A computationally eﬃcient safety assessment for collaborative
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Safety during interaction with unstructured and dynamic environments is now a well established requirement for complex robotic systems. A
wide variety of approaches focus on the introduction of safety evaluation methods in order to shape a consequent safety-oriented control
strategy, able to reactively prevent collisions between the robot and potential obstacles, including a human being. This paper presents a new
safety assessment, named kinetostatic safety ﬁeld, that captures the risk in the vicinity of an arbitrary rigid body “source of danger” (e.g. an
obstacle, a human body part or a robot link) moving in 3. The safety ﬁeld depends on the position and velocity of the body but it is also
inﬂuenced by its real shape and size, exploiting its triangular mesh. The introduction of a body-ﬁxed reference frame in the deﬁnition of the
ﬁeld provides closed form computability and an eﬀective computation time reduction, that allows for real-time applications. In particular,
intensive computations, connected to the speciﬁc body geometry, can be performed only once and oﬀ-line, ensuring a fast and constant on-line
computation time, independently of the number of mesh elements. Furthermore, we combine the safety ﬁeld concept with a safety-oriented
reactive control strategy for redundant manipulators. Our approach allows to enhance safety in several real-time collision avoidance scenarios,
including collision avoidance with potential obstacles, self-collision avoidance and safe human–robot coexistence. The proposed control
strategy is validated through experiments performed on an ABB FRIDA dual arm robot.
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1. Introduction
Safety in Human–Robot Interaction (HRI) has gained growing
relevance in industrial environments, where, in the near future,
humans and robots are expected to safely coexist and cooperate, while
sharing the same workspace. Clearly, this safety aspect is strictly
connected to the crucial task of collision avoidance. Possible collisions,
in fact, can occur between a robot and a human being (human–robot
coexistence), between a robot and potential obstacles, but also with the
own robot structure, e.g. in a dual arm manipulator (self-collision
avoidance).
Several methods focus on the assessment of the level of danger or
safety, in order to reshape the robot behavior accordingly. In this
respect, using repulsive potential ﬁelds introduced by Khatib [1] is now
a well-established approach to achieve collision avoidance. An application of potential ﬁelds with demonstration on the Ranger Dexterous
Manipulator can be found in [2]. Herein, repulsive potentials are
designed with respect to obstacles, joint limits and singularities in the
conﬁguration space. One drawback of such approach is that the

potential ﬁeld does not consider the relative motion between the robot
and the obstacles, unlike in [3]. Also for torque controlled manipulators, like the upper body of DLR's humanoid Justin, collision avoidance
applications have been developed. Dietrich et al. [4,5] proposed an
algorithm for reactive self-collision avoidance based on artiﬁcial
repulsion potential ﬁelds, which extends the work in [6], with the
inclusion of a damping design integrating the conﬁguration dependence of the robot. Moreover, they merged the algorithm with a
method to incorporate these unilateral constraints into a dynamic task
hierarchy.
In [7,8], a novel method for safety assessment, called danger ﬁeld,
is proposed. It is essentially based on the potential ﬁeld method [1], but
it considers the robot and not the obstacles as source of danger, taking
into account their relative position, velocity, and direction of motion. A
control strategy that increases human safety is then built upon the
concept of danger ﬁeld. Such concept has been exploited in [9–11] to
shape a danger ﬁeld-based control strategy that ensures human safety.
Recent state-of-the-art methods aim at achieving real-time safety
with formal guarantees by means of set invariance theory and reach-
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ability analysis. In [12,13] the robot motion planning and control
problem in a human involved environment is posed as a constrained
optimal control problem. A safety index is evaluated using the ellipsoid
coordinates (EC) attached to the robot links that represents the
distance between the robot arm and the worker. Furthermore, the
linear momentum of the center of the robot links towards the direction
to the agents is an additional considered factor. The safety index is used
as a constraint in the optimization problem so that a collision-free
trajectory within a ﬁnite time horizon is generated on-line iteratively
for the robot to move towards the desired position. To reduce the
computational load for real- time implementation, the formulated
optimization problem is further approximated by a quadratic problem.
Pereira et al. [14] instead, present a fail-safe control strategy for online safety certiﬁcation of robot movements in a collaborative workspace with humans. This approach plans, predicts and uses formal
guarantees on reachable sets of a robot arm and a human obstacle to
verify the safety and feasibility of a trajectory in real time.
Alternative approaches include on-line re-planning [15] and realtime collision avoidance methods based on collision models. In [16,17],
Täubig et al. present a collision prediction approach that exploits the
GJK-algorithm [18] to compute the distance between robot swept
volumes. Corrales et al. [19] developed a safety strategy in a real
human–robot interaction task, relying on a geometric representation
for human operators and robotic manipulators made of a set of
bounding volumes based on swept-sphere line primitives. Finally, in
[20] real-time collision avoidance is performed through control in the
velocity domain, based on introduced cost functions, with experimental
validation on the HRP-2 humanoid robot.
In the framework of physical Human–Robot Interaction (pHRI),
methodologies and experimental tests are presented for the problem of
detecting and reacting to collisions between a robot manipulator and a
human being.
In the work by Haddadin et al. [21–23], a human-friendly control
architecture has been developed in order to achieve human-friendly
behaviors in cooperation tasks. The robot task is deﬁned distinguishing
between four major functional modes (autonomous, human-friendly,
collaborative, fault-reaction) of the robot potentially working in human
vicinity and the information concerning the physical state currently
occupied by the human is used to switch between the diﬀerent
functional modes. Though the proposed control architecture does not
explicitly use any danger assessment, it turns out to be an eﬀective
approach for safe-oriented applications.
More recently, to guarantee interaction even in the absence of direct
contact, the use of pointing gestures has been proposed, as well as the
integration of vision with force. In this respect, Cherubini et al. [24]
propose a framework to develop a human–robot manufacturing cell,
requiring direct physical contact between robot and human, that
includes trajectory optimization, admittance control and image processing.
Flacco et al. [25,26] propose an approach that evaluates point-toobject distances working in the depth space of a depth camera, recently
extended to multiple depth sensors [27]. The distances are used to
generate repulsive vectors that are used to control the robot while
executing a generic motion task. The real-time performance of the
proposed approach is shown by means of collision avoidance experiments.
In this paper, a new safety assessment, the kinetostatic safety ﬁeld,
is presented. Our goal is to introduce a safety measure, easily
computable for any moving rigid bodies, using its triangular mesh,
able to further ensure real-time applicability, independently of the
number of mesh elements. The safety ﬁeld concept is based on the
cumulative danger ﬁeld [7,8] and on the repulsive potential ﬁeld
approach [1] and is meant to overcome most of the limitations
connected to these methods, such as the simpliﬁed line representation
of the source of danger inherent in the danger ﬁeld deﬁnition and the
computationally expensive geometric modeling required by potential

ﬁeld-based approaches. In addition, the safety ﬁeld concept accounts
for the relative velocity between the source of danger and the point
where the ﬁeld is computed, which is instead missing in both danger
ﬁeld and potential ﬁeld concepts. A detailed analysis on the novelty of
the contribution with respect to the state-of-the-art approaches is
reported in Section 5. Moreover, our approach, combined with a
reactive safety-oriented control strategy, presented in Section 3, can
provide safety enhancement in various real-time collision avoidance
scenarios.
The present paper extends the preliminary work [28] by providing a
detailed discussion of the safety ﬁeld and the related properties, as well
as a more complete experimental validation, enhancing the eﬀect of
relative velocity in the deﬁnition of the ﬁeld. Furthermore, an accurate
description on how to compute the closed form solution of the safety
ﬁeld is provided in Appendix A.
The paper is organized as follows. First, we derive the concepts of
elementary and cumulative kinetostatic safety ﬁeld in Section 2.
Section 3 focuses on the integration of the safety ﬁeld concept in a
reactive control strategy. Experiments of real-time collision avoidance
on an ABB FRIDA dual arm robot are performed and analyzed in
Section 4. Section 5 compares our approach with state-of-the-art
techniques and hints at limitations. Finally, concluding remarks and
future work directions can be found in Section 6.
2. Kinetostatic safety ﬁeld
The concept of safety ﬁeld, recently proposed by the authors in [28],
is addressed in this section.
The aim is to deﬁne a safety assessment that fulﬁlls the following
requirements:
1. it depends on the magnitude and the direction of relative position
and relative velocity between a moving rigid body “source of danger”
and a generic moving point in space;
2. it depends on the real shape and size of the rigid body “source of
danger”, exploiting its triangular mesh;
3. it can be eﬃciently computed in closed form, allowing for real-time
applications.
At ﬁrst, some basic deﬁnitions are given for the case of a point mass. An
extension to a basic geometric shape (triangle) and rigid bodies is given
afterwards.

2.1. Basic deﬁnitions
Consider as “source of danger” a generic rigid body moving in 3
and a local reference frame l (see Fig. 1) such that the position of one of
its points T is given by rt = (xt yt zt )T while its velocity is zero in the
introduced frame. We further denote with r = (x y z )T , and
v = (vx vy vz )T the position and the velocity of a generic moving point
in space P, respectively, expressed in local coordinates.
We additionally deﬁne:

Fig. 1. Elements that play a role in the computation of elementary safety ﬁeld, expressed
in the reference frame l local to the moving rigid body “source of danger”.
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φ= ∠( rt − r, v) ∈ [−π, π )
as the angle between vectors rt − r and v .
In order to determine the angle φ we can conveniently use the
scalar product:

cosφ =

(rt − r)T v
rt − r v

We now denote the elementary Kinetostatic Safety Field (KSSF)
induced by the motion of a moving point mass on a moving point in
space, as the following scalar function:

SF (rt , r, v) = rt − r 2 (γ − (rt − r)T v)

(1)

where γ is a positive constant such that SF (rt , r, v) ∈
A suitable choice of γ satisﬁes:

γ ≥ rt − r

+ .
(2)

v

Nevertheless, note that for γ⪢ rt − r v the eﬀect of (rt − r)T v
becomes negligible.
Setting for convenience ρt = rt − r and v = v , KSSF satisﬁes the
following conditions:
(i)
(ii)
(iii)

∂SF (rt, r, v)

≡ η > 0, ∀ ρt > 0, ∀ v ≥ 0, ∀ φ ∈ [−π , π );

∂ρt2
∂SF (rt, r, v)
<
∂v
∂SF (rt, r, v)
φ
∂φ

π

π

0, ∀ ρt > 0, ∀ v ≥ 0, ∀ φ ∈ (− 2 , 2 );

> 0, ∀ ρt > 0, ∀ v ≥ 0, ∀ φ ∈ [−π , π ).

The safety ﬁeld is clearly inﬂuenced by the distance, as highlighted in
condition (i), but it also captures the module of the velocity vector v,
representing the relative velocity between the source of danger and the
point where the ﬁeld is computed, and the declination angle φ. As
implied by condition (ii), the safety ﬁeld decreases with the magnitude
of the velocity vector v if the motion of point r is directed toward point
rt (i.e. positive scalar product between rt − r and v ). Finally, condition
(iii) means that for a ﬁxed velocity magnitude, the safety decreases with
decreasing declination angle φ.
Notice that, these conditions are equivalent to those satisﬁed by the
elementary kinetostatic danger ﬁeld, as shown in [7,8], nevertheless,
the safety ﬁeld concept takes into account both velocity of the source of
danger and velocity of the point where the ﬁeld is evaluated, by means
of relative velocity vector v, while the danger ﬁeld depends on the
velocity of the danger source only.
Isosurfaces of the safety ﬁeld induced by a still and a moving point
mass T on a generic still point in the 2D space, are depicted in Fig. 2(a)
and in Fig. 2(b), respectively. The safety ﬁeld increases with the
distance between the point mass and the generic point where the ﬁeld
is evaluated and takes low values along the moving direction of T, see
Fig. 2(b).
As it will be shown in the following subsection, besides the
dependence of KSSF on relative position and relative velocity between
the source of danger and the point where the ﬁeld is computed, the
expression introduced in (1) additionally guarantees the existence of a
closed form solution of the integral of KSSF over a triangular surface.
This was not the case for the previously introduced safety assessment,
the danger ﬁeld, and opens the way to new applications of the ﬁeld,
including its computation for an arbitrarily shaped object, as it will be
explained in this paper.
Furthermore, the choice of a local reference frame ﬁxed with the
source of danger will provide an eﬀective time reduction in the
computation of the KSSF integral over a triangular surface.

Fig. 2. Contours of a 2D KSSF induced by a point mass T.

In a local body-ﬁxed reference frame such that both linear and
angular velocities of the source of danger are zero, once expressed in
local coordinates, let rS represent the position of a point belonging to
the triangular surface S, while r = (x y z )T and v = (vx vy vz )T are
position and velocity, respectively, of a generic moving point in space P.
Knowing the absolute position and velocity of the generic moving
point in space, represented by rw and vw , respectively (see Fig. 3), and
knowing the local reference frame position, linear velocity and angular
velocity, expressed once again in the world frame, represented by rO′,
vO′ and ω, respectively, one can compute r and v (in local coordinates)
thanks to the following transformations:

⎡r ⎤
⎡ rw ⎤
⎢ 1 ⎥ = Aw → l ⎢ ⎥
⎣ ⎦
⎣1⎦

(3)

v = Rw → l (vw − vO ′ − S (ω)(rw − rO ′))

(4)

where Aw → l and Rw → l are the homogeneous transformation matrix and
the rotation matrix, respectively, from world to local reference frame,
while S(ω) is the angular velocity tensor skew symmetric matrix.
If SF (rS , r, v) is a KSSF, according to (1), then the Cumulative
Kinetostatic Safety Field (CKSSF) is deﬁned as the following surface
integral:

CSF (r, v) =

1
A

∫ ∫S SF (rS, r, v) dS

(5)

2.2. Cumulative kinetostatic safety ﬁeld of a triangle
The ﬁrst step for the computation of the safety ﬁeld of a rigid body,
discretized through a triangular mesh, is to extend the deﬁnition of the
KSSF to a triangle moving in 3.

Fig. 3. Elements that play a role in the computation of the Cumulative Kinetostatic
Safety Field induced by a moving triangular surface.
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where A denotes the area of the triangular surface.
The surface integral is solvable analytically, leading to the following
closed form solution:

CSF (r, v) = c1 x 2 + c2 x + c3 y 2 + c4 y + c5 z 2 + c6 z + c7 x 3vx + c8 y 3vy
+ c9 z 3vz +⋯+c43

(6)

where the coeﬃcients ci for i = 1 ... 6 together with c43 determine the
static contribution to the cumulative safety ﬁeld, named Cumulative
Static Safety Field (CSSF):

CSSF (r) = CSF (r, 0) = c1 x 2 + c2 x + c3 y 2 + c4 y + c5 z 2 + c6 z + c43

(7)

while the coeﬃcients ci for i = 7…42 are used to compute the kinetic
contribution of the cumulative safety ﬁeld. Details on the computation
of coeﬃcients ci in (7) can be found in Appendix A.
It is worth pointing out that the values of coeﬃcients ci for
i = 1…43 depend neither on r nor on v, whereas they are related to
the speciﬁc triangular surface over which the integration is performed.
It shall also be mentioned that the computation time of CSF (r, v) is
deeply inﬂuenced by the calculation of coeﬃcients ci, which turns out
to be expensive for real-time applications.
The computational advantage given by the choice of a body-ﬁxed
frame (introduced in the deﬁnition of KSSF) becomes now more
evident: thanks to the introduction of a local reference frame such
that the position rS of the points belonging to the source of danger is
ﬁxed in this frame, the values of ci remain constant independently from
the absolute position and velocity of the source of danger itself. This
information is in fact implicitly contained in the position and velocity
vectors of the point where the ﬁeld is evaluated, r and v, respectively,
as can be retrieved from (3) and (4).
Notice that a relevant consequence of this choice of the reference
frame, is that, once the coeﬃcients ci have been computed, CSF (r, v)
will be simply aﬀected by the position and velocity of the moving point
in space where the ﬁeld is evaluated.
From a computational perspective, the expensive calculation of the
coeﬃcients ci can be performed just once (oﬀ-line), while the value of
CSF (r, v) can be updated on-line by simply computing r and v and
consequently applying (6), therefore leading to a very eﬀective computational time reduction.
Fig. 4. Methodology for the computation of the Cumulative Safety Field generated by a
moving rigid body on an arbitrary moving point in space.

2.3. Cumulative kinetostatic safety ﬁeld of a rigid body
Considering as the danger source a rigid body moving in 3, we
deﬁne once again a body-ﬁxed reference frame such that the danger
source linear and angular velocities are zero expressed in local
coordinates. Now, by exploiting the deﬁnition in (6) of cumulative
safety ﬁeld induced by a triangle and using a triangular mesh of the
danger source, the cumulative safety ﬁeld generated by the rigid body
can be computed by simple superposition of the cumulative safety
ﬁelds induced by every single triangle that composes its mesh, based on
linearity of integration. Consequently the CKSSF of a generic rigid body
represented by a mesh of N triangles is given by:

CSF (r, v) =

1
N

N

∑ CSFi (r, v)

(8)

i =1

This leads to:

1⎛
⎜∑ c1i x 2 +
N ⎜⎝ i =1
N

CSF (r, v) =

N

N

⎞

i =1

i =1

⎠

∑ c2i y 2 +⋯+ ∑ c43i⎟⎟

(9)

Hence (9), can be simpliﬁed to:

CSF (r, v) = c1 x 2 + c2 y 2 +⋯+c43
The general expression for the coeﬃcients in (10) is given by:

(10)

cj =

1
N

N

∑ cji
i =1

where cji is the coeﬃcient cj for j = 1…43 related to the cumulative
safety ﬁeld induced by triangle i.
The process to compute the cumulative safety ﬁeld induced by an
arbitrary rigid body source of danger on an arbitrary moving point in
space is summarized in Fig. 4.
Remark 1. As already mentioned, thanks to the introduction of a local
reference frame ﬁxed to the rigid body, the values of coeﬃcients cji and
therefore the values of coeﬃcients cj , are constant. Thus, the
computational intensive calculation of cj can be performed only once
and oﬀ-line (see Fig. 4), whereas the value of CSF (r, v) can be updated
on-line by simply computing r and v in local coordinates and applying
(8).
Mean and standard deviation of both oﬀ-line and on-line computation times have been obtained on an Intel Core i7-4650U Processor
(1.7 GHz), for the safety ﬁeld evaluated on the same point in space,
generated by a set of sources of danger with an increasing number of
mesh elements; from a box (12 elements mesh) to a robot link (10,662
elements mesh). They are shown in Fig. 5(a) and in Fig. 5(b),
respectively. Note that the oﬀ-line calculation time of coeﬃcients cj ,
see Fig. 5(a), is with good approximation linearly dependent on the

1. our safety assessment can be applied to any arbitrary rigid body
source of danger, described by its triangular mesh i.e. an obstacle, a
human body part or a robot link;
2. fast safety ﬁeld on-line computation time (approx. 0.9 μs) allows for
real-time applications and is independent on the number of the
source of danger triangular mesh elements, thus providing the
capability of handling triangular meshes with growing number of
elements;
3. an advantage of the proposed approach is the possibility to create
libraries containing the coeﬃcients characterizing the safety ﬁeld
generated by typical danger sources, to be used in both simulated
and real contexts.
3. Safety ﬁeld based control
This section provides a safety-oriented control strategy for redundant manipulators, based on the introduced concept of safety ﬁeld and
developed entirely at kinematic level. The kinematic redundancy is
exploited for simultaneous task performance and collision avoidance,
including: collision avoidance with external obstacles, self-collision
avoidance and human–robot coexistence.
The control structure is fundamentally based on the danger ﬁeldbased control proposed in [9,10]: a safety-oriented reactive control
strategy that ensures the decrease of the danger itself w.r.t. a simple
danger assessment, here modiﬁed in order to be consistent with the
safety ﬁeld concept, and extended to enable task relaxation and
recovery, based on the safety level.
First, we focus on some general ideas concerning the use of the
safety ﬁeld concept for control purposes. Afterwards, we introduce our
safety ﬁeld based reactive control.
3.1. General principles

Fig. 5. CSF (r, v) computation times for a set of sources of danger with increasing
number of mesh elements. (For interpretation of the references to color in this ﬁgure
caption, the reader is referred to the web version of this paper.)

number of mesh elements N, i.e.

T (cj ) ≈ O (N ).
On the other hand, the on-line computation time (approx. 0.9 μs) is
independent of the number of triangles composing the mesh.
The possibility to compute oﬀ-line the coeﬃcients cj along with the
fast on-line computation time, clearly allows for real-time applications.
Furthermore, this also leads to another notable consequence: there is
no upper bound in the number of triangular mesh elements of the rigid
body, since the number of considered triangles aﬀects oﬀ-line computation only, while on-line computation time remains constant.
Remark 2. The ﬁeld CSF (r, v) is by deﬁnition a scalar quantity.
Nevertheless a vector ﬁeld can easily be constructed upon it. The most
natural way to do so is by using its gradient CSF (r, v)1, i.e.

⎯⎯⎯⎯⎯→
CSF (r, v)
CSF (r , v) = CSF (r , v)
CSF (r, v)
Notice that also CSF (r, v) is closed form computable.
Remark 3. At this point, it is worth pointing out the properties of the
safety ﬁeld concept:
1
Here CSF (r, v) is obtained by partial derivative of CSF (r, v) with respect to the
position variables.

Apart from being a simple and ﬂexible danger assessment, the
cumulative safety ﬁeld can be used in the control of a multi-DOF
redundant robot in order to ensure the increase of the safety level,
while performing a prescribed robot task.
The basic idea is to evaluate the safety ﬁeld, generated by a rigid
body source of danger, on several points of interest along the robot
arm. This information is exploited in order to shape the displacement,
expressed in the world frame, of the considered points. The safety ﬁeldbased displacement should ensure an evasive motion of the robot arm
away from the source of danger, in order to prevent possible collisions
between the robot and the source of danger itself.
Note that, since the evasive displacements are applied to the robot
arm, i.e. a set of rigid bodies endowed with a single actuator each, they
can be conceived as applied to one point per link. With this respect, as
it will be shown in Section 3.2, a suitable choice consists in selecting the
robot links' centers of mass.
In order to enable collision avoidance between a robot and an
external obstacle, e.g. a box, we can consider the box as the source of
danger and apply the evasive displacements on the robot links' centers
of mass (see Fig. 6). The evasive displacements will be the result of the
safety ﬁeld generated by the danger source (the box) and evaluated on
the selected points. Notice that, the same principle can be applied to
multiple obstacles.
Furthermore, in the speciﬁc case of a dual-arm robot, for which
self-collision avoidance turns out to be an additional safety issue, we
can also consider as sources of danger the links on each arm of the
manipulator. In this way, the resulting evasive displacements applied
on each arm will be the result of the safety ﬁeld generated by an
external obstacle and by the links on the opposite arm (see Fig. 7). This
simultaneously allows for both collision avoidance with obstacles and
self-collision avoidance. Note that, when a robot link represents the
source of danger, a natural choice would be to use the corresponding
Denavit–Hartenberg frame as the body-ﬁxed reference frame.

order to express Δp0 in world coordinates. In case of multiple danger
sources, the overall displacement that captures the inﬂuence of all the
sources of danger is given by the following vector:
n

Δp0 =

∑ Δp0,i
i =1

Fig. 6. Evasive displacements (blue vectors) applied on a set of points corresponding to
two robot links' centers of mass, induced by the presence of a box obstacle source of
danger. (For interpretation of the references to color in this ﬁgure caption, the reader is
referred to the web version of this paper.)

Once the evasive displacements have been computed, they can be
transformed by means of transposed Jacobian into corresponding
increment of joint angles Δq 0 , resembling the CLIK (Closed-Loop
Inverse Kinematics) algorithm.
For a single desired displacement Δp0 of a generic point S located
on the manipulator's arm, the corresponding Δq 0 is obtained by:

Δq 0 = kp JTS, v (q) Δp0

(12)

Here, JS, v (q) represents the ﬁrst three rows of the Jacobian matrix JS (q)
that are associated to point S while kp is a positive real parameter.
By division with the sampling time ΔT in Eq. (12), the joint velocity
command that yields the evasive displacement can be expressed as:

q˙ 0 = k v JTS, v (q)Δp0
where k v = kp /ΔT .
The overall velocity command can be deﬁned as:

q˙ 0 =
Fig. 7. Evasive displacements applied on a set of points located on each arm links'
centers of mass, induced by the presence of a box obstacle (blue vectors) and by the robot
links on the opposite arm (red vectors). (For interpretation of the references to color in
this ﬁgure caption, the reader is referred to the web version of this paper.)

Clearly enough, if we introduce a 3D simpliﬁcation of the human
body parts, considered as sources of danger, our method can further
fulﬁll human–robot coexistence.
Notice that, the robot can be locked in a stationary position when
obstacles cause evasive displacements from opposite directions on the
robot arm. Nevertheless, notice that, although this behavior is theoretically possible and needs to be investigated in the future, it can arise
only if the obstacles' geometrical representation, combined with the
obstacles' position and velocity and the own robot state, lead to a
perfect cancellation of all the evasive displacement contributions
applied on the robot arm.
3.2. Kinematic control of robotic manipulators
In the following, we consider a robot manipulator with n joints and
generalized coordinates q ∈ n .
Denoting with m the dimension of the task space, we assume that
the robot is kinematically redundant with respect to the task, i.e. m < n
and J (q) ∈ m × n is the Jacobian associated to the task. Our approach,
similar to the one proposed in [9,10], addresses the problem at the
kinematic level by using the cumulative safety ﬁeld of a rigid body
source of danger (an obstacle, a human body part or a robot link) to
directly modulate the position/velocity commands, by means of evasive
displacements. Without loss of generality, the displacement vector Δp0
of a generic point S located on the manipulator's arm, deﬁning its
evasive displacement, can be given by:

Δp0 = Rl → w

1
CSF (r, v)
CSF (r , v) CSF (r , v)

(11)

Note that, Δp0 is a vector, anchored in S, with the intensity CSF (r, v)−1
pointing in the direction deﬁned by CSF (r, v). This clearly ensures a
repulsive motion of point S from the source of danger, proportional to
the safety level, along the direction of the deepest increase in the safety
ﬁeld level.
Since CSF (r, v) is deﬁned in a local reference frame, the rotation
matrix Rl → w from the local frame l to the world frame w, is exploited in

∑ k v JTS,v (q)Δp0
S

where the sum covers all the relevant points S on the manipulator
kinematic chain.
Remark 4. As previously stated in Section 3.1, a suitable choice for S
consists in selecting the robot links’ centers of mass, independently of
the speciﬁc robot link geometry and relative position w.r.t. the source
of danger. In order to support this statement, we considered a simple
line representation of an ABB FRIDA robot link and the triangular
mesh representation of the same link. Subsequently, the evasive
displacement (11) computed on the link center of mass has been
compared with the resultant of the displacements evaluated on a set of
points located on the link surface, for the two considered geometric
representations. A set of 100 random relative positions and velocities
between the source of danger and the robot link (in an area comparable
with the robot workspace) has been generated, leading to signiﬁcantly
low vector norm error and angle deviation, reported in Table 1.
The signal q̇ 0 is then fed to the standard CLIK algorithm that
computes the ﬁnal position/velocity commands (see Fig. 8).
The analytical expression for the control scheme from Fig. 8 relative
to a single arm takes the form:

q˙ = q˙ T + [I − J† (q) J (q)] q˙ 0

(13)

Here q̇T stands for the task-related velocity command and can be
computed as:

q˙ T = J† (q)(˙x d + K e (x d − x))
where K e is a positive deﬁnite symmetric matrix, x d and x are desired
and actual operational space coordinates, J (q) is a corresponding
Jacobian matrix and
Table 1
Comparison between the evasive displacement evaluated on an ABB FRIDA robot link
center of mass w.r.t. the resultant displacement evaluated on the same robot link with
different geometric representation.
Link geometric representation

Line

Triang. mesh

Vector norm error (max abs.)
Vector norm error (mean ± SD)
Angle deviation (max abs.)
Angle deviation (mean ± SD)

4.41%
(1.68 ± 1.13)%
1.54°
(1.29 ± 0.22)°

9.04%
(3.63 ± 2.78)%
2.92°
(2.45 ± 0.41)°

Fig. 10. Impact of ε on function m.

Fig. 8. Feeding signal q̇ 0 to CLIK algorithm.

J† (q) = JT (q)(J (q) JT (q))−1
is the right pseudo-inverse of the Jacobian matrix.
The vector q̇ 0 does not aﬀect the motion of the corresponding endeﬀector because a suitable nullspace projection is performed. Thus, the
task consistency is preserved and the end-eﬀector's motion can be
performed preventing, simultaneously, the possible collisions with the
sources of danger.
To enable the task relaxation, when e.g. the danger exceeds a
certain threshold, and the subsequent task recovery, when the danger
falls under the threshold, Eq. (13) is modiﬁed as follows:

primarily used to switch between diﬀerent values of m that correspond
to diﬀerent behaviors of the robot in task execution. If m=1 the robot is
fulﬁlling its task, while if the danger exceeds a certain limit (m=0) the
control leads to an increase in the safety level without task consistency.
To enable continuous transition, SF is processed by a non-increasing
continuous static function.
Fig. 10 shows how ε aﬀects the function m. Setting a value for ε
close to 1, hence imposing a remarkably smooth transition, may result
in a premature task suspension as well as a retarded task resumption.
Notice also, that allowing m to take values from the interval [0, 1]
improves the system behavior by eliminating chattering and oscillatory
motion.
4. Experiments on the ABB Frida

q˙ = m q˙ T + [I − m J† (q) J (q)] q˙ 0
Setting:

SF ≡

∑

Δp0

S

as the sum of the norms of the evasive displacement vectors applied on
the relevant points S on the kinematic chain, the signal m is deﬁned as
depicted in Fig. 9, where ε < 1 is a small design constant. SF is

In this section we describe a relevant case study which might
beneﬁt from the proposed approach. We here consider for the
implementation of our reactive safety ﬁeld-based control strategy, the
14-DOF dual-arm redundant robot prototype ABB FRIDA. Located
inside the robot torso is a control system based on ABB IRC5 industrial
controller.
As previously described in Section 3, a dual-arm manipulator is
suitable for experimental validation of self-collision avoidance along
with human–robot coexistence.
4.1. Experimental setup

Fig. 9. Selection of m.

An external PC with a Simulink GUI runs under Linux OS with the
Xenomai patch, enabling a hard real-time system. It is interfaced to the
acquisition board through appropriate Analogy drivers and to the
FRIDA controller through an Ethernet-based interface partly developed within the ROSETTA project [29] by Lund University (see [30] for
details). Using this interface, one can develop a controller within
MATLAB Simulink on the external PC, and then compile it to get the
executable code that runs in real time dialog with the IRC5-based
controller at a 250 Hz frequency. The corresponding system cycle of
4 ms is an inherent property of the current implementation of the realtime control, thus it cannot be changed. As such, taking into consideration the reduced on-line computation time of the safety ﬁeld
(approx. 0.9 μs), as shown in Section 2, the 4 ms system cycle provides
ample margins for all the computations necessary for control.
A possible selection of parameter γ can be performed, according to
(2), considering a maximum human–robot distance of 1 m (for the case
of human–robot coexistence), the maximum velocity allowed for the
tool center point (TCP) by the standard ISO 10218 (250 mm/s) and the
average maximum human walking speed (2, 5 m/s). This leads to:
γ ≥ 2, 75.
The Reﬂexxes Motion Library [31] has been exploited to allow realtime task recovery, i.e. when task consistency occurs after task
relaxation (see Fig. 9). Fig. 11 shows the input and output parameters
of the corresponding algorithm.
To this end, using as target state of motion the desired end-eﬀector
position and orientation, and as current state of motion the actual end-

coordinates and unit quaternion related to the end-eﬀector on the left
and right arms, respectively. The corresponding Jacobian of the
manipulator J (q) is the block diagonal matrix:

⎡ JL (qL)
0 ⎤
⎥
J (q) = ⎢
JR (qR)⎦
⎣ 0

Fig. 11. Interface of the on-line trajectory generation algorithm. Based on the current
state of motion and the kinematic motion constraints, a new state of motion is calculated
which lies exactly on the time-optimal trajectory reaching the desired target state of
motion.

where JL (qL) and JR (qR) are the Jacobian matrices associated to the left
and right arm task, respectively.
As shown in Section 3, in order to perform self-collision avoidance
in a dual arm robot, one can consider as sources of danger the robot
links on each arm of the manipulator and apply the evasive displacements on a set of points located on the opposite arm, corresponding to
the robot links' centers of mass (recall Fig. 7).
Thus, the overall velocity command that yields the evasive displacements is given by: q˙ 0 = q˙ 0arm , being q̇ 0arm the joint velocity vector
corresponding to desired displacements applied on each robot arm, for
the safety ﬁeld generated by the links belonging to the opposite arm.
Experiment #1: A trajectory for the FRIDA's right arm has been
programmed in RAPID language, in order to perform “dangerous”
sequential approaching motions with respect to the left arm. The robot
task, once the safety ﬁeld based control scheme has been activated,
consists in correctly performing FRIDA's right end-eﬀector trajectory
(in terms of both position and orientation), see Fig. 13, while the left
end-eﬀector maintains the programmed position and orientation,
simultaneously ensuring self-collision avoidance. Fig. 14 shows several
snapshots of the robot during the experiment.
Notice that, as the right end-eﬀector approaches the opposite endeﬀector, robot null space motion, exploited by our control strategy, is
able to prevent the risk of self-collisions. This behavior becomes
evident focusing on the posture of the two robot elbows. As can be
seen in Fig. 14(c) and (f) in fact, the distance between the two elbows is
maximized, thus limiting the risk of collision with the own robot
structure.
4.3. Experimental validation of safe human–robot coexistence

Fig. 12. Integration of the Reﬂexxes Motion Library for on-line trajectory generation in
the CLIK algorithm.

eﬀector position and orientation, given by forward kinematics, the new
state of motion, provided by the Reﬂexxes based on kinematic motion
constraints, becomes the end-eﬀector position and orientation reference for the CLIK algorithm depicted in Fig. 12.
Furthermore, for the experimental setup of our reactive control
strategy for human–robot coexistence purposes, a range camera
(Microsoft Kinect) with the OpenNI drivers has been selected for
workspace surveillance [32]. To this end, skeletal tracking method has
been exploited in order to obtain the position of a set of points located
on the upper human body simpliﬁcation.

In order to simultaneously perform both self-collision avoidance
and human–robot coexistence, when controlling the motion of one of
the two arms, we can consider as sources of danger both the robot links
on the other arm and a 3D simpliﬁcation of the human body parts.
Thus, the overall velocity command is now given by:

q˙ 0 = q˙ 0arm + q˙ 0human
where the two terms represent the joint velocity vectors corresponding
to desired displacements applied on a set of points on each robot arm,
for the danger induced by the opposite arm (q˙ 0arm) and by the human
). To this end, a possible approach to easily
body reconstruction (q˙ human
0
compute the safety ﬁeld induced by a human in the sensor range and
), is to
thus obtain the corresponding joint velocity vector (q˙ human
0
consider simplifying boxes of the upper body parts, as sources of

4.2. Experimental validation of self-collision avoidance
Denoting with qL and qR the vectors of joint coordinates for the left
and right arm, respectively, the vector q of joint coordinates of the
manipulator can be organized as:

⎡ qL ⎤
q = ⎢ R⎥
⎣q ⎦
If the task is described in terms of position and orientation for each
end-eﬀector, the goal is identiﬁed by the following vector:

⎡xL ⎤
x d = ⎢ dR ⎥
⎢⎣ x d ⎥⎦
where x dL and x dR stand for the vectors of desired Cartesian position

Fig. 13. Programmed FRIDA's right end-eﬀector motion in experiment #1.

Fig. 14. Snapshots during experiment #1: FRIDA's right end-eﬀector performs the programmed trajectory, while the safety ﬁeld based robot null space motion ensures the prevention
of self-collisions.

Fig. 15. Upper human body simpliﬁcation.

danger. In addition, a frame local to each single box (see Fig. 15) can be
deﬁned exploiting the position of the set of points on the upper human
body representation, returned by Microsoft Kinect skeletal tracking
method.
It is worth pointing out that, due to the inaccuracy in human
velocity estimation from position data returned by skeletal tracking,
only the static contribution to the safety ﬁeld (7) has been considered in
order to determine the corresponding velocity command in experiments #3 and #4.
Experiment #2: In this experiment we want to enhance the eﬀect of
a human arm movement with diﬀerent velocity proﬁles close to the
robot, together with the eﬀect of considering the static contribution of
the cumulative safety ﬁeld (CSSF) in place of the complete kinetostatic
expression (CKSSF).
Due to the aforementioned inaccuracy in estimating human velocity
from Kinect sensor position data, we here apply a desired trapezoidal
velocity proﬁle to a virtual box representing the human lower arm,
moving towards the robot right end-eﬀector with constant orientation.
In order to better highlight the evasive behavior of the robot right arm,
the manipulator's position and orientation tasks are completely relaxed

when the virtual human arm starts its approaching motion.
Note that, the end-eﬀector velocity increases as the human moves
with higher velocity, see Fig. 16(b) and (e). As a matter of fact, also
when only the static contribution of the cumulative safety ﬁeld is
considered, thus neglecting the human velocity, a more reactive robot
behavior occurs in the presence of faster human movements.
Nevertheless, when the kinetostatic expression of the cumulative safety
ﬁeld is considered, a remarkable 19.3% increase in the minimum
robot-obstacle distance can be obtained in the presence of fast human
arm motion, see Fig. 16(f), compared to the static case (6.6% increase
in the minimum robot-obstacle distance), hence showing experimental
evidence of one of the beneﬁts of our approach w.r.t. state-of-the-art
potential ﬁeld-based approaches.
Experiment #3: A human operator, standing in front of FRIDA,
moves from diﬀerent directions towards the robot. The robot task is to
keep position and orientation of the two end-eﬀectors constant, while
performing the nullspace motion in order to prevent possible collisions
with the human and the own robot arms.
Fig. 17 shows several snapshots of the human moving and the robot
performing nullspace motion to prevent possible collisions.
When the operator is outside FRIDA's workspace, see Fig. 17(a),
the robot conﬁguration is such that only self-collision avoidance aﬀects
the robot behavior (high elbows), whereas, when the operator is
standing close to the robot, see Fig. 17(b) and (c), nullspace motion
is also aﬀected by the safety ﬁeld generated by the human rigid body
simpliﬁcation. The combined eﬀect of self-collision avoidance and
human–robot coexistence becomes even more evident as the human
moves his arms from opposite directions, see for e.g. Fig. 17(d), where
the human is moving both his arms towards the manipulator.
Experiment #4: The robot task consists once again in keeping
position and orientation of the two end-eﬀectors constant, while this
time the human operator intentionally moves his arm onto the robot
structure, so that collision will occur. Relaxation of the position task for
the two end-eﬀectors has now been introduced in order to prevent the
human–robot collision. To handle position task relaxation when the
risk of collisions with a human is high, we set for each robot arm:

SF ≡

∑

Δphuman
0

S

as the sum of the modules of the evasive displacements for all the
relevant points on the arm, induced by the presence of a human body,
in order to shape the related value of m.

Fig. 16. Proﬁles of the virtual human arm motion and robot evasive motion during experiment #2. (For interpretation of the references to color in this ﬁgure caption, the reader is
referred to the web version of this paper.)

As the operator moves with his arm close to FRIDA, see Fig. 18(b)
and (c), robot position task relaxation occurs. Instead, when the
operator later retracts his arm, see Fig. 18(e) and (f), task resumption
is correctly performed.
Furthermore, Fig. 19 shows the proﬁle of the value of m for
FRIDA's left arm and the proﬁle of the corresponding end-eﬀector
position coordinates.
Note that, when the human moves close to the robot, m takes values
less than 1, hence inducing position task relaxation. Instead, when the
human subsequently moves his arm away from the manipulator, m
returns to 1 and task recovery occurs, consistent with the scheme in

Fig. 9.
Clearly at this stage, real-time trajectory generation, provided by
Reﬂexxes, is crucial in order to allow the end-eﬀector to regain the
desired Cartesian position.

5. Discussion: comparison with other approaches and
limitations of the method
This section addresses the advantages and drawbacks of our safety
assessment compared to the most relevant state-of-the-art approaches,
i.e. the repulsive potential ﬁeld concept [1] and the kinetostatic danger

Fig. 17. Snapshots during experiment #3: the human moves close to the robot that performs nullspace motion.

Fig. 18. Snapshot from experiment #4: task relaxation and subsequent recovery.

Fig. 19. Proﬁle of the value of m and proﬁle of the end-eﬀector position coordinates for
the left arm, in experiment #4.
Table 2
Safety assessments comparison.
Properties

Potential field

Danger field

Safety field

Source of danger
Representation
Relative position
Relative velocity

Obstacle/human
Bounding volume
✓

Robot
Linear
✓

Obstacle/human
Triang. mesh
✓
✓

Safety guarantees

ﬁeld [7,8], summarized in Table 2.
The connection between the safety ﬁeld and the virtual potential
ﬁeld used for obstacle avoidance can be easily recognized: both the
approaches in fact, consider as source of danger the obstacle to be
avoided. On the other hand, in the danger ﬁeld approach the ﬁeld is

built upon the robot itself, considered as source of danger, and it is
evaluated on the point in space where the obstacle is located. Besides
the aforementioned similarity, the classical potential ﬁeld does not
capture the velocity neither of the obstacle nor of the robot, while the
kinetostatic safety ﬁeld takes into account both the velocity of the
source of danger and the velocity of the point where the ﬁeld is
evaluated, by means of the relative velocity vector v, see Eq. (1). It is
also worth pointing out that, in potential ﬁeld-based collision avoidance methods, obstacle geometric modeling is required. To this end,
collision models like bounding volumes [4,5] or swept volumes
[16,17,19] can be adopted. In our approach instead, there is no need
to introduce a virtual representation of the object source of danger,
since its triangular mesh can be directly exploited. Moreover, as the
only values needed to update the safety ﬁeld are the relative position
and the relative velocity vector, r and v, respectively, see Eq. (8), the
computationally expensive distance calculation between convex volumes (applying for example the GJK algorithm) can be avoided.
Besides a diﬀerent choice in the source of danger (the obstacle, in
the safety ﬁeld approach—the robot, in the danger ﬁeld approach), the
safety ﬁeld represents the consequential evolution of the cumulative
danger ﬁeld concept, extended to an arbitrary moving rigid body in
space (a potential obstacle, a human body part or a robot link). Note
that, a drawback of the danger ﬁeld approach is that it does not capture
a more complex representation of the source of danger geometry than
the line representation: no closed form solution seems to exist, in fact,
for the danger ﬁeld related to easily parameterized surfaces such as
cylinders or triangle meshes. Instead, the safety ﬁeld depends on the
shape and size of the rigid body source of danger (discretized through a
triangular mesh), rather than only on its length, thanks to the closed
form computability of the cumulative safety ﬁeld generated by a
triangular surface. Furthermore, the safety ﬁeld captures both relative
position and relative velocity between the source of danger and the
point where the ﬁeld is computed, whereas the danger ﬁeld captures
only the velocity vector of the danger source, i.e. the robot, while the
obstacle is considered still in space.
A few limitations and restriction of our concept can be identiﬁed.
As shown in Section 3.2, the evasive displacement evaluated with
respect to the robot link center of mass, diﬀers for reasonably small
values from the resultant evasive displacement when considering a
number of sample points equal to the number of mesh elements.
Nevertheless, in order to avoid the selection of candidate points where
to evaluate the ﬁeld, a possible approach could investigate the existence
of a closed form solution for the integral of the safety ﬁeld generated by
a rigid body source of danger over an arbitrary rigid body in space, e.g.
a robot link.
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Other issues concern the lack of formal guarantees of safety and the
limitation of our approach to kinematic robot motion constraints. As a
matter of fact, a safety constraint with formal guarantees [33,34],
together with dynamic, kinematic and task constraints, can be integrated in our methodology by means of hierarchical constraint-based
optimization, e.g. following the approach proposed in [35]. In that case
the safety ﬁeld still plays the role of a computationally eﬃcient safety
assessment, while the control of the robot is organized in a more
elaborate scheme.
Finally, our approach relies on an a priori knowledge of the object
source of danger geometry, thus clearly limiting the validity of the
proposed methodology in an unknown or cluttered environment, for
which object geometry recognition is necessary. On the other hand, this
limitation seems less crucial in a typical industrial environment and,
furthermore, it does not occur when the robot is the source of danger
itself, i.e. for the case of self-collision avoidance, thanks to the
availability of commercial robots' meshes.
6. Conclusion
In this paper a new safety assessment, that stands upon the
introduced concept of kinetostatic safety ﬁeld, has been given. The
safety ﬁeld captures the risk in the vicinity of an arbitrary rigid body

moving in space, intended as a source of danger, and depends on both
relative position and relative velocity between the source of danger and
the point where the ﬁeld is computed, along with the shape and size of
the danger source itself, using its triangular mesh. Furthermore, the
deﬁnition of the ﬁeld w.r.t. a body-ﬁxed reference frame provides
closed form computability and allows for real-time applications.
Intensive computations, depending on the source of danger geometry,
in fact, can be performed one-time-only and oﬀ-line, while on-line
computation time turns out to be constant and independent of the
number of mesh elements. In a second step the introduced safety
assessment is merged with a safety-oriented reactive control strategy
for multi-DOF redundant manipulators, able to enhance safety in
several real-time collision avoidance scenarios, including: collision with
potential obstacles, self-collision avoidance and human–robot coexistence. Experimental results on the ABB FRIDA dual arm robot
supported our approach.
While this paper speciﬁcally focused on real-time collision avoidance through the adoption of a reactive control strategy, there are no
limitations to integrate the safety ﬁeld concept in motion planning
algorithms to deal with the same issue. Moreover, future work will
include the possibility to regulate the speed of task execution w.r.t. the
safety level. Further improvements can be also achieved in terms of
alternative task relaxation methods.

Appendix A. Computation of cumulative static safety ﬁeld of a triangle
This section provides details on how to compute the coeﬃcients ci occurring in the closed-form solution of the Cumulative Static Safety Field
(CSSF) of a triangular surface, according to (7). As a matter of fact, the analytical expression of the Cumulative Kinetostatic Safety Field (CKSSF) in
(6), can be as well obtained applying the following procedure and it will be here omitted for brevity.
Consider a triangular surface S, whose non-collinear vertexes coordinates expressed in a local body-ﬁxed reference frame O′(xs , ys , xS ) are:
(x1S , y1S , z1S )T , (x2S , y2S , z2S )T and (x3S , y3S , z3S )T .
Let rS represent the position of a point belonging to S, while r = (x, y, z )T is the position of a generic point in space.
In order to compute the surface integral in (5), let us ﬁrst ﬁnd the equation of the plane through the triangle vertexes:

axS + byS + czS + d = 0

(A.1)

where a, b, c, d ∈  can be found e.g. by solving the following system of equations, using Cramer's Rule and basic matrix manipulations:

⎧ ax1S + by1 + cz1S + d = 0
S
⎪
⎨ ax2S + by2S + cz2S + d = 0
⎪
⎩ ax3S + by3S + cz3S + d = 0
Subsequently, assuming that the plane (A.1) is not parallel to any of the local frame planes, we can describe the triangular region D, which is the
projection of S on one of the frame planes, e.g. the (xS , yS )-plane, as the union of two yS-simple regions:

D = D1 ∪ D2
where:

D1: {(xS , yS ) ∈ 2|x1S ≤ xS ≤ x2S , y1S ≤ yS ≤ y2S } D2 : {(xS , yS ) ∈ 2|x2S ≤ xS ≤ x3S , y1S ≤ yS ≤ y3S }
being:

y1S = m1 xS + b1 y2S = m2 xS + b2 y3S = m3 xS + b3
the three linear equations of the triangle D edges, where the slope coeﬃcients m1, m2, m3 ∈  and the constant terms b1, b2 , b3 ∈  are given by
elementary algebraic relations.
Finally, according to laws of integration of a function over a triangular surface, the analytical expression of CSSF (r) can be found by solving the
following integrals over the two yS-simple regions D1 and D2, leading to:

CSSF (r) = CSF (r, 0) =

∫x

x 3S
2S

⎛
⎜⎜
⎝

∫y

y2

3S

S

1
A

∫ ∫S SF (rS, r, 0) dS =

⎡
α⎢
A ⎢⎣

∫x

x 2S

1S

⎛
⎜⎜
⎝

∫y

y2

S

1S

⎞ ⎤
(xS − x )2 + (yS − y )2 + (zS − z )2 dyS ⎟⎟ dxS ⎥
⎠ ⎥⎦

where zS needs to be replaced with:

⎞
(xS − x )2 + (yS − y )2 + (zS − z )2 dyS ⎟⎟ dxS +
⎠

(A.2)

zS = −

axS + byS + d
c

and the scale factor α is given by

⎛ ∂z ⎞2 ⎛ ∂z ⎞2
1 + ⎜ S⎟ + ⎜ S⎟ =
⎝ ∂xS ⎠
⎝ ∂yS ⎠

α=

⎛ a ⎞2 ⎛ b ⎞2
1 + ⎜− ⎟ + ⎜− ⎟
⎝ c⎠
⎝ c⎠

By analytically solving (A.2) and subsequently collecting the terms in the powers of the variables x, y, z , the closed form solution of the CSSF in (7)
can be hence obtained, where e.g. the coeﬃcient c1 of x2 is given by:

c1 =

α
((x1S − x2S )(2b1 − 2b 2 + m1 x1S + m1 x2S − m2 x1S − m2 x2S )+(x2S − x3S )(2b1 − 2b3 + m1 x1S + m1 x3S − m3 x2S − m3 x3S ))
2A

Note that the coeﬃcients c3 and c5 of y2 and z2, respectively, have same analytical expression of c1, while the expression of coeﬃcients c2 , c4 , c6 of
x, y, z , respectively, and the constant term c43 has been here omitted for brevity.
Appendix B. Supplementary data
Supplementary data associated with this article can be found in the online version athttp://dx.doi.org/10.1016/j.rcim.2016.11.002.
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