Mach
number values are affected by a large uncertainty,
which cannot be prompted by area-ratio variation
alone. The inspection of the Mach number distri-
bution against the pressure in Fig. 9, obtained
with the quasi-one-dimensional approach detailed
§2, can elucidate on this matter. Negligible varia-
tions are found in Fig. 9(a) for the ideal-like case,
consistently with the CoV (M) field in Fig. 8(a).
As for the non-ideal expansion, a non-monotonic
trend of the Mach number against the pressure is
predicted in Fig. 9(b), in accordance with the cor-
responding flow field in Fig. 4. In this context, the
local minimum and maximum are strongly altered
by operational uncertainty, thus justifying the high-
uncertain region within the blade channel detected
in the Mach number field but absent in the pressure
field.

As a final comment, we note that operational
uncertainty largely perturbs cascade nominal op-
eration within a non-ideal framework, presumably
affecting the overall cycle performance as well. The
combination of quasi-one-dimensional analyses with
stochastic analyses sheds light on the physical na-
ture of these variations, which are found to be
mainly related to the high sensitivity of the A/A*
on the upstream total temperature. Alongside the
large performance deviations in the supersonic sta-

tor, operational uncertainty induces a highly uncer-
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Figure 9: Design Mach number distributions predicted by the quasi-one-dimensional theory for an ideal-like expanding flow

(with total states P! = 8bar and T = 272.5°C) and a non-ideal expanding flow (with total states P! = 40bar and T? =

272.5°C) of fluid MM, along with 200 independent uniformly distributed realizations assuming +1.25% uncertainty in both

the design total pressure and temperature.

tain flow delivered to the first rotating-blade row,
which may further amplify the overall efficiency
variation of the turbine. The estimate of this addi-
tional non-ideal implication will be the core of the

next section.

5. Consequences on the rotor aerodynamics

The previous analysis showed that the first rotat-
ing cascade has to operate with a highly variable
incoming flow when the stator expansion process
occurs in the non-ideal regime (I' < 1). Although
the rotor experiences higher values of " (e.g in the
present case, the minimum value is ' = 0.5—0.6 at
the inlet, becoming I' = 0.9 — 1.0 as long as the ex-
pansion proceeds), a variation in the incoming flow
might still provoke a departure from its nominal
conditions. Two main issues may arise: (i) a vari-
ation in the relative Mach number field, inducing
supersonic flow regime at the rotor inlet and, con-

sequentially, unique-incidence operation [42]; (ii) a
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variation in the flow angle, yielding a positive or
negative incidence at the rotor leading edge, thus
affecting both the work extracted and the stage re-

action degree and efficiency.

As for the first point, the inspection of Mach
number uncertainty in Fig. 8 reveals that only the
wake (low Mach number region) is altered by op-
erational uncertainty, while the free-stream Mach
number is practically constant. In fact, variations
occurring in the ideal-like nozzle cascade are not
enough large to have a perceivable effects on the
value of the free-stream Mach number. For the
non-ideal cascade, the operational uncertainty does
entail large variations, but operation in the neigh-
bourhood of a stationary point (i.e. the local min-
imum) makes the Mach number robust to pertur-
bations in the pressure field (e.g. given by modifi-
cations in the shock strength). Moreover, the non-
monotonic trend of the Mach number in Fig. 9

shows that the sensitivity of the Mach number on
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the upstream total state attenuate getting closer to
the local minimum.

On the contrary, variations in the incidence angle
will require a deeper investigation, as many thermo-
dynamic variables are involved in a complex way.
To do so, some preliminary considerations on the
rotating cascade are needed. As design criteria, we
assume that ag = 0°, where the subscript 2 refers to
the rotor outlet section. It means that the flow leav-
ing the rotor is completely axial, thus minimising
the outlet kinetic energy. A straightforward manip-
ulation of the rothalpy balance (h + (w? — u?)/2 =
const. across the rotor, where w and u are the rela-
tive and peripheral velocity, respectively) combined
with the velocity-triangle relationship (v = u + w,
where the bold font indicates vectors), and assum-
ing v3 < v? (v3/v? < 0.05 for both supersonic sta-
tors), yields the following equation:

u X sin o
_— = 4
vy 2(1—x)sinag + 2 )

Plugging into Eq. (4) the pitchwise mass-flow
averages of v; and «p that are extracted from
the nominal flow fields at half axial chord down-
stream of the trailing edge x/c,, = 1.50 (as plau-
sible stator-rotor gap), we estimated the peripheral
speed for the two cases. Next, prescribing zero
incidence at design conditions, we determine the
rotor-inlet blade angle for the ideal-like and non-
ideal case. In Fig. 10, rotor incidence distributions
irot downstream of the stator trailing edge are re-
ported. It is clear that the average value of zero-
incidence at nominal conditions is obtained by bal-
ancing the negative peaks (provided by the wake)
with the positive peaks (provided by shock waves).

Nonetheless, large pitchwise deviations of incidence
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Figure 10: Rotor incidence angle downstream of the ideal-
like (b) and non-ideal (b) stator cascade. The black dashed
lines indicate three axial traverses at x/cqz = 1.15,1.45,1.75,

where pitchwise distributions are extracted.

from the average value might substantially increase
the stator-rotor interaction, with a further burden
on the overall stage performance [43].

These incidence fluctuations are related to the
non-uniform flow field delivered by the first-stator
cascades; as previously discussed, in strongly non-
ideal conditions this flow field is highly affected by
operational uncertainty. In this context, two points
need to be addressed: first, quantifying the corre-
sponding uncertainty on the rotor incidence, thus
assessing whether the rotor departs from nominal

conditions; second, establishing an optimal stator-
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Figure 11: Pitchwise distributions of pressure, total pressure and rotor incidence angle at different axial transverse downstream

of the stator trailing edge for the ideal-like cascade. The nomenclature of the uncertainties is reported in Fig. 8.

rotor gap (if any) such that the superposition of
the two competitive effects (wake and shocks) re-
duces the overall incidence variations. For illustra-
tive purposes, pitchwise distributions of pressure,
total pressure and incidence are reported in Fig. 11
and Fig. 12 for the ideal-like and non-ideal case, re-
spectively, at three selected downstream axial tra-
verses, namely z/c,, = 1.15,1.45,1.75. Pressure

distributions enable to visualise the modification in
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shock strength, while total-pressure distributions
highlight the evolution of the wake under uncer-
tainty. From these trends it is possible to better
appreciate the relationship between the stochastic
fields, described in the previous section, with the
corresponding physical values. The same designa-
tions previously devised are here adopted to outline
the uncertainty peaks in the corresponding distri-

butions.
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Figure 12: Pitchwise distributions of pressure, total pressure and rotor incidence angle at different axial transverse downstream

of the stator trailing edge for the non-ideal cascade. The nomenclature of the uncertainties is reported in Fig. 8.

In the ideal-like scenario, the main uncertainty
is the pressure value behind the reflected shock.
While the shock is smeared moving to downstream
as a consequence of the mixing process, the induced s
uncertainty just slightly changes. On the other
hand, the uncertainty in the wake morphology, both
in terms of width and depth, is almost negligible
for the ideal-like case. A noticeable variation is

only found in the distribution at z/c., = 1.75, as o
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shown in the central frame of Fig. 11(c). In this
case, there is an amplification of the wake uncer-
tainty when the reflected shock intercepts the wake
coming from the suction side. Moreover, the shock-
induced uncertainty in the pressure field seemingly
rises the corresponding uncertainty in the pressure-
side branch of the wake. Connected to this uncer-

tainty combination that arises from the shock-wake

interactions, the incidence distribution becomes lo-
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cally uncertain as well, notwithstanding the small
extent of such variations in terms of both the re-
gion and magnitude. For the other cases, in which
the shock-induced uncertainty runs into the free
stream, see Fig. 11(a)-(b), variations in the inci-
dence nominal trend can be barely recognised.

A more complex situation is depicted by the
non-ideal scenario in Fig. 12. Consistently with
the stator analysis, uncertainties are overall more
significant. From pressure trends, it can be no-
ticed that the main variation is right before the
reflected shock, opposed to the ideal-like case; as
explained above, this uncertainty arises from the
shock modification at the blade opening, prop-
agating downstream orthogonally to the shock
front. Pressure trends at different measurement
planes are nearly identical, while the wake evo-
lution in the total-pressure fields shows that its
uncertainty increases as long as the mixing pro-
cess occurs. The combination of these effects di-
rectly impacts on the determination of the inci-
dence uncertainty. At z/c,, = 1.15, the uncer-
tainty that is induced by the pressure-side shock
(PSS) couples with the uncertainty in the suction-
side branch of the wake (SSW); the superposition
of these two uncertainties yields a sharp incidence
drop (irot — irot,des = —10°). While moving down-
stream, the main pressure uncertainty progressively
intercepts the pressure-side branch of the wake and
its associated uncertainty (PSW). Differently from
the previous case, the superposition of these two
effects does not produce an appreciable increase in
the incidence uncertainty. As a matter of fact, only

PSS and SSW seem to affect the incidence trend,

while PSW only provides a negligible contribution.
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The evident alteration of the pitchwise incidence
distribution under operational uncertainty confirms
that a non-ideal gas-dynamic regime in the super-
sonic stator may also trigger off-design operation in
the subsequent rotor cascade. As a further proof of
that, Fig. 13 reports the pitchwise-averaged inci-
dence angle i, at different axial transverse down-
stream of the stator cascade. The averaged inci-
dence varies +0.3° and +3.0° as a consequence of
an ideal-like and non-ideal gas dynamics, respec-
tively. The quantitative impact of such variations
on the rotor aerodynamics will depend on the spe-
cific 3D blade design, operating conditions and flow
regime. As a general guideline, we suggest apply-
ing design criteria that make the rotor more robust
against incidence variations, e.g. privileging a ro-
tor design with a larger leading-edge radius. More-
over, there seems not to be an advantageous axial
location where the rotor can be conveniently placed
without incurring in such large incidence variations.
Therefore, the classical criteria for determining the
stator-rotor axial gap also apply in the non-ideal

scenario.

6. Discussion on cycle implications

The significant performance departures that af-
fect first-stage supersonic turbines when I' < 1 are
expected to promote variations in the cycle nomi-
nal conditions in several ways. Following the previ-
ous discussions, stator and rotor aerodynamic losses
are largely sensitive to operational uncertainty, as
a consequence of shock-pattern and incidence-angle
modifications, respectively. The two effects couple

in the determination of the first-stage and, hence,
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Figure 13: Evolution of the pitchwise-averaged rotor inci-

dence angle along the axial coordinate for the ideal-like and

non-ideal cascade.

turbine isentropic efficiency nr. Many studies ad-
vocate that the ORC plant efficiency considerably
depends on the turbine-efficiency value [7, 44], thus
allowing us to qualitatively link the observed tur-

bine variations to as many variations in the cycle

efficiency.

The turbine efficiency also enters into
the power output, via the relationship
W:mAhisnT—Wp—Waum, where Ah;, is

the isentropic enthalpy drop associated with the
turbine expansion, and Wp and W,,, are the
powers consumed by the pump and auxiliaries,
respectively. Moreover, significant variations in the
mass flow rate characterise the non-ideal scenario,
as reported in §4 (up to 4% with respect to the
design value). Nonetheless, a negative correlation
between the mass flow rate and the isentropic
enthalpy drop is found in those thermodynamic
conditions. It follows that the product 7 Ah;g
changes less compared to the mass-flow-rate varia-
tion alone. Wp and W, depends on the mass-flow

rate as well, but the corresponding contributions
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to the overall power is expected to be of second
order with respect to turbine-induced variations.

A change in the mass flow rate may also trig-
ger off-design operation in the heat exchangers, af-
fecting both heat-transfer coefficients and thermal
powers. To cite an example, preliminary off-design
analyses of the transcritical cycle, accounting di-
rectly for the observed mass-flow-rate variations,
show that the pinch-point temperature at the re-
generator can change up to +2.5°C.

Most of the variations in the non-ideal regime are
associated with the high sensitivity of the expan-
sion process to the upstream turbine total temper-
ature, i.e. the maximum temperature of the cycle.
Although the system dynamics may hinder some
of these effects, a careful control of the maximum
temperature becomes mandatory to ensure proper
plant operation at nominal conditions.

Finally, we stress that the results here discussed
only include small perturbations of the nominal
conditions, which can be conveniently treated as in-
dependent random variables. Off-design operation
features a larger variability in the boundary con-
ditions [45], which cannot in principle be consid-
ered purely stochastic because ORC systems follow
precise control strategies. In this context, depar-
tures from the nominal conditions are expected to
be even more significant than the ones previously
reported, with a consequent deterioration of the cy-
cle part-load performance. A quantitative example
is reported in Romei et al. [22], where an increase
of 20°C in the upstream total temperature tripled
the aerodynamic losses of a supersonic cascade that
expanded in highly non-ideal conditions. These ev-

idences highlight the crucial role of the first nozzle-
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cascade aerodynamics in the overall cycle perfor-
mance when the associated expansion process takes
place in the non-ideal gas-dynamic regime. Fur-
ther studies that include such non-conventional tur-
bine behaviour within cycle design and analysis are

therefore compulsory for future high-temperature

transcritical ORCs.

7. Generalisation to other organic fluids

Until now, the analysis was limited to specific
thermodynamic conditions of MM expanding flows.
In this section, we aim at generalising our findings
to a wider class of organic fluids. The amplifica-
tion of operational uncertainty was mainly due to
the significant sensitivity of throat thermodynamic
properties with respect to the upstream total state.
We showed that a variation in the throat thermody-
namic conditions, namely in the density and speed
of sound, has a paramount importance both in the

mass flow rate processed by the (choked) cascade
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and in its aerodynamic losses, as a consequence of 113

A/A* modification. Specifically, the variation in the
nominal trend of A/A* is recognised as the main
contributor to the change in the cascade perfor-
mance. Based on this physical backbone, the A/A*
trend can be conveniently used to predict whether
non-ideal gas-dynamic regimes amplify small depar-
tures from nominal conditions.

To this end, Fig. 14 reports area-ratio evolutions
against the pressure, along with I and Z fields, for
three expanding flows of exemplary fluids, namely
a refrigerant (R1234yf, C3HyF4), an aromatic hy-
drocarbon (Toluene, C;Hg) and a linear siloxane

(MDM, CgH2405Si3). The choice of these fluids is

1135

1140

24

motivated by their comparatively different molec-
ular complexity, which is closely linked with the
achievable minimum I' [17]. Different fluids that
belong to the same class (refrigerants, hydrocar-
bons, siloxanes) are expected to share comparable
values of I close to the critical point, thus behaving
similarly from a non-ideal gas-dynamic perspective.
The reduced total temperatures for the three ex-
pansions are T%/Tc = 1.13,1.08,1.04, respectively.
The reduced total pressure is P!/ P = 2 for all ex-
pansions. The total states are selected to achieve
very low values of I' and Z along the expansions,
while avoiding two-phase flows when uncertainties
are included. To be consistent with the method-
ology applied in §2, a variation of 4-1.25% in both
total quantities (with temperature measured in Cel-
sius degrees) is here considered. Within this frame-
work, 200 independent realisations are reported in
Fig. 14 along with the A/A* nominal trend.

The inspection of the area-ratio evolution (bot-
tom panels) reveals that the amplification of the
operational uncertainty increases with the molecu-
lar complexity. Similar tests performed with other
fluids (consisting in linear, cyclic and aromatic hy-
drocarbons, refrigerants, and linear and cyclic silox-
anes) seemingly confirm this conjecture. As previ-
ously noted, the thermodynamic parameters con-
tributing mostly to performance variations were the
density and the speed of sound at the throat and
their associated gradients. The departure of both
density and speed of sound from the ideal-gas be-
haviour is accounted in either Z or I', hence one
might question whether one of these two parame-
ters can better describe the sensitivity of the ex-

pansion process with respect to the upstream total
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conditions. It is worth to underline that neither ation (irrespective of whether density or speed of

ws ' nor Z can be linked to a single property vari- sound) without altering the other from the ideal-
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gas behaviour. From Fig. 14, I, which is strictly
related to the molecular complexity of the fluid,
seems to discriminate the quantitative variations in
AJ/A* and, implicitly, in the cascade performance,
notwithstanding low values of I and Z share a large
portion of the thermodynamic region in molecu-
larly complex fluids. As a matter of fact, all ex-
pansion processes feature very low values of Z,
i.e. Zmin = 0.47,0.34,0.27 along the isentropic ex-
pansions of R1234yf, toluene and MDM, respec-
tively, but comparatively different levels of I', whose
minimum values are I';,,;,, = 0.82,0.63,0.27, respec-
tively. Moreover, it seems that variations triggered
by non-ideal flows are quantitatively limited up to
T'uin = 0.8, while becoming progressively more sig-

nificant for lower values of T'.

To conclude, in addition to qualitative non-ideal
effects that exclusively depend on I'; e.g. the non-
monotonic trend of the Mach number against the
pressure or the increase of the Mach number across
an oblique compression shock, also quantitative de-
partures from the nominal trend, mostly given by
the dependency of the expansion process on the up-
stream total state, seem to be mainly linked to I'.
Following the results of this analysis, when deal-
ing with molecularly complex fluids we suggest to
inspect the I' evolution along the isentropic expan-
sion and the corresponding sensitivity of A/A* with
respect to the upstream total variables to be aware
of the potential larger variability triggered by non-

ideal operation.
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8. Conclusion and final recommendations

This paper discussed the implications of the non-
ideal gas-dynamic regime on the cascade, turbine
and cycle performance. To this end, a prob-
abilistic framework that accounts for small op-
erational uncertainty was formulated, combining
an uncertainty-quantification strategy based on
polynomial-chaos representations with Reynolds-
averaged Navier-Stokes flow simulations. The com-
putational framework is applied to first-stage super-
sonic cascades, operating both in ideal-like T" 2 0.8
and non-ideal I'" < 0.8 conditions.

Numerical results highlighted the large sensitiv-
ity of cascade performance on the upstream total
state, in particular on the upstream total temper-
ature, in presence of non-ideal flows. The mass
flow rate and the cascade losses were found to
change four and six times more than their ideal-
like counterpart, respectively, given the same rel-
ative variations in the boundary conditions. The
physical reasons behind these variations were illus-
trated by means of the general steady isentropic
quasi-one-dimensional flow theory. It was shown
that a change in the upstream total temperature
largely affects the density and the speed of sound at
the throat, therefore: (i) the mass flow rate directly
changed as a consequence of turbine choked oper-
ation, (ii) the area-ratio A/A* evolution changed
along the expansion, thus triggering off-design op-
eration. As a matter of fact, a variation in A/A*
will impose a different adapted pressure ratio across
the cascade, which has to rely on modification of

the shock-pattern at the trailing edge to fulfil the

prescribed expansion process with a consequent al-
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teration of nominal losses.

On top of that, the entire flow field in non-ideal
conditions was found to be highly affected by opera-
tional uncertainty. As a result, the subsequent rotor
cascade has to deal with a variable incoming flow.
As such, the rotor incidence angle changed both lo-
cally (up to 10°) and in average (£3°), opposed to
nearly null variations in the ideal-like scenario.

Furthermore, non-ideal flows through the nozzle
cascades are also expected to influence other cycle
components; for example, a variation in the mass
flow rate can induce off-design operation in heat
exchangers, altering both heat-transfer coefficients
and thermal powers.

Finally, the qualitative agreement with the gen-
eral steady flow theory enabled the generalisation
of present findings to other molecularly complex
fluids. Furthermore, preliminary numerical evi-
dences arguably suggested that I' can be conve-
niently used to predict such variations, allowing the
cycle designer to anticipate potential pitfalls asso-

ciated with the non-ideal gas-dynamic regime.
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