FRONT PROPAGATION
FOR NONLINEAR DIFFUSION EQUATIONS
ON THE HYPERBOLIC SPACE

HIROSHI MATANO, FABIO PUNZO, AND ALBERTO TESEI

ABSTRACT. We study the Cauchy problem in the hyperbolic space H" (n > 2)
for the semilinear heat equation with forcing term, which is either of KPP type
or of Allen-Cahn type. Propagation and extinction of solutions, asymptotical
speed of propagation and asymptotical symmetry of solutions are addressed.
With respect to the corresponding problem in the Euclidean space R™ new
phenomena arise, which depend on the properties of the diffusion process in H".
We also investigate a family of travelling wave solutions, named horospheric
waves, which have properties similar to those of plane waves in R".

1. INTRODUCTION

In this paper we study the Cauchy problem for the semilinear parabolic equation

%:AHu+f(u) in H* xR,
(1.1) ot
u =1ugp in H" x {0}

in the hyperbolic space H" (n > 2). Here Ay denotes the Laplace-Beltrami operator
in H" and R, = (0, 00).

Concerning the Cauchy data function wug, the following assumption is always
made in the sequel:

(A) up continuous in H", 0<wug(z) <1 for any x e H".

As for the function f, we always assume:

(Ho) feCi([0,1]), f(0)=f(1)=0.
Moreover, either

(Hy) £(0)>0,f(u)>0 for any ue (0,1),
or

(@) there exist a € (0,1) such that
(Ha) f(u) <0 for any u e (0,a), f(u) >0 for any u € (a,1);
i

(ii) £'(0) <0, fo F(u)du > 0.

Following a common terminology, the function f is said to be ”"of KPP type” if it
satisfies assumption (Hj), or ”of Allen-Cahn type” if (Hz) holds.
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Solutions of problem (1.1) are always meant in the classical sense. By assump-
tions (A), (Hp) and comparison results [17], every solution u of problem (1.1)
satisfies the inequality

(1.2) 0<u(x,t) <1 for any (z,t) e H" xR, .

Under assumptions (A) and (Hy) a unique solution of problem (1.1) is easily seen
to exist. In fact, existence follows by the a priori estimate (1.2) and standard
compactness arguments, uniqueness by [17, Theorem 3.1].

The counterpart of problem (1.1) in R™, namely

%:Aquf(u) in R" xR,
(1.3) ot
u = ug in R" x {0}

has been widely investigated (in particular, see [2, 3, 6, 9, 13]). Let us recall some
well-known results (see [3] for details).

(a) If the forcing term f is of KPP type, then propagation always occurs - namely,
(1.4) tlim u(z,t) =1 uniformly on compact subsets of R"
for every solution u # 0 of problem (1.3). This follows from the so-called ”hair-
trigger effect”: if f satisfies (Hp) and

(7) there exists a € (0, 1] such that
(HT) f(u) >0 for any u € (0,a);

(i) lim inf w3 £ (u) > 0,
then for every solution u # 0 of problem (1.3)

(1.5) li%n infu(z,t) > @ wuniformly on compact subsets of R™.

Clearly, assumption (H;) implies (HT') with a =1, thus (1.4) follows. Observe that
2
the exponent p=1+ — in (HT)-(4¢) is the Fujita exponent of problem (1.3) with
n
fu) =uP (see [10]).
More generally, assumption (HT) is satisfied if (HT')-(4) holds and
2
lim%nf uwPf(u)>0 for some pe (1, 1+ —) ,
u—0+ n
thus (1.5) follows also in this case. On the other hand, if
2
(1.6) limsup u?f(u) < oo for some p>1+—
u—0* n

and ug is small enough, then extinction occurs, namely

(1.7) tlim u(x,t) = 0 uniformly in R".

(b) If f is of Allen-Cahn type, there is a ”threshold effect”. In fact, there is extinc-
tion (namely, equality (1.7) holds) if the initial data function wg is suitably small;
instead, there is propagation (namely, equality (1.4) holds true) if wg is sufficiently
large.

(¢) Both for KPP and for Allen-Cahn there exists an ”asymptotic speed of propa-
gation” ¢y > 0, which is uniquely determined by the following properties:
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(7) no solution with compact support of problem (1.3) can propagate with speed
greater than cg. In fact, for any ¢ > ¢y and y € R"

lim sup wu(z,t) = 0;

t—oo |z—y|>ct

(47) if a solution of problem (1.3) propagates, then its speed is no smaller than ¢g.
In fact, if

liminfu(x,t) > a uniformly on compact subsets of R"

t—o0
for some a € (0,1], then for any ¢ < ¢o and y € R

liminf inf wu(z,t) > a.
t—oo |z—y|<ct

Observe that the asymptotic speed of propagation ¢y only depends on the forcing
term f. In fact, its definition relies on a detailed investigation of the ordinary
differential equation

(1.8) qd"+rd +f(g)=0 inR (keR)

(in this connection, see Proposition 3.1 below). Equation (1.8) arises when seeking
plane wave solutions of the equation

(1.9) % =Au + f(u) inR"xR,
- namely, solutions of equation (1.9) of the form
(1.10) u(x,t) = ¢((z,v) - kt) (xeR",t>0),

n
where ¢ is a real function, v € R™ is a fixed unit direction, x € R and (x,v) := Z TV
i=1

Under the additional assumption

(H1) sup f(u)
ue(0,1] U

= 1'(0)

there holds c¢g = 21/ f(0) (see [3, Proposition 4.2 and following remarks]).

In this paper we prove results for problem (1.1) which are analogous to those
above for problem (1.3), yet exhibit remarkably novel features with respect to the
Euclidean case. In fact, the following holds.

(a') If the function f is of KPP type, under the additional assumption (Hj) we
prove the existence of a new threshold effect. In fact, extinction prevails if

co=2v/f"(0)<n-1

and ug has compact support, whereas there is propagation if ¢y > n—1 (see Theorem
3.2). Therefore, at variance from the Euclidean case, in the hyperbolic space we
can have extinction even in the KPP case, depending on the sign of the difference
co—(n-1).

This implies that no hair-trigger effect holds in H"; for, otherwise no extinction
could arise for the KPP case, which is a a contradiction when ¢y < n — 1. In this
connection, observe that the proof of the hair-trigger effect in R™ given in [3] relies
on the Fujita phenomenon, whereas it is known that the Fujita exponent of problem
(1.1) is p = 1 (see [4]) - namely, global solutions of problem (1.1) with f(u) = u?
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exist for any p > 1, if ug is sufficiently small. This remark also explains Theorem
3.3, which shows that every solution of problem (1.1) is extinct, if
(1.11) limsup v f(u) < oo for some p>1

u—0*
and wug is sufficiently small (condition (1.11) should be compared with (1.6) of the
Euclidean case).

(b") If f is of Allen-Cahn type, we prove extinction if the initial data function ug is
sufficiently small, respectively propagation if ug is sufficiently large and c¢g > n -1
(see Theorems 3.4 and 3.5). Hence the sign of the difference ¢y — (n—1) plays a role
also in this case.

(¢') The role of the difference cg — (n — 1) becomes clear by addressing the asymp-
totical speed of propagation of problem (1.1). In fact, in the hyperbolic space this
speed (both for the KPP and the Allen-Cahn case) turns out to be ¢g— (n—1) (see
Theorem 3.7).

A first heuristic explanation of the above differences can be given comparing the
expression in polar coordinates (r,6) in R™ of equation (1.9) with that in polar
geodesic coordinates (p,6) in H" of the equation

ou

(1.12) i Apgu + f(u) in H" xR, .
We have
ou Ou n-10u 1

1.1 i — LA
(1.13) ot  0Or? N r Or " r2 ou + f(u),
respectively

ou  0%u ou 1
1.14 — = -1)cothp—+ ——-A
(1.14) o "ot (n=1)co Pop ) N0 f(u)

(see Section 2; here Ay denotes the Laplace-Beltrami operator on the (n - 1)-
dimensional sphere of R™). While the coefficient of the first order term in the
right-hand side of (1.13) tends to zero as r — oo, the corresponding term in (1.14)
tends to n — 1 as p — oo. Therefore, in H" there is a "drift from infinity” which
must be overcome to have propagation. If propagation prevails, the resulting speed
is ¢g = (n—1), and not ¢y as in R™ where the ”drift from infinity” is absent. This
explains why extinction can arise in H"™ even in the KPP case, and why the condition
co >n —1 is needed to have propagation in the Allen-Cahn case.

A related viewpoint is that the different geometrical properties of H™ affect dif-

fusion through the spectral properties of the Laplace-Beltrami operator and the
growth estimates of its heat kernel. In this connection, observe that by (Hj)

(1.15) co=2/f(0)>n-1 < f'(0)> (n—4
where \; denotes the infimum of the L?-spectrum of the operator —Ag in H".
Therefore, the important role of the difference co— (n—1) is related to the fact that
the spectrum has positive infimum. In general terms, the positivity of A\; makes

diffusion ”stronger in H” than in R™”. This explains why the Fujita exponent is
2

p =1 instead of p=1+ —, and why extinction more easily prevails on propagation

than in the Euclidean case.

Let us point out some technical points to illustrate the above remarks:
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e the condition f/(0) > A plays a role when constructing a suitable family of
subsolutions to problem (1.1), which is needed to prove propagation for the
KPP case (see the proof of Theorem 3.2);

e estimates from above of the heat kernel in H" are used to exhibit a family
of supersolutions to problem (1.1), which is used to prove extinction in the
Allen-Cahn case (see the proof of Theorem 3.5);

e the existence of a ground state - namely, of a positive solution of the equa-
tion

(1.16) Apd+ =0 in H",

which is radial and infinitesimal as p — oo, plays an important role to prove
extinction when (1.11) holds (see the proof of Theorem 3.3).

Beside the results outlined in (a’)-(¢’) above, we shall address the asymptotical
symmetry of solutions to problem (1.1) (see Theorem 3.7), extending to the present
situation some results in [13]. In doing so, we make use of the Alexandrov reflection
method, already used in the hyperbolic space in [14, 15].

Finally, we introduce and investigate a family of travelling wave solutions of
equation (1.12), named horospheric waves, which in some respects are analogous to
plane waves in R". In this connection, observe that in the Poincaré half-space model
U™ of the hyperbolic space horospheres take the form x,, = constant ((z1,...,x,) €
um)).

Horospheric waves are defined as solutions of problem (1.1), whose level set is
for any t € R, a horosphere of the form

(1.17) {xeU" |2, = Ke™} (K >0,keR)

(see Definition 3.1). In Theorem 3.9 we prove that:

(7) a solution of this kind exists (both for KPP and for Allen-Cahn) if ¢o >n —1;
(i7) in U™ it has the following representation, formally analogous to (1.10) with
v=(0,...,0,1):

(1.18) u(xzy,...,xn,t) =q" (-logz, - c*t),
where ¢* :=¢g— (n—1) and ¢* is the solution of the equation
(1.19) q" +coq' + f(q) =0

such that

Jim ' (©) = 1. lim *(€) = 0.

Interestingly, horospheric waves give an estimate of any solutions to problem
(1.1) (see Definition ?? and Theorem 3.10), as plane waves do in the Euclidean
case. However, it is an open problem whether, under suitable assumptions, any
solution is a horospheric wave (as it is the case for solutions of problem (1.3) and
plane waves in R"; see [6]).

2. GEOMETRICAL BACKGROUND

By definition, the hyperbolic space H" is the unique simply connected, complete
n-dimensional Riemannian manifold with sectional curvature equal to —1. The hy-
perbolic distance between any two points z,y € H" will be denoted by d(x,y). At
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any fixed point xo € H”, the inner Riemannian product (-,-)p is given by

(2.1) (Emu= ., gij&nj.
ij=1
where (g;;) denotes the Riemannian metric of H" and the vectors § = (&1,&2,...,&n),

n=(m,M2,...,n,) belong to the tangent space Ty, .

As is well-known, in H" every geodesic is defined on the whole real line; moreover,
there exists exactly one geodesic passing through any two different points of H".
A subset A ¢ H"™ is a hyperbolic subspace if it contains the entire geodesic passing
through any two of its points (a hyperbolic subspace of codimension 1 is called a
hyperbolic hyperplane). Moreover, a subset K < H" is convex if for any z,y € K
the geodesic arc joining x to y lies in K. By definition, the convex hull of A ¢ H"
is the smallest convex set of H" containing A .

Let us recall the definition of reflection through a hyperplane 7 ¢ H" (e.g., see
[14]). First observe that for any given x € H" there exists a unique point z* € 7
such that d(z,z*) = minge, d(x,y). Let v : R - H" be the unique entire geodesic
joining x to z* such that v(0) = 2*,v(to) = = for some ty > 0. Then the reflection
R, with respect to the hyperplane 7 is defined as follows:

(2.2) R, :H" ->H", Ri(z):=~(-to) (zeH"™).

Denote by OH™ the boundary of the hyperbolic space (see [5]); the points of
OH"™ can be regarded as the points at infinity of H". By definition, a horosphere
centered at xg € OH" is a closed hypersurface of H" orthogonal to all geodesic lines
with endpoint zy. Observe that, for any fixed xzg € OH™, H" is the disjoint union of
the horospheres with center xg.

Let us recall for convenience of the reader some properties of different models of
H", which will be used in the following (e.g., see [5, 8, 12]).
(a) Set B, :={z e R™||z| <7} (r>0), || denoting the euclidian norm of R™. The
Poincaré disk model D" is the unitary ball B; endowed with the Riemannian metric

4

(2.3) Gij = mézj (xeD™ i,5=1,...,n).
Let us mention for further reference that:
(i) geodesics in D™ are either diameters of D™ or circles orthogonal to D™ ;
(i7) a subset 7w € D™ is a hyperbolic hyperplane if and only if it is the intersection of
D™ either with a hyperplane of R™ through the origin, or with an (n-1)-dimensional
sphere orthogonal to D™ (see [5]);
(ii¢) in D™, a horosphere with center xy € JH" is an (n — 1)-dimensional sphere of
R™ contained in D" and tangent in ¢ to D™ .

For any fixed point O € H" and x € H" we can consider the geodesic coordinates
(p,0) of x, namely p = p(z) :=d(x,0). In D", taking O at the origin we have

|| x
(2.4) p(av):/0 2 ds:log(1+| |),

1-s2 1-|z|

thus

@) 2 T (@) "
(2.5) |z| = tanh T TR 2[c05h 2] (xeD™).

Therefore, defining
B, :={xeH"|p(z) <r} (r>0),
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in D" there holds for any r € (0,1)
B %log( 1+r) .

Let us recall that in D™ there is an isometry of the form (see [1]):

1= 2 _ _ 2
(2.6) 7, : D" > D", Ty (x) = A-y)-y) |z -yl g (m,y € ]D)").
(1+|=Plyl? - 225 wiys)

It is easily seen that 7_, = 7,' (y € D"). Moreover,

|z -yl
L+]x2lyl? - 220, @y

|y ()| = (m,ye]D)”).

For any x,y € D™ we have

A, y) = (7 (), 7 (1)) = (0, 7a (1) = 1%(%) |

Recall that the group of isometry of D™ coincides with the group of conformal
mappings of D™ (see [5]). In particular, to prove Theorem 3.7 we shall use a
particular class of isometries, namely the reflection through any hyperplane of H".

The gradient Vyu= ((Vau)i,. .., (Veu),) of a function u e C*(H") is given by

noou
2.7 VHu), = —
(2.7) (Vau), =9 o,

=1

The Laplace-Beltrami operator in H" of a function u € C2(H") is

(2.8) Agus= Z(‘?xl (\/‘Z i 3L‘J)

where g := det(gi;), g := (gij)”". As already mentioned, the infimum of the L?-
spectrum of the operator —Ag in H" is
~1)2
Ay D7
4
Moreover,
(2.9) AM(Br) N AL as r—> o0

(see [11]), where A1(B,) is the first eigenvalue for —Apy in 9B, with Dirichlet zero
boundary conditions:

AH<)01+>\1(%7‘)<)01 =0 in %r
(2.10)
w1 =0 on 0B, (r>0),

and ¢1 = ¢1(p) > 0 denotes the corresponding eigenfunction.

Let us recall that Ay commutes with isometries 7 of H" (e.g., see [14]). Hence,
if u is a solution of the equation
ou

i Agu + f(u) in H"

then v := u o 7 satisfies

ov

i Agv + f(v) in H".
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By (2.3) and (2.8), the Laplace-Beltrami operator in D™ has the expression

1 P n-2 o Ou

2.11 Agu=—(1-[2)* Y -5+ ——1-|z) Y i =—
(211) = (- 3 20+ R g

thus it can be regarded as a linear elliptic operator on B; ¢ R"™ with bounded
coefficients degenerating at the boundary dB; . Using polar geodesic coordinates
(p,6) in D™ thus

ds*:= Y gij dvidz; = dp® + (sinhp)®df,

i,j=1
we obtain
0%u Ou 1
2.12 Agu=— -1)cothp— + —— A
(2.12) HU 72 +(n-1)co p@p + (sinh )? ou

Ay being the Laplace-Beltrami operator on the (n — 1)-dimensional sphere of R™ .

In H" the heat kernel G : H" xH" xR, — R, is well defined (see 7] and references
therein for its explicit construction and main properties). Then the unique bounded
solution of the Cauchy problem

0
3—1: = Agu in H" xR,
u = 1ug in H" x {0}
with Cauchy data ug bounded in H" is
(2.13) u(x,t) = /H" G(z,y,t)uo(y)dpy ((z,t) eH" xR,),

where du, denotes the volume element of H".
It is known [7] that there exists ¢, > 0 such that for any z,y e H" and ¢t € R,

(2.14) éhn(d(aay), t) < G(z,y,t) < crh,(d(z,y),t),
where

h(d,t) = (4t) 5 (14 d)(1+ d+£) e M55 (420,650).
Hence there exists C,, > 0 such that for any t € R,

n-=3

Cn(1+t) 2 e_)\lt.
tﬂ

(2.15) sup G(z,y,t) <

x,yeHn”

(b) The hyperboloid model of H", denoted by I", is given by the hyperboloid
{21y Ty Tppr) €R™ 2+ 422 —22, =1, 2,01 >0}

with the metric induced on its tangent bundle by the Euclidean metric of R™*!.
For any z € I" and y in the tangent space of I" at z, the geodesic starting from
x with tangent vector y is given by
~(t) := xzcosht + ysinht (teR).

Observe that the map

::M

o:D" =>1", o(z) 1= [a?
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is bijective and isometric. Then the Klein model of H", denoted by K", is defined
using the bijective map

Y:BcR">1", ¢(z) ::&
V1=
(from a geometrical viewpoint, the point 1(x) e R™*!, z € By is the intersection of
" with the line passing through the point (z,1) € R™"! and the origin in R™*!).
By definition, the Klein model K™ is B; equipped with the metric obtained by
transportating the hyperbolic metric of I" along v .

Remark 2.1. Observe for further purposes that in K":

(i) geodesics are the traces of ordinary affine lines in K" (see [12]);

(i1) for any convex subset A of K™ and any point « € K"\ A there exists a hyperplane

7 such that zer and TN A =g;

(i74) for any convex subset A of K™ and any entire geodesic v € K" which does not

intersect A, there exists a hyperplane 7 € K™ such that vy ¢ 7 and 7 n A = @.
Furthermore, since the map ¢! o4 : K® — D" is bijective and transforms

geodesics of K™ on those of D™, properties (¢i)-(4ii) hold true in D", too.

(¢) Finally, consider the Poincaré half-space model of the hyperbolic space, denoted
by U™. This is the upper half-space {z € R” |z, > 0} endowed with the metric

ds? := i Zn:de
=— .

Ty i=1

Observe that an inversion in a sphere with radius v/2 and center in the south pole
of D™ maps U™ onto D™ (see [12]). Therefore U™ is isometric to D™, thus to I".

For any Z € OU" = {x € R" |z, = 0} U {00}, the horospheres with center at T are
either hyperplanes of equation z,, = £ for some £ > 0, if Z = {oo}, or spheres of R”
contained in U” tangent in Z to {x € R" |z, = 0}, if Z,, = 0 (e.g., see [5]). Clearly,
for any ¥ € U™ with Z,, = 0, a horosphere with center at Z can be isometrically
mapped into a horosphere with center at oo .

For any z = (21,...,2n),y = (Y1,.-.,yn) € U™ there holds

— 2 _ 2
(2.16) d(z,y) —cosh~ |1+ (1-y1)"+ ...+ (Tn — Yn) .
2T,Yn
The Laplace-Beltrami operator on U™ can be expressed as follows:
0
(2'17) Agu = xiAu + (2 - n)xni ,
ox,

where A denotes the Laplacian in R™ .

3. MAIN RESULTS

Let us first recall the following result concerning equation (1.8) (see [3, Theorem
4.1 and Lemma 4.3]).

Proposition 3.1. Let assumptions (Hy) and either (Hy) or (Hs) be satisfied.
Then there exists co >0 with the following properties:
(i) for k =co equation (1.8) admits a decreasing solution ¢* in R satisfying

(3.1) Jim ¢7(€) =1, lim ¢7(¢) = 0
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(i7) for any € (0,cq) there exists v, € (0,1) such that: for any n € (vx,1) there
exist b="b(k,n) >0 and a solution q to equation (1.8) satisfying

(3.2) q(0) =n, ¢'(0) =0, q(b) =0, ¢" <0 in (0,b];
(it3) for any k€ (co,00) there exists a solution q to equation (1.8) in R, such that
(3.3) q(0)=1, ¢ <0 in Ry, q(£) >0 as & - o0.

3.1. Extinction versus propagation. If the function f is of KPP type, the fol-
lowing holds.

Theorem 3.2. Let assumptions (Hp), (H1) and (Hy) be satisfied. Let ug #0, and
let u be the corresponding solution of problem (1.1).

(i) Suppose that ug has compact support and co <n—1. Then

(3.4) tlim u(z,t) =0  uniformly in H".

(i1) Suppose that co >n—1. Then

(3.5) tlim u(z,t) =1 uniformly on compact subsets of H" .

Observe that a function f of KPP type cannot satisfy condition (1.11). If (1.11)
holds, we have the following result.

Theorem 3.3. Let assumptions (Hy) and (1.11) be satisfied, and let ug be suffi-
ciently small. Then equality (3.4) holds for the corresponding solution of problem
(1.1).

Remark 3.1. By “ug sufficiently small” in the above statement we mean ug(x) <
w(p(x)) for any x € H", the function w = w(p) being defined in (4.19).

Results analogous to those of Theorem 3.2 hold, if f is of Allen-Cahn type and
suitable assumptions on the size of ug are made. In fact, the following holds.

Theorem 3.4. Let assumptions (Hy) and (Hs) be satisfied. Let u be the solution
of problem (1.1).

(4) If supgn uo < a, then equality (3.4) holds.

(it) Suppose that ug is suitably large and co >n —1. Then equality (3.5) holds.

Remark 3.2. By “ug suitably large” in the above statement we mean ug > vg in
H", the function vy being defined in (4.20).

The conclusion of Theorem 3.4-(4) holds true, if (Hz) is replaced by the weaker
assumption:

(Hy) there exists a € (0,1) such that f(u) <0 for any u € [0,a],
4 f(@) >0 for some @ € (a,1).

In fact, set

(36) o=o(n)= sup 1

ue(n,1) W=7

for any fixed n € [0,a). Then we have the following result, which is the counterpart
of [3, Theorem 6.1].
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Theorem 3.5. Let assumptions (Hy) and (Hy) be satisfied. Let u be a solution
to problem (1.1). Let n € [0,a) be fized and either of the following assumptions be
satisfied:

(Z) 0(77) < )‘1;

(i1) A\ <o(n) < oo and there exists tog >0 such that

n

3
67 [l k< T TNy,
where Cy, >0 is the constant in inequality (2.15).

Then

(3.8) lil;nsup u(z,t) <n  uniformly in H".

Moreover, if f(u) <0 for any ue (0,n], then equality (3.4) holds.

3.2. Speed of propagation and asymptotical symmetry. Let us now address
the case of propagation. Concerning the spreading speed, we have the following
result.

Theorem 3.6. Let assumptions (Hy), and either (Hy)-(Hy) or (Hz) be satisfied.
Let ug # 0 have compact support, and let ug be suitably large if (Hy) holds. More-
over, assume co >n— 1.

(i) Let ¢>co—(n—-1). Then for every y e H"

(3.9 lim sup wu(z,t) =0.

t—oo d(z,y)>ct
(i1) Let 0<c<co—(n—-1). Then for every y € H"
(3.10) lim inf w(z,t) =1.

t—o0 d(z,y)<ct
Let us also prove some geometrical properties of the level sets of the solution
of problem (1.1), which are the counterpart of [13, Theorem] in R™. This is the
content of the following

Theorem 3.7. Let the assumptions of Theorem 3.6 be satisfied. Then for any
a€(0,1) and t € Ry sufficiently large the following holds:
(i) the level set

(3.11) To(u;t) = {x e " |u(z,t) = a} (teR,)

is a smooth (n - 1)-dimensional submanifold of H";
(i1) every geodesic orthogonal to T'(u;t) intersects the convex hull of the support
of ug.

Since the size of T'; (u;t) tends to infinity as t — oo, while that of supp ug remains
unchanged, the above theorem implies, roughly, that the shape of the expanding
front I'y(u;t) converges to that of a sphere, at least in the C! sense. Furthermore,
one can derive from the above theorem the following corollary.

Corollary 3.8. Let the assumptions of Theorem 3.6 be satisfied. Fix a point P €
supp ug, and let pmin(t) (respectively pmaz(t)) denote the minimal (respectively
mazimal) geodesic distance from P to T'y(u;t). Then there exists a constant M >0
such that

Prmaz(t) = pmin(t) <M for all t>0.
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3.3. Horospheric waves. Let us first state the following definition.

Definition 3.1. By a horospheric wave solution of problem (1.1) we mean any
solution whose level sets T'y(u;t) (a € (0,1), t € R,) are horospheres of the form
(1.17):

Lo(u;t) = {J:EU” | 2 :Kae_”t} (Ko>0,k€R)

in the Poincaré half-space model U".
Concerning existence of horospheric waves, the following result will be proven.

Theorem 3.9. Let assumptions (Hy) and either (Hy) or (Ha) be satisfied. Sup-
pose cg >n —1. Then there exists a horospheric wave, which in the Poincaré half-
space model U™ takes the form (1.18):

(@1, .. Tn,t) =g (~logzn, —c*t)  ((z1,...,20,1) e U xRy).
Observe that the existence of the profile function ¢* is ensured by Proposition

3.1-(7). The quantity ¢* := ¢g — (n — 1) is called the speed of the horospheric wave.

As already remarked, the above expression of the horospheric wave in U" is
formally analogous to that of a planar wave in R™. This analogy suggests to express
solutions of the problem

@:AHu+f(u) in U" xR,
(3.12) ot
U = ug in U™ x {0}

in a moving frame, so that horospheric waves appear as stationary states - namely,
to introduce the new coordinate e¢ ‘z,, (t € R, ; see Section 6).

Remarkably, horospheric waves provide upper and lower bounds for large times
of any solution of problem (3.12), as plane waves in R™ do for solutions of problem
(1.3). To address this point, let us think of the function f as defined on R and
satisfying the following assumption (which implies both (Hy) and (H3)):

(1) feCYR), f(0)=f(1) =0,
(0)<0, f(1)<0, [ f(u)du>0;
(Hs) f(0) <0, f/(1) , fw)du
(i%) there exists a € (0,1) such that f(u)>0 if we (-o0,0)U(a,1),
flu)<0 if uwe(0,a)U(1,00) .
Then the following result can be proven.

Theorem 3.10. Let assumption (Hs) be satisfied, and let u be any solution of
problem (3.12). Suppose that

(3.13) limsup sup wug(a’,2,)<a, liminf inf wo(2’,z,)>a.
T, —0t x/eRn-1 Tp—>00 g/cRn-1

Then there exist k., k* € R, such that

(3.14) q* (~log(kewy) — c*t) <u(x’,xn,t) < ¢ (- log(k*z,) — c*t)

for every (', x,) e U™, teR, .

Remark 3.3. For each given direction # € "1 in the Poincaré disk model we can
choose the direction of the x,-axis along this 6 direction, and express the solution in
the half-space model U" with respect to this choice of the z,-axis. By this choice,
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we can properly define “the w-limit set in the direction 6” of any solution w of

problem (3.12).

By assumptions (A) and (Hs)-(i), using standard comparison and compactness
results it is easily seen that, for any 6 € S"7!, the w-limit set of u in the direction @
is nonempty (e.g., see [16] for details). If @ = @a(z’, z,,t) is any point of this set, by
inequality (3.14) we have

q (=log(k.xy) - c*t) <z, xn,t) < q¢* (=log(k*z,) —ct) ((2',2,) e U™ teRy).

However, it is an open problem whether every w-limit point « itself is a horospheric
wave (see [6, Theorem 3.1] for the analogous result concerning plane waves in R™).

4. EXTINCTION VERSUS PROPAGATION: PROOFS

Let us first prove Theorem 3.2.

Proof of Theorem 3.2. (i) By assumption, there exists R > 0 such that suppuo € Bg.

Hence there exists a smooth function

to(p) =0 for any p > R, such that

(4.1)

uo(z) < tg(p(x)) for any z e H".

Let @ be the solution of the problem

Then a(p(x),t) solves problem (1.1) with Cauchy data @o(p(x)) (see (2.12)).

2
?;:((Z;;-k(n—l)cothpngrf(u) in Ry xR,

@:O in {0} xR,
dp

u =g in R, x {0}.

(4.1) and comparison results (see [17]) we obtain

(4.3)

0 <u(x,t) <a(p(x),t) for any (x,t) e H" xR, .

On the other hand, consider the problem

(4.4)

ow 0w ow :

E:a—pz+(n—1)a—p+f(w) in Ry xR,
%w:() in {0} xR,
p

w =g in Ry x{0}.

We shall prove the following

Claim 1:
(4.5)

(4.6)

Let ¢y <n—1. Then the solution w of problem (4.4) satisfies

supw(p,t) >0 as t— oo,
PR,

9 0 i R, xR, .
dp

Ry = [0,1], @p = Go(p), 126 <0 in Ry,

By
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From the above claim the conclusion easily follows. In fact, since cothp > 1 and

ow
— <0, w is a supersolution of problem (4.2). Therefore, by comparison results

dp
0<a(p,t) <w(p,t) in R, xRy,
whence by (4.3) and (4.5)

0 < sup u(x,t) < sup a(p,t) >0 ast—>oo.
xeHn peRy

It remains to prove Claim 1. To this purpose observe that, since by assumption
co <n -1, by Proposition 3.1-(447) the ordinary differential equation

¢"+(n-1)q"+f(q) = 0
has a solution ¢ = ¢(¢) in R, such that
q(0)=1, ¢<0 inR,, q(¢)—>0as - o0.
Set
1 if¢€<R

(4.7) P(€) =
¢(6-R) if¢>R.

Let v be the solution of the problem

ov 0% v

—=—+(n-1)— + f(v) InRxR,
(4.8) ot 9g? o

v = inRx{0}.
The proof of [3, Theorem 5.1] shows that
(4.9) gz <0 imRxR, and tlim v(&,t) =0

for any & € R. Since 4g < ¢ in R,, by the inequality in (4.9) v is a supersolution of
problem (4.4). Therefore w < v in Ry x R,. This fact and (4.9) yield (4.5).

To prove (4.6), consider the problem

0z 0%z 0z , .
E:a—pz+(n—1)a—p4—f(w)z in Ry xRy
2=0 in{O}XR+
2 =0 inR+X{0}a

where w is the solution of problem (4.4). Since by assumption g < 0, the function
2% is a subsolution of the above problem, whereas z = 0 is a solution. Hence by

comparison (4.6) follows. This completes the proof of Claim 1, thus of (7).

(i7) Under the present assumptions inequality (1.15) holds, A\; denoting the infimum
of the L?-spectrum of the operator —Ay in H". Consider the eigenvalue problem

App+[f'(0)+ulp =0 inBpg
(4.10)
p=0 on 0Br (R>0).
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Denote by p1 = pu1(Br) the first eigenvalue of (4.10) and by @1 = ¢1(p) > 0 the
corresponding eigenfunction. Clearly,

p1(Br) = (Br) - (0)

(see (2.10)), where A1 (®B,) denotes the first eigenvalue of —A g in 9B, with Dirichlet
zero boundary conditions. Hence by (1.15) and (2.9) there exists Ry > 0 such that
11 (BRr) <0 for any R> Ry.

Set

ep1(p) InBr
(4.11) welp) =
0 otherwise,

with R > Ry fixed. Since p1(BRr) <0, it is easily seen that there exists g9 > 0 such
that for any £ € (0,&0) the function w,. is a subsolution of the equation

(4.12) Agv + f(v) =0 in H".

On the other hand, every solution u = u(x,t) of problem (1.1) with Cauchy data
ug # 0 satisfies u(-,%) > 0 in H" for any ¢ € R, (this is a standard consequence of the
strong maximum principle; see the form (2.11) of the operator Ay in D™). Choose
€ €(0,e9) so small that

we(p(z)) <u(z,t) for any x e H".

Then by comparison arguments

(4.13) ue(t) <u(,t+t) <1l in H"
for any t € R,, where u. denotes the solution of the problem
gu _ Apgu + f(u) inH" xR,
(4.14) ot
U = we in H" x {0} .

By standard arguments,

(a) the function t — u.(z,t) is nondecreasing in R, for any = € H";
(b) its pointwise limit

Ueo () = tlim ue(z, 1) (x e H™)
is a solution of equation (4.12);

(¢) the convergence u.(-,t) - teo as t - oo is uniform on compact subsets of H".

Therefore the conclusion will follow from inequality (4.13), if we prove that
(4.15) Uow =1 in H".

To this purpose, choose € € (0,&9) so small that
(4.16) 0 <we(x) <uc(x) for any xeH".

We shall prove the following
Claim 2: There holds

B:={ye Hn|ws(7y(£v)) < Uso(x) for any x e H"} =H",

where 7, : H" - H" is the continuous family of isometries defined in (2.6).
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From the above claim equality (4.15) follows easily. In fact, since B = H", we
obtain in particular
we(7:(2)) = we(0) < uo(z)  for any zeH".

This implies

(4.17) E(t) Cuco(x) forany zeH" teR,,
where £ is the solution of the problem

&= f(6)

£(0) =w:(0).

Since £(t) - 1 as t — oo, inequality (4.17) implies (4.15).
To prove Claim 2, observe preliminarly that 0 € B. In fact, by (4.16)

we(70(2)) = we(2) < Uoo(z) for any z e H".

By the continuity of the map y — 7,(z) for any fixed x € H" (see (2.6)), the set
B is open. Moreover, B is also closed. In fact, let {y,} € B, y € H" such that
d(yn,y) = 0. Then by the continuity of w, there holds

(4.18) wE(Ty(x)) <Ue(z) for any x e H".
However, if it were
wa(Ty(f)) = U (Z) for some T e H",

we would have a contradiction with the strong maximum principle, since us a
solution of equation (4.12) and w, o 7, a subsolution of the same equation (for, w.
is a subsolution and Ay commutes with isometries of H"). Hence the inequality in
(4.18) is strict, which proves that y € B, thus B is closed.

Since the set B is open, closed and nonempty, Claim 2 follows. This completes
the proof of claim (74), thus the conclusion follows. i

Remark 4.1. The arguments used in the proof of Theorem 3.2-(ii) show that
v = 1 is the unique nontrivial solution of equation (4.12) such that 0 < v < 1, if
(1.15) holds.

Let us recall the following result (see [4, Lemma A.1]).

Lemma 4.1. For any k > 0 there exists a unique radial ground state ¢ = ¢(p) of
equation (1.16) such that ¢(0) = k. Moreover, lim ¢(p) = 0.
p*)OO

Proof of Theorem 3.3. By assumption (1.11) there exist L > 0 and o € (0,1) such
that f(u) < LuP for any u € (0,0). Set

(4.19) wi=c¢ in H",

where ¢ is the ground state mentioned in Lemma 4.1 and
0<ee o minfo(2)
c min< o, | = .
|le L

a(a,t) = e (w(p(a)) for any (2,t) €H" xR, |

Define also
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where )
L _ o 1 _
C(t) = {1_ Clelz 1= %t]} (teR,).

Assuming that ug(z) < w(p(z)) for any = € H", it is easily seen that @ is a super-
solution to problem (1.1). In fact,

(a) for any (z,t) € H" x R, there holds
u(z,t) <w(p(2)) < cfdlo <o,

hence
f(u) < LuP in H" xRy ;

(b) by (a) and the definition of @ there holds

.
a%b - Ay - f(a) >
> % ~Apt- L > e M [( - Ljw| e DM CP] = 0;

(¢) by assumption, ug(z) < w(p(x)) = a@(x,0).
Then by comparison results we have 0 <« <@ in H" x R,. Since

A1

sup < |w]ee " -0 ast — oo,
H7Z

the conclusion follows. |

Let us now prove Theorem 3.4. To prove claim (i¢) of this theorem a preliminary
result is needed.

Let ¢ > n— 1. By Proposition 3.1-(74), for any ¢ € (0,co — (n — 1)) there exists
ve € (0,1) such that: for any 7 € (v.,1) there exist b = b(¢,n) >0 and a solution ¢
of the equation

¢"+(c+n-1)¢ +f(g) =0
such that
q(0) =n, ¢'(0) =0, q(b) =0, ¢’ <0 in (0,b].
For any fixed R > 0 define

n ifp<R,
(4.20) vo(p):={ q(p—R) ifR<p<R+b,
0 ifR+b<p.

Concerning the solution of the parabolic problem

@:AHv+f(v) in H” x R,
(4.21) ot
v =v9(p) in H" x {0},

the following holds (see [3, Lemma 5.1]).

Lemma 4.2. Let assumptions (Hy) and either (Hy) or (Hz) be satisfied. Let cg >
n-1,ce(0,co-(n-1)), 7. €(0,1) and n € (y¢, 1) as above. Then for any R >0
such that

(4.22) cothR<1+

C

n—



ed5

ed4b4

18 MATANO, PUNZO, AND TESEI

the solution v of problem (4.21) satisfies the inequality

(4.23) v(z,t) >n for any (z,t) e H" x R, such that p(z) < R+ kt,
where

(4.24) k=k(c):=c+(n—-1)(1-cothR)>0.

Therefore,

(4.25) tlirilo v(x,t) =1 wuniformly in compact subsets of H™.

Proof. Following [3], define
Wz, t) =vo(p(x) - kt) ((x, t) e H" x R+)
with k given by (4.24). It is easily seen that:
ow

() O AW = FW) =)
if p(z) <R+ kt;

g ow p
(i) 5~ AuW = f(W) =q(p(z) -kt - R) [~k + (n— 1)(1 - coth p(z))]

if R+kt<p(x) <R+b+kt;

(iii) %V AW - (W) =0

if p(z) > R+ b+ kt. Observe that
¢'(p(x) - kt - R) <0,

c—k+(n-1)(1-cothp(z))2c-k+(n-1)(1-cothR) =0

if R+kt < p(x) <R+b+kt. Moreover, under the present assumptions there holds
f(n) >0 if n is sufficiently close to 1.

Arguing as in [3], it follows v > W in H" x R,. Since by definition W (x,t) = n if
p(x) < R+ kt, inequality (4.23) follows. Moreover, since 7 is arbitrarily close to 1,
equality (4.25) follows from (4.23). This completes the proof. O

Now we can prove Theorem 3.4.

Proof of Theorem 3.4 . (i) Let ¢ = {(t) be the solution of the problem
¢"=f(¢) iR,

¢(0) = supuyg.
Hn

Clearly, ¢ is a supersolution of problem (1.1), thus by comparison results 0 < u(x,t) <
¢(t) for any (z,t) e H" xR, . Since by assumption ((0) < a and (Hs3)-(¢) holds, we
have ((t) - 0 as t - oo. Hence claim (i) follows.

(i7) Let uo(p) > vo(p) in H", where vy is the function defined in (4.20). By com-
parison results we have v > v in H" x R,, v being the solution of problem (4.21).
Then by Lemma 4.2 the conclusion follows. O

We conclude this section by proving Theorem 3.5.
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Proof of Theorem 3.5. Let w be the solution of the problem

ow = Agw + o(n)w inH" xR,
(4.26) ot

w = (up—1n)+ in H" x {0}.
Define
(4.27) v(z,t) =w(x,t) +n ((z,t) e H" xR,).

Since w > 0, there holds v > 1, whence by the definition of o(n)
fwy<om)(v-n)=c(n)w inH"xR,.

Then we have

%-Am—f(v)z%It"—Amv—cr(n)w=O in H” xR,

Moreover, there holds
uo(x) <v(x,0) for any xeH".
Then by comparison results
(4.28) u(z,t) <v(x,t) for any (x,t) e H" xR, .
On the other hand, from (4.26), (4.27) and the estimate (2.15) we obtain

o) =n+ "D [ G,y Do) - nledny <
(4.29) (1+ t)nT—:s

<n+Cy 7O [ fua(y) -,

for any (x,t) € H® x R,. Inequality (4.29) and either assumption (i), (4) imply
that there exists to > 0 such that v(x,tg) < a, thus by inequality (4.28) we obtain
u(x,tp) < a for any z € H". Since by assumption f(a) < 0, by comparison we obtain
that u < @ in H" x [tg,00), thus f(u) <0 in H" x [tg,00) by assumption (Hy).

Now let z solve the problem

% = Agz inH"” x (tg,00)
z=v in H" x {to}.

Since f(u) <0 in H" x [tg,00) and inequality (4.28) holds, by comparison results
we have

(4.30) u(z,t) < z(x,t), inH" x [, 00).
On the other hand,

2(x,t) = an G(x,y,t —to)v(y, to)dpy =0+ an G(z,y,t —to)w(y,to)dpy =

(4.31) =y @0 [ Gy )un(y) - nled <

1+1)"

377+C’neg(")t07( +tﬁ) - e Mt fH [uo(y) —nl+dpy
2 n

for any t > to (here use of (2.15) and (3.7) has been made). From inequalities

(4.30)-(4.31) and either assumption (i), (i) we obtain plainly (3.8).
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To conclude the proof, let f(u) <0 in (0,7]. Then by the continuity of f there
exists € € (0,a - n) such that f(u) <0 for any u € (0,7 +&]. On the other hand, by
(4.30)-(4.31) there exists ¢t > 0 such that

(4.32) u(z,t) < z(x,t) <n+ % for any (z,t) € H" x [t, 00).

Let ¢ solve the problem

{ ("= F(Q) in (te, )

() =m+

Then by inequality (4.32) ¢ is a supersolution, whereas wu is a subsolution of the
problem

W o Ay« f) B (1e,00)
Yy ==z in H" x {t.}.

Hence by comparison results
0<u(x,t) <¢(t) for any (x,t) e H" x [ts,00).

Since ((t) — 0 as t — oo, letting ¢ — oo in the above inequality we obtain equality
(3.4). This completes the proof. m]

5. SPEED OF PROPAGATION AND ASYMPTOTICAL SYMMETRY: PROOFS

Let us prove Theorem 3.6.

Proof of Theorem 3.6. (i) Choose g as in the proof of Theorem 3.2, and let 4 be
the corresponding solution of (4.2). Then inequality (4.3) holds.

Since by assumption c+n—1 > ¢g, there exists a solution g = ¢(£) of the ordinary
differential equation

¢"+(c+n-1)¢"+ f(q) =0
in R, such that
C](O):l7 q’<0 in Ry, q(éh)—>0 as £ > o0

(see Proposition 3.1-(éi7)). Let ¢ = ¢(§) be the function defined in (4.7), so that
g < ¢ in R, ; and let v be the solution of the problem

o 0? 0 .
ait)za—;;+(c+n—1)afz+f(v) in R xR,
v =@ IHRX{O}

As in the proof of Theorem 3.2, the function v has the properties (4.9), namely
0
a% <0 inRxR,, limo(ét) = 0.

Then the function
w(p,t) :=v(p—ct,t) (p=20,t>0).
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satisfies the problem

2
877“”:8—1; + (n—l)aﬂ + f(w) inRy xR,
(5.1) ot dp dp
w =g in Ry x {0},
and there holds
(5.2) ?;;’ <0in R, xR,.

Since cothp > 1, by (5.1)-(5.2) w is a supersolution of problem (4.2).
Then by comparison results and inequality (4.3) we have

u(z,t) <a(p(x),t) <w(p(z),t) =v(p(z) —ct,t) inH" xR, .

Let y € H". Since £ ~ v(&,t) is nonincreasing for any ¢ > 0, and d(z,y) > ct
implies p(z) — ¢t > —p(y), by (4.9) we obtain

sup u(z,t) < sup v(p(z) —ct,t) <
{zeH" | d(z,y)>ct} {zeH" | d(z,y)>ct}
< wv(-p(y),t) >0 ast—>oo.

Hence the claim follows.
(i7) Under the present assumptions equality (3.5) holds, namely

lim u(z,t) = 1 uniformly on compact subsets of H" .

t—o0

Therefore, for any compact K ¢ H" and for any 7 € (0, 1) there exists h = h(K,n) >0
such that

(5.3) u(x,t)>n forany ze K, t>h.
Let ce (0,co— (n—1)). Fix € (¢,co - (n—1)) and R > 0 such that

(5.4) cothR<1+ ¢,
n—
thus in particular -
cothR<1+ c .
n-1

Let vz € (0,1), 7€ (v, 1), b=b(¢,7) >0, q, U, o denote the quantities used in the
proof of Lemma 4.2, with ¢ replaced by ¢ and R by R. Then by Lemma 4.2 we have
(5.5) o(x,t) 27 ifp(xr) < R+kt,
where © denotes the solution of problem (4.21) with Cauchy data 9y and

k=zk(e):=c+(n-1)(1-cothR) >0
(see (4.23)-(4.24)).

On the other hand, observe that the definition of 7 (see (4.20)) and the inequality
q <0 in (0,b] imply
to(p(x)) <n ifp(x) <R+b, wo(p(x)) =0 otherwise.

Therefore, using inequality (5.3) in the compact K = {z e H"|p(z) < R+b} we
obtain

u(z,h) >7o(p(x)) for any xeH",
whence by comparison results

(5.6) u(x,t+h) 20(x,t) for any (x,t) e H" xR, .
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From (5.5)-(5.6) we obtain
u(z,t+h) 27 for any (x,t) e H" x R, such that p(z) < R+kt (teR,),
namely
u(x,t) >7 for any (z,t) e H" x R, such that p(z) < R+k(t-h) (t>h).
Let y e H" . Since inequality (5.4) implies ¢ < k, we have
{zeH"|d(z,y) <ctyc{zeH"|p(x) < R+k(t-h)}
for any t € R, sufficiently large. Therefore, by the above remarks

inf  wu(z,t) > inf u(x,t) >17.
d(m,y)<ct( ) p(z)<R+k(t-h) (1) 27

To summarize, we proved that for any 7 € (7, 1) there exists 7 € R, such that

inf  w(xz,t)>7 foranyt>rT.
d(z,y)<ct

Since u < 1 in H" x R, equality (3.5) follows. This completes the proof. m]

Proof of Theorem 3.7. Denote by w the convex hull of the support of ug. Take any
hyperplane 7 € H" such that 7 nw = @. Let H < H" be the half-space containing
w. Define

W(z) =u(Re(x)) (zeH"),
where R, denotes the reflection with respect to m. Observe that both v and u
satisfy the equation

% =Apgu + f(u) in H? xR,,

whereas
u=ug20=a in H x{0}, u=1u in TxR,.
Then by the strong maximum principle we get
u>a in H xR, ,

and by the Hopf Boundary Lemma we obtain

ou S ou  Ou <R

—>—=-— innw ,

ov oJv  Ov ’
where v is the vector field orthogonal to m pointing towards H, . Hence
(5.7) (Vagu,v)g >0 in mxR,.

(i) Let us now prove the first claim. Since suppug is compact and (3.5) holds, we
have 'y (u;t) nw = @ for any a € (0,1) and ¢ € R, sufficiently large. Let xg € T'y(u;t).
Then we can find a hyperplane P € H" such that zp € P and Pnw = @& (see Remark
2.1-(4t)). Using the above remarks with m = P, by (5.7) we obtain Vgu(zo,t) # 0.
Since 1z is arbitrary, the smoothness of T',(u;t) follows.

(i1) To prove the second claim we argue by contradiction. Let there exist xg €
I,(u;t) and an infinite geodesic v orthogonal to T'y(u;t) at o, which does not
intersect w. Then we can choose a hyperplane () € H" such that yc @, Qnw =@
(see Remark 2.1-(4i7)). Using the above remarks with 7 = @, by (5.7) we obtain
(Vau(xo,t),7)g # 0, where 7 is a tangent vector to I'y(u;t) in z9. However, this
contradicts the very definition of I'y(u;t). Hence the conclusion follows. ]
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6. HOROSPHERIC WAVES: PROOFS

Let us first prove Theorem 3.9.

Proof of Theorem 3.9. Since the function u defined in (1.18) only depends on (zy,, 1),
plainly we have

0 A flu)=—* (g ~[(@)" + (@) ]+ @-n) (") — f (¢") =

ot
=—(¢")"+(A-n-¢)(g") - f(¢") =0

(here the expression (2.17) of Ay in U™ has been used). Therefore u satisfies
equation (1.12). Moreover, its level set is

Lo(u;t) := {ern |wn:efzfc*t} (ae(0,1);teRy),

where z := (¢*) " (a) (recall that ¢* is decreasing in R by Proposition 3.1-(i)). Then
for any a € (0,1) and ¢t € Ry T'y(u;t) is a horosphere with centre at infinity. This
completes the proof. O

To prove Theorem 3.10 we need some preliminary results. As anticipated in
Subsection 3.3, the formal analogy between horospheric waves in H® and planar
waves in R™ suggests to introduce the new coordinate ety However, at variance
from the case of translations in R", the change of coordinates

t

xe : UM =0, xe(2',2y,) = ($/7ec* Tn) (' eR" 2, >0,t €R,)

is not an isometry of U™ (hereafter, any point x € U" is denoted by « = (2', x,,) with
' = (x1,...,001) e R 2, € R,). Instead, the map

70U U, 72 2,) =t mn) = (X', X0) (teRy)
is an isometry (see (2.16)). Therefore we define
wi=uor, LU xRy » R, w(X', X,,t):= u(e_c*tX'7 e"c*tXn,t) (teR,),

where u = u(z', x,,t) is any solution of problem (3.12). An elementary calculation
shows that w solves the problem
ow

e = X?Aw-(co-1)

ow =l Jw
X, -c
ax, "¢ Z; aX,

X+ f(w) inU" xR,
(6.1)

w(X,7Xn70) = ’l,Uo(X,,Xn) = ’U,()(X,’Xn)

((X', X,,) € U™; here the expression (2.17) of Ay in U™ has been used).
Defining z := —log X, and

viR" xRy >R, o(X' 2,t):=w(X' e ?t),
problem (6.1) reads

v v o 5, o el ow .
E:@JFCO&Jre ZaXiz—c ;a—XiXi+f(v) in R” xR,

(6.2) i=1
v(X',2,0) =vo(X', 2) = wo(X',e7%)
((X',2) € R™; recall that by definition cg = c¢* +n—1).
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If v does not depend on X’ € R"™! by (6.2) it satisfies the equation
ot~ 022 0z
Concerning (6.3), let us recall the following lemma ([9]; see also [16, Lemma 4.2]).

(6.3) +f(v) nRxR,.

Lemma 6.1. Let assumption (Hs) be satisfied. Then for any 6, € (0,a) and any
02 € (0,1—a) there exist >0 and C > 1 (only depending on 61,2 and f) such that
the functions v*: Rx R, - R,

(6.4) vi(z,t) = q*(z—C(Sl(l—e_ﬁt))Jréle_ﬂt7
v (2,t) = q*(z +Coa(1 - e_’Bt)) — §pe7 Pt

are a supersolution and a subsolution of equation (6.3), respectively.

By a suitable modification of the proof of [16, Lemma 4.1], we can prove the
following result.

Proposition 6.2. Let assumption (Hs) be satisfied. Let v = v(X' 2,t) be any
solution of problem (6.2).
(i) Suppose that

(6.5) limsup sup vo(X',2)<a.

z—00 X'’eRn-1
Then there exists z* € R such that
(6.6) limsup sup v(X',2,t) <q*(2-2%) uniformly for z€R.
t—o0 X’eRn-1
(i1) Similarly, if

(6.7) 1imian,iE%£_lvo(X',z) >a,

Z—>—00
there exists z, € R such that

(6.8) liminf inf (X', 2,t) > q* (2 - 2+) uniformly for z € R.

t—oo X’eRn-1
Proof. We only prove claim (¢), the proof of (i) being similar. To this purpose,
we shall prove the following
Claim: There exist 7 € R;, 20 € R and 67 € (0,a) such that

(6.9) sup v(X',2,7)<v"(2-20,0)=¢"(2—20-C01) +6; for any ze€R.
X’eRn-1
By the Claim the conclusion follows. In fact, inequality (6.9) and Lemma 6.1
yield by comparison results

sup v(X',2,t) v (z2-20,t—7) forany zeR, t>7.
X1eRn-1

Letting t - oo in the above inequality gives

limsup sup v(X',2,t) <q*(z-20-C6;)
t—oo  X’eRn-1

(see (6.4)), namely inequality (6.6) with 2* := 2o + Cd;.

It remains to prove the Claim. This will be done in three steps.
(i) By inequality (6.5) we can choose 7 € (0,a) and S € (0,91) such that
(6.10) limsup sup wvo(X',2) < B<dy.

Z—00 X’eRn-1
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Let us show that for every fixed 7 € R,
(6.11) limsup sup v(X',z,7)<d;.
z—oo  X'’eRn-1
To this purpose, choose first M > 1 such that
(6.12) sup vo(X',2) < B+ Me % for any ze€R.
X’eRn-1
This is possible, since by inequality (6.10) there exists zZ > 0 such that
sup vo(X',2)<B forany z>Z;
X’eRn-1
moreover,

sup vo(X',2)<1<e ™ forany z<z.
X’eRn-1

Setting M := e“* we obtain (6.12).
Further, let us observe that the function
o(z,t) = B+ Me G (zeR teR,)

is a supersolution of the first equation in (6.2) for any a > 0 sufficiently large. In
fact, it is easily checked that

a'D 826 a@ — —co(z—a —co(z—a
(613) a—@—60$—f(v):aMe o( t)—f(ﬁ+Me o t))ZO
if a> sup f(s), since
sela,1]
1 _
f(¥)20 < OSz—atSfloga 6’
Co M

(see assumption (Hj)).
By (6.12)-(6.13) the function v (with «, 8, M as above) is a supersolution of
problem (6.2). Therefore by comparison we obtain
sup v(X' 2z, 7)<B+ Me 0 (z=a7)
X'eRn-1
for any z € R and any fixed 7 € R,. Hence inequality (6.11) follows.
!

(i7) Since by assumption (Hs) there holds f(s) <0 if s > 1, the function ¥ := 1+ 0

is a supersolution of problem (6.2). Hence by comparison

1)
(6.14) sup v(X',z,7)<1+— forany zeR,7€eR,.
X’eRn-1 2

)
(iii) Fix any 7 € R,. Set 21 := C6; + (¢*) " (1 - 51) Then by (6.14) we have

]
sup v(X',2,7) <1+ = <q*(z-Cb)+d; forany z> 2.
X’eRn-1 2

On the other hand, by (6.11) there exists zg > 0 such that

sup v(X',2,7)<d; forany z>zp.
X'’eRn-1

Defining zg := max{ze — 21,0} we obtain inequality (6.9), thus the Claim follows.
This completes the proof. O

Now we can prove Theorem 3.10.
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Proof of Theorem 3.10. Under the change of variables (z',z,) — (X', 2), assump-
tion (3.13) corresponds to assumptions (6.5)-(6.7) of Proposition 6.2. Then by
inequalities (6.6)-(6.8) we obtain

¢ (z—-z) <v(X',2,t) <¢" (2 - 2%) for every (X',2) e R" t e R,.

Since by definition z = —logz, — ¢*t and v(X', z,t) = u(z’, x,,t), setting k* := e,
ky := e* inequality (3.14) follows. This completes the proof. ]
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